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Abstract: We solve the Pauli tomography problem for Gaussian signals using the notion of Schur
complement. We relate our results and method to a notion from convex geometry, polar duality. In
our context polar duality can be seen as a sort of geometric Fourier transform and allows a geometric
interpretation of the uncertainty principle and allows to apprehend the Pauli problem in a rather
simple way.
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1. The Pauli Problem and Quantum Tomography
The problem goes back to Pauli’s question [1]:

The mathematical problem as to whether, for given probability densities W (p) and W (x),
wave function P (...) is always uniquely determined, has still not been investigated in its
generality.

The answer to Pauli’s question is negative [2]; there is a general nonuniqueness of the
solution (for a detailed discussion of the Pauli problem and its applications, see [3]). The
problem can actually be formulated as from statistical quantum mechanics as follows: can
we estimate the density matrix of the said state using repeated measurements on identical
quantum systems? After having obtained measurements on these identical systems, can
we make a statistical inference about their probability distributions (e.g., [4])? Such a
procedure is an instance of quantum state tomography, and is practically implemented
using a set of measurements of a so-called quorum of observables. It can be performed
using various mathematical techniques, for instance the Radon-Wigner transform that we
discussed in [5]; the latter has important applications in medical imaging [6]. For details
and explicit constructions, see [7-14], and [15] by Man’ko and Man'ko.

Remark 1. Everything in this paper extends mutatis mutandis to time-frequency analysis, replac-
ing the notion of wave function by that of a signal. In this case, one takes = 1/27t and replaces
phase-space variables (x, p) with time-frequency variables (x, w).

2. A Simple Example

Let us discuss the Pauli problem on the simplest possible example, that of a Gaussian
wave function in one spatial dimension. Assuming for simplicity, it is centered at the origin
and is given by formula

1 1/4 74)(2 zfrVw X2
P(x) = (m) e xx e Mxx 1)
where 0y, is the variance in the position variable, and 0y, the covariance in the position

and momentum variables. Fourier transform

~

1 iy
lP(P):ixﬁ [me P (x)dx
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of the ¢ is explicitly given by

iaxp >

2
-~ 1/4_%_7 4
§(p) = (za) € e T @)

hence, the knowledge of oy and of oy, that is, of moduli [¢(x)|? and [(p)|?, determines
covariance 0y, up to a sign because state ¢ saturates the Robertson-Schrédinger inequality;
so, we have

2

This identity can be solved in oy, yielding oy, = % (0wx0pp — 172)'/2. The state and its
Fourier transform are given by formulas

P = () e e 4)
and 1/4 2 ioxp 2

Gup) = (g ) e T Tl 5)
Both functions ¢4 and )_ = ¢ and their Fourier transforms . and ¢_ satisfy conditions

[ (X)> = [p—(x)|? and |1 (p)|> = |$—(p)|*> showing that the Pauli problem does not
have a unique solution. In Corbett’s [16] terminology ¢+ and ¢_ are “Pauli partners”. Let
us now have a look at these things from the perspective of the Wigner transform

1 ©
Wplxp) = 7= [ e iy(e+ Ty’ (x = dn)dy
of Gaussian 1. A straightforward calculation involving Gaussian integrals [17] yields,

setting z = (x, p), normal distribution

1
©2my/detxy

5, - < Oxx j:(rxp>
topx  Opp

Wy (z) e T2 ©)

where covariance matrix

has determinant detX4 = }Ihz in view of equality (3); hence,
WllJi (Z) —_ ief%Zilz.z (7)
mth ’

Associated covariance matrices are thus

3. Multivariate Case: Asking the Right Questions

We generalize the discussion to the multivariate case where the real variables x and p
are replaced with real vectors x = (x1, ..., X), p = (P1, - Pn)-

The Wigner function cannot be directly measured, but its marginal distributions can
(they are classical probability densities). In analogy with Formula (6) we determine a
(centered) Gaussian, i such that

WW@:(1>n B ®)




Mathematics 2021, 9, 2578 30f9
where z = (x, p), and the covariance matrix is
xx ZXP) T
(pr Zpp) ' Xp

Here, the the n-dimensional Wigner transform W1 is defined by

Wyt p) = (54) [P+ Iy (v - 'y

The most straightforward way to determine this state is to use the properties of the Wigner
transform itself. Let us start with the marginal properties [17]:

[ Wyt = [p(x)? (10)
[ Wt p)ax = [5(p) an

where the n-dimensional Fourier transform ¢ is given by

30) = (g) [ oo

These formulas hold as soon as both i and ¢ are in L' (R") N L?(R") [17]. These quantities
allow for determining matrices

Yxx = (‘ijxk)lgj,kgn and Xpp = (Upjpk)lgj,kgn

by usual formulas

Oy = [ Xl P, o = [ pipd )P
and an elementary calculation of Gaussian integrals yields the values

-1

/4
‘lIJ(X)| = (%)n (detZXx)il/zle*%zXXx'x (12)
~ /4 )
()] = ()" (detzpp) Ve iZmtrr )

Here, we are exactly in the situation discussed by Pauli: [)(x)| and |¢(p)| are what we can
measure, so we can determine covariance blocks £xx and Xpp, but not covariance X xp:
knowledge of the latter (and hence of Zpx = L% ,) is necessary to entirely determine state
. In the previous section, the problem was solved: in case n = 1, blocks Xxx, Xpp, and
Yxp were scalars 0y, 0pp, and oyp, and these are related by the uncertainty principle in
the form of oyx0pp — U,%p = %hz yielding two possible values 0yp = £ (0xx0pp — %hZ)l/z,
and hence the two states (5). In the multidimensional, case we also have a simple (but not
immediately obvious) formula connecting the blocks of the covariance matrix. The way
out of this problem consists in using a general formula [17-19], which was initially proved
by Bastiaans [20] in connection with first-order optics. Let X and Y be real n x n matrices,
such that X = XT > 0and Y = Y7, and set

n/4 1 .
Pxr(x) = (F) " (detx)l/tem 2w, (14)

This function is normalized to unity: ||¢x y||;2 = 1, and its Wigner transform is given by

Wipxy(z) = (%)nf%cz'z (15)
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where G is the symmetric matrix

-1 -1
G:(X—i-YX Y YX ) (16)

X~y x-1

A fundamental fact, which is related to the uncertainty principle, is that G is a symplectic
matrix, i.e., it belongs to symplectic group Sp(n). Equivalently, since G = GT,

GTIG=G]G=]

] — < OHXTI Ii’lXYl)
_Inxn OYan
the standard symplectic matrix. We have G = STS, where
x1/2 0
5= (X‘”ZY X—1/2) (17)

is clearly symplectic. Assuming that function ¢ for which we are looking is a Gaussian,
comparing Formulas (8) and (15) leads to identification

where

h

Y=-G 1.
5G

Since GJG = ] the inverse G~ ! is —]G]J, explicit formula

G-l X1 X"ty
T\=rvxt X4+ vxly,

so that there remains to solve matrix equation
Yxx XXp B E X1 —X"ly (18)
Tpx Tpp)  2\-YXT' X+YXT'Y)S

It immediately follows that we have X = %Z;& and Y = *%ZXPZ;(}(, so the unknown
Gaussian for which we were looking is

n/4 _ 1__ i _
1p(x) = (%) (detzxx) 1/4 exp [— (42)(%( + %przxk) X - x} , (19)

which is the n-dimensional variant of (1), replacing oyy with Xxx and oy, with Zxp. This
does not solve completely our problem, however, because we do not know matrix Xxp.
The crucial step is to notice that, as a bonus, we obtained from (18) the matrix form of the
saturated Robertson-Schrodinger equality, namely,

ZppExx — Zxp = 27 Luxn - (20)
From this formula we can deduce Z%( p- and one finds two Pauli partners

n/4 a 1o_ i _
Pt (x) = (%) (detZyx) *exp [— (42)& + %ZXPZX%()X : x} (21)

once a value of xp is determined (even if Z%(P = 0, we can have Lxp # 0). Here, we
solved a so-called “phase retrieval problem” (see Klibanov et al. [21] for a good review of
the topic): in view of Formula (12), we know that

1

. / _
lp(x) _ elq)(x)(%)n 4(detZXX)71/4ef%ZXXx-x (22)
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where @ is an unknown real function of the position variable. We identified this phase here
as being function

1 _
D(x) =— (%ZXPZX}(> X-x.

4. Geometric Interlude

We introduce the notion of 7i-polarity and duality; we see in the next section that
this notion from convex geometry is quite unexpectedly related to the Pauli problem, of
which it gives a limpid geometric interpretation. For a very detailed study of polarity, see
Charalambos and Aliprantis [22]. In both sources, alternative competing definitions are
also described; the one we use here is the most common and the best fitted to our needs.

Let X be a nonempty subset of n-dimensional configuration space RY; this may be,
for instance, a set of position measurements performed on some physical system with n
degrees of freedom. One defines the polar set of X as the set X° of all points p = (p1, ..., Pn)
in the momentum space R, such that

px =pix1+--+ paxn <1

for all points x = (x1, ..., X) in X. Similarly, if P is a subset of Rz, one defines its polar P’
as the set of all x in R¥, such that px < 1 for all p in P. We use a rescaled variant of the
notion of polarity here, which we call % polarity. By definition, the fi-polar X" of X is the
set of all p, such that

px = p1x1+ -+ paXy < R

for all points x in X. We have X" = 1X° and P" = iiP° likewise.

From now on, we assume for simplicity that X and P are convex bodies, i.e., they are
convex, compact, and with a nonempty interior; we also assume that they are symmetric
(i.e., X = —X), which implies, by convexity, that they contain 0 in their interior. Simple
examples of such sets are balls and ellipsoids centered at the origin. Polar duals have the
following remarkable properties:

e Biduality: (X")" = X
e Antimonotonicity: X C Y = Y" C X"
e Scaling property: L € GL(n,R) = (LX)" = (LT)~1X".

Let BY(R) (resp. Bp(R)) be the ball {x : |x| < R} in RY (resp. {p : [p| < R} in RY).
We have

By (V)" = By(Vh) (23)

and one can show that B’;((\/ﬁ) is the only self fi-dual set in R%. Let us extend this to the
case of ellipsoids. An ellipsoid in R} centered at the origin (which is just an ordinary plane

ellipse when 1 = 1) can always be viewed as the image of ball B (1/71) by some invertible
linear transformation L, in which case, it is given by inequality

L'x-L7'x=(LLT)'x-x <h.

Conversely, if A is a positive definite symmetric matrix, inequality Ax - x < fi always
defines an ellipsoid, since it is equivalent to the above inequality, taking for L inverse
square root A~1/2 of A. It immediately follows from the scaling property that the f-polar
of the ellipsoid is obtained by inverting the matrix of the ellipsoid:

X: A2 <h<=X":A"p-p<h (24)

(that we have an equivalence follows from biduality property (X")" = X).
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5. The Pauli Problem and Polar Duality

Let us return to the Wigner transform of Gaussian states; using Formula (15), we can
explicitly calculate Wi, and one finds

Wi (z) = (h) e~ 3555

where covariance matrices ¥ are given by

S, — (ZXX iZXP)
+¥px  Zpp )’

with Zpx = Z%,. Two ellipsoids Q) centered at the origin correspond to L. Let us
determine orthogonal projections Qx 1 and Qpy of (21 on the position and momentum
spaces R} and Rj.

51. Casen =1

We begin with case n = 1, and projections are line segments. Here, Xxx = 0xy,
Ypp = 0pp, and Lxp = Xpx = 0yp and covariance ellipses () are defined by

Irp 2o Txp Tax 2 <
2Dx:F PX+ >pP (25)

where D = 03,0y — xp = 1?12 (cf. Formula (3)). Orthogonal projections Qx + and Qp. of
()4 on the x and p axes are the same:

Ox = [—V20u, V20xx] , Qp = [—1/20pp, \/20pp] - (26)

Let Q% be the polar dual of Qy: it is the set of all numbers p, such that px < 7 for
—/20yy < x < /20y, and is thus the interval

Since oxx0pp > %h, we have inclusion
o cp (27)

and this inclusion reduces to equality Qf = Qp if and only if the Heisenberg inequality is
saturated, i.e., oxx0pp = %hz, which is equivalent to oy, = 0.

5.2. General Case

We have similar properties in arbitrary dimension n. To study this case, we first must
find the orthogonal projections of covariance ellipsoid () on the position and momentum
spaces. Ellipsoid Q) is given by equation Mz - z < i where M = %Z_l is symmetric and
positive definite (M > 0). Writing M in block form

Mxx MXP)
M =
(MPX Mpp

where Mxx = M)T(X, Mpp = MIZP, and Mxp = M)T(P are n X n matrices; since M > 0, we
also have Mxx > 0 and Mpp > 0. Then, the projections of () on R} and Rz are ellipsoids
given by, respectively [23],

th(M/Mpp)x-xgh} ’ QPZ(M/MX)()}’%]?SFI (28)
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where symmetric matrices

M/Mpp = Mxx — MxpMppMpx (29)

M/Mxx = Mpp — MpxMyy Mxp (30)

are Schur complements in M of Mpp and Mxyx; we have M/ Mpp > 0 and M/Mxx > 0
so that QOx and Q)p are nondegenerate (see Zhang’s treatise [24] for a detailed study of
the Schur complement). To prove that inclusion Q% C Qp holds, we must show that cf.
implication (24)) that

(M/MPP)(M/MXX) < Inxn (31)

that is, that the eigenvalues of (M/Mpp)(M/Mxx) must be smaller than 1. To prove
this, we use the following essential remark: we showed above that matrix M = %Z’l
is symplectic; therefore, its entries obey some constraints. Considering that M is also
symmetric, these constraints are

MxxMpp — M%p = Lixn (32)
MxxMpx = MxpMxx (33)
MpxMpp = MppMxp . (34)

Using Identities (33) and (34), it follows that Schur complements (29) and (30) can be
rewritten as

M/Mpp = Mxx — MppMpy
= Mpp(MppMxx — Mpx)
-1
= Mpp
the last equality by using the transpose of Identity (32). Similarly,
M/Mxx = Mpp — MyxMp = My
So, summarizing, Schur complements are given by
M/Mpp = Mp} , M/Mxx = Myx, - (35)
It follows that
(M/Mpp)(M/Mxx) = MppMyy = (MxxMpp) ™" .

We show that (M/Mpp)(M/Mxx) < Lixn; equivalently, MxxMpp > I,xn. Now, since
M= %Z_l is symplectic, so is matrix

2 2y, 2y,
ML= 2y ( XX XP>
h %ZPX gZPP}

hence, reinverting,

2 2
2y0p 2%
YR 2 B PX) 36

<_%ZXP 2% xx (36)

so that MxxMpp = ;—ZZPPZXX. In view of the generalized RSUP (20), we have
ZppExx — Zxp = 17 Inxn (37)

hence 4
MxxMpp = Inxn + ?Zggp (38)
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and we are finished, provided that we can prove that £5, > 0 (which is obvious if
n = 1), or, which amounts to the same M%{P > 0. For this, since MxxMpx = MxpMxx
(Formula (33)), we have

Mxp = MxxMpxMxx; (39)

hence, Mxp and Mpx have the same eigenvalues; since Mpx = M)T< p, these eigenvalues
must be real, and those of Mip must be > 0.

For completeness, we still need to discuss what happens when Qf = Qp. In view of
Formulas (28) and Equivalence (24), this means that (31) reduces to equality

(M/Mpp)(M/Mxx) = Lixn

that is, by (35), MxxMpp = I;;x». Taking (38) into account, we must thus have M%F =0,
which does not imply that Mxp = 0. We are in the presence of states (21) in this case,
saturating the Heisenberg inequalities.

6. Discussion and Outlook

Our discussion of polar duality suggests that a quantum system localized in the
position representation in a set X cannot be localized in the momentum representation
in a set smaller than that of its polar dual X". The notion of polar duality thus appears
informally as a generalization of the uncertainty principle of quantum mechanics, as
expressed in terms of variances and covariances (see [23]). The idea of such generalizations
is not new, and can already be found in the work of Uffink and Hilgevoord [25,26]; see
Butterfield’s discussion in [27]. It would certainly be interesting to explore the connection
between convex geometry and quantum mechanics, but very little work has been conducted
so far.
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