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1. Introduction

Recent years have seen a wide spread of fractional analysis as well as the theory of
fractional-order differential equations and inclusions in contemporary mathematics. The
increasing interest in this subject is explained by its numerous applications in various
branches of applied mathematics, physics, engineering, biology, economics, and other
sciences (see, e.g., the monographs of [1-3]). A number of various approaches to the
solving of boundary value problems for differential equations and inclusions in the case
of fractional order g € (0, 1) have been widely described in the literature (see [4-19] and
references therein).

It is well known that, beginning with the classical Cauchy-Picard theorem, as the
usual assumption providing the existence and uniqueness of the solution to the initial
value problem

X' (t) = f(tx(t)),
x(0) = xo,

@
2

the Lipschitz condition of the function f in the space variable x is considered. However,
for a large class of such problems, especially in the case of an infinite-dimensional phase
space, this condition looks rather onerous. That is why, in a large number of works (see,
for example, Refs. [20-24]), the Lipschitz condition is replaced with a certain type of
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monotonicity condition of f in x. For example, in the case of a Hilbert space H with the
inner product (-, -), this condition can take the form

(f(tx1) = f(t,x2), 21 — x2) < allxy — x2|?, Vxp,x € H ©)

for some a > 0. Notice that the existence and uniqueness results also remain true in the
case of differential inclusion, i.e., when the right-hand side f is a multivalued map.

To the best of our knowledge, for fractional-order differential equations and inclusions
(see, e.g., [1-3] and references therein), the results of such a type have not been obtained up
to the present time. In our opinion, the property of the Caputo fractional derivative

CDYllx(t)]| < (x(£),C Djx(t)) )

of a function x(-) with the values in a Hilbert space, which was recently proved in the
works [25-27], opens up some opportunities in this direction.

In the present paper, we obtain results on the existence and uniqueness of a mild
solution to the Cauchy problem for a fractional-order semi-linear differential inclusion in
a Hilbert space whose right-hand side contains an unbounded linear monotone operator
and a multivalued nonlinearity satisfying a condition of type (3). The paper is organized
in the following way. In the next section, we recall necessary information from fractional
calculus, the theory of measures of noncompactness, and the topological degree theory for
condensing multivalued maps. In the third section, we formulate the problem and develop
some approximation results based on the Yosida approximations of the linear part of the
inclusion. This allows us to obtain the result (Theorem 1) about the a priori estimate for
a mild solution of the problem. This theorem is used to get the result (Theorem 2) on the
existence of a mild solution to the problem on an arbitrary bounded interval. Further, the
main result of the fourth section is Theorem 3 on the uniqueness of a mild solution to the
problem. Finally, in the fifth section, we present the existence and uniqueness of a solution
to the Cauchy problem for a system governed by a perturbed subdifferential inclusion of a
fractional diffusion type as an example.

2. Preliminaries
2.1. Fractional Derivative

In this section, we will recall some notions and definitions that we will need in the
following sections (details can be found, e.g., in [1-3,28]).
Let E be a real Banach space.

Definition 1. The Riemann—Liouville fractional derivative of the order q € (0,1) of a continuous
function g : [0,a] — E is the function D{g of the following form:

Dlg(t) = s o7 [, (1= (o),

provided that the right-hand side of this equality is well defined.
Here, I' is the Euler gamma-function
I'(r)= / s le 5ds.
0

Definition 2. The Caputo fractional derivative of the order q € (0,1) of a continuous function
g1 [0,a] — E is the function “D}\g defined in the following way:

“Dig(t) = (D7(g() — 5(0))) (1),

provided that the right-hand side of this equality is well defined.
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Definition 3. A function of the form

Zl"qn—i-ﬁ

n=0

q9,6>0,z€C,

is called the Mittag—Leffler function.

The Mittag—Leffler function has the following asymptotic representation as z — oo
(see, e.g., [28,29]):

1-p 1 B
iz e - 7+ O(]z argz| < img,
quﬁ(z) = { q Zn 1 I( ﬁ qn (‘ | ) | g ‘ >3 q (5)

— Lo Tﬁiqn +0(|z|™), larg(—z)| < (1— %q)m

Denote E, 1 by E;. Notice that the second of the above formula implies that in the case
wherez =17 < 0and 0 < g < 1, we have

E4(t) =+ 0 as T — —oo. (6)

Notice that from the relations (see, e.g., [30]):

and .
Ega(—2) = [ q0&;(0)e *do,
where .
1
89(0) = Lo ey (07), ?)
1 & g1 T(ng+1)
¥,(0) = E’;(—l)” lg—an 1% sin(nmg), 6 € Ry, 8)
it follows that
E4(t) >0, Egy(t) > 0 for T < 0. )
Remark 1 (See, e.g., [31]). &;(0) >0, [;°&;(0)d0 =1, [;~6Z,(0)d6 = F(q+1)'
Consider a scalar equation of the form
CDIx(t) = Ax(t) + f(t), te€]0,T], (10)
with the initial condition
x(0) = xo, (11)

where A € R, f : [0,T] — R is a continuous function. By a solution of this problem, we
mean a continuous function x : [0, T] — R satisfying condition (11) whose fractional deriva-
tive ©D9x is also continuous and satisfies Equation (10). It is known (see [1], Example 4.9)
that the unique solution of this equation has the form

x(t) = Eg(AtT)xo + /(;t(t — )11 E, o (A(t— 5)) f(s) ds. (12)

We will need the following auxiliary assertion, which is an analogue of the known
Gronwall lemma on integral inequalities.
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Lemma 1. Let a bounded measurable function z : [0, T] — R such that CDgz is a continuous
function and
CDlz(t) < Az(t) +1(t), te€0,T], (13)

where 1 : [0, T] — R is a bounded measurable function. Then,
z(t) < Eq(At7)z(0) + /Ot(t - s)qflEW(A(t —35)N)I(s) ds.
Proof. Consider a scalar equation
“Diy(t) = Ay(t) +1(1), te[o,T], (14)
with the initial condition y(0) = z(0). From inequality (13) and Equation (14), we have

CD§(z(t) —y(t)) < Alz(t) — (1))

There exists a non-negative function v : [0, T| — R such that

DG (2(t) = (1)) = Alz(t) — y(b)) — v (D).
The solution to the last equation is the following non-negative function
t
y(t) —z(t) = / (t—5)1 Eqg o (A(t — 5))v(s) ds.
0

Thus, z(t) < y(t) because

u(0) = By (0) + [ (651 Egg (At — )7 s,

and y(0) = z(0); we finally get the inequality

z(t) < Eg(At7)z(0) + /Ot(t — s)q_lEq,q()L(t —s)N)(s) ds.
O

2.2. Measures of Noncompactness and Condensing Multivalued Maps

Let us recall some notions and facts (details can be found, for example, in [32-36]).
Let £ be a Banach space. We introduce the following notation:

Ph(E) ={ACE: A+#Qisbounded };

Pu(E) = {A € Pb(E) : A is convex};

K(&) ={A € Pb(€) : Ais compact};

Kov(€) = Pu(E)NK(E).

Definition 4. Let (A, >) be a partially ordered set. A function B : Pb(E) — A is called the
measure of noncompactness (MNC) in & if, for each Q) € Pb(E), we have:

p(0 Q) = B(Q),

where €0 Q) denotes the closure of the convex hull of ).

A measure of noncompactness f is called:

(1) monotone if for, each O, 1 € Pb(E), Qp C O implies B(Q) < B(Dy);
(2) nonsingular if, for each a € £ and each Q) € Pb(E), we have B({a} U Q) = B(Q).

If A is a cone in a Banach space, the MNC  is called:
(1) regular if B(Q) = 0is equivalent to the relative compactness of Q) € Pb(E);
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(2) real if Ais the set of all real numbers R with the natural ordering;
(3) algebraically semiadditive if B(Qp + Q1) < B(Qo) + B(Q1) for every Oy, (g € Pb(E).

It should be mentioned that the Hausdorff MNC obeys all of the above properties.
Another example can be presented by the following measures of noncompactness defined
on Pb(C([0,a]; E)), where C([0,a]; E) is the space of continuous functions with the values
in a separable Banach space E:

(i) the modulus of fiber noncompactness

@(Q) = sup e P'xe(Q(t)),
te[0,a]

where p > 0, xg is the Hausdorff MNC in E and Q(t) = {y(t) : y € Q};
(if) the modulus of equicontinuity, defined as

de(Q) = li t) —y(t)] -
modc(Q) Jgrg);ggmrggfgllyh) y(b)]|

Notice that these MNCs satisfy all above-mentioned properties except regularity. To
obtain a regular MNC in the space C([0,4]; E), we can consider the MNC

v(Q) = (p(2), modc () )
with the values in the cone R? with the natural partial order.

Definition 5. Let X C & be a closed subset; a multivalued map (multimap) F: X — K(&) is
called upper semicontinuous (u.s.c.) if the pre-image

FUV)={xeX: F(x) CcV}
of each open set V C & is open in X.

Definition 6. A u.s.c. multimap F : X — K(E) is called condensing with respect to an MNC B
(or B-condensing) if, for every bounded set () C X that is not relatively compact, we have

B(F(Q)) £ B(Q).

More generally, given a metric space A of parameters, we will say that a u.s.c. mul-
timap I' : A x X — K(&) is a condensing family with respect to an MNC B (or -condensing
family) if, for every bounded set () C X that is not relatively compact, we have

BIT(AXxQ)) 2 B(Q).

Let V C & be a bounded open set, B a monotone nonsingular MNC in &, and F :
V — Kov(€) a B-condensing multimap such that x ¢ F(x) for all x € 9V, where V and 9V
denote the closure and the boundary of the set V.

In such a setting, the topological degree

deg(i — F,V)

of the corresponding vector multifield i — F satisfying the standard properties is defined,
where i is the identity map on £. In particular, the condition

deg(i—F,V) #0

implies that the fixed-point set FixF = {x : x € F(x)} is a nonempty subset of V.
To describe the next property, let us introduce the following notion.
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Definition 7. Suppose that B-condensing multimaps Fo, Fy : V — Ko(&) have no fixed points
on the boundary 9V and there exists a B-condensing family H: [0,1] x V — K(&) such that:

(i) x¢&H(Ax)forall (A, x) € [0,1] x oV;
@) H(,-) = Fo; H(,-) = Fi.
Then, the multifields &y = i — Fo and $1 = i — F are called homotopic:

Dy ~ ;.

The homotopy invariance property of the topological degree asserts that if &y ~ &4,
then deg(i — Fo, V) = deg(i — F1, V).

Let us also mention the following property of the topological degree, which we will
need in later.

The normalization property: If F(x) = A € K(E), then

R 1 if ACV,
deg(l_F’V)_{ 0 if ANV =0.

3. Existence of a Solution

Let H be a separable Hilbert space. We will consider the Cauchy problem for a
semi-linear fractional-order differential inclusion in H:

CD{x(t) € Ax(t) + F(t,x(t)), t€[0,T], (15)

x(0) = xo, (16)
where 0 < g < 1, and the linear operator A satisfies the following condition:

(A) A:D(A) C H — H is alinear closed (not necessarily bounded) operator generating
a bounded Cp-semigroup {Uy(t)};- of linear operators in H such that

(Ax,x) < —d||x||?>, Vx € D(A),

for some d > 0.
It will be assumed that the multimap F: [0, T| x H — Kv(H) obeys the following con-
ditions:
(F1) The multifunction F(-,x): [0,T] — Kv(H) admits a measurable selection for each
T > 0and x € H, i.e., there exists a measurable function f: [0, T] — H such that
f(t) € F(t,x) forae. t € [0, T];
(F2) The multimap F(t,-): H — Kv(H) is u.s.c. for each T > 0 and for a.e. t € [0, T};
(F3) For each R > 0 and T > 0, there exists a function wg € L*[0, T] such that x € H,
lx|]| < R implies
|E(t,x)|| < wg(t) forae. t€0,T];

(F4) For each T > 0, there exists k € L*[0, T] such that, for every bounded set ) C H,
it holds that:

x(£,Q)) <x(H)x(Q),

where ) denotes the Hausdorff MNC in the space H.
(F5) foreach x,X € Hand y € F(t,x),y € F(t,X), t € [0, T] it holds:

(y—gx—%) <allx-|*

From conditions (F1)-(F3), it follows that for each T > 0, the superposition multiop-
erator Pr: C([0,T]; H) — P(L®((0,T); H)) is defined by the formula

Pr(x) ={f € L((0,T); H): f(s) € F(s,x(s)) fora.e.s € [0,T]} (17)
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(see, for example, [32,33]).
Let us recall (see, for example, [4-19]) that a mild solution to problems (15) and (16) is
a function x € C([0, T], H) of the form

K1) = a0+ [ (=) Talt = 5)f(5)as, as)

where

Galt) = /O & (O)UA(110)d0,  Ta(t) =g /O 02,(0) U (170)d6,
f € Pr(x), and the function ¢, is defined by Formula (7).

Lemma 2. (See [31], Lemma 3.4.) The operator functions G4 and Ta possess the following
properties:

(1) Foreacht € [0,T], the operator functions G (t) and T (t) are linear bounded operators;
more precisely, for each x € H, we have

1Ga(t)x]ly < M|x| |, (19)
_aM
ITa )5l < 5y ¥l (20)
where
M= sup [Ua(})]. @1
te[0,4o00)

(2) The operator functions G (-) and T (-) are strongly continuous, i.e., functions t € [0, T] —
Ga(t)xandt € [0, T] — Ta(t)x are continuous for each x € H.

Remark 2. Notice that if A is a bounded operator, then the solution defined by Formula (18)
satisfies the following differential equation (see [3]):

CD{x(t) = Ax(t) + f(t).

Now, suppose that x € C([0, T]; H) is any mild solution to problems (15) and (16).
Take a selection f € Pr(x) satisfying (18). Then, condition (F3) implies that

If(t)] < wr(t) forae.t €[0,T], (22)

where R = ”x”C([O,T];H) and wg € LOO(O, T).
Now, taking a piecewise linear function g. satisfying the conditions of Lemma 3,
consider the function

xe(t) = Ga(t)xpe + /Ot(t — )T VT4 (t — 5)ge(s)ds, (23)

where xp, € D(A) and xg, — xg as € — 0.
Now, consider Yosida approximations for the operator A:

Ap=nAnl—A)"1, n>1.

It is known (see, e.g., [37,38]) that A, are bounded, mutually commuting operators,
A, converges to A pointwise on D(A), and each A, generates the uniformly continuous
contraction semigroup Uy, .

We introduce the approximations x;, . with the formula

Xne(t) = Ga, (£)x0,e + /Ot(t — s)‘1—17—An (t —5)ge(s)ds. (24)
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Lemma 3. For each ¢ > 0, there exists a set mg C [0, T] of a Lebesgue measure u(mg) < €
and a piecewise linear function g¢: [0, T] — H with a finite number of nodes belonging to D(A)
such that

1£(8) = ge(t)| <& £ [0,T]\me. (25)

Proof. Notice that we can assume, without loss of generality, that the selection f is a
continuous function. In fact, consider the functions f,,: [0, T] — H defined by the formula

filt) =5 [T

where

- f(s), for se[0,T],
0, for s ¢ [0, T].

Recall that a point t € [0, T is called a Lebesgue point of the function f if

fim L [ ds =0
im — — f(t)|ds = 0.
tim = [ (6) 1)1
If we rewrite
1t+7,d 1t7d1t+7,d
) =5 [ Fes =5 [ Fo)ds o [ Fs)as

then f,(t) — f(t) for a.e. t € [0,T] as v — 0, since, for a measurable function, the
Lebesgue points form a complete measure space (see [39]). Notice that functions f., are
continuous and

£+ < 1 f [ (o, 17,1y for £ € [0,T]. (26)

Hence, each function f, may be approximated with an arbitrary degree of accuracy
in the space C([0, T]; H) by piecewise linear functions g; with a finite number of nodes
belonging to D(A).

Take a sequence 7y, — 0. Applying the Egorov theorem to functions f,, (see [37]),
for a given ¢ > 0, we may find m, C [0, T] such that y(m.) < ¢, and the sequence {f,, }
uniformly converges to f on [0, T]\m,. So, we will have, for a sufficiently large k,

€
Hf(t) _f’Yk(t)” < E for t e [O, T}\me-
Taking now a piecewise linear function g satisfying
e
I fre — 8elle(po,m, )y < ok (27)
we will get the desired function. [J

Lemma 4. The expression

I(e)(t) == /Ot(t = )T Ta(t = s)| - llge(s) = £(s)llds
tends to zero as € — 0 uniformly on [0, T].

Proof. Denoting
__gqM

- T(1+9q)

we get from (20) that
ITa®)| <N, telo,T].
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For a given v > 0, we choose ¢ > 0 such that
o1 v
;N(zanan +1) < 2.

From the construction of the function g (see relations (26) and (27)), it follows that for
a sufficiently small € > 0, we get

18Ol < llwrll=+1, t€0,T].

Then, for the case t < ¢ < T, we have
L= ITa =) -lsels) — fO)lds < [ =9 N lge(s) 1+ 156)] ) s

o B ol
gN@WdW+QA(p@ﬂwyagw@wmw+g<%.

If r < t, we get
t
100 = [ (1= Tat =911 - 3els) = £ s

[T =TT =9 lgels) = £ = R(e) (1) + B(e) (1),

For I; (¢), the following estimate holds:
ol v
I t) < —N|(2 o+ 1 —.
gm)_quwwL+)<2
For I(¢), we have

OO = [ (= TITA =9l - lgels) — £(5) s

+/ (t =) Talt = s) - 1ge(s) — f(s)llds = L () (1) + Ia(e) (t).
[0,t—c]Nme
Set
Ny = max (t=s)T Y| Ta(t—s)l.
s€[0,t—0]
Since [|ge(s) — f(s)]| < e fors € [0,t — o] \ me, we obtain the estimate
I (S)(t) < le(i’ - (T) < NqeT.
For I»;(¢), we have
Ba(e)(t) < Ni (2llworllis +1) ([0t = o] N me) < Ny (2w +1)e.

Now, choosing ¢ so that

Ni(T + 2]|wgllp + e < L,

ey

we get the desired statement. [

Corollary 1. The expression ||xe — x||¢(jo,r);1) tends to zero as e — 0.
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Proof. We have the estimate

[[2(8) = xe(t) | < [[Ga(t)(x0 = xo,e) | +/Ot(t—8)q’lllTA(f—S)|| 18e(s) = f(s)llds.

Since the operator function G 4(t) is strongly continuous and xp. — xg as ¢ — 0, the
first term in this sum tends to zero uniformly on [0, T]. The second term uniformly tends to
zero due to Lemma 4. [

Remark 3. If in Lemma 4, we replace || T (t — s)|| with the Mittag—Leffler function E;4((—d +
a)t1), then, repeating the above reasonings, we get

= (- a) = 9)7) - gel5) = F9)ds =0

as ¢ — 0 uniformly on [0, T].
Lemma 5. For a fixed € > 0, the sequence x, ¢ converges to x¢ as n — oo uniformly on [0, T}.

Proof. Since for each fixed x € H, we have
Uy, (t)x — Ua(t)x
uniformly with respect to t € [0, T] (see [38]), we also have the uniform convergence
Ga,(t)x = Ga(t)x,
Ta,(t)x = Ta(t)x,
which implies the desired convergence for a fixed e > 0. [
Notice that due to the closedness of the operator A, we have for x € D(A):
AUy (t)x = Uxy(t)Ax,
AA,x = A, Ax,
AUy, (t)x = Uy, (1) Ax.
By the definition of the operator functions G () and T4 (t), we have for x € D(A):
AGa(t)x = Ga(t)Ax;
ATa(B)x = Ta(t)Ax;
AGa, (Hx = Ga, (H)Ax;
AT, (B)x = Ta, (1) Ax.

Since for a given piecewise linear function g, the set { Ag.(s) : s € [0, T]} is compact in
H, it follows that the range of the function g; liesin D(A), and therefore, { Ax,(t) : t € [0, T]}
is a compact set.
Lemma 6. For a fixed ¢ > 0, we have

(n(nl — A)"L — 1) Axpe(t) = 0

as n — oo uniformly with respect to t € [0, T].
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Proof. Since (n(nl — A)~! — I)y — 0 for each fixed y € H (see [38]), we have
(n(nl — A)"' = 1)Ax =0

uniformly with respect to x € {g¢(t) : t € [0, T|}. Since x,, ¢ can be expressed through g, by
the Formula (24), we get thedesired convergence. [

Now, we can get the following assertion about the a priori estimate of a solution to
problems (15) and (16).

Theorem 1. Under the above conditions, there exists a continuous function C: [0, +o0) —
[0, +00) such that

xllc(o,m,H) < C(T).
for every mild solution x of problems (15) and (16) defined on an interval [0, T|.

Proof. Take a sequence of positive numbers 6, — 0 and choose a sequence of approxima-
tions {x, } so that

l[xe, — xlc(o,m,H) < k- (28)

Further, according to Lemma 4, we find n'(e;) such that for n > n'(g;), the follow-
ing holds:
l[%ne, — Xeellcpo,m),H) < Ok-
Since x,¢ lie in D(A) and Axy, ¢, for each fixed ¢ that is uniformly bounded in 7 (see
Lemma 6), we may indicate 7% (g;) such that for n > n?(e;), we have

te[0,T]

Take n; = max(n'(ex), n%(e)).
Then, we get
[ Xne, — xeellc(po,m),H) < Ok (29)

sup <(nk(nk1 + A)il - I)Ax”k,ﬁk(t)rxnkrsk(t» < ek' (30)
te[0,T]

Notice that, simultaneously, we construct the corresponding sequences of functions
{g¢, } and sets m, .
By virtue of Remark 2, we have

CDgx;/lk,gk(t) = Ananklgk(t) + ggk(t).
From [25,26], it follows that
CDg Hxnkrsk(t) ”2 S <Ankxnk,€k(t)r xnkrsk(t)> + <g€k (t)/ xnk,sk(t»‘ (31)

Now, let us estimate the right-hand side of inequality (31). To do this, let us mention
that condition F5) implies that

F5') foreachx € Hand y € F(t,x), t € [0, T| it holds
{y,x) < allx|* + G(b),

where G(t) = ||F(t,0)].
Then, we get

(Amexng e (1), X () + (e (£), Xy () = (A (F), X (1))
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(e (el = A) ™ = 1) Axy g (), Xy ey (1))
+(8ei () = F(1), X (£)) + (F (1), X(8)) + (f(£), Xng e (£) — x(£))
< —dl|ximg e (D)7 A+ allx ()1 + (geg (F) = F(£), Xme, () + (F(8), Xme (1) — x(8)
+{(m(mel — A)H = 1) Axpy e, (£), X (1)) + G(2)
< (—d + a) ||y e, ()12 + allx () = X, (N U0V 1xmee (1) + llgee (8) = ()| xme (1)
L F g e (1) = 2 ()] + (e (il = A) ™1 = 1) Ay (£), Xy e, (£)) + G (1)
For sufficiently large k, we get the inequality

DG [ (D1 < (—d + a) || X e (D)1 + 3RO + 6| £ (1) ]| + 6

+2R|[ge, (1) = fF(D)]| + G(#).

By virtue of Lemma 1, assuming that
2(t) = [tne, (D% A = —d +a,
1(t) = 3aR0 + Ol f(1)[| + Ok + 2R|[ge, (1) — f(B)[| + G(1),

the following inequality holds true:

e ()17 < Eq((—d + a)t) | xo,,|1* + /Ot(t = 5)1 Eqq((—d +a)(t — 5)7)G(s)ds+

+ 6 /Ot(t —8)T  Ey 4 ((—d +a) (t — 5)7)(3aR + wg(s) + 1)ds+ (32)

+2R /Ot(t — s)qflEq,q((—d +a)(t—s)7) ”gsk (s) — £(s)]|ds.

Notice that the third and fourth terms tend to zero as k — co. In fact, in the third term,
the integral is uniformly bounded on [0, T] and we can apply Remark 3 to the fourth term.
Passing in (39) to the limit as k — oo, we get

KO < Eyf(—d+a)llsoll + [ (¢ = )7 Egg(—d+a)(t —9G)E G

Therefore, the right-hand side determines the function of the a priori estimate C on
the interval [0, T]. O

From Theorem 1, we can obtain the following result on the existence of a solution to
problems (15) and (16) on an arbitrary interval [0, T].

Theorem 2. Under the above conditions, there exists a mild solution to problems (15) and (16) on
[0, T] for each T > 0.

Proof. Consider the family of multivalued integral operators
F:C([0,T];H) x [0,1] — P(C([0, T]; H)) defined in the following way:

F(x,A) ={z=Ga(t)xo + A/Ot(f =) Tt —s)f(s)ds : f € Pr(x)},  (34)

where Pr is the superposition multioperator defined by (17).
It is clear that each fixed point x, € C([0, T|; H) of the multimap F(-,A), A € [0,1] is
a mild solution to the problem

CD{x(t) € Ax(t) + AF(t,x(t)), t€[0,T] (35)



Mathematics 2021, 9, 136

13 of 19

x(0) = xo. (36)

Moreover, it is known (see [5,8,10-14]) that the family (34) has compact convex values
and is condensing with respect to the MNC v in C([0, T|; H) (see Section 2). Since the mul-
tioperators AF satisfy conditions (F1)-(F5) independently on A, by applying Theorem 1,
we conclude that there exists a constant C(T) such that all solutions to problems (35) and

(36) satisfy the a priori estimate
lxall < €(T).

So, the multioperators F (-, A) from family (34) are fixed-point free on the boundary
of the ball B of the space C([0, T|; H) centered at zero of the radius C(T) + 1. Notice that
the range of the multioperator F(-,0) consists of the single function y(t) = G4 (t)xo as its
fixed point.

Now, applying the homotopy and normalization properties of the topological degree,
we obtain

deg(i— F(-,1),B) =deg(i— F(-,0),B) =1,
which yields, by the existence property of the topological degree, the desired result. O

4. Uniqueness of a Solution

Now, we are in position to present our main result.

Theorem 3. Under the above conditions, problems (15) and (16) have a unique mild solution on
[0, T] for each T > 0.

Proof. Suppose the contrary, that there are two different mild solutions x!, x> on [0, T]
for problems (15) and (16). Take a sequence of positive numbers 6, — 0 and choose a
sequences of approximations {xgk} and {xgk} so that

g, — M lleorm < O 11%2, — llco,m,m < Ok (37)

Further, according to Lemma 4, we find n!(g;) such that for n > n'(g;), the follow-
ing holds:
e, — %o, (o) < Okr 116e, — X2, (o, 1) < Bk

Since x} ., x}. € D(A) and Ax] ., Ax2 . for each fixed e that is uniformly bounded in

n (see Lemma 6), we may indicate n? (e ) such that for n > n?(g;), we have

sup ((n(nl —A)"" = 1)Axy (), x6(1)) < 6,
t€[0,T]

sup ((n(nl — A)~! = DAxg (1), 23 .(1)) < 6.
te[0,T]

Take n; = max(n'(ex), n%(e)).
Then, we get

1 1 2 2
Hx}’lk,€k - xé‘k”C([O,T],H) < le ||xi’lk,€k - xSk”C([O,T],H) < le

sup ((ny(nl + A)™" = ) Ay e (), 2 ¢, (1)) < 6,

g€k
te[0,T]
SFP]((”k(”kl + A)_l - I)Ax%k,sk (t)’ x%lk,sk(t)> < 9’(
te|0,T

Notice that, simultaneously, we construct the corresponding sequences of functions
1 2
{8e, 1, {8¢, } and sets m,.
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By virtue of Remark 2, we have
CDq '}lksk( ) Ank nksk( )+ggk(t)’

CDq %lkgk( ) Ank ”kgk( )+g§k(t)
From [25,26], it follows that

CDquVlk Ek(t) - xizlk,ﬁk(t)Hz S <Ank (x}lk,ek(t) - xrzzk,ek(t))f x711k,ek(t) - x%lk,ek(t)>

+ <ggk( ) gsk( ) nk sk(t) - x%lk,sk(t»' (38)

Now, let us estimate the right-hand side of inequality (38). Using the properties of
Yosida approximation for the first term and adding and subtracting f(t) — f2(t) in the
second term, we have

(A (e () = 23 e (D), 2, e () = 25 e (D) + (8e () — 82, (), Xy (£) = 37, 4, (1)
= (Al (1) = 23, e (D), Xy, (8) = 23, (1)
(i (med = A) T = DA e () = 23, ¢, (D), 20,6 () = 25, ¢, (1)
+{ge, (1) = 85, (8) = (F1 () = F2(1) + (F1(8) = f2(1), Hmy e, () = X, (D)
= (Al (1) = 23, ¢ (D), Xy, (1) — 23, ()
H{(me (il = A) ™ = D) Ay e (8), X e, () = x5, 6, (1))
~((me(mel = A) T = DAXG ¢ (1), X0, 6, (F) = 27 ¢ ()
+(ge, (1) = F1(8), 2 e (D) = 27, (1))
H{F2(1) — 82, (1), e (D) — 27, (1)
() = F2(8), 2y e, () = x5, 6, ().

Adding and subtracting x! () — x2(t) in the last term, we get

<Ank(x1 (t) - xZ (t))/xgzk,sk(t) - lek,sk(t» + <g3k( ) gsk( ) nk £k (t> - xnk,ek(t)>

= (A e, () = X (B), X e (8) = X3 6 (£))
(e (el = A) ™ = D) Axyy ¢, (8), X e, (8) = x5, 6, (£))
—((m (el = A)™H = D Axg o (1), 3,6, (F) = X3, (1))
H(ga, () = F1(1), Xy (F) = X7 e (1))
F(F2(1) — 82, (), Xy (F) = X7 e (1))
FUE) = F2(1), Xy e (8) = X3 (8) = (X1 () = 22 (1))) + (F1(8) = £2(8), %' (8) — 22(1)).
Using the properties (A) and (F5), we have
(A (e (8) = X3 e, (), Xy (B) = X3 e () 4 (82, (8) — 82, (1), Xy g, (F) = X3, (1))
< —d|xp, e (8) = x5 o (D17 +allx! (£) = (1)
+ge, () = f1(1), nk€k< ) = X6, (1))
F(F2(1) = 82, (1), Xy (F) = X7 e (1))
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() = P2, Xy (1) = X1 (8)) + (F1(8) = F2(8), 22 (1) — g, (1)
+<(nk(nkl - A) - I)Axi’lk Sk( ) x}lk,Ek(t> - x%k,Ek(t)>
—<(le(7’lk1 - A)7 - I)Axnk Sk( ) x}lk,F,k(t) - x%k,€k<t)>‘
Now, using the properties of the norm and the scalar product, we finally obtain

<A7lk( Ny, sk(t) nk sk(t))r 111k,sk (t) - x%lk,sk(t» + <g3k( ) gsk( ) ’17k ek (t) - x%k,sk (t)>

< (—d +a)|xn e, (B) = 67, e (DI
+a([lxt (1) = xn e, (DI 132 () = a5 e, (DD () = (O] + g e, () = 23, ¢, (D)
+lIge (1) = FH O 1x e, (8) = x5, DI+ 1LF2(5) = &2, () 1376, (1) = %76, (D)
HIAHE) = 2O M e, () = O+ 1) = PON(E) = 25, (D]
H{(m(md = A) 7= D Axy o (8, 26, (D) = 65,0, (1)

H{(me (i = A) ™ = DA e (1), 2,0, (F) = x5, 6, (1),

For sufficiently large k, we get the inequality

=

CDqu?lk Sk(t) nk Sk( )HZ S (_d_l_a)”x}lk,sk( ) nk Sk( )Hz +6QR9k+6ﬂR9k

+4R|gz, (1) = fH(O +4R[ (1) = g2, (DI + Ocllf1(5) = PO + 6l 1 (1) = F2(0)]| + 265
= (—d +a)|lag, ¢, (1) = x5 ¢, (D)]* +12aR6 + 4R || gz, (1) — f1 (1) ]| + 4RI (1) — &2, (1)
201 (1) = FA(B) ]| + 261

By virtue of the analog of Lemma 1, the following inequality holds true:

% () = 23, e (DIIP < Eq((—d +a)t7)||x0,, — X0e, 1
HR [0 51 By (= -+ a) (¢ — )7 lgh, () — £ () s+
+ 6 /Ot(t - s)‘FlEW((—d +a)(t—s)7)(12aR 4 4w (s) + 2)ds+ (39)

+4R /ot(t —8)1 Eg g ((—d +a)(t —5)")|| (1) — &2.(1) || ds.

Notice that the second, third, and fourth terms tend to zero as k — . In fact, in the
third term, the integral is uniformly bounded on [0, T], and we can apply Remark 3 to the
second and fourth terms.

Passing in (39) to the limit as k — oo, we get

Ix'(£) = x> (1) > < 0. (40)
Therefore, for each t € [0, T], it holds that x!(t) = x?(t). O

5. An Example

Consider the following Cauchy problem for a system governed by a partial differential
inclusion of a fractional diffusion type:

2

B?u(t,s) € %(t,s) —uu(t,s) + f(t,s,u(t,s)) +¢(t,s)+D(u(t,-))(s), (41)

”(O/S) = 7(5)1 (42)
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wheret € [0,T],s € (—o0, +00), u >0, 8? is the Caputo partial derivative in t of order 0 <
q<1,f:][0,T] x (=00, +00) x R — R, ¢ € L2([0,T] x (—00,+00)), D: L2(—0c0, +-00) —
Kov(L?(—00, +00)) is the feedback multimap which will be defined below, and D(x)(s) =
{w(s): w € D(x)}.

Considering u(t,s) as x(t)(s), where x: [0, T] — L?(—oc0, +c0), we will reduce the
above problem to abstract problems (15) and (16) in the space H := L?(—00, +c0). In s0
doing, the operator A is defined by the formula

9%x

Ax = —.
X 052

We will assume that the function f generates the superposition operator
¢:[0,T] x H— H defined as

¢t x)(s) = f(t,5,x(5))-

In order to conclude that this operator is well defined, it is sufficient to assume that
the function f is continuous, f(t,-,v) € H forall (t,v) € [0,T] X R, and f has a sublinear
growth in the third variable:

If(t,s,0)| <a+blo|, V(ts)€0,T]x (—oo,+0c0),

where g and b are some nonnegative constants.
We now describe the “feedback” multimap D. For a given concave locally Lipschitz-
functional
g R" 5 R,

we denote by dg its subdifferential. It is known (see [40], Propositions 2.1.2, 2.1.5, and 2.1.9)
that dg is a u.s.c. multimap in R” with compact convex values, which is monotone in the
following sense:

(X—Y,X=Y)g: <0 (43)

forall X,Y € R"; X € 9g(X),Y € ag(Y).
Now, let {¢;}""; be any fixed orthonormal system of functions from H. For a given
x € H, we define a vector X(x) € R" assuming X(x) = {x1, ..., ks }, where

K = <x, (Pi>H/ 1= 1,...,7’[. (44)

We now define the multioperator D: H — P(H) as

D) = { L&t (€1 8n) € 05(X(0)}. 45)

From the properties of multivalued maps (see, e.g., [33]), it follows that D is u.s.c. and
has compact convex values; moreover, from (43)—(45), it follows that D is monotone, i.e.,
(X-yx—y)n<0

forallx,y € H,X € D(x),y € D(y).
Now, we can substitute problems (41) and (42) with the following problem in the
space H:
Djx(t) € Ax(t) — px(t) + (¢, x(t)) + p(t) + D(x(1)), (46)

x(0) =7 € H, (47)
where §(t)(s) = ¢(t,s).
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If we suppose that f(t,s,v) is continuously differentiable in v, |% (t,s,v)| is bounded
forallt € [0,T],s € (—o0, +0), and
of

%(t,s,v) < —u« forsome a > 0,

then
(p(t,x) —p(t,y),x —y)u < —alx -yl Vx,y € H.

From the properties of u.s.c. compact-valued maps (see [33], Theorem 1.2.35), it follows
that D transforms bounded subsets of H into relatively compact ones. However, then,

xu(¢(t, Q)+ D(Q)) < Kxu(Q),

where K = sup{|%(t,s,v)|: t€0,T],s € (—o0,+00),v € R}.
So, all conditions of Theorems 2 and 3 are fulfilled, and we conclude that problems
(41) and (42) have a unique mild solution.

6. Conclusions

We studied the Cauchy problem for a semi-linear differential inclusion of a fractional
order in a Hilbert space. The existence and uniqueness of a mild solution to this problem
are obtained under assumptions that the linear part of the inclusion is a linear monotone
operator generating a Cp-semigroup, whereas the multivalued part satisfies a certain
monotonicity-type condition. An example concerning the existence and uniqueness of a
mild solution for a system governed by a partial fractional-order differential inclusion is
presented. As was shown in the paper [13], the uniqueness of a solution entails a difference
from zero of its topological index. In the forthcoming research, by using the results
from [13], this will allow the substantiation of a semi-discretization scheme for obtaining
approximate solutions to the Cauchy problem for differential inclusions of fractional order.
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