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Abstract: In this paper, we study the two weight commutators theorem of Riesz potential on an
arbitrary homogeneous group H of dimension N. Moreover, in accordance with the results in the

Euclidean space, we acquire the quantitative weighted bound on homogeneous group.
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1. Introduction and Main Results

Suppose H is a nilpotent Lie group, which has the multiplication, inverse, expansion
and norm configurations (x,y) — xy, x — x7 1 (t,x) > tox, x — po(x) forx,y € H,t >0,
respectively, then we call H being a homogeneous group (see [1] or [2]). The multiplication
and inverse operations are polynomials and t-action is an automorphism of the group
structure, where t is of the form

to(xy,...,x,) = (tﬁlxl,...,tﬁ”xn)

for some constants 0 < 1 < By < ... < B,. Besides, p(x) := max {\xj|1/ﬁf} is a norm
j<n

linked to the expansion configuration. We call the value N= 27:1 B; the dimensionality of
H. In addition to the Euclidean structure, H is equipped with a homogeneous nilpotent Lie
group structure, where Lebesgue measure is a bi-invariant Haar measure, the identity is
the origin 0, x~! = —x and multiplication xy, x,y € H, satisfies

(1) (ax)(bx) = ax + bx,x € H,a,b € R;

(2 to(xy) = (tox)(toy),x,y € H,t >0;

(3) if z = xy, then zx = P(x,y), where Pj(x,y) = x1 +y1 and P(x,y) = xp + yx +
Py(x,y) for k > 2 with a polynomial P(x,y) depending only on xq, -+, X¢_1, Y1, -+ , Yk_1-

Finally, the Heisenberg group on R3 is an example of a homogeneous group. If we
define the multiplication

(o y,u) (Y u) = (x+x y+y ut ' + (xy' —yx')/2),

(x,y,u)(x",y',u") € R3, the R3 with this group law is the Heisenberg group Hy; a dilation
is defined by t o (x,y,u) = (tx, ty, t?u), that is the parameters B; = 1,8, = 1, B3 = 2.

Definition 1. Let w(x) is a function on H, which is non-negative locally integrable. For 1 < p <
oo, we call that w is an A, weight, denoted by w € Ap, if

wla, = sup (g7 [ o)) (g [, ()7

The supremum here is taken over of all balls B C H. We call that the quantity [w] a,, is the Ap
constant of w. For p =1, if M(w)(x) < cw(x) for a.e.x € H, then we say that w is an Aq weight,

p—1
S
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denoted by w € Ay, where M represents the Hardy-Littlewood maximal function. In addition, let
Ao := UlgpgooAp, then we have

1 1 1
[w]a,, = sgp (E/dex) exp (E/Blog(a)dx) < 0.
Definition 2. Let x € H, and w(x) be a non-negative locally integrable function. For 1 < p <
g<oo,we Apyif
9

[w]a,, = Sl;p (|13|/Bwq) (;%/Bwpv V< oo,

where p' is the conjugate exponent of p, that is % + % =1

Definition 3. Suppose w € Aco. Let b € L} (H), then b(x) € BMO,,(H) if

loc
] = sup o [ [b(x) — baldx < o0
BMOy,(H) = BP w(B) Jb B ,
where bp 1= ﬁ [ b(x)dx and the supremum is taken over of all balls B C H.

We now review the definition of Riesz potential on homogeneous group. For 0 < a <N,
W)
Wi = [ IO,
S oy e
and the corresponding associated maximal function M, by

Muf () = sup e [0l

xX€EB

The reason why we study the weighted estimates for these operators is because they
have a wide range of applications in partial differential equations, Sobolev embeddings or
quantum mechanics (see [3] or [4]).

Muckenhoupt and Wheeden [5] are the first scholars to study the Riesz potential.
When H is an isotropic Euclidean space, Muckenhoupt and Wheeden [5] show that I, is
bounded from L?(w?) to L1(w7) for1 < p < %,% = % — &, w € Ay, Moreover, the sharp
constant in this inequality was given in [6]:

(1—%)max(1,ﬂ)
||Ia||LP(w”)%L‘7(w’7) < C[w]Aprq "

Definition 4. Suppose b € L. (H), f € LP(H). Let [b, I,] be the commutator defined by

loc
[b, L] £ (x) := b(x) I () (x) = L (bf) (x)-
The iterative commutators (1)}, m € N, are defined naturally by
(L)y f(x) = [b, (L) 11 f (x), () f (x) = [b, L] f ().

In 2016, Holmes, Rahm and Spencer [7] prove that

b, L] : LF,(R") — L|,(R") < b € BMO,(R"),
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where 1 < p < %, 1 — % — 5w, A € Apg,u = ¥. Later, the quantitative estimates for
iterated commutators of fractional integrals was obtained by N. Accomazzo, ]. C. Martinez-
Perales and I. P. Rivera-Rios [8].

In 2013, Sato [9] gave the estimates for singular integrals on homogeneous groups.
In [10], X. T. Duong, H. Q. Li and J. Li established the Bloom-type two weight estimates
for the commutator of Riesz transform on stratified Lie groups. Moreover, Z. Fan and
J. Li [11] obtained the quantitative weighted estimates for rough singular integrals on
homogeneous groups.

Motivated by the above estimates, we investigate the quantitative weighted estimation
for the higher order commutators of fractional integral operators on homogeneous groups.

In this paper, our main result is the follow theorem.

Theorem 1. Let0 <a < Nand1 < p < %,q defined by % +5= %, and m is a positive integer.
Assume that y, A € Apq and that v = §.
1. Ifb € BMO,/n(H), then

||(Ia)bmf”qu(H) < Cm,N,a,p||bH’gMovl/m (H)KmeHLZV(H)' 1)
where
1 m k m—k (1_N)max{1'ﬂ}
Km = k;O (k) ([A]AW [V]AM> A(m, k)B(m, k)
and
m—+k+1 m—k—1 mr;k max{l'q%l}
A(m, k) < ([M]AqZ [Vq]ATZ ) )

1 % max{l,ﬁ }

Bm i) < (W12 1y, )

2. Foreveryb € L}, (H), if (I} is bounded from Li,, (H) to LY, (H), then b € BMO,,1/m (H)
with

m < m
1600, 20y = N3N, ey, -

2. Domination of the Iterated Commutators by Sparse Operators
2.1. A System of Dyadic Cubes

We define a left-unchanged analogous-distance d on H by d(x,y) = p(x~'y), which
signifies that there has a constant Ag > 1 such that for any x,y,z € H,

d(x,y) < Aold(x,2) +d(z,y)]-

Next, let B(x,7) := {y € H: d(x,y) < r} be the open ball which is centered on x € H
and r > 0 is the radius.

Let <7 be k-th denumerable index set. A denumerable class D := Ugcz Dy, Dy =
{Q]l‘3 : B € @}, of Borel sets Q’l‘3 C H is known as a set of dyadic cubes with arguments
€ (0,1)and 0 < a1 < A1 < o0 if it has the characteristics below:

(D) H = Upey Q’é (disjoint union) for all k € Z;

(2)If £ > k, then either Qf, C Q’; or Q’g nQl =o;

(3) For arbitrary (k, ) and for any ¢ < k, there is a exclusive 7 such that Qllg - Q‘Z ;
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(4) For arbitrary (k, B) there exists no more that M (a settled geometric constant)
such that Q&1 C Qg, and Q’; = UQGDkH,QQQ’g Q;

(5) B(xf, a16) C Qf C B(xf, A10*) =: B(Qf);

(6)If ¢ > kand QY C QF, then B(Qé) C B(Q’E). The set Q’é is called a dyadic cube of
generation k with centre x’lg € Q’/; and side length E(Q’/g) = ok,

From the natures of the dyadic system above, for any Q, QL‘Y“ and Q’;H c Qk, we

get that there is a constant Ay > 0 such that:
k+1 k A k+1
‘Q'er ‘ < |Q/S| < AO‘Q“/Jr |

2.2. Adjacent Systems of Dyadic Cubes

Let {D!:t=1,2,...,7} be alimited set of the dyadic families, then we call that itis a
collection of neighbor systems of dyadic cubes with arguments § € (0,1),0 < a; < A; < o0
and 1 < Cyy; < oo if it has the following two characteristics:

(1) Forany t € {1,2,...,T}, D'is a system of dyadic cubes with arguments 6 € (0,1)
and 0 < a1 < Aq < o9

(2) For any ball B(x,r) C Hwith 63 < r < "2,k € Z, there have t € {1,2,...,T}
and Q € D! of generation k which is centered on txg such that d(x, tx’é) < 2A00F and

B(X, 1’) cQcC B(xr Cadjr)' 2)

2.3. Sparse Operators

We review the concept of sparse family given in [12] on ordinary spaces of homoge-
neous description in the sense of Coifman and Weiss [13], which is also suitable in the case
of homogeneous groups.

Definition 5. Let 0 < 57 < 1, for every Q € S, we call that the collection S C D of dyadic cubes
be a n-sparse, if there exists a measurable subset Eq C Q such that |Eq| > n|Q| and the sets
{Eq}qes have only limited overlap.

Definition 6. Given a sparse family, the sparse operator Ag is defined by

As(f)(x) = ) (Hloxo (),

QeSS
where (f)o = ﬁ Jo f(x)dx.

In this subfraction, the primary target is to reveal the following quantitative edition of
Lacey’s pointwise domination inequality.

Proposition 1. Let 0 < a < N. Let m be a nonnegative integer. For every f € C*(H) and
b e L' (H), there exits T dyadic systems D',t = 1,2,...,T and y-sparse families Sy C D" such

that for a.e.x € H,

T m
[(L)Pfl < Crma Y Y (’:) ALE (b, f)(x), aex€H, 3)

t=1k=0

where for a sparse family S, .A:fé (b, -) is the sparse operator given by

APE(b, ) (x) = QZS |b(x) — bo|" QI (£ (b — b)) oxo(%).
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__To show the Proposition 1, we need some auxiliary maximal operators. To begin with,
let jo be the smallest integer such that

200 > max{3Ag, 2A0Cpq;} )

and let C].~[J = Z%JFZAO.
Next we define the grand maximal truncated operator M, as follows:

M, f(x) = supesssup |L(fxm c-5)()],
x€B  &cB 10

where the first supremum is taken over of all balls B C H satisfying x € B. We can know
that this operator is of vital importance in the following proof, Given a ball By C H, for
x € By we also define a local edition of M|, by

M, B, f(x) = sup esssup |L(fxc-p,\c-) ()l
x€BCBy E€B T Jo

Now, we claim that the following lemma is true.

Lemma 1. Let 0 < a < N. The following pointwise estimates holds:
1. Fora.ex € By,

|1 (fxc o) ()] = Mo f (x)-

2. There exists a constant Cn , > 0 such that for a.e.x € H,

My f(x) < Crva(Maf (x) + Ll f1(2) )

Using the results of Lemma 1, we then prove the Proposition 1.

Proof of Proposition 1. In order to proof the Proposition 1, we refer to the thinking in [8]
for this domination, which is adapted to our situation of homogeneous groups.

Firstly, we suppose that f is supported in a ball By := B(xg,r) C H, next we disinte-
grate H which respect to this ball By. We can do it as follows. We start define the annuli
U := 2i+1By \ 2/By,j > 0 and select the minimum integer jy such that

jo>jo and 200 > 4A, ®)

Next, for any Uj, we select the balls

~ L.
{B]’,E}giy (6)
centred in U; and with radius 2o to cover U;. From the doubling property [13], we obtain

@)

supLj < Cy 7
]

where C Ao is an positive constant that only relates on Ag and J.

We now go over the characters of these Ej,g. Denote B i = B(xjy, 2~ 1), where ]B
is defines as in (4). Then we have Cﬂdjgj/g = B(x]',g, Cudej_jOr), which was shown in the
proof of Theorem 3.7 in [12] that

Cad]'B]'/g N Uj+j0 =0, Vji>0 and V/=1,2,.. .,L]',' (8)
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and

Caij]'/g N U]-,]-O =@, Vji>jo and VI =1,2,.. .,Lj. 9)

Now, because of the Equation (8) and (9), we see that each Cﬂdjgj,g, at most overlap
with 2jo + 1 annuli U;’s. Moreover, for every j and ¢, Cﬁ) B 0 covers By.

Next by observing the (2), there is an integer ty € {1,2,...,7 } and Qp € D' such that
By € Qo € CuyjBo. Additionally, for this Qp, as in Section 2.1 the ball that includes Qg and
has comparable measure to Q is represented by B(Qy). Consequently, By is overwritten
by B(Qo) and [B(Qo)| < |Bol, where the implicit constant relates only to C,g; and Aj.

Now we claim that there exists a 1-sparse family 7' C D% (Qy), the set of all dyadic
cubes in fy-th dyadic system that are contained in Qp, such that for a.e. x € By,

|(Ia)Zl(ch].~B(QO))(x)| < CNyma i (7{1) BZZ';tO(b/f)(x)r (10)
0 k=0 ’
where
BZQJ&fXx)= Z:IMXV—hQW’HQﬁ%QH%UU%—%QVR%MQXQ@)
QeFo

Here, R is the dyadic cube in 2' for some t € {1,2,..., 7} such that C].BB(Q) C

Rg C Cygj - C].BB(Q), where B(Q) is defined as in Section 2.1, jy defined as in (5) and ]T)
defined as in (4).

Assume that we have already proven the assertion (10). Let us take a partition of H
as follows:

H = ] 2/B,.
j=0

We next consider the annuli U];:: 2i+1By \ 2/By for j > 0 and the COVSI‘ing {EM}Z 1
of U; as in (6). We note that for each B, ;, there exist ¢;, € {1,2,...,7}and Qje € D'it such
that I§L s C Q]}f C Cud]-E 0 Thsrefore, we acquire that for each such Ej’g, the enlargement
C%B(lel) covers By since C]'B B; ¢ covers By.

Next, we utilize (10) to each B j,0, then we acquire a %-sparse family ]T"]-,g c D't (Q i)
such that (10) can be established for a.e. x € B; .

Now, set F := U]«,g]?]'/g. Then we observe that the balls Cad]‘g]‘/g are overlapping not

more than C Ao (2jo + 1) times, where C Ao is the constant in (7). Then, we can obtain

that Fisa %W—sparse family and for a.e. c € H,
|(La)g' (f) (x)]
m m _ N
< a1 () L (1666 = g " HICGB(QUIF (76~ by ey 0o
k=0 QeF

Since C-B(Q) C Rg, and it is clear that [Rg| < E|C].~OB(Q)\ (C depends only on
Cudj), we obtain that (f)c_p(g) < C(f)ry- Now, wesetSi:= {Rg € D': Q€ F}, t e
Jo

{1,2,..., T}, then since the fact that F is -sparse, we can acquire that each

1
2C, S @otT)

. . 1
famlly St 1S W—Sparse.
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Now, we let

1
~2C, -+ 1)E

where € is a constant relating only on C, C]'B' Then it follows that (3) holds, which finishes
the proof. O

Proof of the Assertion (10). To demonstrate the assertion it suffice to attest the following
recursive computation: there exist the cubes P; € D' (Qp) that does not intersect each other

such that }; [P;| < 3]Qo| and for a.e. x € By,

(LR (Fxe, mian) (Dxe, ()

< CNma Y, (7:) [b(x) — brg, |m7k|ngB(Qo)\% (f(b— bRQO)k>CJBB(Qg)XQ0(x)

k=0

+ Z | (IW)ZZ(fXCJBB(Pj))(x) |xp, (x).
j

Iterating this estimate, we acquire (10) with F' being the union of all the families {P]k 1,
where {P]Q} ={Qo}, {P]-l} = {P;} as mentioned above, and {P]k} are the cubes acquired
at the k-th stage of the iterative approach. Clearly F' is a %—sparse family, since let

_ pk pk+1
Eij = P] \U]Pj .

Now we prove the recursive estimate. For any countable family {P;}; of disjoint cubes
P; C D'(Qy), we have that

(1)} (fXC B(Qo) )(x)XQO(x)
< [(I)y (fXCjBB(QO))(x)XQO\U/ +Z| L)y f?(c B (Q)) (%) xp;(x)
< |(Iﬂé)zn(fXC’BB(Qo))(x)XQO\U +Z| L)y ch - B(Qu)\Cj,B(P p)) (X)xp;(x)

+Z| L)y ch B(P p)) (%) xp; (%)

So we just have to reveal that we can opt for a family of pairwise disjoint cubes
{P;} C D"(Qo) such that }; |P;| < 1Qo| and that for a.e. x € By,

|(L%)ZZ(fXC]BB(QO))(x)|XQ0\UJ +Z\ L)y ch - B(Qu)\Cy, BP))( )|XP( )

< a2 (1) 16600 = g " HICBQu) 1 (76 ~ b Yyt ()

k=0

Using that (1)} f = (Ix)}.f for any ¢ € R, and also that

m _ - m m—
(L) of = k_zo<—1>k(k)1a<<b—c>kf><b_c> 3
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it follows that

()i’ (Fxes pian) (M)XQoupx +Z| I}y (fxc, Baonc; m) () IxE; (x)
< i( )|b( ) — bRQ = k|1a((b bRQ )k ch B(Qu) )( )|XQO\uP( x)

m
+Z( ) — bRy, "™ "Z|Lx(b bRQ)ch - B(Qu)\Cj, B(F, py) (¥)|xp; (x)
= Wi +W,.
Now we define the set E = U, E;, where

= {x € By : My, ((b = brg )*f) (x) > Cnimal G5 B(Qo)| ¥ (b — bRQO)kf>C]_BB(QO)}r

with Cy .« being a positive number to be chosen.
From [8], we can choose Cy ;; 4 big enough (depending on C]T)’ Cadjs and Aq) such that

1
[El < —==1Bal,
4A,

where ;{vo is defined in Section 2.1. We now utlhze the Calderén-Zygmund decomposition
to the function xr on By at the height A := —, to acquire pairwise disjoint cubes {P;} C

D' (Qp) such that
1 1
—|Pi| < |P,NE| < Z|P;
IR < IBNEI < 31
and |E \ U;Pj| = 0. This implies that
1 c
Z|Pj|§§|BO\ and P;NE" #@.
]

Fix some j. Since we have P]- N E¢ # @, we observe that
M, (b= bro )¥f) (x) < Cnymal C B(Qo) [V (b — bRQO)kf>C]BB(QO),

which allows us to control the summation in W, by considering the cube P;.
Now by (i) in Lemma 1, we know that

L (b — bRQO)kfXCJBB(QO)) ()] < M5, ((b—brgy )f)(x),  for ae.x € By,
Since |E \ UjP;| = 0, we have that

Mo (6~ brg, ) (3
< CN,m,tx|C]BB(QO)|% ((b- bR, )kf>cj~B(Q0)/ for a.e.x € By \ UjP;
0

Consequently,

1 (b — bRy, )kfXC]BB(QO)) ()]
< CN,m,alcﬁ)B(QOH%«b - bRQO )kf>C]BB(Q0)’ for a.e.x € By \ Ujp]'
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These estimates allow us to control the remaining terms in Wy, so we are done. O

Proof of Lemma 1. Now we give the proof process of Lemma 1.

The result in the Euclidean space case can be referred to as [8]. Now, we can adapt the
proof in [8] to our setting of homogeneous groups.

(i) Let r is close enough to 0 such that B (x, r) C Bp. Then,

e, m) ] < a(Fxe, pen) )]+ e (Fxe, porc, s (9]
< e, b)) (9] + Mo f(3),

the estimate for the first term follows by standard computations involving a dyadic annuli-
type decomposition of the B(x, 7).

XC er
|Iﬂé(fXCjBB(xr ’/ d x ]/ N P dy’

f ()]
/B(xC] r) (X ]/)N x y
21: / @l
1

IN

P\B(xCp ) d(x, )N i

IN

Cri71 x—N d
DGl i VO

j=—00

< CN,,chjN r”‘Mf(x).
0
Then,
|Lx(ch]BBO)(x)| < CN,a,chV“Mf(x) + M, B, f(x), (11)

the estimate in (i) is settled letting r — 0 in (11).
(ii) Let x, & € B := B(xo, 7). Let By be the closed ball with radius 4(Ag + CJ‘B )*, which
centered at x. Then C]BB C By, and we acquire

ILX<fX]HI\CJBB)(‘:)| = |Iﬂl(fXH\Bx)(€) + Ia(fXBx\ch)(éﬂ
< Ta(fxmn,) (6) — In(fxm\B,) (%)
+Ha(fxpac ) (O] + [ (Fxemp, ) (x)]

For the first term, since p is homogeneous of degree « — N, and by using the Proposi-
tion 1.7 in [1], we get
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Lo (f X\, ) (€) — L (f X\, ) (%))

1 1
< Jonf (”"d@, DN dm )| Y

2r
< Cna [ e )l
> LN, H\ B, (x y)N,aJrl |f(y)| y

NaZ/]B \2i-1B, W‘f y)ldy

2r
<Ona) Ny 1)1

i=1 (Zillelllv)

ad 2r
= Cna ) et L F)lay
i=1 (21_1221’(140 + C]~0)> *
ad 2r 1
=C : :
N 1; 2i+1r(Ag + C=) (
= Jo

—~ [f(y)ldy
2i+1r(A0 +Cf)>N /2le

< CN,aMucf(x)-

Next, for § € B,y € By \ C]BB, we have d(y,{) > 2007, Then we have

[(Fxpc 5 @) < [ - T E )l

#
= [2doy|N-a B,

1
[4(Ag + C)r[V /B:c |f (y)ldy
< CnaMaf(x).

[f(y)ldy

= CN,a

Finally, we observe that

W)

H\B; d(x, )N

£w)
et
— LIf|(x),

Lo (f Xp\B,) ()| = |

which finishes the proof of (ii). [

Next, we review that the dyadic weighted BMO space associated with the system D!
is defined as

BMO, pi(H) :={b € Lip (H) : ||b||BMO,7,Dt < oo},

where ||b||5 MO, o = Sup f 0 |b(x) — boldx. Then according to the dyadic structure
theorem studies in [14], one has

.
BMO, (H) = () BMO, p (H).
t=1



Mathematics 2021, 9, 2421

11 of 16

Now, to verify a function b is in BMO, (H), it suffices to verify it belongs to each
weighted dyadic BMO space BMO,, p: (H). Given a dyadic cube Q € D! with t =
1,2,...,7, and a measurable function f on H, we define the local mean oscillation of

fonQby
wA(f3Q) = inf ((f =)o) (MQD, 0<A<1,
where

((F-ox0) (AQh = sup ik |(f —)(x)].

ECQ|E|=A|Q| *E

With these notation and dyadic structure theorem above, following the same proof
in [10], we also acquire that for any weight 7 € A>, we have

N
1llamo, e < €Y sup wn(:Q) 12 0< 2 <o, 12)
! t=1QeD! U(Q)

where C depends on 7.

Proposition 2. Suppose that H is a homogeneous group with dimension N,b € Lllo (H). Then
for any cube Q C H, there exist measurable set F; C Q withi = 1,2, such that

w 1, (0:Q) <b(x) —bly), V(x,y) € Fy x F.
Proof. We take ideas from N. Accomazzo, J. C. Martinez-Perales and I. P. Rivera-Rios [8].

In [8], for any cube Q € D! witht = 1,2,...,T, there exists a subset E C Q with |E| =
ﬁ |Q| such that for every x € E,

w 1 (6;Q) < |b(x) —my(Q)],

2NT2Z

where m;,(Q) is a not necessarily unique number that satisfies

max{|{x €Q:b(x) >mp(Q)}, {x € Q:b(x) < mh(Q)H} < %

Let E; C Q with |E| = |Q| and such that b(x) > m,(Q) for every x € E;. Further let
E; = Q\ Ey, then |E»| = 1|Q| and for every x € Ej, b(x) < m,(Q).

We obtain that at least half of the set E is contained either in E; or in E; since Q is the
disjoint union of E; and E,. Without loss of generality, we assume that half of E is in Ej,
thenwelet F; = ENEy, F, = E; N (ENEq)¢, we have

El _ 19|

2 7 oN+3’

|| = |E| = [EN(ENE)| > |E[ —

and

1 1 1 1
|B2| = |Ea| — [E2 N (ENEy)| > §|Q| - W|Q| = (E - W”Q"

Then if x € F; and y € F,, we have that

(0; Q) < b(x) —my(Q) < b(x) —b(y),

w 1
N2

which shows that Proposition 2 holds. [
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Given a dyadic grid D, define the dyadic Riesz potential operator

f(x)= )

QemQP & L1 w)ldyo).

Proposition 3. Given 0 < a < N, then for any dyadic grid D,
Rf () $ Laf(x). (13)

Proof. The result in the Euclidean setting is from the Proposition 2.1 in [15]. Here, we can
adapt the proof in [15] to our setting of spaces of homogeneous type. [

3. Proof of Theorem 1

To proof (i), we are following the ideas in [16] or [8].
Let D be a dyadic system in H and let S be a sparse family from D. We know

Al = Y [b(x) = bo|" FIQIN (b - bo)*f) pxo (%),
QeSs
by duality, we have that
140Ny < s T ([ sMbo) - bol™ Q1

gligla 4y =1Q€S
A9

< (17 1 1660 = b1 )

By Lemma 3.5 in [12], there exists a sparse family S C D such that S ¢ S and for
every cube Q € S, forae. x € Q,

b(x) —bg| <Cn ), Q(b,P)xp(x),
PeS,PCQ

where Q(b, P) = ﬁ [p |b(x) — bp|dx
Assume that b € BMO; (H) with 7 to be chosen, then we have for a.e. x € Q,

P
|b(x) —bo| < Cn /I —bpldx-"|(P|))cp(X>
PeSPcQ
P
< Cn||bllBamo, (H) ) 17|(P|)Xp(x)-
PeS,PCQ

Then, we further have

|AZE 6 O, s

<ol e T (g1 kse(, B o) )

giﬂgHLWq = PeS,PcQ

(QI/ D '7(131?XP<X))klf<x>ldx>-|Q|-|Q|f5.

PeS,PcQ
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Next, note that for each ¢ € N, from [12], for an arbitrary function &, we have

where A§’W(|h|)(x) = Ag(|h))y, Ag(h) = QEShQXQ and .A f stands for the ¢-th
iteration of A§r;'

Then we have

|25, ),
_ 1
< Cnlbliuo,  sup X (LA U)o (45, 070)

: =1
g HgHLquq/(H) Qes

1
< CnllbliEmo, sup / Y ([ AL (IfDxo(x) As, k(|g\/\”7)
" )g:ugnﬂq =178 05 Qf 7 Q™S )

/\/

= CullbliEwo a0 | sup [ 18 (A%, 17D) (0 (A2 K(lglAn)) (v,
gillgll o gy =1
Al

where I§ f := I%(f)y and I&f (x) = |Q\1_’ fQ |flxo(x

From (13) and the boundedness of Ia f,if p, g, a are as in the hypothesis of Theorem
llandw € Ap4, S C D, then

(1—&)max{1,2}
HI‘DS"”LZW(H)%LZ},J(H) < CNfF’"i""[w]Apqu 77 (14)

Observe that A is self-adjoint, then
[ 15 (A%, D) (Az F(glAn) = [ Agaw <11, (A5 (1)) 18I,
By Holder inequality, we have that
k —k—
1A (0 F) Gl oy < CN”ngMOW(H)HAgAng 1I§,WAI§,W(|f|)||LZq(H)

[ ]max{ = 1}

Applying that || Az ||Lp ) < Cnyp (see, e.g., [17]),

H«4§«4’5’7"*11‘”§Mk~ g DN,

max{1,-1-} L
< oW A A ZIg”A%’WUfDHLq\qM(H)
max{1, 1 } max{1, }
< CNIP[Aq]Aq q-1 [)\quq] q- 1 ||Am k— ZISqu (‘f| HL/‘?\q q ()

m—k-1 . max{l,%l}
. TS A 2Dl

H)
i=0 Ty )

(m—k— 1)11(
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Using (14), we have that

T k. — || k.
|| S'WAS,W(VDHLZqW(m—k—nq(H) || 5-/48,77(|f|)||m

m—k )q H)

e (1=%) max{l
< Cnpaltn™ 1y T A (1)1

AP;;(’”*k)p(H),
1
and applying again || Agl|, »

m
A’i
|| S’”(|f‘)”Lir’v(W )pH = ,

Ap mp
which, along with the previous estimate, yields

m,k
A £,

< b0, 1) ACm, ) B(m, k) [y

)max{lf}
£z, 0
where
m—k=1 . ax{1 }
A(m, k) ( H [AT51] ) 1)
i=0
and

0 . max{l }
Bom k) = (T A",
i=m—k+1

Hence, setting 7 = v/

where v = (§)!/7, it reading follows from Holder’s inequality
AV 4, < 2] T W14

As S=p.4.
Thus, we acquire that

m+k+1

X m—k—1
Aq [l/ﬂ]Aq )

m—k—1 i i\ max ,%1
Atk < (T 0 g )™ < (o

and

m m—i i ymax{1,;17} k=1 _ k=1 %max{l,%l}

miy<( T Wirmwg) 7 < (w2 wi, =) T
i=m—k+1

Combining all the preceding estimates obtains (i)

To proof (ii), we are going to follow ideas in [10]. Based on (12), it suffices to show that
there exists a positive constant C such that for all dyadic cubes Q € D!

/m
o 0 <c(2Q

02 Iz ot (15)
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Using Proposition 2 and Holder inequality implies that

w 1 (b; Q)" |F1|| R S/Pl/ b(x)—b(y) dedy

)m
< dima(Q / / ———dxdy
FJE

d(x,y

zmmagf““ﬁ(thnQ@Mx

1

<ciol (L a) " (LG )|
1 1
_x g ! P m
SC@PN(AAqY,QéW>”wnMWm%Mm
1
71

1
_ 2f 1 —a\7 P "
= C|Q| <| ‘ /Q/\ 11) ’ <||/Q“l/lp> H(Iﬂt)b Hszp(H)HLKq(H)/

where we used that % +5 = 1
Further, this yields

<'1@'/Q”p); (g k) (0 /Q”)’l’,

w 1 (bB;Q)"

2N+2

yL/m L o % L % m
(IQI ) <|Q|/QA q) <|Q|/Q”> )3 e, -1, e

Now we observe that since g > p then by Holder inequality,

(e ) < () ana (5 f27)

so the

1

()
(ol ) (B ) = [ L) (G for) ]

==

then

==

Consequently, since A € A, 4, we finally get

. m 1 1/ "
sz%z(b’Q) <C(Q|/QV m) H(Ia)zn||LZP(H)~>Liq(H).

Thus, (15) holds and hence, the proof of (ii) is complete.
Therefore, we complete the proof of Theorem 1.
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