. mathematics

Article

Modified Mean-Variance Risk Measures for Long-Term Portfolios

Hyungbin Park

check for

updates
Citation: Park, H. Modified
Mean-Variance Risk Measures for
Long-Term Portfolios. Mathematics
2021, 9, 111. https://doi.org/
10.3390/math9020111

Received: 16 November 2020
Accepted: 30 December 2020
Published: 6 January 2021

Publisher’s Note: MDPI stays neu-
tral with regard to jurisdictional clai-
ms in published maps and institutio-

nal affiliations.

Copyright: © 2021 by the author. Li-
censee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and con-
ditions of the Creative Commons At-
tribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematical Sciences and RIMS, Seoul National University, 1, Gwanak-ro, Gwanak-gu,
Seoul 08826, Korea; hyungbin@snu.ac kr or hyungbin2015@gmail.com

Abstract: This paper proposes modified mean-variance risk measures for long-term investment
portfolios. Two types of portfolios are considered: constant proportion portfolios and increasing
amount portfolios. They are widely used in finance for investing assets and developing derivative
securities. We compare the long-term behavior of a conventional mean-variance risk measure and a
modified one of the two types of portfolios, and we discuss the benefits of the modified measure.
Subsequently, an optimal long-term investment strategy is derived. We show that the modified
risk measure reflects the investor’s risk aversion on the optimal long-term investment strategy;
however, the conventional one does not. Several factor models are discussed as concrete examples:
the Black-Scholes model, Kim—-Omberg model, Heston model, and 3/2 stochastic volatility model.

Keywords: continuous-time factor model; modified risk measures; mean-variance analysis; long-
term investment; optimal strategy

1. Introduction

Risk measure is an important topic in modern portfolio theory. There are numerous
risk measures for portfolios, one of them being the mean-variance risk measure. A conven-
tional formulation of the mean-variance risk measure is as follows:

Rt = yy/var[ll;] — E[IL], 1)

where y > 0 is the investor’s risk aversion parameter, and I1; is the portfolio value at time
t. A conventional mean-variance risk measure has two flaws when dealing with long-term
investment portfolios. One is that the growth rate of the conventional mean-variance risk
measure depends on only either the mean or variance, and the other is that the growth
rate does not depend on parameter <. Therefore, we propose a modified risk measure to
overcome these flaws and discuss its benefits in comparison with the conventional measure.

Two types of portfolios are considered in this study: a constant proportion portfolio
(CPP) and an increasing amount portfolio (LAP). A CPP is a portfolio in which the ratio
of investments in safe assets and risky assets is fixed. The CPP is worthwhile to study
because they are widely used in finance. Many financial institutions and companies use
this type of strategy for investing assets and developing derivative securities. A Leveraged
Exchange Traded Fund (LETF) is a typical example of commercialized products based
on the CPP strategy. Indeed, a LETF is mathematically same with the CPP because their
portfolio structures are identical. It is natural to ask the following questions.

e  What kind of risk measures should we use for long-term investment in CPPs?
e  Given a risk measure, what is the optimal strategy for long-term investment in CPPs?

This paper answers these questions.

A similar work is conducted for IAPs. An IAP is a portfolio in which the amount
invested in the risky assets increases over time, and the increasing rate is equal to the short
rate. This type of portfolio might be less interesting than the CPPs; however, it is still useful
for investors with a restrictive short position amount. In financial markets, the amount
in the short position in the risky asset is occasionally restricted. When this amount is a
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constant multiplied by the money market account, the risk measure for the IAPs becomes
practically useful.

This paper mainly discusses modified risk measures for long-term CPPs and IAPs.
A conventional risk measure is R, given in Equation (1) for the portfolio value I; at time
t > 0. In fact, —'R; is a more conventional form than R; (for example, the Markowitz
portfolio theory); however, R; is considered in this study for computational convenience.
As modified risk measures, we propose

(var[I1,])/2

At = ]E[Ht]

and
At = yVar[I1; /"] — E[TT; /"]

for CPPs and IAPs, respectively, where oy > 0 is the investor’s risk aversion parameter, and
r > 0 is the short rate. For long-term investments, we focus on the large-time behavior of
these risk measures. More precisely, for CPPs, we compute

lim 1ln R: and lim 1lr1 Ay
t—oo t t—oo t
and compare these two values. These limits give the growth rates of the conventional and
modified risk measures as t — oo. Similarly, for IAPs, two limit values
lim R and lim i
t—oo felt e
are compared.

The conventional risk measure has two flaws when working with long-term portfolios.
The growth rate of the conventional risk measure depends on only either the mean or variance.
It depends on only the variance for CPPs and only on the mean for IAPs. In other words,
the conventional risk measure cannot offer a balance between the mean and variance of
long-term portfolios. On the contrary, the growth rate of the modified risk measure reflects
both the mean and variance. Another limitation is that the growth rate of the conventional risk
measure does not depend on parameter -y. Thus, the conventional risk of long-term portfolios
cannot reflect the investor’s risk aversion. We show that the modified risk measure can reflect
the investor’s risk aversion. More details are discussed in Sections 3 and 4.

Optimal investment strategies are also investigated. Investors construct portfolios of
financial assets depending on their levels of acceptable risk. In the mean-variance analysis,
the return and risk of a portfolio are expressed as the mean and variance, respectively.
We aim to identify a portfolio that minimizes the growth rate of the mean-variance risk
measures. More precisely, we will calculate a constant proportion for CPPs and a constant
amount for IAPs, to minimize the growth rate of the modified risk measure. Several factor
models are analyzed as concrete examples: the Black-Scholes model, Kim—Omberg model,
Heston model, and 3/2 stochastic volatility model.

As closely related topics, many authors have studied long-term CPPs. Leung and
Park [1] investigated the long-term growth rate of expected utility from holding a CPP. For a
given value process (I1;);>o of CPP and a power utility function of the form U(x) = x¥,0 <
p < 1, the limit value

1
tILTo n InE[U(TT})]
was computed for several Markovian market models. In addition, a constant ratio that
maximized the long-term growth rate was determined. Yao [2] analyzed the deviation
probability estimate for a CPP. The logarithmic limit of the tail probability was computed
using the large deviation principle. Moreover, the author presented optimal constant ratios
for long-term CPPs. Zhu [3] investigated optimal strategies for a long-term static investor.
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The author derived the optimal allocation of capital to maximize the long-term growth rate
of the expected utility of wealth. Three models for the underlying stock price processes
were covered: the Heston model, 3/2 model, and jump diffusion model.

Various studies have proposed better risk measures. Chen et al. [4] derived a class of
time-consistent multi-period risk measures under regime switching. They analyzed a multi-
stage portfolio selection model by using the time-consistent multi-period risk measure.
Emmer et al. [5] considered three risk measures: VaR, ES, and expectiles. They checked
whether these measures satisfied properties such as coherence, comonotonic additivity,
robustness, and elicitability. They concluded that the ES can be considered a good risk
measure, and there is no sufficient evidence to justify an all-inclusive replacement of ES by
expectiles in applications. Rachev et al. [6] investigated the properties that a risk measure
should satisfy to characterize the investor’s risk preferences. They analyzed the relationship
between distributional modeling and risk measures and described desirable features of an
ideal risk measure for a portfolio selection problem. Ruttiens [7] proposed the “accrued re-
turns variability,” which was measured from the actual dispersion of successive cumulated
returns relative to the corresponding successive cumulated returns produced by an accrued
performance of null volatility. This risk measure outperformed the traditional risk measure,
which was computed from the standard deviation of a series of past returns. Zakamouline
and Koekebakker [8] presented a risk measure that takes into account higher moments of
distribution. This measure is motivated by the investor’s preferences represented by utility
functions. They introduced the notion of relative preferences over absolute preferences and
explained the several advantages.

The remainder of this paper is structured as follows. Section 2 describes the underlying
market model considered in this study. Section 3 presents a modified risk measure for
CPPs and investigates an optimal constant proportion for long-term investments. Several
specific market models such as the Black-Scholes model, Kim—-Omberg model, Heston
model, and 3/2 stochastic volatility model are analyzed. A similar work is conducted in
Section 4 for IAPs. Section 5 summarizes the paper. Technical details are presented in
the Appendices A-C.

2. Factor Models

The underlying market model considered in this study is a factor model, which
is defined as follows. A state process (X;);>o is a solution of the stochastic differential
equation (SDE)

dX; = k(Xt) dt + H(Xt) AdW;

for continuous functions k, o : R — R. Assume that this SDE has a unique strong solution.
A money market account G and a risky asset S are modeled as

G :eﬁ)tr(Xs)ds, £>0

and , ,
St = Soefo (’(XS)JFV(XS)*%%(XS))ds*fo o(Xs) dBs L t>0

for Sg > 0 and continuous functions 7, 1,0 : R — R. Here, the short rate is (7(X¢));>0, and
(W4, Bt) >0 is a correlated Brownian motion with correlation —1 < p < 1. In the SDE form,

th/Gt = I’(Xt)dt, GO = 1,

dsy/S¢ = (I’(Xt) + ;M(Xt)) dt + O’(Xt) dB;, S > 0. @

This type of factor models covers a broad range of market models used in finance. Two
kinds of portfolios are studied under this factor model: CPP (Section 3) and IAP (Section 4).
Details are examined in the following sections.
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3. Constant Proportion Portfolio

This section proposes a modified risk measure for CPPs and finds an optimal constant
ratio for long-term investments. First, we explain the concept of CPPs with its mathematical
formulation under the factor model. Second, both the conventional and modified mean-
variance risk measures are introduced. We also discuss why the modified method is better
than the conventional one. Finally, the analytic expressions of the two risk measures are
computed, and an optimal constant ratio is provided for several market models: Black-
Scholes model, Kim—-Omberg model, Heston model, and 3/2 stochastic volatility model.

A CPP is a portfolio in which the ratio of investments in the money market account and
a risky asset is fixed. We denote the ratio invested in the risky asset as « € R. The wealth
process (I1;);>o of the CPP with ratio « is constructed as follows: At any time t > 0, the
cash amount of all; (¢ times the CPP value) is invested in the risky asset and the amount
(1 — a)I1; is invested at the risk-free rate. In the factor model, with the notations described
in Section 2, the wealth process (I1;);>0 with ratio « is described as

dHt/Ht = (F(Xt) + Dé‘ll(Xt)) dt + DC(T(X{) dBt .
This implies the following:
I, = Hoejg(r(Xs)+rx;4(Xs)—%QZUZ(XS))ds+f0t ao(Xs)dBs 4> (.

We always assume that the initial wealth is positive, in other words, I1y > 0, and this
implies that IT; > 0 for t > 0 almost surely. If « > 0 (respectively, « < 0), then the CPP
takes a long position (respectively, a short position) in the risky asset, and if « = 0, then
the investment is only done in the money market account. Only the case with « > 0 is
analyzed in this study. This is because the case with & < 0 can be analyzed by analogy, and
the case with « = 0 is trivial.

A conventional mean-variance risk measure is

Rt = mxvar[Ht] — E[Ht]

for risk-averse parameter v > 0. We compute the limit value

lim 1ln R+
t—oo
if it exists and find « that minimizes this limit value. This minimizing value a gives
the lowest growth rate of Rt as t — oo, and this gives the optimal constant ratio for
long-term investments.

This limit value can be calculated in a simpler way. We define

Ry := 74/ E[IT7].
If
t
then
Jim % InR; = lim % InR;. (4)

It can be verified that Equation (3) holds for all factor models below. Because the right-
hand side of Equation (4) is simpler to compute than the left-hand side, R; is considered
instead of R; in the following sections.

The conventional mean-variance risk measure has two flaws when dealing with long-
term investments. The principle of the mean-variance risk measure is to let an investor
choose a balance between maximizing the mean and minimizing the variance based on the
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investor’s risk aversion. However, as Equation (4) indicates, the long-term behavior of the
conventional risk measure is only determined by the variance and is therefore unaffected
by the mean value. Thus, the long-term limit of the conventional risk measure does not
reflect the underlying principle of the mean-variance risk measure.

Another flaw is that the growth rate of the conventional risk measure cannot capture
the investor’s risk aversion. From Equation (4), it is clear that

1 T )
}gﬂ,?lmRt = tILTO?ln\/E[Ht].

This implies that the limit value is independent of the risk aversion parameter 7.
Therefore, the conventional risk measure cannot reflect the investor’s risk aversion for
long-term investment portfolios.

We now propose a modified mean-variance risk measure. Define

(var[TT;])"/?
A= ——
t ]E[Ht] 7 r)/ > O/
which concerns the fraction between the variance powered by /2 and the mean. For long-
term investments, we calculate

1
lim —InA;.

t—oo t

The limit value of this modified risk measure overcomes the two flaws of the conven-
tional one. This limit value can be calculated in a simpler way as follows. We define

A (E[I13))7/2
At =
E[TT]
If (3) holds, then
lim llnAt = lim 11n[\t. 5)
t—oo t t—oo f

Because the right-hand side is simpler to compute, we consider A; instead of A; in
the following sections.

3.1. Black—Scholes Model

As a warm-up, we consider the CPP for the Black-Scholes model:
dS;/ Sy = (1’+H)dt+0'dBt (6)
with 7, 4 € R and ¢ > 0. The value of the CPP with ratio « is
I = Hoe(r-l-véy—%azaz)t-&-zx(rBt F>0.
Proposition 1. Under the Black—Scholes model, for the CPP with ratio & > 0, we have

lim %lnRt =r+ap+ %zxzaz.

t—o0

Proof. By direct calculation,
E[IT,] = ITpelr et

and
E[H%] — H%e(2r+21x;4+1x202)t )

It is clear that Equation (3) is satistied. Then,

Ri = /B[] = yTToelr o250t 7)
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1 5 12,
Iim -~ InR; = 11m lnRt =r+au+ -ac”.
t—oo t 2
This gives the desired result. [J
Proposition 2. Under the Black—Scholes model, for the CPP with ratio & > 0, we have
lim ?ln/\t (y=1r+ (y-— 1)ocy+ 'ya o?
t—rco
Proof. From the proof of Proposition 1, we know
A (E[Hﬂ)wz =1, ((y=D)r+(r=Dap+ 3 ya’o?
_ A=) Fyncoe)t ) 8
At ]E[Ht] HO e ( )
Thus,
limlln/\ —limlln[\ =(y-Dr+(y—1a —l—l w?o? )
t—oo L t—oo t £= # v

This completes the proof. [

We find an optimal ratio a* that minimizes the growth rate of A; as t — co. Assume
that ratio « is allowed in a compact interval [L,R] for 0 < L < R. As a mapping of «,
the function

— 1 1

A(w) == tlim ?lnAt =(y-Dr+(y—1)au+ > 2g2
— 00

is continuous on the compact interval [L, R]. Thus, the function achieves its minimum

(1- “r)%
’)’

value. Because A is a quadratic function of «, and &« = is a critical point, we obtain

the following cases.

i KL< ( )” < R, then the optimal ratio is a* = (1%772) and

— —1)2,2
A(a):—w.

(i) If ( Wz)” < L, then the optimal ratio is «* = L and

1
A*)=(y—=1Dr+ (y—1)uL + Efyasz.

(iii) 1f { )V > R, then the optimal ratio is a* = R and

1
A*) = (y—1Dr+(y—1)uR+ E’yasz

Let us compare two risk measures R; and A;. We can also find an optimal ratio a* that
minimizes the growth rate of R as t — oo using Proposition 1. Because lim;_; %ln R+
is independent of v, the optimal a* is also independent of the investor’s risk aversion.
The computation is similar to the one above; thus, we omit it. In this sense, the modified
risk measure is better for long-term portfolios. It gives the optimal ratio «* depending on
the risk-averse parameter <y, but the conventional risk measure does not.
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3.2. Kim—Omberg Model

We consider CPPs under the Kim—Omberg model [9]. Assume that the state process
X satisfies
adX; = (G—kXt)dt+ﬂth, Xo € R

for k,a > 0 and 6 € R. This SDE has an explicit solution:

t
X; = Xpe * + 9(1—6’”)—#&6’”/ &AW, , t>0. (10)
0

k

The short rate is a constant » € R, and the risky asset is
dSt/St = (1’ + “MXt) dt + (TdBt

for y € Rand ¢ > 0. This implies that the state process X is the risk premium divided by
. The wealth process of the CPP with ratio « is

I = Hoe(rlex o?)t+ap fo X ds+a0 By >0,

Proposition 3. Under the Kim—Omberg model, we define

a’u?  2pacu  o? Ou
lekiz_ k 7,C2—§,C3*r-

Then, for the CPP with ratio « > 0,

hmflnRt Ci0> —2Coa + C3.

t—oo t

Proof. We define a measure P on F; as

dﬁ — e L0202 t+acBy
dp

Then, (Ws, Bs)o<s<t = (Ws — ap0s, Bs — a0s)g<s<; is a Brownian motion with correla-
tion p under measure P.
The state process satisfies

dXs = (0 +apac — kXs)ds +adWs, 0 <s <t.

Observe that
EP[Ht] - Hoert]EP[eay Iy Xs ds_%aszzf-i-txtrBt]

_ Hoert]E]P’[ ap fot X dS] (11)

f(t)

where f1(t) converges to a positive constant as t — co. For the last equality, we have used
Lemma Al. By a similar computation, we obtain

azazyz (04-apac)ap )t

= ]__Ioe( + 2k2

292112 ;Lz 2(0-+2apac)ap
k

where f,(t) converges to a positive constant as t — oo. It is clear that Equation (3) is
satisfied. Then,

( a2ay?  (0+20pac)ap | o2 2

T L fo(t). (13)

A

Ri = 7\/E[I1}] = q1Ipe"""
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It follows that
2,22 2,2
hmlmezmnEMQFﬂ+“af _ Ot 2wpac)ap  a70T o 2 acuics.
t—oo t t—oo f k k 2
This gives the desired result. O
Proposition 4. Under the Kim—Omberg model, we define
(v=2)a*? 2y —Vpaoy  7o” v—1)0
€= 5 - kP”+7ﬂQ:<%:quwpm.
Then, for the CPP with ratio « > 0,
.1 2
}Lrglo n InA; = Cia” —2Coa + C3..
Proof. From the proof of Proposition 3, we obtain
_1a2.2,2 v - 3
4At::Q@Elﬂlff,:]jgflgvu—lﬂﬁ” 20T GVt a8y fRE () (qg
E[IT] fi()
It follows that

1 1. .
Iim —InA; = lim —In Ay
t—oo t t—oo t

(v — 3)a2a?y? v —1)0au + (2 — 1)a?pac ya?0? (15
—q(r—1)+ 12 _ (r=1)bap i Jaspacy s (15)

= Claz —2Cu+Cs.

This completes the proof. [

We find an optimal ratio «* that minimizes the growth rate of Ay as t — co. Assume
that ratio « is allowed in a compact interval [L,R] for 0 < L < R. As a mapping of «,
the function

— 1
Amwﬂmimm:qﬁ—xﬁ+@

t—o0

is continuous on the compact interval [L, R]. Thus, the function achieves its minimum value.

(i) If C; > 0, then A is a convex quadratic function in &, and & = % is a critical point.

. 2
IfL < % < R, then the optimal ratiois a* = %, and A(a*) = —% + C3. If % <L,
then the optimal ratio is #* = L, and A(a*) = C;L? — 2C,L + C3. If % > R, then the
optimal ratio is #* = R, and A(a*) = C;R?> — 2CoR + Cs.

(ii) IfC; <0, then A is a concave quadratic function of , and & = % is a critical point.
If % < 3(L+ R), then the optimal ratio is a* = R.If % > (L + R), then the optimal
ratiois a* = L. If % = 1(L+R) thenboth a* = R and a* = L are optimal.

(iii) If C; = 0,Cy > 0, then the optimal ratio is a* = R, and A(a*) = —2CR + Cs.
If C; = 0,C; < O, then the optimal ratio is «* = L, and A(a*) = —2CGL + Cs.
If C; =0,C, =0, then A(a) = C5 for all a.

We can also find an optimal ratio a* that minimizes the growth rate of R; as t — cc.

Because the computation is similar to the one above, we omit it. We can observe that the

modified risk measure gives the optimal ratio a* depending on the risk-averse parameter
7, but the conventional one does not.
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3.3. Heston Model
We consider CPPs under the Heston model [10]. Assume that the state process X satisfies

aXy = (9 — kXt) dt+avXidWy, Xg >0
for k,a > 0 and 6 > a2 /2. The short rate is a constant r € R, and the risky asset is
dS;/S; = (1’+]/l) dt+0’Xt1/2dBt

for y € R and ¢ > 0. This implies that the state process X is the squared volatility divided
by 02. We assume that ratio « is allowed between L and R for 0 < L < R. The wealth
process of the CPP with ratio
a € [L,R] (16)
is
I = Hoe(rﬂxy)tf%rxzaz jot X ds+m7f0t VX dB; >0,

We assume that
k> (2|p| + V2)aoR. (17)

Proposition 5. Under the Heston model, we define

o pbe bk 6% ok6?c 62k>
G = a,Cz—r+2a2,C3—2a2

S G

(zpz - 1)/ C4 =

Then, for the CPP with ratio « € [L,R],

1
lim - InR; = Cya 4+ C, — /C3a2 — 2C4a + Cs.

t—oo t

Proof. It is clear that EF[TT;] = TTpe("+*M)*. We estimate EF [I12] using a method similar to
that presented in the proof of Proposition 3. Let us define a measure PP on F; as

dﬁ _ 6—20(202 fot Xs ds+2a0 fot VXs ds
dP ’

Then, (W, Bs)o<s<t = (Ws — 2apc fos VX, du, Bs — 2a0 fos VX du)g<s<; is a Brown-
ian motion with correlation p under measure P. The state process satisfies

dXs = (0 — €Xs)ds +avXsdW;, 0 <s <t,
where ¢ := k — 2apac > 0. Subsequently, we define

14 02 20202

=73 2 2

Observe that the inside of the square root is non-negative and ¢, > 0 by Equation (17).

It follows that
EP [H%] _ H%62(7+zx;¢)tEP [eﬂxzoz fot X ds+21x0f0t \/stBs]

_ H%EZ(rJracy)tEP [eazoz Jy Xs dS] (19)
_ H%e(2r+2a‘u+617)tf(t)/

where f(t) converges to a positive constant as t — oo. For the last equality, we have used
Lemma A2. It is clear that Equation (3) is satisfied. Then,

Re = y\/EI] = ATle 430 [ () (20)
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It follows that

limllnRt: limlhﬂétzif—i-oc,u—i-e—’7 =C10c—0—C2—\/C30c2—2C40c+C5.
t—oo t t—oo t 2

This gives the desired result. O

Proposition 6. Under the Heston model, we define

Lo 0k
G = (’Y—l)ﬂ—%r G = (fy—l)r—f—;?,
(21)
2022 2 102 29232
v-0c0 2 Y pk6-o Y0k
= 20" -1 = =—.
Cs 242 (20 ) Ca 243 Cs 404
Then, for the CPP with ratio « € [L,R],
.1
lim ~InAy = Cra+Cp V/C302 — 2C40 + C5.
— 00
Proof. From the proof of Proposition 5, we obtain
~ _ (EIEDT2 ot (1) (r—Tpap+ & 7
A, = —II Y=Dr(r=1apu+3760n)t ) 22
‘T ED] 0 f A .
Thus,
lim 1lnA = lim 1lnf\ =(r-Dr+(y—1a —0—1 6
N TR (23)

= Cia + Cy — \/C302 — 2C4a + Cs.
This completes the proof. [

We now consider an optimal ratio a* for the long-term CPPs. To emphasize the
dependence of the long-term limit on &, we define

K(Dc) = lim %h‘l At =Cla+Cy — \/C3lx2 —2C40 + Cs. (24)

t—c0

By direct calculation,

—/ Cgﬂc — C4

C2 - G5C
A(“):Cl_ = , 4 3%-5
\/C3a2 —2C400 + Cs

(Csa2 —2C4a + C5)3/2

K”(zx) _

(i) IfC2—CsCs > 0and C3 < C3, then function A is strictly convex, and A'(a) = 0 has
a unique solution

C 2
o G lal [aG-q
G G\ G-
If & lies in [L, R], then a* = @ is the optimal ratio. If ¥ > R, then a* = R is optimal,
and if & < L, then a* = L is optimal.

(i) If C; —C3Cs > 0and C3 > C3, then function A is strictly convex, and K,(zx) = 0 has
no solutions. Furthermore, if C; > 0, K(zx) is an increasing function; thus, the optimal
ratio is a* = L. If C; < 0, A(«) is a decreasing function; thus, the optimal ratio is
a* =R.

(iti) If C3 — C3Cs < 0 and C3 > CZ, function A is strictly concave, and A(x) =0hasa
unique solution @ defined above. If @ lies in [L, R] and A(L) > A(R), then a* = R is
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optimal, and if @ lies in [L, R] and A(L) < A(R), then a* = L is optimal. If & > R,
then a* = L is optimal, and if ¥ < L, then #* = R is optimal.

(iv) If C2 — C3Cs < 0and C3 < C?, then function A is strictly concave, and Kl(tx) = 0 has
no solutions. Furthermore, if C; > 0, A(a) is an increasing function; thus, the optimal
ratio is a* = L. If C; < 0, A(«) is a decreasing function; thus, the optimal ratio is

a* = R.
(v) If CZ — C3C5 = 0, then C3 > 0 (because C3 = CE/C5 and Cs > 0), and the function A
is equal to
_ C
A(d) = Cla+Cy — /C|a — ?4 .
3

If Cy — +/C3 >0, then A is monotonically increasing; thus, a* = L is optimal. If C; —
v/C3 < 0and C; + v/C3 < 0, then A is monotone decreasing; thus, a* = R is optimal.
If C; —/C5 < 0,C; ++/C3 > 0and C4/C3 > (L+ R)/2, then a* = L is optimal.
IfC; —/C3<0,C1 ++/C3 >0and C4/C3 < (L+ R)/2, then * = R is optimal.

3.4. 3/2 Stochastic Volatility Model

We consider CPPs under the 3/2 stochastic volatility model [11]. Assume that the
state process X satisfies

dX; = (0 — kX)X dt 4 aX>'> dW;, Xo > 0
for 6,k,a > 0. The short rate is a constant r € R, and the risky asset is
dS;/Si = (r+ ) dt + o X}'* dB;

for y € R and ¢ > 0. This implies that the state process X is the squared volatility divided
by 02. We assume that ratio « is allowed between L and R for 0 < L < R. The wealth
process of the CPP with ratio
a € [L,R] (25)
is
I = Hoe(rthxy)tf%zxZaZ jot X ds+twj;]t VX dBs >0,

Assume that )
k> % + (2]o| + V2)aoR. (26)

Proposition 7. Under the 3/2 stochastic volatility model, we define

6 6k 1
Clz,u_ﬂ/ C2:1’+7(f2+7),
a 2\a 2 27)
6202, , p0%0 2k 1 02 k  1\2
Co= o =), Ce=F (5 +,) = (a+3)

Then, for the CPP with ratio « € [L,R],

1
lim —InR; = Cia + Cp — v/C3a2 — 2C4e + Cs .

t—oo t

Proof. It is clear that EF [IT;] = ITpe("+%#)!, We estimate EF [[T?] by analogy with the proof
of Proposition 3. Let us define a measure [P on F; as

dﬁ _ e—szzaz fot Xs ds-&-thfot VX ds
dP )
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Then, (W, Bs)o<s<t = (Ws — 20p0 [ /Xy du, B — 200 [ /Xy du)o<s<¢ is a Brown-
ian motion with correlation p under measure IP. The state process satisfies

dXs = (0 — £Xs)Xsds 4+ aX3/2dW;, 0 <s < t,
where ¢ := k — 2apac. Furthermore, we define
.Ml_\/(ul)z_w
T=2" 7 az = 2 az

Observe that the inside of the square root is non-negative and £, > 0 by Equation (26).
It follows that

EP [H%] _ H%eZ(r-&-ay)tEP [e—zxzaz fot Xs ds+2a0 fot \/Zst]
_ H%ez(r-&-ay)tE]f” [eaztfz fot Xs dS] (28)
_ H%e(27+2ay+9q)tf(t),

where f(t) converges to a positive constant as t — oo. For the last equality, we have used
Lemma A3. It is clear that Equation (3) is satisfied. Then,

Re = yy/EIB] = oTLpet 30 £ (1) (29)
It follows that
1 1 o
lim - InR¢ = lim - InR¢ = r+ap + — = Cra + Cp — /Cza2 — 2C4a + Cs .
t—oo t t—oo t 2

This gives the desired result. [J

Proposition 8. Under the 3/2 stochastic volatility model, we define

0o 0k 1
a=(r-Dp-22, 0= -1+ T (5 +3),
a 2 \a 2 (30)
292,,2 292 292
N 2 _ o2k 1 _ 0Tk 1N2
Co= g 0 G= () G =T (@)
Then, for the CPP with ratio « € [L,R],
.1
lim ~InAy = Cra+Cp V/C302 — 2C40 + C5.
— 00
Proof. From the proof of Proposition 7, we obtain
r _ (EIED™2 ot (1) (r—Tpap+ } 7
A, = =11 Y=Dr(y=1)apu+376m)t ) 31
‘T ED 0 f A o
Thus,
limllnA —limllnf\ =(r-Dr+(y—1a —0—1 6
& TR (32)

= Cia+ Cy — /C302 — 2C4a + Cs.
This completes the proof. [

The optimal ratio a* for the long-term CPPs can be computed in the same way as the
analysis of Equation (24). Thus, we omit the details here.
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4. Increasing Amount Portfolio

We consider an increasing amount portfolio (IAP) in which the amount invested in the
risky asset is increasing with time. More precisely, the amount at time ¢ is ae’? for a constant
x € R, where r > 0 is the constant short rate. When a < 0, the amount is decreasing;
however, we simply say that this portfolio is an IAP for all « € R for convenience. The value
of the IAP is

dHt = (THt + Dé‘Z/l(Xt)ert) dt + DC(T(Xt)ert dBt ,

and this gives

t t
I = ITpe't + oce”/ u(Xs)ds + zxert/ 0(Xs)dBs, t > 0. (33)
0 0

This section proposes a modified mean-variance risk measure for IAPs and investigates
an optimal amount for long-term investments.
We propose a modified mean-variance risk measure:

Ay = yVar[Il; /"] — E[T1; /€.

As is well known, I1;/¢" is the discounted portfolio value at time t. For long-term
investments, we focus on large-time behaviors of R; and A;. Specifically, two limit values
. R . A
lim — and lim —

t—oo te" t—oo t
are computed for several factor models.
The conventional mean-variance risk measure R; has two flaws when working with
long-term IAPs. We will see that

E[I1;] ~ te'" and y/var[[1;] =~ v/'te'.
f0)

Here, for two functions f and g, the notation f(t) ~ g(t) means that lim; ROl exists

and is finite. It follows that
. Ry . E[IL]
Iim — = — lim .
t—oo te't t—oo te't

(34)

Hence, the growth rate of the conventional risk measure is only determined by the
mean and cannot capture the variance. On the contrary, the growth rate of the modified
risk measure reflects both the mean and variance.

Another flaw is that the growth rate of the conventional risk measure cannot cap-
ture the investor’s risk aversion. This flaw is common for both CPPs and IAPs. From
Equation (34), it is clear that lim; Zf—,ﬂ is independent of parameter . On the contrary,
we will see that the growth rate of the modified risk measure depends on parameter .
This implies that the modified risk measure captures the risk aversion parameter better
than the conventional risk measure for long-term IAPs.

4.1. Black-Scholes Model

First, we consider the Black—Scholes model presented in Equation (6). The value of
the increasing amount portfolio with « € Ris

IT; = Tlge™ + apute™ +aceB;, t >0,
by Equation (33).
Proposition 9. Under the Black-Scholes model, for the IAP with « € R, we have

lim&:—a lim&: a20? —w
t—oo te't Wroi s =7 p
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Proof. By direct calculation,
E[TT] = TTge™ + aute"

and
Var[[1;] = a?0?te®

Thus,
Ri = yy/Var[ll}] — E[TT;] = y|a|ovte — (TTge’" 4 apute™)

and
At = yVar[l1; /"] — EB[I1;/e""] = ya?0?t — (TI1g + aput) .

This gives us the desired result. [
Let us consider the optimal amount a* for long-term IAPs. To emphasize the depen-

dence of the growth rate on &, we define

— Ay
A(x) = lim 5= = C1a® — 2Cou, (35)

t—o0

where
C1 = 702, szg-

Because A is a quadratic function of  and A" = 2C; > 0, the function A achieves its

C
minimum at a* = gz, and the minimum value is A(a*) = — &

4.2. Kim—Omberg Model
We recall the Kim-Omberg model presented in Section 3.2. The IAP value is

t
I = Ie't + zxye”/ Xsds + ace™ By, t >0,
0

by Equation (33).

Proposition 10. Under the Kim—Omberg model, for the IAP with « € R, we have

Re  aud . A ula®>  2ouac 5 apd
fim i = = Jim 5 = (G + ) -

Proof. We compute E[I1;] and Var[I1;]. From Equation (10),
kO Kt
E[X;s] = Xoe —i—E(l—e ),

and this gives

t
E[IL] = [ + ape’ /0 E[X.]ds = ITpe" + 2 ”(Xo(l—e_kt)—l—G(t—%(l—e_kt))). (36)

k
We define Y; = X; — E[X;] = ae™* fot ek dW.. Then,

t 2
Var[Il;] =« ezrtVar / X ds—l—tTBt] = ezrtIEl (y/ Y ds+0Bt) }

2 (2 /0 Y, ds) + 20k By

We calculate the two expectations

a[([veas)] and E[B [ vids].

; (37)

Y, ds + 02K B2]>
0
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For0 <s<u,
S u
E[Y.Y,] = 2 *CHOE| / & aw, / & dW, |
0 0
_ aze—k(s-i-u) /S eZkv do (38)
0
az

_ ﬁ(efk(ufs) _ efk(ujts)) )

Then,

E[(/ sts [/ / Y., ds du
/ / [YsYy ) dsdu
// (e ku=s) _ o=k(u+)y g dy

_4a 2. kv, Lo o
_kz( k(l e )+2k(1 e ))

Given that (W, B) is a correlated Brownian motion with correlation p, we know that

(39)

S
E[B.X,] = ac E[B, /O et dw, |

= ape*kSE {Ws /s ek qu} (40)
0
= La—eh).

Thus,

t t t
E[Bt/ X,ds| =E| / BiX, ds| :/ E[BX] ds
0

:/0 E[B,X] d ”P/ (1—e)d (41)

_ %(t—%(l—e”ﬂ).

Therefore, Equation (37) becomes

Var[[T;] = a2e? (”kg (t - %(1 Ry 4 %(1 - e—z’“)) + ZW% (t - %(1 - e—"f)) + oZt) . (42)

Moreover, direct calculation gives us

fim i B g2 (M 2T 2y
This completes the proof. [
We now consider the optimal amount a* for long-term IAPs. Let
Aa) = lim A _ Cra? — 2Coa, (43)
t—oo
where

a2 2puac 0
C =l + 4 ), = b

Because A is a quadratic function of & and A" = 2C; > 0, the function A achieves its

CZ
minimum at a* = gz , and the minimum value is A(a*) = -
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4.3. Heston Model
We recall the Heston model presented in Section 3.3. The IAP value is

t
Il = Tle™ + apute™ + we”/o VXsdBs, t>0.

Proposition 11. Under the Heston model, for the IAP with a € R, we have

lim Rt —ay, lim & 7“2902 —
t—y00 tert o o t—so0 t k "

Proof. We first estimate the behavior of E[X;] as s — co. The process X is a Cox-Ingersoll-
Ross (CIR) process, and it has an invariant density function

d _ ‘304 x—1 _‘Bxd
(x) = r(a))c e X,

wheretx:i—fandﬁ:%.Ass%oo,

14 00
E[X;] —>/ xdm(x) = P / e P* dx

F(uc)
ﬁ/ x%e™*d (44)

= Wr(tx +1) =

xa_ 9
Bk
Thus, we have

/;E[xs] ds = tf(1),

where f(t) converges to % ast — oo.
By direct calculation,

E[TT] = TTge™ + aute"

and , )
Var[I;] = als eZ”E[(/ v X st) }
0
t
= a’r ezrtE[/ Xs ds} (45)
0
t
= zx2(fzez”/ E[Xs]ds = a’c?te¥ f(t).
0
Therefore,
Rt = v/ Var[ll;] — E[IL;] = ’)/|DC|U’\/E€” f(t) — (Ipe™ + vcyte”)
and
A = 'yVar[Ht/e’t] — E[Ht/e”] = 'yoczaztf(t) — (TTp + apt) .
This implies that
m Bt
e et M
A Ya200 (46)
A _ 2,2 _ N
lim == = lim (ya®c"f(t) —ap) p L

This gives the desired result. O
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We now consider the optimal amount a* for long-term IAPs. Let
T T AV
A(x) = lim — = Cya” — 2Coa, (47)
t—oo t
where )
00 P
Ci=—,G=7%.
L )

Because A is a quadratic function of  and A" = 2C; > 0, the function A achieves its

— 2
minimum at a* = %, and the minimum value is A(a*) = —%.
4.4. 3/2 Stochastic Volatility Model
We recall the 3/2 stochastic volatility model presented in Section 3.4. The IAP value is

t
I1; = Ige™ + ayte” + ace't /0 vVXsdBs, t > 0.

Proposition 12. Under the 3/2 stochastic volatility model, for the IAP with a € R, we have

29,2
lim& = —uau, hmﬁ: 2yabo

t—oo telt t—oo t 2k + a2 Ak

Proof. We first estimate the behavior of E[X;| ass — co. Let Y = 1/X. Then, Y is a CIR
process, and it has an invariant density function

d _ ﬁﬁ( a—1 7ﬁyd
Heoly) = TV ey,

wheretxzi—lz‘—{—Zand‘B:i—g.Ass%oo,

oo 1 _
E[X,] =E[1/Y] —>/O gd#oo(]/) / Yy e P dy
= / YRV dy (48)
_ ﬁ B 2
"t VT T T g
Thus, we have
t
/ E[X,]ds = tf(t),
0
where f(t) converges to _f_’ 5 ast — oo.
By direct calculatlon,
E[TT] = Tge™ + apte"
and
Var([[L;] = 2o ezrtIE / v X st }
= a2 eZ’tE[/ X ds} (49)

= o’ / E[Xs] ds = a>0?te® f(t).
Jo

Therefore,

Rt = 7/ Var[Il;] — E[IT;] = v|a|ov/te" f(t) — (Tge™ + apte™)
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and
At = yVar([l1; /"] — E[I1;/e""] = ya??tf(t) — (ITo + aut).
This implies that
lim Re _ —u
e tert
Ay 2ya200> 0)
Lo Bt 2 2 . _ .
fim = = lim (ya"o”f(t) —ap) = =5 —ap.
This gives the desired result. [J
Finally, we consider the optimal amount «* for long-term IAPs. Let
T T AV
A(x) = lim — = Cya” — 2Coa, (51)
t—oo t
where )
2980 U
Cl=————>,C==C.
VT 2kga2 P 2
Because A is a quadratic function of a and A = 2C; > 0, the function A achieves its
— 2
minimum at a* = %, and the minimum value is A(a*) = —%.

5. Conclusions

This study proposed modified mean-variance risk measures for long-term investment
portfolios. Two types of portfolios were considered: CPP and IAP. In contrast to the
conventional mean-variance risk measure

Rt = VW—E[HJ ’

we provided modified risk measures

for CPPs and
At = yVar[I1; /"] — E[TT; /"]

for IAPs, where v > 0 is the risk aversion parameter.
The long-term growth rates of the conventional and modified risk measures of the
two types of portfolios were calculated. For CPPs, two values

lim %ln R: and lim 1lr1 Ay

t—o0 t—oo t

were computed. For IAPs,

lim R and lim A

t—oo telt t—oo t
were computed. Several benefits of the modified risk measures were discussed. The growth
rate of the modified risk measure depends on both the mean and variance of the portfolio;
however, that of the conventional risk measure does not. In addition, the growth rate of
the modified risk measure reflects the investor’s risk aversion, whereas the conventional
risk measure does not.

Our analysis was used for finding optimal long-term investment strategies. Based on

the long-term growth rate, we calculated a constant proportion for CPPs and a constant
amount for IAPs, which minimizes the growth rate of the modified risk measure. Several
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factor models were covered as concrete examples: the Black-Scholes model, Kim-Omberg
model, Heston model, and 3/2 stochastic volatility model.

The author would suggest the following topic for future research. In Economics
and Finance, a risk measure usually comes from the preferences of an investor, which
can be represented by a utility function. The relevant moments and parameters that
affect the investor portfolio choice can be obtained from the utility function. It would be
meaningful to argue which utility function gives rise to the modified risk measure and how
it differs from other commonly used utility functions that gave rise to the conventional
risk measures.
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Appendix A. Ornstein—Uhlenbeck (OU) Process

Appendices A-C describe several lemmas used in the proof of Propositions 3, 5, and 7,
respectively. One of the main ideas of these lemmas is the Hansen-Scheinkman decomposi-
tion, and similar computations have been conducted at [12-14]. However, the formulations
used in this study differ from the above literature. Thus, we present full computations in
the proofs of these lemmas for the completeness of this paper.

The following lemma is used in the proof of Proposition 3. Here, we denote an
underlying measure and a Brownian motion by P and W, respectively, instead of P and W.
This is to ensure notational consistency with the proof of Proposition 3.

Several studies (for example, Proposition 2.6.2.1 in [15]) have been conducted regard-
ing the expectation in Equation (A1) for p < 0. However, for p € R, no useful expressions
could be found for our analysis. We therefore derive an asymptotic expression of expecta-
tion as t — oo.

Lemma A1l. Let X be a solution of the SDE
dXy = (6 —kX¢) dt + adW;, Xp € R,
wherek,a > 0,8 € R, and W is a Brownian motion under a measure P. Then, forp e R,
Ep[e*”jﬁt Xsds] — fl(t)e*%X(’e*’\t, (A1)
where f1(t) converges to a positive constant as t — oo.

Proof. Let £ be the infinitesimal generator of the process X with killing rate p - . Then,

(£9)(x) = 384" (x) + (6 — k)¢ (x) — prg(x) .

By direct calculation, we obtain that

5
(A 9(x) = ( - % + %’,fgx)
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satisfies L¢ = —A¢p. Therefore,

M, = P(Xs) —p 5 Xy duts _ e FOG—Xo)=p J§ Xudusds 0 < g < f)

¢(Xo)

is a P-local martingale. It can be easily verified that this process is a P-martingale by using

Theorem 5.1.8 of [16]. We define a measure IP on F; as
dp
— = M;. A2
i t (A2)

Then, the process

Ws:WS'i_%S,OSSSt

is a P-Brownian motion, and X satisfies

2
dXt = (5—%—]()(1}) di’+ﬂth.

It follows that
El?’[efpjg X ds] _ EIF’[MtE%Xt]engoef/\t _ Ep[e%X’]e*%XOe*M _ fl(t)e’%XOe’M, (A3)

where X
fi(t) = EP[erX]. (Ad)

Now, we show that f;(f) converges to a positive constant as t — co. Observe that the
density function of X; can be expressed as

2
where mr 1= Xoe M + 1(6 — -)(1 — e™) is the mean and £2 := £ (1 — e ) is the
variance. Then,

f1(¢) :Ep[e%Xf] = /Re%xz(x;t) dx — /Re%xn(x) dx

ast — oo, where
1 (x—(s—pa® /k) /)
n(x = —— a2 /k

This completes the proof. [

Appendix B. CIR Process

The following lemma is used in the proof of Proposition 5. Here, we denote an
underlying measure and a Brownian motion by P and W, respectively, instead of P and W.
This is for the notational consistency with the proof of Proposition 5.

Lemma A2. Let X be a solution of the SDE

aX; = (9—€Xt)dt+a\/Xtth, Xp >0,

ZZ

where {,a > 0,0 > a?/2, and W is a Brownian motion under a measure P. Then, for p > — 57,

Ep[e_pfot Xs dS] _ f(t)eque—/\t,
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where

14 [2  2p
ﬂ::;_ a74+a72,/\:_9’7,

and f(t) converges to a positive constant as t — oo.

Proof. Let £ be the infinitesimal generator of the process X with killing rate p - . Then,

1 1 /
(Lo)(x) = Eﬂzﬂﬁ (x) + (6 — £x)¢’ (x) — pxep(x) .
By direct calculation, we obtain that
(A, ¢(x)) == (—67,€7)

satisfies Ly = —A¢. Therefore,

M, = ¢(Xs)e—pfos Xudutds _ oi(Xs—Xo)—p Jg Xu du+)\s, 0<s<t,

¢(Xo)

is a P-local martingale. Using Theorem 5.1.8 of [16], it can be easily verified that this process
is a P-martingale. We define a measure P on 7} as

dP
T : (A5)
Then, the process
N - S
Wi :Ws—my/ VXydu, 0<s<t,
0

is a P-Brownian motion, and X satisfies
dX; = (0 — mXy) dt +av/X; dW;, Xo > 0,

where m = /(% + 2pa?. It follows that
]EIF’ [e™P fot Xs dS] _ EP[Mte_WX’}eﬂXO(Z—M _ E]f” [e—ljxt]eWXge—)Lt _ f(t)enge—/\t, (A6)
where .
() =E 4] (A7)

Now, we show that f () converges to a positive constant as t — co. From Corollary 6.3.4.4
in [15], we have

1 )29/512 _ n e Mty

ft) = EP[EWX‘] = (W e b , (A8)

where c(t) : 2 (1 —e~™). The proof is given for 7 > 0, but the same proof holds for

= 2m

n > —2m/ a2, Tt is evident that

f(t) . (Hlfn’Z)Zé)/az A9)

ast —oo. O
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Appendix C. 3/2 Model

The following lemma is used in the proof of Proposition 7. Here, we denote an
underlying measure and a Brownian motion by I’ and W, respectively, for the notational
consistency with the proof of Proposition 7.

Lemma A3. Let X be a solution of the SDE

dX; = (0 — (X¢) X dt +aX?/?dWy, Xo > 0,

where 0,¢,a > 0, and W is a Brownian motion under a measure ®. Then, forp > —%,
EF e P h %] — f(1)x(e ™,

where

¢ 1 1.2
7’]—;4‘5— (;4‘5) —0—7,)\——617,

and f(t) converges to a positive constant as t — oo.

Proof. Let £ be the infinitesimal generator of the process X with killing rate p-. Then,

1
(L) (x) = 582" (x) + (0 — tx)x¢' (x) — pxgp(x).
By direct calculation, we obtain that

(A, ¢(x)) = (=0n, x7)
satisfies L = —A¢. Therefore,

M, = zgis))epfosxudwr/\s _ (%)Uefpjg&,dbw/\s/ 0<s<t,
0 0

is a P-local martingale. It can be easily verified that this process is a P-martingale by using
Theorem 5.1.8 of [16]. We define a measure IP on F; as

dp
— =M;. Al0
il t (A10)
Then, the process

N - S
WS:WS—an/ VX,du, 0<s<t,
0

is a P-Brownian motion, and X follows
dXy = (60 — mX;)Xp dt +aX>2dW;, Xo >0,
where m = { — a?y. It is easy to check that m > 0 using Equation (26). It follows that
EP[e 7 o Xsds) = BB (M, X, ") X]e M = BP[X, ")Xe M = f(1)X]e M, (A11)

where .
F() =E"[X; "], (A12)

Now, let us show that f(t) converges to a positive constant as t — oo. To this end, let
Y = 1/X. Then, Y is a CIR process satisfying

dy; = (y—GYt)dt—a\/Ytth, YQ :1/X0,
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6
where y = m+ a2. Since there is a constant ¢ > 0 such that yT < ce? for all y >0,
we have

o S0
EF[Y]] < cEF[e™]. (A13)
From Equations (A8) and (A9),

0
EF[ea?"] — 22

as t — oo. This implies that

76 =B = EF ) > [T yin(y)dy

as t — oo, where

o 2 20
ﬂ(y)Zr[(Sa)y”‘ e, a=L, p=,

is the invariant density function of Y under P. This gives us the desired result. []
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