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Abstract: This study analyses probability tasks proposed by primary education teachers to promote
probabilistic literacy. To this end, eight class sessions at various levels of the Chilean educational
system were recorded on video and analysed through the “probability tasks” dimension from the
“Observation Instrument for Probability Classes” (IOC-PROB), which includes five components: use
of resources, probabilistic contexts, cognitive challenge, procedures and strategies, and probability
meanings. The results show that probability tasks focus mainly on technical knowledge, causing the
probability class to become an arithmetic class in which only formulas are applied, mechanically
and with no meaning. As a result, we see no use of technological resources, a low use of physical
materials, and an absolute predominance of solving decontextualised exercises. We conclude that
it is necessary to enhance the probability teaching practices based on lesson plans that consider a
wide variety of resources and contexts to gradually advance towards a representation of probabilistic
knowledge that relies on conventional procedures and notations.

Keywords: teaching probability; probability tasks; probability literacy; teaching evaluation; lesson
plans; professional teacher development

1. Introduction

Teaching school curriculum subjects requires a wide range of knowledge at every
stage, ranging from knowledge of the content to be taught, to knowledge about how to
teach it [1].

This paper focuses on the mathematical knowledge and, more specifically, on the
teaching practices of in-service primary education teachers to teach probability. In par-
ticular, in this study we have focused on the knowledge in action of these teachers since,
according to Hoover [2], it is beneficial to ask about the knowledge that teachers bring
to bear in their teaching practices when presenting a certain mathematical topic. This is
because knowing how teachers use this knowledge in the classroom is very useful for
teacher trainers as they work to help teachers build, develop, and improve the professional
knowledge needed to teach mathematics in the classroom [3]. This is especially relevant if
we consider that teachers play a fundamental role in offering quality learning opportunities
to their students [4,5].

From this point of view, on the one hand, it is assumed that teachers should know
many methods and how to implement them in the classroom, that is, they should be
provided with criteria for knowing when, what, and why something is appropriate and
reflect on it systematically [6]. On the other hand, and based on the Approach to Mathe-
matics Lesson Plans (AMLP) [7], in the specific case of probability, teachers must be able to
consider deliberate teaching sequences that regard various contexts and resources.

From this point of view, we are interested in analysing whether primary education
teachers use this diversity of resources to teach probability since, without underestimating
the other knowledge of the curriculum, it is assumed that in a changing world such as ours,

Mathematics 2021, 9, 2493. https:/ /doi.org/10.3390/math9192493

https://www.mdpi.com/journal /mathematics


https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-5056-5208
https://orcid.org/0000-0001-8506-1838
https://doi.org/10.3390/math9192493
https://doi.org/10.3390/math9192493
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/math9192493
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math9192493?type=check_update&version=2

Mathematics 2021, 9, 2493

20f21

where uncertainty is a constant, it is essential to have multiple tools to develop probability
literacy. This is understood as “the ability to access, use, interpret and communicate
information and ideas related to probability in order to participate in and effectively
manage the demands of the functions and tasks that involve uncertainty and risk in the
real world” (p. 4) [8].

Given this framework, special attention is paid to probability tasks posed by teachers
in their classes. To this end, we rely on the model proposed by Vasquez et al. [9] to analyse
the knowledge that teachers apply when teaching probability, which considers five aspects:
probabilistic tasks, probabilistic reasoning, probabilistic connections, communication, and
probabilistic language. Based on these aspects, Vasquez et al. [10] construct and validate
the “Observation Instrument for Probability Classes” (IOC-PROB), which is used to analyse
the elements that are specifically related to teaching probability, and which the teacher
brings to bear during the instruction process.

Specifically, this study focuses on the “probability tasks” dimension, which includes
the tasks, exercises, stochastic experiments, technological resources, etc., that teachers use
to build their students” knowledge of probability. Based on this, our goal is to analyse the
probability tasks presented in eight sessions of probability classes taught at different levels
of the Chilean primary education system (6 to 14 years old).

2. The Knowledge of Teachers to Teach Probability

Although few models have been developed to characterise the professional knowledge
of teachers to teach statistics and probability [11-13], since the end of the last century, some
models that describe important aspects to consider have been developed. Moore [14], for
example, notes that instruction in these topics requires joint activation between content,
pedagogy, and technology, where the latter plays a fundamental role, as it is directly linked
to content and pedagogy since it facilitates, through the use of technological tools, aspects
such as: visualization, problem solving, the use of various representations, simulations, etc.
Godino et al. [15] describe the disciplinary and didactic knowledge involved in teaching
statistics and probability by considering the components of: (a) epistemological reflection;
(b) transformation and adaptation of mathematical objects to a certain educational level;
(c) knowledge of the difficulties, obstacles, and errors students face when learning, and
of the strategies used to solve problems; and (d) exemplification of didactic situations,
teaching methodologies, and didactic resources suitable for teaching statistics and proba-
bility, including technology. Later, Godino et al. [16] refined this model, creating what they
call statistics pedagogical knowledge, which consists of five components (epistemological,
cognitive, affective, interactional, and teaching resources and techniques). This model and
these aspects would later evolve into the didactic-mathematical knowledge model [17].

Likewise, Burgess [18-21], based on some of the components of the MKT [22] and the
model for describing statistical thinking proposed by Wild and Pfannkuch [23], proposes
that, given the unique nature of statistical education, which demands specific ways of think-
ing and reasoning, a model that distinguishes these differences from mathematical thinking
in general is required [19]. Consequently, he suggests the TKSI (Teacher Knowledge of and
for Statistical Investigations) model, which addresses the components in Figure 1.

In parallel, Lee and Hollebrands [24,25] developed a model called “Teachers” Tech-
nological Pedagogical Statistical Knowledge” (TPSK), which integrates the knowledge of
the mathematics and science teacher regarding content, pedagogy, and the use of technol-
ogy. This model, which is based on the work of Shulman [1], considers the components
of: (a) conceptions about the meaning of teaching a specific subject through technology;
(b) knowledge of strategies and representations in order to teach specific topics through
technology; (c) knowledge related to the reasoning, understanding, and learning of stu-
dents through the use of technology; and (d) knowledge of materials and curriculum in
ways that integrate technology with student learning.
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Figure 1. Components of the TKSI model [18] (p. 4). (Reprinted with permission from ref. [18].
Copyright 2006, ICOTS?7.)

Additionally, Garfield, Ben-Zvi, and collaborators [26-29], in an effort to promote
statistical reasoning and to develop skills in future teachers to teach statistics, propose six
interrelated principles that make up the SRLE (Statistical Reasoning Learning Environment)
model.

Based on the different models, such as those previously described, Vasquez et al. [9]
present a model to analyse the knowledge that teachers employ when teaching probability
from an early age (Figure 2), and which considers five aspects: probabilistic tasks, proba-
bilistic reasoning, probabilistic connections, communication, and probabilistic language.

Aspect 1: probabilistic tasks. This aspect and its components refer to the problems,
exercises, stochastic experiments, etc., used to build new knowledge associated with
probability. These tasks seek to stimulate the development of probabilistic reasoning
through exploration and reflection involving solutions to problems in which uncertainty is
present, meaning they must pose challenging tasks that allow counteracting probabilistic
reasoning biases. These tasks also show and relate the different meanings of probability.

Aspect 2: probabilistic reasoning. This aspect and its components refer to the ability
to formulate, interpret, obtain, and validate statements in which uncertainty is present. Its
purpose is to recognize situations that involve probability and to be able to model them
while breaking with probabilistic biases, as well as with preconceived notions and beliefs.

Aspect 3: probabilistic connections. This aspect and its components refer to connect-
ing the ideas, concepts, definitions, properties, and procedures associated with probability
with other blocks of mathematical content. It also connects current ideas, concepts, defi-
nitions, properties, and procedures associated with chance and probability, with those of
earlier and/or later school levels.

Aspect 4: probabilistic communication. This aspect and its components refer to the
communication processes that involve interaction, negotiation, and dialogue in mathe-
matics class to promote learning ideas, concepts, definitions, properties, and procedures
associated with probability.

Aspect 5: probabilistic language. This aspect and its components refer to the multiple
languages (verbal, numeric, symbolic, tabular, and graphic) linked to probability.

Subsequently, based on these aspects, Vasquez et al. [10] construct and validate the
“Observation Instrument for Probability Classes” (IOC-PROB), which is used to analyse
the elements that are specifically related to teaching probability, which the teacher makes
use of when carrying out the instructional process. The goal is to advance towards an
in-depth understanding of the nature and characteristics of the knowledge needed to teach
probability, since the teaching and learning process is complex and “depends fundamentally
on what happens in the classroom, based on how teachers and students interact with the
curriculum” [30] (p. 17).
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Figure 2. Aspects and components that characterise a model for effectively teaching probability
from an early age (Adapted from [9] (p.7)). (Reprinted with permission from ref. [9]. Copyright
2019, CIVEEST.)

This study, as noted, focuses on the “probability tasks” dimension, which includes five
components: teaching and learning resources; probabilistic contexts; cognitive challenge;
procedures and strategies; and probability meanings.

2.1. Teaching and Learning Resources

This component seeks to describe the teaching and learning resources that teachers
use to manage probability tasks they present to favour the development of probabilistic
reasoning in their students. There are various authors and organizations that, for the
specific case of probability, have promoted its teaching using various resources, such as
manipulative materials and games, technological resources, etc. [31-37]. Batanero [36], for
example, notes that “children are surrounded by chance from birth, in their games (casting
lots, trivia games, cards, etc.)” (p. 5), alluding to the probability teaching.

2.2. Probabilistic Contexts

The purpose of this component is to analyse the context of probability tasks in which
uncertainty is present (not only games of chance), giving meaning to their teaching, and that
teachers use to motivate students’ interest and promote the development of probabilistic
reasoning. In the framework of probability, various authors propose the need to teach
probability in contexts of several kinds, such as random experimentation, and social,
personal, occupational, and scientific contexts [31,38,39]. In this regard, Hahn [39], for
example, views the context as inescapable, since the data are defined as “numbers in
context” [40]. Students are thus required to have the knowledge and skills to handle
situations in their daily and professional lives in which probability is present and leads to
decision-making in various contexts [41].
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2.3. Cognitive Challenge

This component investigates the level of cognitive demand of the probability tasks
proposed by the teacher, for the purpose of having students evoke and share their previous
knowledge and experiences and link them with the new learning related to probability,
which will allow students to assess the reorganisation of the new knowledge gained. Much
of the learning that students acquire is conditioned by the type of tasks presented to
them. However, not all tasks offer the same learning opportunities [42], and, contrary to
what one might think, those tasks whose nature demands a high cognitive challenge are
difficult to implement correctly, which results in their transformation to less-demanding
tasks. From this perspective, Stein, Grover, and Henningsen [43] believe that a task can
be classified according to its use: evaluative, if it is intended to obtain evidence regarding
student learning, or instructional, if it is used to promote learning. The latter are the
ones considered in this study since they play a mediating role between the students
and the desired learning in relation to a certain mathematical idea. It should be noted
that, according to Stein et al. [43], the cognitive demand of a task can vary based on
its own characteristics and on how they are presented or executed (i.e., what is done
by those who implement them). From this point of view, they propose a categorisation
for mathematical tasks that reflects the type of thinking that is required to solve them,
characterising mathematical tasks by levels of cognitive demand (memorisation, offline
procedures, online procedures, and mathematics building) [44]. This taxonomy thus makes
it possible to identify and select those tasks that promote reasoning in a way that they
lead to a deep understanding of mathematics [45], in our case, tasks that promote the
development of a deep understanding of probability.

2.4. Procedures and Strategies

This component focuses on the procedures understood as the strategies, algorithms,
operations, and calculation techniques that teachers use or show their students to solve the
probability tasks proposed. According to Gémez-Torres, Batanero, and Contreras [46], it is
important to pay attention to the procedures and strategies associated with probability and
how they relate to the meanings of probability, and which are addressed either implicitly
or explicitly in the various probability tasks presented. These procedures can alert one to
incorrect reasoning, heuristics, and biases that are present when learning probability.

2.5. Probability Meanings

The purpose of this component is to investigate the meanings (intuitive, frequency,
classical, subjective, and axiomatic) of probability that are present in the probability tasks
posed by teachers. This is relevant since, within the framework of their own professional
development, all teachers concerned with improving how probability is learned in their
classrooms should be aware of its different meanings. Otherwise, it would be difficult
to understand the obstacles faced by students [47], who, in their process of building and
learning the concepts related to this content block, “will encounter the same paradoxes and
counterintuitive situations that appeared in the historical development of the calculation of
probabilities” [48] (p. 28). According to Batanero [48], in the context of school mathematics,
the intuitive, classical, frequency, subjective, and axiomatic meanings of probability all
coexist. These meanings “implicitly determine the behaviours and responses of students
when faced with situations of chance in which they must put their probabilistic intuitions
and knowledge into practice” [49] (p. 20). Therefore, classroom practices should allow
students to gradually build up their mathematical knowledge of probability from their
probabilistic intuitions until they achieve an integrated view of probability from its multiple
meanings [49]. In this sense, it is essential that throughout the educational stage, the
teaching of probability is not limited exclusively to one of its meanings; on the contrary, it
must be taught using an integrated approach based on its multiple meanings.
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3. Method

This study relies on a qualitative approach, specifically, on a study of multiple
cases [50], and it is descriptive, since it seeks to describe and understand in depth the knowl-
edge that the teachers who comprise the case study exhibit when teaching probability [51].

3.1. Participants

The study focused on the mathematics classes of eight Chilean primary education
teachers (Table 1).

Table 1. Characterisation of the case studies.

Case Gender Years of Experience = Grade in Which the  School and Type of
Study in the Classroom Class Is Taught Dependency

1 Female 13 1st grade School 1, public

2 Male 38 2nd grade School 1, public

3 Female 37 3rd grade School 1, public

4 Female 26 4th grade School 3, private

5 Female 21 5th grade School 2, public

6 Female 5 6th grade School 4, subsidised

7 Female 8 7th grade School 2, public

8 Female 14 8th grade School 4, subsidised

These teachers were selected based on the following criteria: (a) they have at least
5 years of experience teaching mathematics at any level of primary education; (b) they are
recognised and recommended by their peers and supervisors for their good mathematics
teaching practices; (c) they have good mathematics teacher performance reviews; (d) they
constantly take part in refresher activities involving the teaching of mathematics; (e) they
have taught probability more than once in the last 3 years; and (f) their students have
exhibited good mathematics performance in local and national tests.

It is worth mentioning that the teachers participating in the study work in different
educational institutions (public, private, and subsidised) in different cities in the south
of Chile.

3.2. Description of the Class Sessions

This study considers eight classroom sessions that were videotaped in 2015-2016, and
that specifically address topics related to the subject of probability (Table 2). Each session
was 90 min long. The classes were recorded using an audio recorder hung around the
teacher’s neck and a video camera that recorded the teacher and the entire group. The
camera was placed in a corner of the room, and the board and as many students as possible
were framed in the shot. During the recording, the person filming was aware at all times
of what was happening in the room in case it was necessary to pan or zoom the camera
to better record what was happening. The camera stayed on the teacher (who is always
the focus of the study), framing as many students as possible and zooming to record the
teacher’s interactions with one or more students or to focus on the worksheets, when one
or more students were explaining something written on them.
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Table 2. Characterisation of the class sessions analysed.

Grade Learning Objective of the Class Session Analysed

1st grade
(67 years old)

Students will be able to recognise chance and randomness when playing
dice and coin games.

2nd grade

(78 years old) Students will be able to record results of random games.

3rd grade Students will be able to identify and participate in random games by
(8-9 years old) recording data in a tally table.

4th grade . . .

(9-10 years old) Students will be able to perform randomised experiments.

5th grade Students will be able to compare probabilities of occurrence of different
(10-11 years old) events without calculating them.

6th grade Students will be able to speculate about the trend of the results obtained in
(11-12 years old) random situations.

7th grade Students will be able to describe sample spaces of an experiment.
(12-13 years old) Students will be able to analyse experiments through relative frequency.
8th grade Students will be able to use the tree diagram and the multiplicative

(13-14 years old) principle for solving probability problems.

3.3. Analysis Instrument

In order to analyse how probability is taught in primary education, we relied, as
indicated, on the “Observation Instrument for Probability Classes” (IOC-PROB) [10]. This
instrument depends on the work of Vasquez et al. [9] and was constructed using a closed
guideline method, based on a rubric that allows gathering evidence on the mathematical
knowledge that the teacher brings to bear when teaching probability. Specifically, given
the goal of this study, we focused on the “probability tasks” aspect; that is, on problems,
exercises, stochastic experiments, etc., that promote reasoning through exploration and
reflection, that relate the different meanings of probability, and that counteract biases in
probabilistic reasoning in situations of uncertainty. To analyse this aspect, we considered
the set of components associated with this aspect and their respective levels (Table 3).

Table 3. Components and levels of the “probability tasks” dimension IOC-PROB (Adapted from [10]).
(Reprinted with permission from ref. [10]. Copyright 2020, Ensenanza De Las Cienc.)

Components Levels

Low: uses only one resource and does not adequately manage the

Teaching-learning
resources: real
situations, physical
materials, games,
technology,
textbooks, etc.

developing probabilistic reasoning of the students.

Medium low: uses at least two resources but does not use them to
adequately manage the developing probabilistic reasoning of the students.
Medium high: uses at least two resources and uses one to adequately
manage the developing probabilistic reasoning of the students.

High: uses at least two resources and uses both to adequately manage the
developing probabilistic reasoning of the students.

Probabilistic
contexts: social,
personal,
occupational,
scientific, or related
to experimentation
and games of
chance.

Low: proposes probability tasks involving contexts related exclusively to
experimentation or games of chance.

Medium low: proposes probability tasks based mainly on experimentation
and games of chance, and anecdotally proposes other contexts familiar to
the student.

Medium high: proposes probability tasks involving various probabilistic
contexts familiar to the student but focuses on two different contexts.
High: proposes probability tasks involving diverse contexts familiar to the
student that, in addition to experimentation and games of chance, also
include social, personal, occupational, and scientific contexts.
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Table 3. Cont.

Components Levels

Low: proposes tasks that do not pose a challenge to students, since they do
not require them to evoke their existing knowledge to build new learning
linked to chance and probability.

Medium low: proposes tasks that encourage students to evoke and share

C}? gﬁlitive' their existing knowledge, but they are not adequately linked to the new
challenge: learning related to chance and probability.
consistency

Medium high: proposes tasks that encourage students to evoke and share
their existing knowledge and adequately link it to the new learning related
to chance and probability but does not propose tasks to assess the
reorganisation of the new knowledge gained.

High: proposes tasks that encourage students to evoke and share their
existing knowledge, linking them to new learning related to chance and
probability; and proposes tasks to assess the reorganisation of the new
knowledge gained.

between existing
knowledge and
new content.

Low: proposes probability tasks in which the same solution procedure

and/or strategy is always applied and/or adapted.

Medium low: proposes probability tasks in which a variety of solution
Procedures and procedures and/or strategies are applied and/or adapted but does not

strategies: encourage students to reflect on them.

algorithms, Medium high: proposes tasks in which it is possible to apply and/or adapt

operations, a variety of procedures and/or strategies, which are used to promote

calculation reflection on solving the probability tasks, but not to decide how and when
techniques, etc. to use them.

High: proposes tasks in which it is possible to apply and/or adapt a
variety of procedures and/or strategies to promote reflection on solving
the probability tasks, as well as to decide how and when to use them.

Low: proposes probability tasks to show and explore only one of the

Meanings of meanings of probability.
probability: Medium low: proposes probability tasks to show and explore two of the
intuitive, meanings of probability but does not promote reflection on them.
frequency, classical, Medium high: proposes probability tasks to show, explore, reflect on, and
subjective, and relate two of the meanings of probability.
axiomatic. High: proposes probability tasks to show, explore, reflect on, and relate at

least three of the meanings of probability.

3.4. Coding and Analysis of Information

As part of the analysis process, a systematic observation was performed [52], which
is a type of analytical tool that involves two phases: coding and counting. The class
sessions that comprise our analysis units were coded using the indicators contained in the
instrument. The class videos were coded by external coders specialised in mathematics
didactics for primary education, probability didactics, or in coding math classes in general.

To ensure the reliability of the coding, the three coders were instructed on the use
of the instrument to train them to set aside their value judgments and thus reduce their
interpretation and inference regarding what happens in the classroom [53]. To facilitate
the coding process and the objectivity, the coders were provided with examples for each
level, since, while it is true that the coder must abide by the definition of the different levels
that make up each component, and not by the examples, these can provide support at
times when making coding decisions. The coders then underwent a calibration process
involving joint coding sessions and discussions of disagreements to standardise criteria,
before engaging in individual coding processes, which allowed us to evaluate the levels of
inter judged reliability. For the coding process, the coders had:

- findings record sheet: consists of a sheet that allows the coder to log descriptions
of each session, which will be used as an input to determine the score assigned to
each component, as per the pre-determined levels (level 1: low, level 2: medium low,
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level 3: medium high, and level 4: high). This sheet is also used to record general
aspects, as well as data associated with the session (date, coder’s name, teacher’s
name, course, name of the content involved).

- scoring record sheet for each component: consisting of a printed sheet in which
the aspects, components, and levels to be coded are listed, and a column exists to
record the scores associated with the presence (1) or absence (0) of each level. A
code was also explicitly provided to record those chance moments during which an
instruction process is observed that cannot be encoded using the levels established in
the instrument, for which code 9 was designated.

4. Results

The results were grouped based on the categories that make up the aspect of the prob-
abilistic tasks: teaching and learning resources, probabilistic contexts, cognitive challenge,
procedures and strategies, and probability meanings.

4.1. Teaching and Learning Resources

This component seeks to determine what teaching and learning resources the instruc-
tor uses when teaching probability.

An analysis of all the class sessions, and considering the entire class, yielded the
following results based on the four levels established in the instrument (Figure 3).

Teaching and learning resources

Level 1
12.5%

Level 4
37.5%

Level 2
25.0%

Level 3
25.0%

Figure 3. Teaching and learning resources by level.

Figure 3 shows that, in general, the largest proportion of teachers is at the high level
(38%) in terms of using teaching and learning resources to plan their probability lessons,
meaning they use at least two resources. Only 12.5% are at the low level since they rely
solely on one resource.

When these data are disaggregated to analyse each teacher’s method, we see that the
use of resources to teach probability receives the lowest scores—between levels 1 and 2—in
the initial years of primary school. Starting with fourth grade, however, it moves to the
medium high and high levels. Table 4 lists the resources used.

As we can see, the most used resource is the textbook, which is mostly used for
students to practice and apply what they learned during the class; followed by random
experiments with the use of manipulatives, such as dice and coins. The resource that is
used the least is random experiments with roulette wheels, and everyday situations that
are used to consider probability through situations that stem from actual situations familiar
to the students. Only in one of the eight classes analysed was this approach used. Finally,
in none of the classes did the instructors resort to the use of software to teach probability at
these ages.
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Table 4. Teaching and learning resources used.

Percentage of Use

Resources =8
Dice 75%
Colored balls 25%
Coins 62.5%
Roulette 12.5%
Software 0%
Textbook 87.5%
Other (board, PowerPoint presentation, videos, etc.) 37.5%

4.2. Probabilistic Contexts

The goal of this component is to determine the contexts that the teacher uses when
teaching probability.

Accordingly, an analysis of the classes shows (Figure 4) that many of the teachers
present probability tasks in the low and medium low levels, meaning they rely on contexts
linked to random experimentation and, very anecdotally, on other contexts, especially
social and personal, that are familiar to the students. However, the presence of at least one
context is always observed.

Probabilistics contexts

Level 4
12.5%

A

Level 3
0.0%

Level 1
62.5%

Level 2
25.0%

Figure 4. Probabilistic contexts by level.

If we focus on the contexts of the probability tasks given in each grade, it shows that
the fifth grade has the most context, since, to compare the probabilities of different events
without calculating them, the teacher proposes probability tasks with diverse contexts
familiar to the students, as well as situations that involve randomised experiments. An
example of this is the activity proposed by the teacher where, using various sheets with
situations involving uncertainty (Figure 5), the students must discuss their probability
of occurrence by identifying varying degrees of its likelihood, ranging from impossible
to certain. As a result of this discussion and based on the diversity of opinions given
by the students themselves, a scale is set up that allows for qualitatively assessing the
opportunities of occurrence (Figure 6), where each degree of possibility implies a different
level of uncertainty.
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Figure 5. Image capture for 5th grade class.

Figure 6. Image capture for 5th grade class.

Regarding the contexts used in the probability tasks given, Table 5 shows that random
experimentation is the most frequent context (75%), even though the experiment is not
always carried out using manipulatives; rather, the random experiment is often mentioned,
and only work on probability calculation is involved. The low presence of social and
personal contexts (12.5%), as well as no presence of occupational and scientific contexts,
should be stressed.

Table 5. Tasks’” probabilistic contexts.

e o P f
Probabilistic Contexts ercentage of Use

(n=8)
Random experiment 75%
Social 12.5%
Personal 12.5%
Occupational 0%

Scientific 0%
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4.3. Cognitive Challenge

This component investigates the cognitive challenge posed by the probability tasks
that the teacher uses to promote probability learning.

Based on the analysis of the classes, Figure 7 shows that, in the class sessions analysed,
the level of the probability tasks is predominantly medium high and medium low, with
frequencies of 50% and 25%, respectively. The remaining 37.5% is located at the extremes,
that is, at a low or high level.

Cognitive challenge

Level 4
12.5%

Level 3
50.0% Level 2
12.5%

Figure 7. Cognitive challenge by levels.

When disaggregating the data by grade, we see variability in the levels associated
with the cognitive challenge of the tasks proposed. For example, in the fourth grade, the
teacher proposes tasks with a low cognitive challenge involving the conduct of random
experiments. Specifically, the students must flip a coin 20 times and record the results
in a frequency table (Figure 8). However, this ignores an analysis of important aspects
involving the random experiment of tossing a coin, such as, for example, when a coin is
tossed in the air, there are only two possible outcomes, heads or tails. Similarly, the student
is not presented with conceptual ideas associated with probability, since no emphasis is
placed on the fact that the result cannot be predicted in advance and will vary when the
coin is flipped repeatedly. However, it is possible to observe a certain regularity in the
results, a regularity that only emerges after many repetitions. There is also no reference
made to how the proportion of flips that result in “heads” can be quite variable at the
beginning, but as more and more tosses are made, it stabilizes, approaching the 0.5 ratio
and staying at that value. It is thus said that the probability of “heads” is 0.5, which means
that the “heads” event occurs half the time after many tosses. By contrast, this task presents
little ambiguity in terms of what to do and how.

A similar situation occurs in eighth grade, where the tasks are associated with the use
of the tree diagram and the multiplicative principle. However, the tasks proposed by the
fifth-grade teacher—with the purpose of having his students compare the probabilities of
different events without calculating them—pose a high cognitive challenge, since they not
only allow students to evoke and share their previous knowledge while linking it with
new knowledge about probability, specifically, with the construction of the gradual scale of
likelihood of occurrence (Figure 6), but it also lets them assess the reorganisation of the
new knowledge gained.
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Figure 8. Image capture of 4th grade class.

4.4. Procedures and Strategies

This component seeks to determine which procedures and strategies the teacher uses,
or teaches students to use, to solve the probability tasks proposed.

An analysis of the class sessions (Figure 9) shows that only in 12.5% of the classes anal-
ysed are tasks proposed that make it possible to apply a variety of resolution procedures.

Procedures and strategies

Level 4
12.5%

Level 1
37.5%

Level 3
25.0%

) g

Level 2
25.0%

Figure 9. Procedures and strategies by level.

When analysing the data by grade, we see that the probability procedures used are
mostly at the low and medium low level. In the 2nd and 3rd grade, although a variety of
procedures are used, no support is provided for the students to decide how and when to
use these procedures; it is only in the 5th grade that this topic is addressed.

Regarding the procedures used to solve the probability tasks proposed, Table 6 shows
that the most commonly used (87.5%) are the construction of a sample space, differentiation
between favourable and unfavourable cases, and the application of Laplace’s rule to simple
experiments (87.5%). However, this rule is applied very informally and without referring to
the equiprobability principle of the events. Other procedures that are present in abundance
(75%) are the use of random generators (dice, coins, roulette wheels, etc.), and the repetition
of random experiments to estimate the probability; although, the approximate nature of
such an estimate is not acknowledged. Finally, relative frequencies are calculated based on
observations or data.
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Table 6. Probabilistic procedures used in the tasks.

Probabilistic Procedures Used Percentage of Use

(n=8)
Manipulation of random generators 75%
Distinguishing between random and deterministic phenomena 12.5%
Recognising the unpredictability of an outcome 37.5%
Recognising different types of events 37.5%
Qualitative likelihood assessments 37.5%
Qualitative comparison of possibilities 37.5%
Analysis of games of chance 12.5%
Sample space construction 87.5%
Differentiating favourable and unfavourable cases 87.5%
Distinguishing elementary equiprobable events 12.5%
Comparing probabilities using proportional reasoning 12.5%
Applying Laplace’s rule to simple experiments 87.5%
Repeating the same random experiment to estimate probabilities 75%
Calculating relative frequencies from observations or data 75%
Representing the frequency distribution in tabular or graphical form 25%
Analyzing experiments where probability depends on personal information 37.5%

The probability procedures that exhibit the lowest frequencies (12.5%) are those
related to distinguishing between random and deterministic phenomena, analysing games
of chance, distinguishing elementary equiprobable events, and comparing probabilities
using proportional reasoning.

4.5. Probability Meanings

This component investigates probability meanings that underlie the teachers’ teaching
practices.

Firstly, Figure 10 shows that the class sessions analysed are at a medium high level
(50%), since the teachers pose probability tasks that can be used to show, explore, reflect on,
and relate two of the probability meanings.

Probability meanings
Level 1
0.0%

Level 4
25.0%

Level 2
25.0%

Level 3
50.0%

Figure 10. Probability meanings by level.

A grade-to-grade perspective shows that as each grade progresses, the probabil-
ity tasks proposed increase in level in terms of probability meanings, and by the last
two grades, teachers propose tasks that make it possible to relate at least three of the
probability meanings.
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Now, when these data are disaggregated to look more closely at the probability
meanings involved in the probability tasks proposed in each grade (Table 7), we see a pre-
dominance of the classical probability meaning that is strongly related to probability tasks
which involve the Laplace’s rule application. The meaning that receives less attention is the
subjective one, which is only covered very tangentially in the last year of primary school.

Table 7. Probability meanings present in the class sessions.

Meanings of Probability Percentage of Presence

(n=28)
Intuitive 75%
Frequency 75%
Classical 87.5%
Subjective 37.5%

To exemplify the different meanings of probability observed in the probability tasks, a
summary of some of the practices observed is provided below.

In relation to the intuitive meaning, the seventh-grade teacher proposes various
problem situations to introduce the calculation of probabilities in which students must
first estimate and compare the likelihood of the occurrence of certain events. For example,
according to the information presented in Figure 11, they are asked about the possible
outcomes, as well as which one has the best chance of occurrence when the arrow is spun.
Or, if forced to choose with eyes closed between seven orange cards and one green, are the
events equally possible or not equally possible?

Figure 11. Image capture of 7th grade class.

Thus, starting with questions such as those mentioned above, the teacher asks students
to decide and then associate the possibility of occurrence with different degrees of possibil-
ity, thereby introducing them to the notion of probabilities using an intuitive approach.

In relation to the frequency meaning, the sixth-grade teacher, for her students to
conjecture about the trend of the results of tossing a coin, asks them the following question:
What would happen if a coin was tossed 100 times? Which outcome is most likely, heads
or tails? She then asks them to do the experiment of tossing the coin 100 times and records
the results in a frequency table so they can determine the experimental likelihood of a
heads and compare their prediction with the result of the experiment. Finally, she asks
them to gather the results from the different work groups and tally the results of 3000 flips.
It is based on this probability task that the teacher aims, using a frequency approach
supported by the graphical representation of frequencies (Figure 12), to have the students
understand that when the coin toss experiment is repeated a sufficiently large number
of times under the same conditions, there comes a point when the relative frequencies
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stabilise and converge to the value 0.5, which is the one that corresponds to the probability
of occurrence.

Figure 12. Image capture of 6th grade class.

In relation to the classical meaning, by way of example, in the 5th grade, we see that
once probabilistic language is introduced and the qualitative scale of degrees of possibility
of occurrence is identified, the students are given the following task to have them start
calculating probabilities:

There are 3 bags with red and yellow balls like the ones I have given to each group (Figure 13).
If you must take out a yellow ball to win a prize, without looking inside the bag, which one would
you take out?

In which bag are you most likely to get a red ball? Why?

What is the likelihood of drawing a red ball from each of the bags?

How many balls, and of what colour, must be added to each bag so that in the three bags there
is the same probability of getting a yellow bag?

Figure 13. Image capture of 5th grade class.

It is with this task that the teacher introduces students to the calculation of probabilities
from a classical approach to probability.

Finally, with regards to subjective meaning, in the 5th grade, the tasks posed by the
teacher to qualitatively assess the possibility of occurrence (Figure 5) initially address the
subjective approach to probability, since some of the situations proposed focus on how
the probability of occurrence can be affected (changed) based on the information available
(the existing probabilities are adjusted by incorporating the new information available).



Mathematics 2021, 9, 2493

17 of 21

Emphasis is also placed on analysing examples and previous experiences to adjust the
existing odds based on new information.

5. Discussion and Final Considerations

This study has analysed the tasks presented by in-service primary education teachers
during their classes on probability.

It is in this sense that Vasquez et al. [9] focused on developing a multidimensional
view of teaching probability that gives us a greater understanding of the knowledge
that the teacher uses during the teaching process. As indicated, the model developed
by these authors considers five aspects: probability tasks, probabilistic reasoning, proba-
bilistic connections, communication, and probabilistic language. Based on these aspects,
Vasquez et al. [10] construct and validate the “Observation Instrument for Probability
Classes” (IOC-PROB), which is used to analyse the elements that are specifically re-
lated to teaching probability, which the teacher brings to bear when carrying out the
instructional process.

In relation to probability tasks, this tool includes five components: teaching and
learning resources; probabilistic contexts; cognitive challenge; procedures and strategies;
and meanings of probability. The data obtained in this study from the eight class sessions
analysed have provided evidence regarding each of these components:

(1) Teaching and learning resources: it has been shown that the most utilised resource
continues to be the textbook, followed by random experiments with the use of manip-
ulatives, such as dice and coins, while the least used are real contexts and educational
software. These data reveal, on the one hand, that teachers continue to rely mainly
on textbooks as a resource to teach probability, which implies that students’ learn-
ing opportunities are closely linked to the knowledge provided by these books [54];
on the other hand, they show that although certain manipulatives are used (dice
and coins), other manipulatives, such as roulette wheels, along with games, are
rarely used, and technological resources are not used, despite the guidance pro-
vided by various authors who promote the teaching of probability through these
resources [31,32,34-37,55].

(2) Probabilistic contexts: in line with the data obtained from the first component of the
probability tasks, which revealed that one of the teaching resources most used by the
study participants is randomised experiments, the results of this second component
have shown that random experimentation is the most common context; although,
sometimes the experiment is only discussed, and the work focuses on calculating
probabilities. The other contexts have either a low presence (social and personal con-
texts), or none, in the case of occupational and scientific contexts. This is a worrisome
fact that goes against the recommendations of various authors who, as indicated, sug-
gest the need to teach probability through a variety of contexts [31,38,39,56], which
consider real, relevant, and meaningful problems for students, such as, for example,
those contexts linked to the pandemic derived from COVID-19 or to sustainability.

(3) Cognitive challenge: in the class sessions analysed, the probability tasks predomi-
nantly focused on the medium high and medium low levels in terms of cognitive
demand, which means that the teachers either promote connections between previous
knowledge and new knowledge, but without helping the students to reorganise them,
or do not directly make these connections. In accordance with the approaches of
authors such as Stein et al. [43] and Smith and Stein [44], among others, these results
reveal that, in various cases, teachers miss opportunities to promote probabilistic
reasoning, for example, which is one of the essential skills to ensure an in-depth
understanding of mathematics [45].

(4) Procedures and strategies: the data obtained are worrying, since they have shown
that the probabilistic procedures used are mostly at the low and medium low level,
which implies monotony and a lack of reflection in probability classes. These data
conflict with the approaches of Korthagen [6], who states that teachers should know



Mathematics 2021, 9, 2493

18 of 21

multiple courses of action and how to apply them, meaning they should have criteria
for knowing when, what, and why something is convenient, and be able to reflect
on it systematically. A more detailed analysis has revealed that some of the most
common procedures used by teachers are the construction of the sample space, the
differentiation of favourable and unfavourable cases, the informal application of
Laplace’s rule in simple experiments, the use of chance generators (dice, coins, roulette,
etc.), and the repetition of random experiments to estimate probability. Meanwhile,
procedures aimed at distinguishing between random and deterministic phenomena,
analysing games of chance, distinguishing elementary equiprobable events, and
comparing probabilities using proportional reasoning, are less common. This study
has thus shown that teachers tend to use procedures and strategies that promote the
development of skills such as knowing and applying, and not so much other skills,
such as reasoning [57].

(5) Probability meanings: in relation to this last component of probability tasks, the class
sessions analysed are at a medium high level. This is because the teachers participating
in the study have proposed probability tasks that can be used to show, explore, reflect
on, and relate two of the probability meanings. However, a more detailed analysis has
revealed that the most common meaning is the classical one, which is strongly related
to probabilistic tasks that involve the Laplace’s rule application. Conversely, the
meaning that receives less attention is the subjective one. These results conflict with
Viésquez and Alsina [47], who emphasise the essential nature of teaching probability
in primary education in an integrated manner that considers its multiple meanings.

In conclusion, the results show that the probabilistic tasks focus mainly on technical
knowledge, causing, in many cases, the probability class to become an arithmetic class in
which only formulas are applied, mechanically and with no meaning. Accordingly, we see
no use of technological resources, a low use of physical materials, and a predominance
of solving decontextualised exercises. In agreement with several authors [31,33-37], we
conclude that the practices employed to teach probability have to be enriched by using a
multiplicity of resources and contexts, to progressively advance towards a representation
of probabilistic knowledge with conventional procedures and notations.

6. Limitations of This Study

A limitation of this study is that the analysis focuses on the knowledge that the eight
teachers who make up the study case manifest when teaching probability in primary
education; therefore, the results presented here are local since they are limited to Chile,
and more specifically to teachers who work in different institutions in the southern part of
Chile. However, as far as we know, there are no similar studies for this educational level in
Chile. Therefore, we believe that the findings in this study open the way to investigate the
knowledge that teachers use when teaching probability.

On the other hand, the sample size is small, and it is true that analysing the teaching
practices of eight teachers is not enough to make generalisations about the knowledge
used when teaching probability. However, based on the results of this study it is possible
to have a first approximation to this knowledge, showing clear patterns regarding the
characteristics of the probabilistic tasks implemented by these teachers.

Other limitations are those related to the data. Although the data were collected a
few years ago, the stability that teachers show in their teaching practices due to scarce
continuous training about probability in Chile, makes it that such data related to their
teaching practices have not changed significantly.

7. Future Recommendations and Implications

This study has advanced our understanding of the knowledge that teachers bring into
play when teaching probability. Indeed, the results of this study suggest to teacher training
institutions the need to strengthen mathematical knowledge for teaching probability to pri-
mary education teachers through, for example, teacher training programs that consider the
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different dimensions and components that characterise the effective teaching of probability
from the earliest ages [9]. Consequently, future studies will investigate how the remaining
dimensions and components of the model proposed by Vasquez et al. [9] are manifested in
the teaching practices of in-service teachers. This will undoubtedly contribute to exploring
and analysing exhaustively the aspects of mathematical knowledge to teach probability
that are manifested and observable in teaching practices. Obtaining results with theoretical
and empirical foundations will allow giving concrete guidelines to teachers’ educators in
relation to the mathematical knowledge that primary education teachers need to teach
probability. This will benefit all in a world where the teaching of probability is gaining
more and more relevance in a changing era full of uncertainty which we must know how
to interpret.
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