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1. Introduction
In [1] a system like

x=f(x,y)
ceR @)

y = eglx,y,e),
has been considered, where x € R?, ¥ = f(x,y) is Hamiltonian for any y € R and has
a one-parameter family of periodic solutions g(t — 8,y,a) with period T(y,«) being C!
in (y,a). As a matter of fact, in [1], f(x,y) is allowed to depend on € and t being like
fo(x,y) +efi(x,y,t,€) and it is because of the t dependence of the perturbed equation
that 0 has been introduced. Indeed, introducing the variable § = t mod T, the perturbed
time dependent vector field is reduced to a time independent system on R3 x S! where
S! is the unit circle. Then, they answered the following question: do any of these periodic
solutions persist for ¢ # 0? They constructed a vector valued function MP/4(y, a, ) that
they called subharmonic Melnikov function which is a measure of the difference between the
starting value and the value of the solution at the time ST in a direction transverse to the
unperturbed vector field at the starting point. They proved that periodic solutions of the
perturbed vector field arise near the simple zeros of MP/4(y,a,6).

Motivated by [1], in this paper we study Equation (1) in higher dimension and allow-
ing f(x,y) to be more general than Hamiltonian and also discontinuous. As a matter of
fact we assume that f(oy) ifh(ny) <0

n _(x,y) ifh(xy) <
flxy) = { fr(x,y) ifh(x,y) > 0. @
where x € R", y € R™, all functions here considered (i.e., f+(x,y), g(x,u,¢) and h(x,y))
are C! in their arguments, and ¢ € R is a small parameter. In this paper we study a non
degenerate case where the unperturbed discontinuous system x = f(x,y) has a periodic
solution for ¥ = yp and certain non degenerateness conditions are satisfied. We construct a
Jacobian matrix and show that, if it is invertible, the perturbed system has a unique periodic
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solution near the periodic solution of the unperturbed system. The Jacobian matrix being
invertible does not allow the system to have a smooth family of periodic solution (¢, &, y)
since in this case 4,(0, , v) belongs to its kernel. We plan to consider this more degenerate
case in a forthcoming paper.

We emphasize that the results of this paper easily extend to the case where f4(x,y)
is replaced by f+(x,y,€) = fo+(x,y) +¢ef1 1 (x,y,€) and fo+(x,y), f1+(x,y,€) are smooth
outside the singularity manifold {/(x,y) = 0}. In this case in the unperturbed system

x = fi(x,1) ®)

the term f+ (x,y) has to be replaced by fj + (x, y). Finally, we observe that our results fit into
a general theory of discontinuous differential equations presented in series of works [2-9].

2. Preliminary Results
We set
Ox = {(x,y) | +h(x,y) > 0}
Qo = {(x,y) | h(x,y) = 0}.

In the whole paper, given a vector v or a matrix A with o', (resp. A?) we denote the
transpose of v (resp. A).
Let (¢,77) € R" x R™. We denote with u4 (t,&,#) the solution of (3) such that u(0) = ¢.
We assume that (xp, yp) € Q4 exists such that the following conditions hold:
(A7) there exists t; > 0 such that u (1, xo,y0) € Qo and u (¢, x0,y0) € Qy for 0 < t < t.
Moreover,
I (u+ (t1, X0, ¥0), Yo) f= (4 (t1, X0, o), yo) < 0. )

(Ap) there exists t, > 0 such that u_(t,uy(t1,x0,Y0),40) € Q- for 0 < t < t, and
u_(tp, us(t1,%0,40), ¥o) € Qp. Moreover,

hy(u—(t2, us(t1, x0,¥0), ¥0), o) f+ (u—(t2, us(t1, X0, ¥0), yo) > 0. %)

(A3) there exists t3 > 0 such that u+(t, Mf(fz, M+(t1,X0,y0),yo),y0) €Oy for0 <t <t
and u (t3, u—(t2, u+(t1, X0, ¥0), Y0), Yo) = Xo-

Remark 1. (i) We may as well consider (xo,yo) € Q—. As a matter of fact, changing h(x,y) with
—h(x,y) the roles of Q4 and Q) _ are interchanged.

(ii) The first part of condition (A1) is equivalent to h(u(t, x0,Y0),Y0) > 0for0 <t <t
and h(uy(t1,%0,Y0),y0) = 0. Similarly, the first part of condition (Ay) is equivalent to
h(u—(t, us(t1, X0, Y0),Y0), ¥o) < 0forty < t < tp and h(u—(t1,us(t1, x0,Y0),Y0), ¥o) = 0.
Hence, being u_(ty, u(t1, X0, Y0),Yo) = u+(t1, X0, Yo), in general we have

hx(u+(tl/ xO/yO)/ y())fi(u-‘r (tll X0, y())ryO) S 0. (6)

Similarly,

ha(u—(t2, 14 (t1, %0, 40), Y0), yo) f= (u—(t2, 1+ (t1, X0, Y0), o) = O. 7)
Hence (4) and (5) are stronger than the condition of existence of a continuous, piecewise C,

solution of the discontinuous equation X = f(x,yo) such that u(t) € Q4 for 0 < t < t; or
th <t < T,u(t) € Q_ forty <t < tyand u(ty),u(ty) € Qp. Moreover, they are generic
conditions having the important consequence that we do not need to define the vector field on the
discontinuity manifold Q). Indeed, (A1) and (Ay) imply transverse intersection of the solution
with the discontinuity manifold Q). Heuristically, (4) implies that when a solution in Q) hits (),
it immediately leaves Qg and enters O_. Similarly, condition (5) implies that when a solution in
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QO hits O, it immediately leaves () and enters (). This case is referred to as the transverse
case. More generally, we have a topologically transverse case at t = t1, when

hy (14 (t1, X0, Y0), Yo) f+ (4 (t1, X0, Y0), yo) =0 and
hy (u+(t1, X0, Y0), yo) f— (u+(t1, X0, Y0), yo) < O.

Of course there are other important cases arising in the applications. For example, it may
happen that h(u(t, xo0,Yo), Yo) has a strong minimum at t = t1 and

hy (u+(t1, X0,Y0), yo) f- (u+(t1, X0, Y0), yo) > 0.

In this case the solution of the discontinuous systems is tangent to Qg at u(ty) and belongs
to Q4 for t # t1. This case is referred to as grazing. Another important case arising in the
applications is the sliding case. This happens when the inequalities

hy (uy (t1, X0, Y0), Yo) f+ (14 (t1, X0, Y0), Yo) < 0 and
by (1 (t1, %0, Y0), Yo) f— (u4(t1, X0, ¥0), ¥o) > 0.

hold. These conditions force the solution to remain in the discontinuity manifold Qg until one of the
two conditions

ho (1 (t, us-(t1, %0, ¥0), yo) f+ (#(¢, u4 (t1, x0,¥0), Y0), Yo) =0 8

or
ho (1 (t, u-(t1, %0, ¥0), yo) f— (#(¢, u4 (t1, x0,¥0), Y0), ¥o) =0 ©)

arises first (it is assumed that these two conditions do not happen simultaneously). Here
i (t, uy(t1,x0,Y0), Yo) is the solution of a continuous differential equation on Q) defined by means
of the Filippov’s method [6] that takes into account the average of f+ and f_ at the points of ().
Then, if it is condition (8) that happens first, the solution re-enters into Q), while if it is (9) that
happen first, the solution enter into ()_.

In this paper we focus on the transverse case (A1) and (Ajp), leaving the other cases to
forthcoming papers. As we have already observed in the transverse case, there is no need to know
the Filippov equation on ().

For simplicity we set t, = t;,t* =t; + 1, T =t; + tp + tz3 and

u4(t,x0,Y0) ifo<t<t,
u(t,xo,y0) == u_(t—ty, us(t, X0, Y0),Y0) ift, <t <t
up(t—tu_(t" — t,uy (t, X0, ¥0),Y0),yo) ift* <t <T

Then using (A3) it is easy to check that
u(T,xo,yo) = X0. (10)

Hence for 0 < t < T, u(t, xo, yo) is a T-periodic solution of Equation (1) with ¢ = 0,
such that u(t, xo, yo) & Qo for all t € [0, T] with t # ¢, t* and the following hold:

u(ts, xo,yo), u(t*, xo,¥0) € Qo
B (u(t, X0, ¥0), Yo) f+ (u(tx, X0, Y0),y0) <0 (11)
hX(”(t*/xoryo),yo)f— (M(t*, xO/yO)/yO) > 0.

Now, let B(xp,7) C R” be an open ball of radius r centered at xy and L be a local
hyperplane in R" passing through x and transverse to f. (xo, o). So

L={xo}+ {T)()}L (12)

where vf,f (x0, o) # 0. We have the following
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Lemma 1. Assume (A1)—(As). Then there exist open balls B(xo,r1) C R", B(yo,r2) C R™ such
that for any (&,n) € B(xo,r1) X B(yo, r2) there exist smooth functions t. (&, 1), t*(&,n), T(E, 1)
and a continuous, piecewise C function u(t, &, 1) such that u(0,&,n) = & and the following hold:

@ [t(&n) =t +[E(Em) — [ +|T(G,n) — T| — 0as (S, 1) — (x0,Y0);
(ii) u(t,g,n) € Oy, for0 <t < (&, n), u(tc(&,1),6,1) € Qo and

hoe(u(t(&,m), &), 1) f (u(t(&m), &) 1) <O.
(iii) u(t,¢, 1) € Q- for (&) <t < t°(¢, 1), u(t* (¢, n),¢,n) € Qo and
hoe(u(t*(&,m), &) ) fe(u(t™(&m), &), 1) > 0.

(@) u(t &) € Qs for t°(g,m) <t < T(&n), u(T(E,n),¢n) €L
(v) for0 <t < T(En) t # t(Cn),t*(C n), u(t,é, n) satisfies the differential equation
X = f+(x,1), where the signs + are taken accordingly to u(t,,n) € Qy oru(t,&,n) € Q.

Moreover, (¢,1) — u(t,¢,n) is a smooth map in the space of piecewise continuous functions and

sup |u(t, &, n) —u(t, xo,y0)| — 0 (13)
0<t<T(&1)

as (G,11) — (%0, Yo)-

Proof. Let p; > 0 and p, > 0 be two, sufficiently small, positive numbers such that
B(xo0,01) X B(yo,p2) C Q4. For (&, 1) € B(xo,p1) X B(yo, p2) we consider the equation

h(u+(t,6,m),m) =0, (§n) € B(xo,01) x B(x0,02),
whose left-hand side vanish at t = t., { = x, # = yo. Moreover, the derivative with respect
to t of the left hand side at ¢ = xg, # = yo is
hx(u+(tl xO/]/))/ yO)I"LF(t/ x()/]/()) - hx(qu(t/ X0, ]/O)/ yO)f+(u+(t/ xOIJ/O)/]/O)-
According to (A7), possibly changing p; and p,, from the Implicit Function Theorem,
it follows the existence of a smooth function . (&, 7) such that

t*(xO/ yO) =t

and

h(u(t(S,m),&,1),1m) = 0.

Next, since u(t«(¢,n),¢,1n) — u(ts, xo0,y0) as () — (x0,y0) it follows by
continuity that

B (g (8(S,m), 6m), ) fe (g (88, ), 6, 7)) < =6 <0

for some ¢ > 0, uniformly with respect to (&,7) € B(xg,p1) X B(xo,02). Hence (ii) holds

with u(t,&,n) =uy(t,¢,n), for0 <t <t (& 7).
Then we see that o > 0 exists such that, for t.(§,17) — 0 < t < t.(&,77), we have
h(uy(t,¢,n),1),1) > 0. Using the continuous dependence on the data we also see that

sup  |u4(t,¢, 1) —u(t,xo,y0)| — 0
0<t<t« (&)

as (&, 1) — (xo0,y0) and then
h(ui(£,8,1),1),1) >0
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for 0 < t < t.({,n) — o. Hence (i) holds. Now, consider the solution 7_(t,{,7) of the
equation

x=f-(x,n)
xX(t(E,m)) = uy (£(E,m), & 7).

Note that, using the previous notation, we have

”A*(t/ ¢ 77) = ”*(t - t*(f;, 77)’”+(t*(€r 77)r & 77)' 77)

Note also that

- (t,x0,y0) = u—(t — ts, us(tx, x0,¥0),Yo) = u(t, x0,Yo) (14)

forany t, <t <t

It follows from the continuous dependence on the data that #_(t,¢,7) tends to
u(t, xo,y0), as (&,17) — (xo,y0) together with its t-derivative, uniformly with respect
to t in compact intervals such as [t. — 0, t* + 0], with ¢ > 0 sufficiently small. Next we
consider the equation

h(a—(t,&,n),m) =0, (& n) € B(xo,p1) X B(xo,02),

in a neighborhood of t*. From (11)-(14) we get h(i1—(t*, x0,Y0),Yo) = 0 and

A

9

h (21— (t*, X0, ¥0), Yo) o (t, x0,¥0) > 0.

Then, the Implicit Function Theorem and an argument similar to the above imply
that p; > 0,02 > 0 and a smooth function +*(¢,7), with (&,7) € B(xo,p1) X B(xo,02)
exist such that t*(xg,y9) = t* and (iii) holds with u(t,¢,n) = a_(t,¢,n) = u_(t —
te (8 m) i (8:(8,m),8,m),m), (8, ) < t < £7(Z, 7). Moreover, by continuity,

sup |M(t,€,77) 7u(t1x0/y0)| —0
Ee (&) <t (&)

Another argument of similar nature shows that iv) holds. Since all pieces of u(t, ¢, 17)
in the intervals [0, t.(¢, 1)), (£<(, 1), t*(, 1)) and (+*(&, 1), T(¢, )] consist of solutions of
equation X = fi(x,7), it is easy to see that v) holds. The last conclusion follows from

SUPg< <y, (&) |4+ (£ 8, 1) — i (£, x0,y0)| — 0
SUPy, (& y)<t<t+(ey) |4t (88, 1) — s (8 X0, y0)| = O
SUP (2 ) <t<T(ey) 1Mt (88, 11) — 14 (, X0, y0)| = O

as (&,11) = (x0,0). O

Note that for t € [0,T(,n)] it results u(t,é,n) € Q_ if t.(&,n) < t < (&),
u(t,é,n) € Qoift =t,.(&,n) ort = t.(&, 1) and u(t,&,n) € Q4 otherwise.
We set

T:= sup{T(&1) | (1) € B(xo, 1) x B(yo,72)}.

We assume conditions (A1)-(A3) hold. We know that u(t, xo, 1) is a T-periodic
solution of Equation (1) with & = 0:

. | f-(x,;m) ifh(x,m) <O
s=sens={ 00 e So 9

Now, does this periodic, piecewise continuous solution persist when € # 0? We have
the following
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Theorem 1. Suppose (A1)—(As) hold. Then there exist open balls B(xg,r1) C R", B(yo,12) C R™

and € > 0 such that for (&, 1) € B(xo,r1) X B(xo,r2) and |e| < e there exist smooth functions

te(&1,¢), t*(&,y,¢), T(E 1, ¢€) and continuous, piecewise C' functions x(t,&,1,¢€), y(t, &, 1, ¢€)

such that x(0,¢,1,¢) = &, y(0,&,1,€) = 1 and the following hold:

@) b8 ) = £(Gm)| + |¢°(E, ) — (8, )| + |T(E, 7€) = T(G,m)| — Oase — 0
uniformly in (Z,17) € B(xo,71) X B(xo,12);

(@) (x(t(C,1,€),8,m,€),y(t:(E,17,€), 8, 1,€)) € D, (x(t,8,77,€),y(8,8,1,€)) € Oy, for 0 <
t < t.(C,m,€) and

hoe(u(t(&,m,€),8m),m) fe(u(te(E,m,€),8,m),m) <O;

(iii) (x(t"(&,n,€),¢,m,€),y(t* (& m,€),8,1,8)) € Qo, (x(t,E,1,¢),y(t,¢,m,8)) € Q, for
te(E,m,e) <t <t*(C,m,¢) and

hae(x(£(G,m,€), &) ) f (x (7 (S, m,€), 8,m), 1) > 0;

(o) (x(t,&m0)y(tEne) € O for £Eme) < t < TEne and
X(T(,1,6),&,1,) € L;

(@ y(t,¢,n,¢€) € Byo, r2) forany 0 < t < T(¢,1,¢);

(vi) for 0 <t < T(En,e), t # t(&n,e),t*(En,e), (x(t,&n,¢€),y(t,& n,¢€)) satisfies the
differential Equation (1), where the signs £ are taken accordingly to x(t,¢,1,€) € Q4 or
x(t,8,1,€) € Q.

Moreover, (&,1,¢e) — (x(t,¢,1,¢€),y(t,&,1,¢€)) is a smooth map in the space of piecewise
continuous functions and

sup \x(t,ﬁ,n,e)—u(t,é,fm+|y(t,§,17,e)—17|%0
0<t<T*(Z,1.€)

as ¢ — 0, uniformly with respect to (&, 1) € B(xo, 1) X B(xq,72).

Proof. Let rq,r; be sufficiently small so that B(xg,71) X B(yo,72) C Q4. For 0 <t <t,+1
and (&,17) € B(xo,71) x B(yo, r2), let (x1.(t,&,17,€),yL (£, 1, €)) be the solution of

x=fi(xy), x(0)=¢
y=¢g(x,y,e), y(0)=rn. (16)

From the continuous dependence of the data we see that

SUPg<i<p, 11 14 (8E,17,€) —uy (£,E,1)] = O(e)

17
SUPy-pr 11 [VL (L8, 1,8) — 5 = O(e) 17)

as e — 0. So, taking e sufficiently small we get y'. (,¢,7,¢) € B(yg,r2) for0 <t < T +1.
As a consequence there exists a unique £ (&, 77, €) such that

|t:(E,11,8) —t(E, 1) = Ofe),
h(xy (88 ), 8m,8), vk (88, €), 8,1, €)) =0, (18)
hy (6 (8:(C,m,€), 8,1, ), yh (88, €), &1, €)) 24 (8 (&, 11, €), €, 17, 8) < 0.

By the Implicit Function Theorem ¢, (¢, 77, €) is a smooth function of (&, 7,¢€). More-
over, from the last inequality in (18) we see that ii) holds and then xi (t,¢,1,¢€) intersects
transversally )y at the point x}F (t«(&,m,€),E1,€).
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Repeating the above argument we see that, for t, —1 <t < t* + 1, the equation

x=f-(xy)
y=eg(x,y)
x(t(&,m,€)) = Xy (t(E,m,€), 8,17, )

y(t(& ) = yh (t(Em€), 8,1 €)

has a solution (x_(t,&,7,¢€),y—(t,¢,1,¢)) such that

SUPy, _1<t<t+1 ‘x— (t, g/ ’7/8) - u—(t/ g/y-‘r(t*(ér 7, 8), Cr 77'5))| - O(‘C’)
supy, 1<i<peir [V (68 1,6) = yh (8(E,m,€), 8, 1,€)| = O(e)

from which we also get, using (17)

Sup;, q<jepriy X (4G, 1,8) —u—(t,¢,m)| = O(e) 19)
SUpy, _q<i<pein |Y—(t8,m,8) — 1| = O(e)

Moreover, by the Implicit function Theorem, there exists t*(&, 77, ¢) such that

€8, ,8) — (& m)| = Oe) 20)
B (6 m,2), 8 8),y- (1 (81,8, 8,1,)) = O

and
h(x—(t°(¢,1,8), 6, m,€),y—(t°(8,m,€), &, m,€)) 2 (£ (S, 11, €),,17,€) > 0.

Hence (iii) holds, i.e., at the point (x_(t*(&,7,¢€), &, n,¢€),y—(t*(&,1,€),¢,1,€)) € Qo,
f+(x,y) points inward (). Finally, by a similar argument we show that equation

X = fi(x,y)
y=eg(x,y)
x(t(¢,m,e)) = x—(t*(&,m,€),8,1,€)
y(t* (& e)) =y—(t" (& e), 81, ¢)

has a solution (xi(t, Z, n,s),yi (t,¢&,1,€)) such that

SUPpe q<peri1 X5 (88 ,8) —uy (88,2 (8(8,1,€),8,m,€))| = Oe)
SUPp_1<jtaq VA (G, 8) —y—(H(8,m,€),8,m,€)| = Oe)

from which we also get, using (17)

SUPye 1 <yeriq 165 (8,8, 1,€) —ui(,E,1)| = O(e) 1)
SUPy« _1<¢<T+1 3 (t,&,1,€) — | = Oe).

Moreover, there exists T(¢, 77, €) such that

IT(E,n,e) = T(,n)| = O(e) )
X+(T((§, 7718)/ ¢, 77,8) € L.

We set

XL (4, me) 10 <t<t(E ¢
x(t,&,1,¢€) —{ x_(t,&,me) ift(gme) <t <t°(gm,e)
A (& me) it (Eye) <t <T(Ene)
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and similarly

L8 ne) if0<t<t(Ene)
—(t,¢,m,e) ift(Gme) <t <t'(gm,e)
(& me) ift*(E,me) <t <T(E1,¢)

From Equations (17), (19) and (21) we see that (i)-(vi) hold. In particular

Yy
y(t,&me)=q vy
Yy

SUP < <1z, n,e) 1X (£ 8 11,€) —u(t, G, m)| = O(e)

23
SUPy< < (e V(E &1,) — 1| = Oe). *)

So, for any ¢ sufficiently small, say |¢| < g we have y(t,¢,1,€) € B(yo, 1r2). O

3. Periodic Solutions

In this section we prove a theorem concerning the existence of a periodic solution
(x(t,€),y(t €)) of system (1) such that

sup |x(t,€) —u(t, xo,y0)| + |y(t,e) —yo| -0 ase— 0.
0<t<T

For (§,7) € LxR™ let T(,n,¢), t«(&,n,¢€), t*(&,1n,¢) be the C" functions whose
existence is stated in Theorem 1. We set

T
Jin :/0 fr(u(t, x0,y0), yo)ug (t, xo, yo)dt + f(xo,yo) Te(x0, yo)

+[f+ (u(ts, x0,90), yo) —ff(u(t*,xo,yo),yo))]%ig(xo,yo)
- (u(#, x0,¥0), ¥0) — f+ (u(t*, x0,0), 0)] 5 (x0, o))

Ji2 = /Ofo(M(t/ X0,Y0), ¥o)uy (£, X0, yo) + fy(u(t, xo0,Y0), yo)dt + f(x0,y0) Ty (%o, ¥o)
+[fe (u(ts, x0,0), o) — f- (u(te, X0, ¥0), Y0))] 5 (0, o)
+[f= (u(t*, x0,¥0), y0) — f+(u(t*, x0,0), ¥0)] 5 (0, ¥0))

T
o1 :/0 Sx(u(t, x0,Y0), vo,0)ug(t, x0,yo)dt + g(x0,v0,0) T (x0, ¥o)

T
J22 :/o Sx(u(t, x0,Y0), yo, 0)uy (t, x0, yo) + &y (u(t, xo, yo), yo,0)dt
+8(x0, ¥0,0) Ty (x0, Yo)

Note that the derivatives in the previous formulae are the derivatives of the restrictions
of the various functions to (¢,7) € L x R™. For example, T¢(&, 77) denotes the derivative of
T:LxR"™ — R and similarly for the other derivatives with respect to ¢.

We prove the following

Theorem 2. Suppose that (A1)—(Asz) hold and that

T
| 8ttt xa,50), 90,0)dt = 0. (24)

Suppose, further, that the linear map | : Ty,L x R™ — R" x R"™:

(¢ Ju& + Jion .
J: (ﬂ) — <]21§+]2217>, &€ Tyl 7 €RY,
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has maximum rank (= n 4+ m — 1). Then there exists g > 0 such that for |e| < eg system (1) has
a unique periodic solution (x(t,¢),y(t,€)) of period T (¢) such that

HmT(e) = T (25)
e—0
and such that
sup |x(t,€) —u(t,xo,y0)| + |y(t,€) —yo| =0 ase — 0. (26)

0<t<T
Moreover, the map e — (x(t,€),y(t,€)) into the space of bounded functions is C"~1.,

Remark 2. (i) ] : Ty, L x R™ — R" x R™ defines a (n + m) x (n+ m — 1) matrix. However, it
will be seen during the proof of Theorem 2 that

J: TyyL X R™ — Ty L x R™, (27)

although this does not result immediately. This is why we made the assumption on the rank. By the
way, because of (27) the assumption is equivalent to the fact that | : Ty,L x R™ — Ty L x R™ is
an isomorphism. Note, also, that Ty,L = {vo}i.

(ii) Condition (24) is a 0-average condition for g(u(t,¢,n),1,0) at (xo,yo) and implies that
Ye(t, %0, Y0,0) is a T-periodic solution of

v = g(u(t,x0,Y0),Y0,0).

Note that (24) corresponds to Mg/q(lo, 60,z0) = O with p = q in ([1], Theorem 3.1) where
the authors search for subharmonic periodic solutions. Here, we do not have to take into account
the extra parameter 6 because of the autonomous character of Equation (1). Note, also, that,
differentiating ¢ (t, xo, o) = g(u(t, x0,Y0), Yo, 0) with respect to t, we get

Ve (t, x0,y0) = gx(u(t, x0,¥0), vo,0)1(t, X0, yo)

and then

T
/O gx(u(t, x0,y0),v0,0) f (u(t, x0,y0), yo)dt = ¥e(T, x0,y0) — ¥(0, x0,¥0) = 0

Proof. Let B(xop,71), B(yo,12) be as in Theorem 1. To obtain a periodic solution of
Equation (1) we solve the system

x(T(g,n,€),8m,e) =5 =0
y(T(E,m,€),6,m,€) = =0 (28)

for (¢,n7) € (ByNL) x By where By x By C B(xg,71) X B(yo, 2) is a small neighborhood
of (x0,y0). When € = 0 the second equation in (28) reads # = # and is satisfied for any
1 € B(yo, 2). So we replace (28) with

x(T(G,1,¢e),8m,e) =& =0
Y(T(E ne),8me) =] = (29)

Since y(t,¢,7,0) = 1, the function

{ 1[y(T(€/ 7718)/ ér 1, 5) - 77] ife 75 0
e(T(&,1),81,0) ife=0
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is C"~1in B(xq, p1) x B(xo,02)%x]—]€, &[. Then, when & = 0 (29) reads:

yE(T(C/ 77)/ &1, O) =0
where (¢,7) € LxR™and T(, ) = T(&,7,0), because x(t,&,7,0) = u(t,&, ). From (10) it
follows that equation u(T(&,7),¢, 1) — ¢ = 0 has the solution (&,77) = (x0,y0). Next, since

Ve(t,&,m,0) = g(u(t,¢,1),m,0), e(0,8,7,0) =0
we get

T(¢n)
V(T @), 0) = [ glult, &), m, 00 (31)

From (24) we conclude that Equation (30) has the solution (&,7) = (xo,o). Recall
that T = T(xo,o)-

We now compute the Jacobian matrix J(xo, yo) of the left-hand side of Equation (30) at
(x0,Y0). We know that u(t, {, ) satisfies the integral equation

t
u(t &) =2+ [ flult ) mae )

and that u(T(¢&,7),& 1) — & € {f(x0,y0) } . More explicitly, taking into account the defini-
tion of f(x,y):

£ (&)
wr@men-c=[ " fol () 1)

£ () i
/t*(gfﬂ) f ( (t (;’ 17 dt+/( 1) (t 5 77) )dt S {f(XO,yo} .

Differentiating, we get

ST &) - -

Fi (&), &) a e+ [ patuie ), 1t

+f-(u(t (&), m).m) g( 1) — f-(u (*(6,77),6,'7%17) = (&,1)
(&)

[ e ) e 2 N

+f+ (TG ), &n), ) Te(&n) — f+ (™ (& n),&m) ) 5=

T(&n) %
L Fatutt ) e €

Fe T T+ [ felult &), mue(t & )

L0 (&), 8 1) = S 8, ) ) 3 E)

af

(&)

+[f= (u(t* (&), & n).1) —f+(u<t*(€,17),f'§ﬂ7)ﬂ7)]%g((’5,77)-
where y
cien- {20 e

SO/ USing M(T, xO/yO) = Xo, f-‘r(xO/yO) = (xO/yO):

)
aié-[u(T(gr 7])/ ‘:/ 77) - g]é:xo,n:yo = ]11~
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Similarly we have:

;[umm,m &) = Fo (T ), &) )Ty (@)

and hence 5
% [u(T(g",‘, 77)/ g 7]) - g]ézxo,r]:yo = J12.

Next, using (31) we get

3Eve(T(E,m),&1,0) = g(u(T(&,1),&n),1,0)Te(E,n)
T(Z)
[ gt g ), 0ug (e, 8t

ayVe(T(E,m),,1,0) = g(u(T (&, 1), 1), 1,0)Ty (&)

T(m)
[ a8 0y 1,) + gy (e ), 1,008

hence

pone) = (3 2)

Since u(T(&,1),& 1) — & € {f(x0,y0)} we see that

J11€ + Jion € {f(x0,y0)}+

forany (&) € {f(xo,y0)}* x R™. Hence the assumption of the rank of J(x, o) is equiva-
lent to the fact that J(xo,yo) : {f(x0,¥0)}+ x R™ — {f(x0,y0)}* x R™ is an isomorphism.

From the Implicit Function Theorem it follows then the existence of ¢y > 0 such that for
le| < eoand e # 0, there exist & = {(¢), # = 1(¢) such that

x(T(E(e),m(e),¢),
n

T ¢(e),m(e),e) = ¢(e)
y(T(E(e),m(e) e), ¢

U
(€),71(e),€) —n(e)

Setting T(e) = T((e),n(e) ¢), x(t,¢) = x(£,&(e),n(e),¢), y(t,€) = y(t,E(e),(e), €)
and recalling that x(0,(¢),7(e),e) = &(e) = 0 and y(0Z(¢e),n(e), ) = 1(e) we see that

x(t,€),y(t€)) is a T(e) periodic solution of Equation (1). (25) and (26) follow from (23),
(13), and (i) of Lemma 1. O

0
0

Remark 3. (i) Note that, since u(T(,7n),&, 1) € L = {xo} + {vg}*, we have

vé[u(T((j, 1),6,1) — xo] = 0.
Hence differentiating with respect to ¢ and n:

0o [i(T (5, 1), &M Te (8, m) +ug(T(E,1),6,m)] = 0 (34)
ool (T(E 1), ¢ m) Ty (& m) +uy(T(E,1),6,m)] =0
and then Iu( ) . (T )
eXo, Yo)\ _ _ Youe(L, X0, Yo
(TW(XO/yO)) vof (xo, ¥0) <776”ﬂ(T' x0r3/0)>' )

(ii) Suppose the following condition holds.
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(A) The linear maps Jy1 : {vo}t — {vo}t and J : {vg}+ x R™ — {vo}+ x R™ are both
invertible.

For & € LN B(xg,11), 11 € B(yo,12), consider the function ®(&,n) = u(T(&,n),¢,n) — ¢
From (10) we get ®(xo, yo) = 0; moreover,

D¢ (x0,¥0) = J11-

Hence there exists 11,1, > 0 and a unique function i : B(yo,r2) — B(xo,r1) N L such that
(o) = xo and
®(a(y),y) = u(T(aly)y) aly)y) —ily) =0.
For any y € B(yo, r2) the function u(t,i(y),y) is then a T(ii(y),y)-periodic solution of the
discontinuous equation X = f(x,y). Next, suppose also that (24) holds, that is the equation

T(a(y)y)
¥) = [ gl a(y),y),y,00dt =0 36)

has the solution y = yo. We have

Y (vo) = Ja1it’' (vo) + Ja2-

We prove that ¥’ (yo) is invertible. Indeed, suppose that y # 0 exists such that ¥’ (yo)y = 0.

Then ](ﬂ’(go)]o _ (E ﬁi) <a’(];0)y> _ <U11ﬂ'(]/%) +hz]y)

_ <[q>g(xo/yo)ﬁ’(y0) +<I>,7(xo,y0)]y) _ (0
0 0

contradicting the fact that | is invertible. Note that, since ii : R™ — L, we get i’ (yo) :
R™ — {vg}*. So, if (A) holds, besides (A1)—(As3), we conclude that Equation (30) has the
unique solution (xo,yo) and the Jacobian matrix at this point is invertible. Thus the conclusion
of Theorem 2 holds. In this case the invertibility of J11 implies the existence of a family of periodic
solution to the unperturbed equation x = f(x,y); however, the invertibility of | implies that only
one of these solutions persists for the perturbed equation.

An Example

In this subsection we give an example of application of Theorem 2. The system we
consider is

X = [xl + J(sgn(x) — 1)a]y +x2
Xp = — {xl + 1(sgn(xp) — 1)4 +yxp (37)
y=¢g(x,y,¢)

or, in matrix form:

A(y)x ifx, >0
x:{ A(y)(x— <g)> ifxy <0 (38)
y=¢eg(x,y,¢)

where a > 0 and

1 x
Aly) = (_}/1 y)’ x= (x;) yeeR.

Qs = {(xq, x2)| £ x>0}

Note that

thatis h(x,y) = x2. Leta > 0. We prove the following result
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Proposition 1. For any n € R, 7 > 0 there exists a unique 27t-periodic solution of
A(n)x ifxy >0
T () e
given by
gt (Sint 7
Zol(n)e (Cost foro<t< 7
a sint
/i = (=) z 3
a(t,n) (O) +Co(n)e (Cos t) for Z <t<sm (40)
sint
n(t—2m) 3 <t <
gow)(eost)e for3m<t<2m
where

a
So(17) = 2simh(Z7)’
Moreover, suppose that yo > 0 exists such that the function

GO)i= [ gtatt,m),m, 00t

has a simple zero at y§ = yo. Then there exists g > 0 such that for |e| < € there exist T () such
that lim,_,o |T(¢) — 27t| = 0 and Equation (38) has a unique, piecewise smooth, T (e)-periodic
solution (x(t,¢€),y(t,€)), intersecting transversally the discontinuity line x, = 0 and such that

lim sup {|x(t,e) —u(t, Co(yo), yo)| + |y(t,€) = yol} = 0.
e00<t<on
Proof. Note that the assumption on G(#) means that

27
| 8ttty v0,0)dt = 0 (41)
and

27
| (0t 300, 0,00 (1, 90) + 8yt y0), o, 0)dt 0. )
For any ¢ € R, & > 0, we consider the point (0,¢) € R? and set L = span{e,}, where
e = (? . Note that, for any 7 € R, L is a transverse hyperplane in R? to

1
s =e(,)
We prove that, for |7 — yo| sufficiently small, assumptions (A1)—(Aj3) are satisfied at
the point (Zo(17), 7).
To this end we first describe the solutions u(t,&,17) = (u1(t,&, 1), uz(t, &, 1)) of the

2
unperturbed Equation (39) when# € I, |7 —yo| < 0yo,0 < o < 1,and (0,§) € LN Q4
such that |¢ — &o(7)| is sufficiently small. We have

ultgm) = e (2) = e (%) 3)
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forallt > 0 aslongas cost > 0, thatis forall 0 <t < Z. As h(x,y) = xo we get:

i) = ((7) AR =2 =3

i f- (o) = (7) 4 (M1 7)) =y ta -

So
hye(x,y) f+(x,y) <0 yxa—x3 <0

he(x,y)f-(x,y) <0 yxp+a—x; <0 (44

Being a > 0 both conditions are satisfied if 2 < x; — yxy. Since u(%,¢, 1) = Ze’l (
we see that

)
s (”(;5"7)/’7)& (u(;éﬂy),n) <0& ¢ >ae 2

Since &y(17) > ae™ 77, (44) is satisfied provided |& — &(7)] is sufficiently small. Indeed
_ - —7y iy

let | — go(n)| < 6. Then & —ae™ 2" > &o(n) —ae” 21T -6 = Z:iihgﬂ —6.50¢ —ae 27 >0
. . —7

if0<d<éy(n):= 2:i€nh%;7‘ Note

ae‘”(ﬂ)(l""a)yo ae—n(ﬂ)(l—a)yo
J2sinh & < 50(77) < o—=
sinh 7 (7)(1 + 0)yo 2sinh Z(17)(1 — o) yo
for |7 — yo| < oyo. Next, fort > Z, u(t,é,n) = (

Uy (t,CJi) . .
uz(t&ﬂ)) solves the equation:

until u5(t, ¢, 1) = 0. Hence:

u(t, &) = (g) +e”(t_§)( cos(t— %) sin(t -

O eole-w () =D
= {0 +ellt C—ae*%” cost)"

Note that uy(t,& 1) = (¢ — ae~2"1)e'l cos t and then, since & > ae~ 2", (45) holds for
7<t< %7{. Moreover,

0

Arguing as before, we see that hy(x,y) f+(x,y) > 0 holds if and only if yx; — x; > 0
and when x = u(%n, ¢, 1), y = 1 this last condition is equivalent to

u3m, &) = (g) _ o3 (C—aoe‘g’?) _ (a(1+em1) ge%my)

a(l+ ") — {;’e%”” <0
ie.,

E>ae 21(1+e ). (46)
It is easily seen that

. -2y
Eoln) —ae T1(1 47 = -2

= —7>0.
2sinh 77 ”
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Hence, if |§ — &o(n7)| < J we get

ae—2m7

—ge— 31 -y s 22
E—ae 2T(1+e )>Zsinh§17

6>0

foré < d1(n) := zzgﬁgn. Thus

B <u(§n,é,17),i7>fi <M<§7T,§,77)r’7) >0

provided |& — & (7)] is sufficiently small. Note that condition (46) implies & > ae~2" and
hence (ii) and (iii) of Lemma 1 hold. So for |§ — &y (17)| < 2‘;3:}21 77;7}7
holds and then u(t,¢, 1), ¢ € LN Q4, intersect transversally the negative x; axis at the

point
(a(l +el™) — Ce%””>

,and |7 — yo| < oyo, (46)

0

Next, for t > %7{, u(t, &, n) solves the equation:

- (105

forall t > 37 such that u(t, & n) € Q. Hence
cos(t—3m) sin(t—

3
3 2
—sin(t—37) cos(t— 3

M(t, g/ 1’]) = e(tiin’)” (

- 1y _ gedmnpt=3my (S
[a(1+ 1) — ge2™ e\ 2 (—cost

So:
up(t, &) = [€ —a(1+e1)e 3t cost > 0

for %ﬂ <t< %7‘[, since & > ae’%”(l + e~ ). Collecting all together, we see that, for
11 —yo| < oypand |& — &o(n7)] sufficiently small

it sint <t
Ce <Cost for0 <t <7
u(t,é,n) = <g) —I—e”t(ff - ae*%’]) (ir;i) for 7 <t < %77 47)

Note that
u(2m, &) = [g—au +e—”’7)e—%'7}e2”’7 (2) (48)

hence T({,n7) = 2m for any (§,7) € L x R with |§ — §o(#)| sufficiently small and
1 —yo| < oyo. We obtain a 27mr-periodic solution of Equation (39) if and only if
¢ = u(2m, &, i) that is if and only if

E=[E—a(l+e ™) ]
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and this holds if and only if (e2™ —1)& = ae?™ (1 + ¢ 17)e~ 2" or

P ae= 71 B a
~ 1—e ™ = 2sinh(%y

Note that
T
ae— 21

7_7”] < |u(27r,§,17)| >§

é(>1—e

and

ae‘%”

¢ < 1= & |u(2m, ) < ¢

Hence, for |7 — yo| < oy, Equation (38) has the unique (up to time translation)
unstable 27r-periodic solution:

nt sint x
Zo(n)e (Cost> for0 <t <12
a _ sint
u(t, So(), 1) = (0) + Eo(1p)ent=7) (Cost> for 2 <t<3nm
Go(n) ((i)I;D el (t=2m) for %7‘[ < t<2m.

For any 17 > 0, |7 — yo| < oyp we have then a unique (unstable) 27r-periodic solution
of Equation (37), (or (38)) and we have seen that (A1)—(Aj3) are satisfied. Note that

u(t,Go(n), 1) = a(t,n) (49)
hence
27T
/0 g(u(t, xo0,¥0),y0,0)dt =0,
where xg = &o(yo), because of (41). Hence (24) in Theorem 2 is satisfied.

Next we compute the matrix J(xg,y0). Recall that L = {e;}* where ¢; = ((1))
With reference to Lemma 1 we also have

WEm =0, F@n) =5m @) =2m

so
oty

e . O ot ot oT
9

(&) == (&) = 5z(En) = 5-(&1n) = 5%

oT
o 7 ,7 5(6117) = @(6,77) =0

and
27T
J11(x0, o) :/0 A(yo)ug(t, xo, yo)dt
27T
Ji2(x0,v0) = / A(yo)uy(t, x0,y0) + fy(u(t, x0,y0), yo)dt
027‘[ (50)
]21(x013/0) :/0 gx(u(t/xO/yO)/yOIO)u(:(t/x()/yo)dt
27T
J22(x0,y0) = /0 gx(u(t, x0,Y0), vo,0)uy (t, xo0, yo) + &y (u(t, x0,y0), Yo, 0)dt.

Now differentiating (47) with respect to ¢ we get

sint
ug(t,x0,y0) = €' (cos t)' (51)
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Similarly:
Fxelot ((S;f;i) for0<t<Z
}’O(t*”) T (pTTYo Slnt e < < 3
uy (t, x0,Y0) = xpe [t+F(e 1)] (cost for 2 <t<sm (52)

yo(t—271) (o0 _ 1) (™Y sin
xge¥o [t+ F(e™0 —1)(e™0 +3)] (cost

for%rcgthn

So we get, after some algebra:

27
n :/0 A(yo)uc(t/xofyo)dtz/

2 .
neyot <y0 sint + cos t) dt = (2™ _ 1) ((1)>
0

Yocost —sint

and similarly

/2 (t, x0, yo)dt = * hxget! inf dt
uy (t, xo, = e
0 n 0, Yo 0 0 ¢

3
27 e sint
Yo (t—7) (om0 _
—l—/% xpe {H— > (e 1)} (cos t)dt

27 :
yo(t—27) TC om0 _ 1) (e™0 sint
+/gn 22014 7 (™0 1) (e + 3)] (Cost dt

7 sint 3 e sint
= Yot _ Yot ZZ(p™o
/0 txpe (cos t) dt /—% xoe {t +3 (e + 1)] (cos t) dt

0 T sint
Yot Z(¢™Y0 2
+/727 roe [t+ 2(6 +1) } (Cost)dt

_E Yo 2/‘0 Yot sint 75 Yo /% Yot sint
= 2xo(e +1) ._%e cos dt 2xo(e +1)._%e ost dt

_ o Yo /O yot [ Sint _/’2‘ yot [ Sint
2x0(e —|—1)[(e +1) _ge cost dt L b dt

e +1 [yge~2¥0 —1 1 Yoe Yo + yge~ 2¥0
ya+1 e 20 4 g _y%Jrl eZY0 4 ¢~ 2¥0

T e™o 11 _(enyo 4 1) o (eﬁyo + 1)2 -1
2 (yo(e”yo +1)> T2 (yo>

B

= 5 0(™ +1)

X0
277 y5+1
Moreover, it is easy to check that

X ifxo >0

@ww={x_@>ﬁm<o

from which it easily follows that:

[ futute o) oyt = (§)

So
27 7T 2(0
Ji2 = /o Alyo)uy (£, x0,y0)dt = Zxo(e™* +1) (1)
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Note that, according to Remark 2, both J11(xo,y0) and J12(xo, o) belong to Ty, L. Next

27T int
J21(x0, v0) :/o eyotgx(u(t,xolyo),yo,o)(Sm )dt

cost

27
J22(x0, ¥0) :/0 gx(u(t, x0,Y0), yo, 0)uy (t, x0, yo) + gy (u(t, x0,Y0), yo,0)dt

We can simplify the expression for J;(xg, o). Differentiating (49) with respect to 1 at

1N = yo we get
ug (t,x0,40) S0 (Yo) + 1y (t, x0, y0) = iy (t, o)
SO
J22(x0,Y0)
= / &x(@(t,¥0),v0,0) [y (£, y0) — ug (t, X0, ¥0) &0 (v0)] + gy (A(t, o), yo, 0)dt
27

- Sx(2(t,y0), yo,0) iy (t, y0) + 8y ((t,yo), yo,0)dt — J21(x0, y0)&o (vo)-

Hence we see that the conditions of Theorem 2 are satisfied if and only if the matrix

o _q Zxo(e™0 4 1)
27 R , (53)
J21(x0, Yo) /o 8x(A(t,Y0), o, 0)ity (t,y0) + 8y (A(t Y0), Yo, 0)dt — Ja1(x0, y0) o (Yo)
is invertible. Noting that

Jiu o e™o+1 a cosh7  am cosh7

T
= SN = o5 . =—
Jiu 2w —1 2 2sinh Zyo sinh Zyj 4 sinh? Zyo

and .
an cosh 710

/ = —

we see that

et( e — 1 %xo(enyo _|_/1) ) ~0
J21(x0,y0)  —J21(x0,¥0)&((vo)

and then the matrix in (53) is invertible if and only if

o — 1 0
2T sint 27 N N N
/O ey”gx(u(t,yo),yo,0)<cost>dt /0 8x(1(t,¥0), Yo, 01ty (£, yo) + 8y (A(t, y0), yo, 0)dt

that is if and only if (42) holds. The conclusion follows from Theorem 2. O

As a concrete example we consider ¢(x,y,¢) = £(y)'x, where £(y) = {1(y)e1 + {2 (y)er
We have

27T
/0 gx(A(t,y0), yo,0) ity (£, yo) + gy (#(t, yo), yo, 0)dt
27T
= | €)'yt y0) + ¢ (vo) (8, o).
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Now ) .
T _ 2 yot sint
/0 iy (t,y0) —/O [80(yo) + t8o(yo)]e” <C05t>df
b ’ sint
_ Yo(t—m)
+ b tv0) + (¢ = mzatunlentt = (S0 )
27T :
/ _ Yo (t—27) sin
+ [ et + = 2miotvoen2 (501 a
3 yot [ Sint
Z/O [80(yo) + tCo(]/o)]ejot(Cos t) dt
— [ Teatom) + totvole (S
-2
0 sin f
+ [ _[Go(vo) + fGo(yo)]eyOt( >dt =0
/_721 0 cost
and
27 z sint ar %7‘( _ sint
A _ Yot Y (t 7'[)
/0 a(t, yo) /0 Zo(yo)e” (cost)dt+( 0 ) +/,2T Zo(yo)e? (cost)dt

cost

27T int
+/%n go(yo)eyo(t—Zn) (Sln )dt _

()

Hence, when g(x,y,¢) = ¢!(y)x, the conclusion of Proposition 1 holds if the function

(£(y), e1) has a simple zero at y = yo that is

t1(yo) =0, ¢4(yo) # 0.
Now we take a concrete form of (37)
X1 = [xl + %(sgn(xz) — 1)]y -+ X2

XZ = — {Xl + %(sgn(xz) — 1)} +yX2
y=¢((y —xy +yx2)

(54)

(55)

soa = 1and g(x,y,€) = (y —1)x; + yxa. Since ¢1(y) = y — 1, (54) holds for yp = 1.

The unperturbed system of (55) has a form

X = [xl + %(sgn(xz) — 1)} + x9
f2 = =[x+ J(sgn(xz) = )] + 2

1

with periodic solution (40) for 5 =1, {o(1) = Tsmh(T)
2

Figures 1 and 2.

Figure 1. Periodic solution of (56).

(56)

£ 0.217269 and with vector plot on
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Figure 2. Vector plot of (56).

The periodic solution of (55) with e = 0.01 is presented in Figures 3-6.

Figure 3. (x1(t), x2(t)) component of periodic solution of (55) with ¢ = 0.01.

1.001f
1.000
0999
0998

0.997

Figure 6. x;(t) component of periodic solution of (55) with ¢ = 0.01.

4. Discussion

In this paper we study a persistence of periodic solutions of perturbed slowly varying
discontinuous differential equations for a non degenerate case where the unperturbed
discontinuous system (3) has a periodic solution for y = y¢ and certain non degenerateness
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conditions are satisfied. We construct a Jacobian matrix and show that, if it is invertible
then the perturbed system has a unique periodic solution near the periodic solution of the
unperturbed system. We plan to consider a more degenerate case in a forthcoming paper
when (3) has a smooth family of periodic solutions.
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