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1. Introduction

The asymptotic behavior of solutions of partial differential equations in thin domains
is extensively studied in the vast mathematical literature. In particular, the thin tube
structures, introduced in [1], are considered as a geometrical model of a blood vessel
network (see other approaches to the modeling of blood vessel networks [2,3]). For the
steady-state Navier-Stokes equations in a network of thin tubes, an asymptotic expansion
of the solution was firstly constructed in [1]. The small parameter was introduced as the
ratio of the thickness to the length of tubes in the network. This asymptotic expansion
was used to justify the method of asymptotic partial decomposition of the domain firstly
introduced for the stationary Navier-Stokes equations in thin tube structures in [4]. This
method allowed reducing the computational costs that the Navier-Stokes equations posed
in thin tube structures. In particular, the full-dimensional computations are only needed
in small neighborhoods of the junction of tubes, while in the largest part of the domain,
the computations are one-dimensional. The non-stationary Navier-Stokes equations in
such a domain were studied in [5]. However, in these papers, the inflows and outflows
were described by the given velocity at the corresponding parts of the boundary. For nu-
merical implementation, the boundary conditions involving pressure for outflow are more
natural. That is why such conditions were extensively studied in mathematical literature
(see [6,7]). In particular, ref. [7] studies the stationary Navier-Stokes equations in a tube
structure (a bundle of three tubes) with the given pressure at the “free” ends of the tubes.
It is well known that this formulation of the problem has a solution for small data only.
Therefore, ref. [7] proves such theorem of existence and uniqueness and constructs a
first-order asymptotic approximation.

In the present paper, we consider the inflow—outflow boundary conditions for the
Bernoulli pressure. These non-linear boundary conditions were studied first in [8] for
the non-stationary Navier-Stokes equations for a compressible fluid and in [6] for the
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stationary Navier-Stokes equations for an incompressible fluid with small data where
the existence of the solution was proved. Since then, these conditions were considered
in different contexts: in [9], these conditions were studied for arbitrary data in a finite
pipe; in [10], a special model of the decomposition of the boundary value problem for
the non-Newtonian flow with the Bernoulli boundary conditions and some special newly
introduced interface conditions inside the domain was studied, and the existence of a weak
solution to this problem was proved.

In this publication, we will construct an asymptotic expansion of a weak solution of
the stationary Navier-Stokes equations in the whole thin tube structure with the Bernoulli
boundary conditions for the inflows and outflows. As an auxiliary result, we prove the
existence and uniqueness of the solution. It is proved by the same method as in [9] but
taking into account the dependence of the domain on the small parameter. The dependence
of an a priori estimate on the small parameter is addressed. The main difficulty is related to
the construction of boundary layers corresponding to the non-linear boundary conditions
and the justification of the asymptotic expansion.

The paper has the following structure. Section 1 is the Introduction. Section 2 re-
calls the main definitions for thin structures and formulates the Poincaré-Friedrichs and
embedding inequalities in thin structures. The main problem is formulated in Section 3.
Also, Section 3 is devoted to the mathematical analysis of the stationary Navier-Stokes
equations in thin tube structures with Bernoulli’s pressure condition on the inflow—outflow
parts of the boundary, while on the lateral part of the boundary, the no-slip boundary con-
dition is set. Theorem 1 states the existence of a weak solution for an arbitrary right-hand
side from L? and constant given Bernoulli’s pressure on the inflows and outflows. An a
priori estimate is proved with a constant depending on ¢, and this dependence is studied.
Theorem 2 states that for the data bounded by some constant, the solution is unique, and
the solutions corresponding to two different sets of the data satisfy the stability estimate:
the norm of the difference of the solutions is bounded by some constant multiplied by an
appropriate norm of the difference of the right-hand sides.

In Section 4, an asymptotic expansion of the solution of the stationary Navier-Stokes
equations in the thin structure is constructed. This construction uses the stabilization
theorem of the Stokes equations in a cylinder with the no-slip conditions on the lateral
boundary, with the proof provided in Appendix A. Compared to the Navier-Stokes prob-
lem with a given velocity on the whole boundary, the problem with Bernoulli’s conditions
leads to the Dirichlet problem on the graph for the macroscopic pressure, while in the case
of a given velocity, the problem on the graph is of Neumann’s type.

In Section 5, the residual is calculated and evaluated. Finally, in Section 6, we prove
the error estimate for the asymptotic approximations. Section 7 is the Conclusion.

2. Thin Tube Structure

Let us remind the reader of the definitions of the tube structure and its graph given
in [11].

Definition 1. Let O1,0;,...,On be N different points in R",n = 2,3, and ey, ey, ...,ep be

M closed segments, each connecting two of these points (i.e., each e; = O;;Ox;, where ij ki €

{1,.., N}, i; # kj). All points O; are supposed to be the ends of some segments e;. The segments
ej are called edges of the graph. A point O; is called a node if it is the common end of at least two
edges, and O; is called a vertex if it is the end of the only one edge. Any two edges e; and e; can only
intersect at the common node. The set of vertices is supposed to be non-empty.

M
Denote B = | ¢; the union of edges, and assume that B is a connected set (see

j=1
Figure 1). The union of all edges that have the same end point O; is called the bundle 5;.
Figure 1 presents the graph as a union of edges ey, ..., e7, where points Oy, O,, O3 are the

nodes, and points Oy, Os, Og, O7, Og are the vertices. Each point O;, a node or a vertex, with
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all edges containing O; as an end point, form bundle ;, for example, O; with edges ey, e»
and es form bundle B5;.

/

€4
/ \
€
Oy —
\ /
Figure 1. Graph of the tube structure.

Let e be some edge, ¢ = Oin. Consider two Cartesian coordinate systems in R”. The

first one has the origin in O;, and the axis Oz-xﬁ,e) has the direction of the ray [O;0;); the
()

second one has the origin in O]', and the opposite direction, i.e., Ojfn ,is directed over the
ray [0;0;).

Below, in various situations, we choose one or another coordinate’s system, denoting
the local variable in both cases by x(¢) and pointing out which end is taken as the origin of
the coordinate system.

With every edge e;, we associate a bounded domain o/ C R"! containing the origin
O, and having C2-smooth boundary dc7, j = 1,..., M. For every edge ej = e and associated

ol = ¢(®), we denote the cylinder by ng)

x(©)
ng):{ € e R": x () € (0,]e]), E0.(9)}/

where x() = (xge), s x,g 1), |el is the length of the edge ¢, and € > 0 is a small parameter.

Notice that the edges ¢; and Cartesian coordinates of nodes and vertices O;, as well as
the domains o/ , do not depend on e. We will also define a semi-infinite dilated cylinder

Hgi) = {x(e) eR": x,(f) € [0,00),x0 € U(e)}.
Let Oy, ..., On, be nodes and Oy, 41, ..., On be vertices. Let w!, ...,w™Nt be the bounded

; x—0; .
domains independent of ¢ in R”; introduce the nodal domains w] = {x € R" : — € w/}.

Every vertex O; is the end of one and only one edge ¢, which will also be denoted

k

as eo;; we will also re-denote the domain 0™ associated to this edge as Y. Notice that the

subscript k may be different from j.

Definition 2. By a tube structure, we call the following domain

_ (]Q ) U(,Q ol).

Suppose that it is a connected set and that the boundary aBE of Bg is C2-smooth except for

the parts of the boundary that are the bases v, = {x(®/ € ¢9i x = 0} of cylinders Hg ),
j=Ni1+1,.., N (see Figure 2).
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a)j=1,2,3 b)i=1,2,3,4

Figure 2. Tube structures.

Let r1 be the maximal diameter of domains w',i = 1, ..., N, denote r = r{ + 1. Consider
anode or a vertex O; and all edges ¢; having O; as one of their end points. We call the

union of all these edges a bundle of edges and denote it 5}, i.e, B, = | ¢;. Bya
jZOIGC]'
bundle of cylinders Bp,, we call the union wé U ( U Hiej )). We will also consider the
j:O1€e i
half-bundle HBo, = w!U( U {x e ., x5 € [0, leil /2] }). We will also use 0 =
jZOIGE]'
w'u ( U Hc(,?)), abundle of dilated cylinders. Denote also Qf = {x € R" : x/e € ()} }.
j:OIGEj
Below, we will use the following notation. Let V be a Banach space. The norm of the
element u in the function space V is denoted by ||u||y. Vector-valued functions are denoted
by bold letters, and the spaces of scalar and vector-valued functions are not distinguished

in notation. We use the standard notations for Sobolev and Holder spaces.
Let I’ = 9B\ U].l\i Ny+1 'yé be the lateral surface of the domain B,. We introduce the

function spaces W%’Z(BE) and f%’z(Bg):
Wy (Be) = { € W(B) :nlr =0, 11l ; =0, j=Ni +1,...,N},
72(Be) = {y € Wy(Be) : divyy = 0}.
We also introduce a subspace ]},'Z(Bg) of T},'Z(Bg) defined by
JY2(B) = {5 € TX(B.) : /qndS —0, j=Ni+1,...,N}.

7

Lemma 1 (Poincaré—Friedrichs inequality). The following inequality
lull 25,y < Crrell Vullias,), ¥Yu € WH2(Be) @

holds with the constant Cpp independent of e.

The proof follows from the standard Poincaré-Friedrichs inequality in a bounded
domain with the Dirichlet boundary condition on a part of the boundary, the partition of
B, with parts of a diameter of the order of £ and the scaling argument.
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Lemma 2. Let B. C R", n = 2,3, u € W'2(B). Then
lullty g, < el (1l g, + 2190l ) o
< C£2||Vu||%2(8g), n=2
and 4 3 2 2 2 3/2
llts g < el iagay (lulBag, + €1 92]2 )% o
< ce||Vu||‘i2(B£), n=3
with the constant c independent of e.
This lemma is proved in [12].
Lemma 3. Let B. C R", n = 2,3, u € W'2(B). Then
12,5, < e (lulagg, + € Vulaqs) < cell Vil @

with the constant ¢ independent of e.
Proof. The inequality in Equation (4) follows immediately from well-known trace estimate

9]l 2000) < cllvllwiz(a)
and scaling argument. [

3. Formulation of the Problem. Existence, Uniqueness and Stability of a Solution

Let us consider the following boundary value problem for the steady-state Navier—
Stokes equations in a tube structure B

—vAu+ (u-V)u+Vp =0 in B,
divu =0 in B,,
_ N j
u=0 ondBg\ Uiz +1 Yer (5)
Ur = 0 on r)/x]‘,‘/

1 : i
—voyu-n+ (p+ i\u|2) =c /e onql, j=N;+1,..,N,

where v is a positive constant, n is the unit normal vector to 'yé, ur =u— (u-n)nisthe
tangential component of the vector u, d,¢ = Vg - n is the normal derivative of g, ¢/ are
some constants.

Note that in the fifth equation the first term is equal to zero.

In this section, we prove the existence and uniqueness of the solution to Equation (5),
with the right-hand side f € L?(B;). From the boundary condition uT|7j = 0 and the

divergence equation divu = 0, it follows that —vd,u - n|7j = 0. Thus, using the identity
n
$(Vu?) =u- (Vu)! = ¥ u;Viy, we can rewrite Equation (5) with the right-hand side in
i=k
the following form
—vAu+ (u-V)u—u- (Vu)f + V® = f in B,
divu =0 in B,, ‘
u =0 ondB\ U].I‘LNIH 1L, ®)
ur : 0 on ’Y{‘l/

®=p; onyl j=N+1,..,N,

where ® = (p + %|u\2) is the Bernoulli pressure, p i stand for the constants ¢/ /2.
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Let us define a weak solution of problem (6) as a vector field u € E’Z(Bg) satisfying
the integral identity

Viu-ngdx — [(g-V)u-udx

Be

v [Vu:Vydx+ [(u
B, B,

N @)
== L pifuadx + [£oydx
j=N1+1 j Be
Ve
P 71,2
orevery 51 € J,/"(Be).
Introduce p]’f = pj— PN, j = Ni,..., N. Consider an equivalent weak formulation: find

a vector field u € ]A}l,’z(Bg) satisfying the integral identity

vau:Vnderf(u Viu-ngdx — [(g-V)u-udx
Be B

8
) P]fnndX+ff11dx ®
j=Ni+1 o

for every 5 € ffly'z(Bg). The equivalence of these formulations follows from the identity

N

oz P}*/nndx— L /ﬂndx

=N+

which is a corollary of the relation

N
) / f,dx’ =0
j=Ny+17,

Ve
for the solenoidal vector-valued function .

Let us explain this weak formulation heuristically; the rigorous analysis of the equiv-
alence of the weak formulation and the classical one needs to study the regularity of the
weak solution, see [13] for the methods.

Identity (7) follows from Equation (6) after multiplying them by # € E’z(Bg) and
integrating by parts in B.. On the other hand, for a sufficiently regular solution u sat-
isfying Equation (7), there exists a pressure field p such that the pair (u, p) satisfies
Equation (6)1, i.e., in B;. The boundary conditions (Equation (6))3 45 are satisfied in
the sense of traces (see the definition of the space Tfly'z(Bg)). More exactly, function @ is
defined up to an additive constant, but this constant can be chosen so that ® satisfies
Equation (6)s. Indeed, in Equation (7), take a smooth solenoidal function # satisfying
the boundary conditions #|r = 0, ’77|7f =0, j = N1 +1,.., N. Integrating by parts in
Equation (7) yields S

J(=vAu+ (u-V)u—u-(Vu) —f) - gdx

B
N N )
=—v Y [Ou-ydS— Y% p]-fnndx
=N =N 9)
N
=— X pi[u,dx.
j=Ni+1 ’)‘é

Ify € J§°(Be) = { € C{°(Be) : divy = 0}, then it follows from Equation (9) that

/(L(u) —f).qdx =0 Vi € JO(Be),

Be
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where
L(u) = —vAu+ (u-V)u —u- (Vu).

Hence, there exists a pressure function ®, such that (e.g., [14])
L(u) + V@ =f ae. in B;.

Then N
/(L(u)—f)-ndx:—/v<l>~11dx:— Z /dD-qndx/
Be

B, j=Ni+17;

€

for every solenoidal # € ’]\}Y’Z(Bs). Therefore,

N N :
Y /d>~;7ndx’ = ) p]-/;yndx’.
Ye 'Yé

j=Ni+1 i j=N1+1
Thus,
N
) /(CIJ —pj) - dx’ =0 Vi € J17(Be). (10)
j:N1+1 :

%

Let us fix arbitrary j € {N; +1,...,N}. Taking # € ]%’Z(Bg) such that 11|7,€< = 0 for
k # j, we obtain
(@ —pj)l.; = ¢cp
where ¢; is a constant (see [9,15]). Using these relations and now taking a test function
1 € Jor*(Be) in Equation (10) such that [ 5, dx' = 0fork # jand k # N, [ 5, dx' = 1 and

7 %
J #1,dx" = —1, we obtain
7
N
Y c]-/qndx’:c]-—cN:>c]-:cN.
j=N1+1 i
Te
Thus,
cij=cN Vi=N1+1,..,N. (11)

Since the Bernoulli pressure ® in the weak formulation is defined up to an additive
constant, we may set¢; = cy =0, j= Ny +1,..,N. Then from Equation (11), we have

CD|% = Pj, ] =N;+1,..,N.
Theorem 1. For arbitrary f € L?(B,) and p; €R, j=Ni+1,..,N —1problem (6) admits at
least one weak solution u € E’Z(Be). There holds the estimate
5 N
IVullsy < c (72 Y Ipjl+elfll iz, (12)

j:Nl +1

with the constant ¢ independent of e.
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Proof. Define in E’Z(Bg) the inner product [u, 7] f Vu : Vydx corresponding to the

Dirichlet norm. Using the Hoélder inequality and Lemmas 1 and 2, we derive the estimates
’fi] V)u- udx’+‘fu Vu- qu’
1/4
lu|* dx |Vu|?dx || dx
< (e frowas) (e
< CS“Iqull s IVl 2(8.)

wherea = 1forn =2and a«a = 1/2 for n = 3. From Lemma 3, it follows that

1/2 .
Yy S| < |P] (1P dx) 2
j=N1+1 = 7]
) - E (13)
<ce'? Y |p]'”|v’7||L2(Be)'
j=Np+1
Finally,
2 2
Uf qu‘ < <f|f\ dx) (f|’7| dX) (14)

< CerHLZ(BE IVl 2 g,)-

From above estimates and the Riesz theorem, it follows that the integral identity (8) is
equivalent to the operator equation in the space T,ly'z(Bg):

u = Au, (15)

where the operator A is defined by
[Au,y] = fv [ (u-Vu-y+ (- V)u'u—i—fqddx

fV‘l b5l pi [ e dx’ V€ T2 (Be).
j=Ni+1 ’Yi
Using the compactness of the embedding W'?(B;) < L*(B), it is standard to show
that the operator A : f}y'z (Be) +— T?Y’Z(Bg) is compact (see [14]). Thus, the existence of at least
one solution to Equation (15) will follow from the Leray—Schauder fixed point theorem if
we show that all possible solutions u*) of the equation

u® =214uM, A €0,1] (16)

are uniformly (with respect to A) bounded.
A solution ut) to Equation (16) satisfies the integral identity

v [VuW : Vydx + A [(@WN) - V) uW - gdx — A [ (- V)uM) - u) dx
Be Be B
N-1 . 17
=—A L pi[aadd + A [fogdx Vg e Jy7(Be). 7
j=N1+1 'Yé Be

Taking 7 = uY) in Equation (17), we obtain

/|Vu \zdx——)\ Z p]/uE1 dx—l—)\/fu

j=Ni+1 :
"7
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Using Equations (13) and (14), we obtain

N-1
1Vu® ||i2(35) < C(sn/Z j:l\%—i—l |p]’.‘| + SHfHLZ(BS)) [ Vat) Il r2(8,)-

Hence

N-1
IVa® gy < (e T |pt]+ el )
j=Np+1

The constant c in the last inequality is independent of A and e. This finishes the proof
of the theorem. [

Definea =1forn=2anda =1/2 forn = 3.

Theorem 2. 1. There exists a positive constant ¢y independent of ¢, such that if

N-1
coe® (s”/2 ) pj +€Hf||L2(B€)) <v, (18)
j:N1+l

then the weak solution u € T,ly’z(Bg) of Equation (6) is unique.

2. Let {py;} and {p3;} j = N1 +1,..., N be two sets of real constants and f1, £, be functions,

f; € L*(Be),i = 1,2, satisfying Equation (18), and let u; € T}Y’Z(Bg) be weak solutions of
problem (6) corresponding to { pl*]} and £;, i = 1,2. Then there exists a constant C independent of €
such that

N-1
IVur = Vgl 2s,) < eCllfr — ol 25, +ce"? ;ﬂ p1; — pal- (19)
J=MN

Proof. 1. Suppose that there exist two weak solutions u; and uy satisfying Equation (8).
Subtracting identity (8) for up from the one for u;, we obtain

v [Vw:Vydx+ [ [(w-V)us -5+ (uz- V)w- 7] dx

B: Be
— [ [(g-V)ur-w+ (- V)w-uy| dx =0, (20)
Be

where w = uj — up. Taking # = w in Equation (20), in virtue of Lemma 2 and Equation (12)
for uy, we obtain
v [|Vw]?dx = [(w-V)w-udx — [(uy- V) wdx
Be Be Be
< 2[|Vuy|[pa(p) VW 1208, Wl 2B,

N-1
<coet (&2 ;| +ellflliage, ) I VWi
N1 L?(B) 12(B;)

where the constant ¢y is independent of e. If condition (18) is valid, the last inequality yields
/ IVw|?dx =0,
B,

and, thus, w = 0.
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2. Subtracting identity (8) for u, from the one for u;, we obtain

vaw Vndx+f[ Vuy -5+ (up - V)w - 7] dx
— Jup -w+ Viw - uy| dx

f [(n 1w+ (V) ] 1)

N=1 * * '

=ffz—f1 qdx— 2 (pii—p3p) [ 1. dx,

Be j=N1+1 %‘

where w = u; — up. Taking # = w in Equation (21), in virtue of Lemma 2 and Equation (12)
for uy, we obtain

v [|Vw|?dx = [(w-V)w-wdx— [(uy-V)w-wdx+ [(f, — f;) - wdx
B B B Be
N-1

- X (pij—p5) [ wadd'
j=Npj+1 'Yé
< cl VWL g, 02l sp,) + 12 = f1ll2p, Wl 25,

N-1
+C£n/2j=]\%+l ‘PT] - sz‘ HVWH%Z(BE)

N-1

<coe"(e"2 ¥ |pi| +ellfallzgp, ) VW2

( j=N;+1 ] L (BS)) L2(Be)
N-1

+eCpe || VWl 125 1f2 — f1ll 125, +ce™* 1\;+1|ij = 3l IVwli3a g
J=MN

where eCpr is the Poincaré-Friedrichs constant for domain B, (constant Cpr is independent
of €). If condition (18) is valid, the last inequality yields Equation (19). O

Remark 1. Notice also that the weak solution u of problem (6) belongs to the space W2 (B;)
whenever f € L*(B;). The corresponding pressure belongs to WY2(Be). This can be proved

extending the solutions and the data by reflection over the sections y. to a larger domain (see [13]).

4. Asymptotic Expansion of the Solution

In this section, we describe the construction of the asymptotic expansion. Let { €
C%(R) be an even function independent of ¢ such that {(t) = 0if |t < 1/3 and {(t) =
if |t| > 2/3. Denote e = eo; (the edge with the end O;) and x(©) the Cartesian coordinates
corresponding to the origin O; and the edge ¢, i.e., x(©) = Ple)(x — 0j), and P is the
orthogonal matrix relating the global coordinates x with the local ones x(¢).

The asymptotic expansion of the velocity field is sought in the form:

le] — xNgy x©)
ull)(x) = ZO;,I=N1+1,...,N;e=TOilé(Ten)U[ 2 (—)

tsh
(e) )
+Tcrpupen £ ) (L2 e () @
# £ (- (B0 umon (1),

where the first sum is taken over all edges that have a vertex as an end point (and with the
origin of the local coordinate system at the vertex), and the second sum is taken over all
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(e)

remaining edges. All the terms in these sums are extended by zero out of cylinders I1;’;
the terms of the third sum are extended by zero out of the corresponding bundles:

U[B,]] = (P(E))t(()’ . .’0, C[[E,”)t’

L 2
{leJ] (y(e)/) — 'ZOSJU(E) (y(e)/)/ (23)
]:
UI[BLOLJ] (]/) é EJU[BLOZ](]/)‘
j=0

The asymptotic expansion of the pressure for every half-cylinder ng), xn < le]/2,

corresponding to the edge e = 0;0;, I = Ni +1,.., N, (O is the origin of the local
coordinate system) is sought in the form:

p0)(x) = —s(©) <E)+a()+1(1_€(|x Ol'))pWO:J]("_TOl), (24)

|elmin

and on every half-bundle HBp,, I = 1, ..., Ny, (O is the origin of the local coordinate system)
we define:

(e)
xn e
D(x) = Lecs, 5(%) (= s@x) +ale) — g(e)) 4 gle)

(25)
x—0 x—0
7( C(‘ l\)) BLO,,]]( l)l
|| min €
where the terms of the sum are extended by zero out of cylinders ng),
Ly g L g gl
=3 Zsfsj , al®) = = Zsfaj (26)
j=0 j=0
and |
i p[BLOy,
PO (y) = 37 P (y). @)

j=0
Here e; is the selected edge of the bundle (arbitrary chosen among edges of the bundle),
and the local coordinates x(¢) are redefined so that all of them have the same origin O.
The algorithm of successive determination of the terms in asymptotic Equations (22)
and (24) is as follows.
The base case. Solve the conductivity problem on the graph for the function py:

82 (e)
2P (x) =0, 9 € (0, le]),
ax,(f) ©
a e
¥ Kg%(()) —0, I=1,..,Nj, (28)
eOj€e Jx
pi(0) =d, 1(:) Ny +1,...,N,
p(0) = p§(0), Ve C B,

Here, the local coordinates x(®) are redefined so that all of them have the same origin
O;. Thus, py is a continuous function on the graph. Indeed, the last condition of this
problem means that the values of the function p for the values of local variables x,(f) =0
associated to all edges e of the bundle B; are the same. Note that by applying the same
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Lax-Milgram lemma arguments as in the first part of [16], one can prove the existence and

uniqueness of the solution of this problem.

Solving the above conductivity problem, we define the constants s(()e) and a(()e) for every

edge e such that
p(()e) (x(e)) _ —S(()e)JC,(f) + u(()e)
and the velocity

09 =9 ul ), uP ) = (PO ..., 0T ), @9)

where Uég) (y(©)") is the solution to the Dirichlet problem

—vA o U (1) =1, yO' € o;

Uy |y = 0.

For [ =1, ..., Ny, the boundary layer problem for (U, [BLOY] (y),POBLO’] (y))is

_VAyU([)BLOl] + vyP[BLO,] _ f([]REGOZ] _'_f([)BLOZ}, y e Ql/

div U[BLOZ] h([)REGOZ], ye, (30)
U([)BLO[]| o =0,
where RECO
£ (y) = o
== = {8 (- om (2(5) (P 0 0,457 (1)) 1)
eVce
(e) (e)
_ Yn "\, (o) (e) (es) Yn
Vile(5)n) + @ — ) vule (5}
£/ (y) = 0, (32)
[REGO;] . (e) ]/Szg) (e)\! le] /. (et
) = divy ¥ {st72(%) (PO) 00U ) ) 69)
e:0;€e

Here the sum Y, is taken over all edges e that have ends in the node O;, and
e:0j€e

the terms are extended by zero out of each cylinder H(ej ). Here we have an unknown

quantity in the right-hand side, the constant ag ¢) aggs) is unknown. Let us denote by

(U([)BLO’] (v), I%BLOZ] (y)) the solution of Equation (30) without the last term
)

(ﬂge) - ﬂﬁe“) )Vy (é (%)) in fEREGO’ ) (y) (since this term is in the gradient form, the solu-

tions only differ by the pressure components). The right-hand sides of Equation (30) have

compact supports. Therefore, according to results of Propositions 7.1 and 7.2 in [5], the

pressure 13 [BLOI (v) exponentially stabilizes in each outlet (corresponding to the edge e) to

~[BLOy,¢]

a constant, say 4, , in the sense of integral estimates

lim

SIBLOY ( \ _ ~[BLOLel\2 5
k—s+o0 AV;B)E(k,k+l)}ﬂQI(PO (y) ag )2 dy = 0. (34)

Forl = Ny +1,.., N, (UPE9 (y), pIBEO () — (0, 0).
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Consider now the conductivity problem of rank 1 on the graph for the function p;:

aZP(f) ()
n

—re— (%) =0, 1) € (0,[e]),
oxy,
ap(‘?)
Oz Kea—ée)(o)zo, I1=1,.., Ny, (35)
e:0;€e Xy

Pie)(xr(f) =0)=0, =N +1,..,N,
pi(0) — i) (0) = a0, Ve c Bie £ e,

where ¢; is the selected edge of the bundle. Therefore, in this problem on the graph, the
solution may be discontinuous at the nodes. Namely, at each node Oy, there are prescribed
jumps of pge) between the edges e and e; of the bundle. This problem also has a unique
solution p.

() (e) (e) (x(f)) (€) e) | )

Now, constants s; ' and a; ’ are known: p;’(x;’) = —s; 'x, 1, and we can
completely determine the pressure in the boundary layer problem (30):

()

0
e:0)€e, e#es 3r

Suppose that all terms of Equations (22)-(27) corresponding to the rank less or equal
to j — 1 are known, and the macroscopic pressure on the graph p; is known as well. Let us
describe the passage from rank j — 1 to rank j.

Step 1. As the macroscopic pressure on the graph p; is known, define constants s](.e)
(e)

and a j for every edge ¢ such that
p](e)(x(e)) _ _S](f)xig@) +u(9)
and

(36)

[BLOI], p][BLO’]) that solves the follow-

Step 2. The boundary layer solution is a pair (U i
ing Stokes system in (3, [ =1, ..., Ny:

—vA U+, p + £,

div, U0 = plRFC91, (37)
O .
U][BL l”an - 0/ ] :/0/"-/ ]/

[BLO|] _ ¢[REGO)]

where

+9y[(%) (= 57n) | -
2 i(5) @ v (o(5) vl o)
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(for j = J, the coefficient E}?l(t) is omitted),

;(1)

f][BLOI](y(E)) =— ¥ { Y 5( )(U[e]( (e)r ). vy)ULBLOI](]/)

eOrce \prr=j—1 N 37
+P+r§j—1( LBLOI ( ( ) Uy’ (v ))} %
‘QHEFJUEwWw'va?”Ww,
WOy =~ ¢ divy(g(%d>U][e](y(e)’,t)>. (40)
e:0;€e r

Here the sum ) is taken over all the edges e that have ends in the node Oy, and the
e:0j€e
terms of the sum are extended by zero out of cylinders HEE)

terms with the negative subscripts j are equal to zero.

and by convention, while the

First, we find the couple , which is the solution to the same

Equation (37) without the last term in the definition of fiXE¢°"! (see Equation (38)). Usin
q i q g

U][.BLOI] expo-

nentially tends to zero as |y| — +oo, while the corresponding pressure function 13][BLO’ ]

stabilizes in outlets to infinity to some constants a][ LOel 4

the results of Theorems 7.1 and 7.2 in [5], it can be proven by induction that

in the sense of Equation (34); these
constants may be different for different outlets. Since the pressure function is defined up to
an additive constant, we can fix the limit constant to zero for the outlet corresponding to
the selected edge e.

Then we solve the problems in half-cylinders (3;,/ = N; +1, ..., N:

BLO;| _ ¢[REGO)] BLO)]
i 7

—vA U 4 v, Pl
[ le}y =0,
BLO
K [B[LB(])I\{W:O} =0
UfT : |]/n=0 = 0’

(BLO,]

(7 Vanan n 1’5j[BLOz]>

=1 L (U000 )
prr=i
+U;['BLOI |yn:0)/ ] = O/'-'/ ]1

+ f][.
[BLO,]

(41)

aU][BLol] ‘n

on

where is fictive.

f}REGO,] (y(g)) -0, (42)

f][BLOz](y(e)) - _ +Z, 1 (ULE] (Y. vy)ULBLOZ](y)
pHr=j-
- = (0 v o) )
pr=j-
- (G v ut).
pHr=j—

pIBLOI [BLOs €]

The pressure here tends to a constant @;
If j = ], then the right-hand side of the boundary condition is replaced by
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-1 W@y ulfol), gl yer)
J-1<p+r<2] (44)

+U£BLOI] ‘yn:O)r ] =0,.., ]

Step 3. Solve the conductivity problem on the graph for the function p(e)l G<]):

j+
angf)
D) =0, 2l € e,
ox;,
ap(.e)
s - ](;1 0)=0, I=1,.., N,
e:0;€e X

p]('i)l (0) = /a\]'ﬂzLOhe}/l = Nl + 1/-"' Nr

P 0) = P (0) =", Ve C Bre e,

where the local coordinates x(¢) are redefined so that all of them have the same origin O.

Step 4. Finally, we find the pressure I’][BLOZ](y) in the boundary layer problem
(Equations (37) and (38)) for I =1, ..., Ny:

(eam)
(BLOJ, \ _ =[BLOJ| y _[BLO,¢]
PPy = PPy -y (T )aro,

e:0;€e, e#es
and P]-[BLO’ ] (y) in the boundary layer problem (Equations (41) and (42)) for/ = N; +1,...,, N:

P[BLO,](y> _ piBLO] (y) — S1BLOe]

j j j

This step finalizes the passage from j toj + 1.

5. Residual

Consider the asymptotic expansion (u(] ), p(] )) of order J (see Equations (22) and (24)).
By the construction

ul) e w22(B,), vpD e L2(B,). (45)
Moreover, Hu(] ) H‘i4 (B.) < ce(=1)/4, Indeed, the Poiseuille part of ull) satisfies this

estimate. The |- |, (g9 OTM of the boundary layer functions in each bundle B! can

e)
be estimated by the L*-norm in the unbounded dilated domain Q); multiplied by &"/4.
Taking into consideration an exponential decay of the boundary layers, we obtain the
desired estimate.

Put £(u,p) = —vAu+ (u- V)u+ Vp. Let us calculate £(u(!), p())) in a half-bundle
HBp,, 1 =1,..., N1. We obtain

£ (x) = £, p)

| (8 ot
S IR @ N CORSNECS

J+H1<j<2] e:0j€eat+p=j—1

()
+ Y [ T (%)W wn vty

eOjce " p+r=j—1

(e)
+ Z (U%BLOI] (]// t) . vy) (g(y;r )Ug:; (y(e)/))

ptr=j—1
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+ X (ULBLO’](y,t)~vy)U£BLO”(y)}>

pt+r=j—1

©
+e2 Y atolv,g (%)

e:0;€e
lx — O] ylBLo |x =01l piBL
L 1.]] Lt , [ O1]] Lt x) %,
{ (e (e ) U, (F ) PPy, ) x() §
— Ol x(e)
Here y = ; yle) = —X= Xsupp (1-( 0| ) is the characteristic function of
=\ elmin

the set supp (1 —C ( ‘TETQI | ) ) . As before, the terms of the sums ) are extended by zero

e:0€e
out of cylinders I’Ige).

Here the first four lines come from the inertial term, and they contain all the combi-
nations of U(;) and U/[E,)BLO’]

from the pressure gradient term; this term is the only one that was not compensated by the

boundary layer-in-space problems. The last line is the residual generated by the multiplica-

tion of the boundary layer correctors by the cut-off function { (ﬁio”) Notice that terms

that have an order higher than | — 2, and the next line comes

appearing in this last line exponentially vanish because in the set supp(1 — (M))

‘e ‘min
(where x # 0), the order of this term in L2-norm is O(e~°1/¢) with some positive constant
c1 (see the Appendix in [5]). From the obtained formulas, it follows that

1ED |25, = 1£D, pD) [ 12(5,) = O(]72). (46)

In the vertex-associated cylinders Bp,, I = Ni + 1, ..., N, the residual is simpler: it is

(e)
without the factor ¢ ( y”r ) .

Let us calculate the divergence of u'/). In any half-bundle, we have

|x=01]

elmin

Obviously, h/) € W'2(B,). Since the support of the function V{ ( "“E‘QI | ) belongs to

‘mm

the middle third of every cylinder, the relations there
1B [ wna g,y = Oe™27) (47)

hold for some ¢, > 0.

Finally, the boundary conditions are satisfied with the residual &/ _1AEBLO’ “
~[BLOj ]

Jon L. This

residual appears as a result of the subtraction of the constant a;

[BL

layer pressure Pj

from the boundary

Ol (y) in Step 4 of the algorithm. For all j < ], it is compensated by the
gaps of the pressure in the problem on the graph, but for j = ], it remains as a residual.
It is easy to see that

h) (y) dy = 0.

Be
Therefore, by Lemma 3.7 in [17], there exists a vector field wl) e Wiz (Be) with such
that divw() = —r(), Moreover, the estimates
HW(I)HWLZ(BS <elenV HLZ(BS) (48)

hold.



Mathematics 2021, 9, 2433 17 of 20

Setul) = ull) + w(D. Then diva!)) = 0, (/) satisfies the boundary conditions with

8]—1aEBLOzr€]

the residual — on 'yé, and because of Equation (47), we have

||f1 28, = =0(7?), (49)

where fgl) =L@, p).

6. Error Estimate

Theorem 3. The following error estimate
Ju =8P iz g, = O 172) (50)
holds.

Proof. Letv = u — u!/). Then the integral identity
vav V:ydx+fv V)v- ndx—i—fv V)alh . ydx

+f Wendx— [(n- V)v vdx
B,

—f n-V)v- u()dx—f(;y-V)ﬁ(I).vdx
Be

I=N;+1 ,)/é

holds for every 7 € Tfly’z(BS).
Taking # = v and integrating by parts, we obtain

N
vf |Vv|?dx =¢~1 ¥ AEBLO”K] [ vadx
I=N;+1 'Yl (51)
+f i dx - [@V) - V)v- vdx—ff
Be

From Lemma 3, it follows that

N N

_ ~|BLOy,e _ ~|BLOy,e

I Y W R 7Y - VI el 7 PP
I=N;+1 'Yé I=N;+1

Using the Holder inequality, Equations (2) and (3), and the estimate ||a/) | 14(B) <

ce=1)/4 e obtain

‘f v-V)v-ul)dx|, ywv-val) dx| < \|v||L4 (B) IV 2 BS>||u ||L4 (Bo)

B
< et |2, ) S ced | Vv ]2,

whereax = 1/2 forn =2 and &« = 1/4 for n = 3. Moreover,

‘Bffy) vax| < eCor| £ 25, I V¥l 125,

where eCpr is the Poincaré—Friedrichs constant for the domain B,.
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From these estimates and Equation (51), we obtain

2-)+n N
v [|Vv]?dx <ce” 2 v aBBLO”e]
B, I=N;+1

3
+ced HVVH%Z(BS) +¢eCpr ny) ||L2(Be) HVVHLQ(BS)'

|VV||L2(BS)

Hence
c 2umen Noo(pro e )
VY2, < s=gam(e 2 l EIH aj + el £ | 2(8,))
=N
20-v+n - N 110, _
< v—gg3/’4 (e 2 Y altord el h).
I=N7+1
Ifv—ce’’* > v/2, then
Ivllw2(p,) = [lu— ﬁ(])HWM(Bs) =0 (52)

Now, by evaluating the norm of the difference u!/) and u{/+2), we obtain:

lalh) — = O/ =172y,

a2 yap,)

Replacing | with | + 2 in Equation (52), we obtain:
lu— &+ |12, = O(/*).
So, the triangle inequality gives Equation (50). [

7. Conclusions

The main result of the paper is the construction of the asymptotic expansion of a
weak solution of the stationary Navier-Stokes equations in a thin tube structure with the
Bernoulli boundary conditions for the inflows and outflows. The existence and uniqueness
of the solution is proved. The dependence of the stability estimate on the small parameter
is addressed. We proved the error estimate. It allows evaluating the limitations of the
theoretical predictions of the asymptotic theory and introducing a new numerical strategy
for computations of the Navier-Stokes equations in thin tube structures.

Author Contributions: Conceptualization, R.J., G.P. and K.P; methodology, R.J., G.P. and K.P; formal
analysis, R.J., G.P. and K.P; investigation, R.J., G.P. and K.P; resources, R.J., G.P. and K.P,; writing—
original draft preparation, R.J., G.P. and K.P,; writing—review and editing, R.J., G.P. and K.P. All
authors have read and agreed to the published version of the manuscript.

Funding: The research received an external funding from the LABEX MILYON, Russian Science
Foundation and European social Fund (see Acknowledgement).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: Not applicable.

Acknowledgments: R. Juodagalvyté was supported by the LABEX MILYON (ANR-10-LABX-0070)
of Université de Lyon within the program “Investissements d’Avenir” (ANR-11-IDEX-0007) operated
by the French National Research Agency. G. Panasenko was supported by the Russian Science
Foundation grant 19-11-00033 operated by the Moscow Power Engineering Institute and K. Pileckas
by the European Social Fund (project No 09.3.3-LMT-K-712-17-0003) under grant agreement with the
Research Council of Lithuania (LMTLT).

Conflicts of Interest: The authors declare no conflict of interest.



Mathematics 2021, 9, 2433

19 of 20

Appendix A. Stokes Equation in a Half-Cylinder with Neumann’s Condition on the
Base and No-Slip Condition on the Lateral Boundary

Let Q) be a half-cylinder w x (0, +00), where w is a bounded domain in R"~! with a
Lipschitz boundary. I' denotes the lateral boundary dw x (0, +o0), and y denotes the base
w % {0}. Consider the stationary Stokes problem

. of,,
—vAu+Vp=f+ ¥ -,
vAu p L oo
divu =0
! Al
a(x)[r =0, 4D
p(x)]y = 9(x"),
u;(x)|, =0.

Define Jr o = {# € W'2(Q) : divy = 0,9|r = 0,7,|, = 0}. Assume that f, f,, € L?(Q)
and ¢ € L?(). By a weak solution ofproblem (A1), we understand a vector field u € Jro
satisfying the integral identity

n
v/Vu:Vndx: /1[J(x’)17n(x’)dx'+/f'1]dx— ) /fm~a—”dx (A2)
O Y o) =PI

for every vector field # € Jr.

Theorem A1l. Assume that f,f, € L?(Q) and ¢ € L%(v). Then there exists a unique weak
solution u of problem (A1). It satisfies the estimate

n
lellwaey < C(Mlz) + X Mfnlliziey + ¥y (A3)

with a constant C independent of £, f,,, and .

Proof. The proof of this theorem is standard: the right-hand side of Equation (A2) is
considered as a linear continuous functional on the space of functions # belonging to Jro.
This space is supplied with the inner product [u,#] = v [, Vu - Vxdx. Using the trace
theorem and the Poincaré-Friedrichs inequality for functions from Jr o, we apply the Riesz
representation theorem and obtain the existence and uniqueness of the solution. Then
taking # = u and using again the trace theorem and Poincaré-Friedrichs inequality, we
obtain estimate (A3). O

Let us define in () weighted function spaces. Denote
Eg(x) = exp(2Bxn)- (A4)

Denote by Wé’z(ﬂ), I > 0 the space of functions obtained as the closure of C§°(Q)) in
the norm

l
iy = (X [ EsolDuCoP ax) ™

la]=0¢

and set WE’Z(Q) = £l23 (Q). Notice that for > 0, elements of the space W;;Q(Q) exponen-

tially vanish as x, — cc.
Denote Q05 = {x € O : x,, > J}.
There holds the following theorem.

Theorem A2. Assume that £, £, € E%(Q), B > 0. If B is sufficiently small, then the weak
solution u of problem (A1) belongs to the space Wéz(())



Mathematics 2021, 9, 2433 20 of 20

Moreover, if dw € C? and £,, = 0, then forany 6 > 0,u € W2’2(05), and there exists a

B
function p € L2 (Q) with Vp € E%(Qg) such that the pair (u, p) satisfies Equation (A1) almost
everywhere in Q5. There exists a constant @ such that ~ lim  p(x) = 4 in the sense
x€Q,|x|—o00
[expl2prsatip(x) ~alPdx <o By € (0,p). (A5)

Qs

This assertion is a corollary of Theorems A.1 and A.2 and Proposition A.1 of [5], see
also [18,19]. The regularity of the solution in (5 needed for the proof follows from ADN
estimates (see [20]).
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