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Abstract: The article aims to provide a perspective on economic growth by relying on the influence
and use of the stock market as an economic lever. Two methods will be used: a quantitative one,
determined by a multiple linear regression model, and a qualitative one that encumbers a sustainable
vector model for generating economic growth. The data panel covers 36 states, for a period of 21 years.
The paper manages to identify the main control functions that the stock exchange has over the
macroeconomic context, through the quantitative and qualitative method, and to highlight the most
important positive and negative attributes of using qualitative methods, in contrast to quantitative
ones. The results show a predominant probabilistic characteristic of quantitative methods, in contrast
to the flexibility and complexity of the qualitative method, which has been used. Additionally, the
quantitative method offers a strictly cartesian perspective for determining future scenarios, while
the sustainable vector model, based on a fractalized vision of reality, manages to capture a plurality
of perspectives, as well as the interrelationships between the determining parameters, thus being a
complex system of simple equations, as opposed to the quantitative method which is defined as a
simple system of complex equations.

Keywords: stock market; economic lever; quantitative method; qualitative method; economic
growth; fractals

1. Introduction

The purpose of the present paper is to examine if the stock market could be considered
an economic lever in the macroeconomic growth models. As growth models could be
classified into classical, neoclassical and evolutionary growth models [1], it is necessary to
examine the impact of the stock market on the most suitable model.

As part of the financial market, developed in [2] as an improvement in size, activity,
efficiency and stability of the financial system, the stock market has many dimensions,
from which its impact on economic growth could be measured in different ways. The
impact of the financial market on economic growth acts by affecting the savings rate, as
a direct process, along with the savings percentage destined to investments, by affecting
the marginal productivity of investments, that can produce a social behavioral change [3].
In [4], it is stated that financial development could increase economic growth through
productive investments rather than by affecting the savings rate. In the same study, an
empirical study is conducted in order to argue that investment productivity is a channel
through which stock market development can positively affect economic growth in the
long-run perspective.

In macroeconomic theory, economic levers may refer to an instrument used to enhance
economic growth or to promote an increase in economic growth parameters (such as saving
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incentives and research as in the South Africa National Budget Review (Levers of economic
change. In Budget Review 2012; National Treasury Of The Republic Of South Africa: Pretoria,
South Africa, 2012; pp. 1–12.) or knowledge accumulation as in [5]), an instrument to
pursue population behavioral change (for example, saving incentives may be used to
change behavior towards the saving process, or changing incentive process to transfer
staff from urban health facilities to rural health facilities as in [6]) or as an instrument
used to gain environmental savings or to control pollution. In short, an economic lever is
an instrument used to change the behavior of economic actors through their signals on
different markets.

In ref. [7], economic growth is based on innovation, but it is stated that innovation
could be fostered by the presence of financial markets, through investing in assets that are
more productive but financially illiquid, as financial markets offer, besides an organized
context, that enhances the important information needed by the investor, as the stock price
measures the performance of the current state of a firm [8]. The first one who questioned the
impact of the financial market on economic growth was Schumpeter in [9]. The relationship
with economic growth is highlighted in different studies, sharing a positive or insignificant
association between the stock market and economic growth. For example, in [7], stock mar-
ket development has a positive influence on economic growth. In ref. [10], stock market
liquidity has a significant positive relationship to GDP (gross domestic product) growth.
In ref. [11], a higher level of credit denoted to the private sector and financial depth in
BRICS can generate a higher level of economic growth. Similarly, in [12], financial market
development is positively correlated with economic growth. Another study shows that
openness is a mediator that can foster the size and turnover of the stock market to posi-
tively impact economic growth [13]. A comprehensive study shows that capital market
performance is statistically correlated with economic growth, but on both positive and
negative dimensions, depending on how it evolves [14]. Also, some studies do not allocate
so much importance to the stock market, for example, “It is hard to stimulate economic
development relying on simple factors such as stock market” [15]. In a study conducted in
Nigeria, stock market development did not contribute significantly to long-run economic
growth [16]. Two studies conducting a VAR model found either a bi-dimensional causality
between financial market, bank system and growth in the long run, although their effect is
small [17], or a “unidirectional causality between stock market development and economic
growth with direction from economic growth to stock market development and a unidi-
rectional causal relationship between economic growth and interest rate with direction
from economic growth to interest rate” [18]. In ref. [19], a higher efficiency of the financial
market contributed to economic growth by raising the productive use of capital.

Of course, the development of the stock market can be measured from many different
perspectives. For example, in [11], the stock market is measured in percent of liquid
liability from GDP as the size of the financial system related to the size of the economy,
the percentage of domestic bank assets from total assets and the percentage of the non-
financial sector from GDP as the bank lending to the private sector. In order to support
the three dimensions, in [3] it is stated that the first process in financial market history
was the process of lending from banks to firms (DEPTH [7]), followed by stock market
operations and finally lending and assuring the households. Additionally, in [20], it is
stated that economic and business activities are inextricably related to regional and local
political influences. Other studies measured the stock market by the interest rate [18], the
liquidity [7,8,10], market capitalization ratio, total value traded ratio, turnover ratio, and
the IAPM (International Asset-Pricing Model) pricing error [7]. The market capitalization
ratio, total value of shares traded ratio and turnover ratio are also variables used to measure
the stock market in [12]. In ref. [16], the market capitalization to GDP ratio measures the
size of the stock market. In ref. [13], stock market turnover is measured as value traded
divided by market capitalization or market size by market capitalization divided by GDP.
In ref. [13], stock market openness is measured as the ratio of S&P IFCI Total Return Index
to S&P IFCG Total Return Index (Standard and Poor’s/IFC Investable and Global).
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2. Quantitative Approach
2.1. Data Description

The importance of stock market liquidity is specified in many different sources as
being a property of the stock market that fosters control of the savings for the duration
of investments, thus allowing investors to maintain access to their investments for the
considered period. High liquidity on the stock market “allows savers to buy and sell
quickly and cheaply when they wish to alter their portfolios” [21]. By increasing liquidity
in the stock market, long-term investments become more accessible [7]. On the contrary,
in [22], an increase in stock market liquidity may reduce savings due to lower uncertainty,
thus slowing the economic growth rate. The liquidity parameter also positively impacts
economic growth in [12–14,18] by uprising the marginal productivity of capital. In addition,
in [7], it is argued that liquidity promotes investments, information gain and long-term
investment. The negative impact of high market liquidity could be seen in the behavior
of saving rate, due to an increase in investment return, thus reducing saving rate and the
demand for precautionary saving, having an ambiguous influence over economic growth.
Liquidity will be measured as in [12], consisting of the total value of trades/market
capitalization, also called market turnover, as in [13], or turnover ratio (TR) [12].

Measuring the size of the stock market is more relevant to investments and capital
accumulation in highly developed markets, where volatility is more stable than in emerging
markets [23], speculators playing a crucial role in the price level fluctuations, thus detaching
investors who are generally more risk-averse than speculators [15]. Also, the size of the
stock market is an important characteristic of stock market development, thus enhancing
its full potential and capacity to attract capital and inform investors. Fostering the process
of achieving credible and valid information, reflected in stock prices as a result of size
development, the allocation of capital will become more efficient, therefore investors will
become more interested in investing in the market, fostering economic growth through
the function of capital accumulation. As in [7], stock market size is measured as market
capitalization related to GDP, also called market capitalization ratio (MCR).

An increase in risk diversification may shift investors to finance high-return projects,
as in [7,24]. By reducing risk diversification through an integrated stock market at the
international level, the savings rate can decrease, thus reducing economic growth and
welfare [25]. Risk diversification also enhances the allocation of resources and accelerates
economic growth [26]. Risk diversification could be measured using Korajczyk’s multifactor
international arbitrage pricing model, used for stock market integration measurement [27]
or by the total value of shares traded on the stock market/GDP, measuring the size of
transactional equity, comparative to the size of the economy, also called stock market total
value trading ratio (STR).

Biedny argues that neither size nor activity of the stock market is detrimental for
attracting investors, but the degree of openness to foreign investors, thus integration in
the international context is achieved by financial market liberalization [13]. “When a
country is open to trade and capital flows from outside its borders, it is more likely to
further develop its financial system” [13], with care about the financial deregulations that
could produce crises and financial booms and boosts [28]. Through the levers by which
openness could enhance economic growth, the most important are: decreasing the cost
of acquiring information, concluding contracts and making transactions in the banking
system [29], fostering foreign investors to find local equity prices, reducing the cost of
capital, increasing market liquidity and fostering financial productivity [13]. The level of
stock market liberalization will be measured using the Standard and Poor’s/IFCI Global
Composite Index, as suggested in [13].

As mentioned before, investors are usually risk-averse, tending to reject very fluc-
tuating stock markets. As demonstrated in [21], excessive volatility in the stock market
conducts to inefficiency in capital allocation, thus reducing the rate of economic growth.
Additionally, in [30], stock market volatility conducted to loss of credibility in investment
operations. As suggested in [21,23], volatility should be measured as “moving standard
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deviation of the end-of-quarter change of stock market prices”, thus volatility is going to be
measured as a three-yearly moving standard deviation of the end-of-year change of stock
market prices, as in [21]. Additionally, the relationship between volatility and openness is
negative, thus volatility is lower in more open stock markets [23].

Data were obtained from one source for each parameter and control variable as follows,
in Table 1.

Table 1. Data sources for the parameters and control variables involved in the analysis.

Parameter/Variable Abbreviation Data Source

Liquidity LIQ
World Federation of Exchanges database
(The value is annualized by multiplying the
monthly average by 12);

Size SZ World Federation of Exchanges database
(Data are end of year values);

Risk diversification RISK World Federation of Exchanges database
(Data are end of year values);

Openness OPEN Standard and Poor’s, Global Stock Markets
Factbook and supplemental S&P data;

Volatility VLT Stock price annual indexes from OECD
Database;

Human capital HC OECD Database;
Depth DEPTH IMF Financial development index Database;
Investments INV World Development Indicators;
GDP growth GROWTH World Bank data (Data presented in %).

2.2. Statistical Tests

In order to avoid the biased results generated from the likely existence of unit roots
in our variables, we tested for stationarity using the Augmented Dickey–Fuller Unit
Root Test. Long-run equilibrium between variables was tested using the cointegration
procedure of Johansen–Juselius to see if “time series under study share a common stochastic
drift or not” [14]. We also conducted the multicollinearity test to see if there is present
non-randomness in data. Parameters were normalized using Linear Scaling (min–max
method) [31].

2.3. Regression

We used the following control variables: human capital as in [13,19], DEPTH as the
size of the financial system related to the size of the economy as in [7] and investments
as in [12]. Human capital is going to be measured in [19] in the net secondary school
enrolment ratio. DEPTH is a measure of liquid liabilities plus demand and interest for
bearing liabilities related to GDP [7] and investments are going to be measured as real
investments related to GDP [12].

We ran a multiple regression using ordinary least squares, where growth is the depen-
dent variable, and liquidity, size, risk diversification, openness and volatility are indepen-
dent variables.

The multiple regression Equation (1) is:

GROWTHit = αi + β1LIQ + β2SZ + β3RISK + β4OPEN + β5VLT + γ1HC + γ2DEPTH + γ3 INV + εit (1)

where α is the intercept, β and γ are the degrees of changes in the growth for every 1-unit
of change in the parameters and ε is the error term.

2.4. Results
2.4.1. Data Visualization

In order to highlight the data used in the regression, individual graphs are going to
be presented in the following paragraph. Graphs include annual changes, expressed in
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percentage, of size, risk diversification, and openness of the national stock market and
economic growth for Germany, France, Luxembourg, and the United States of America.

In Figure 1, a similar pattern can be seen among economic growth and stock market
openness in all countries during the analysed period. Furthermore, the size of the stock
market and economic growth presents a similar pattern, except that the drops had a
stronger effect on economic growth than the increase in the trend. More interesting is
that all four graphs present a one-year lag of the annual changes between the openness of
the stock market and economic growth. The positive relationship between stock market
openness and economic growth and stock market size and economic growth is clearly
visible in the graphs below.
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Figure 1. Evolution of economic growth and size, risk diversification, and openness of the stock market in Germany, France,
Luxembourg, and the USA.

From Figure 2, a positive relationship can be seen among openness of the stock market,
marked with a yellow line and economic growth, marked with grey circles. A pattern
can be seen where a higher openness level is associated with a higher position of the
points representing the economic growth values. The same interpretation is feasible for
the relationship between size and economic growth. It can be seen that an uprise in
size determine higher positions of the economic growth points. Very low growth points
are highly associated with lower values of all of the three parameters involved in the
regression, specifically risk diversification, the level of stock market openness and the size
of the stock market.

2.4.2. Testing for Stationarity, Cointegration and Multicollinearity

In order to avoid the biased results generated from the likely existence of unit roots in
our variables, we tested for stationarity using the Augmented Dickey-Fuller Unit Root Test.
The null hypothesis is that there is a unit root for the series. The alternative hypothesis
being tested is that there is no unit root for the series and the series is stationary. We found
the results presented in Table 2.
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Table 2. Stationarity test, authors source.

LIQ SIZE RISK OPEN VOL

Tau (Observed value) −4.601 −1.78034 −4.67416 −10.0607 −5.50303
Tau (Critical value) −3.386 −3.38618 −3.38618 −3.38618 −3.38618
p-value (one-tailed) 0.001 0.712938 0.000548 <0.0001 <0.0001

Results presented in Table 2 show that the computed p-value is lower than the signifi-
cance level α (0.05), thus we reject the null hypothesis and accept the alternative hypothesis
that there is no unit root for the series and the series is stationary. Next, we tested the
series for long-run equilibrium between all variables by using the cointegration test of
Johansen–Juselius procedure, the results being shown in Table 3.

Table 3. Lambda max test, Johansen-Juselius procedure, authors source.

H0 (Nbr. of
Cointegrating Equations) Eigenvalue Statistic Critical Value p-Value

None 0.225 190.856 34.806 <0.0001
At most 1 0.075 58.082 28.588 <0.0001
At most 2 0.050 38.586 22.300 <0.0001
At most 3 0.039 29.352 15.892 0.000
At most 4 0.009 6.955 9.164 0.129

Both lambda and trace tests, from Tables 3 and 4, indicate that the series is integrated
with no differencing. Thus, we maintain that any shock to the system performed in
the short run would quickly adjust to the equilibrium, in the long run, allowing the
performance of an OLS (ordinary least squares) estimation only on the long-run model.
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The cointegration procedure shows the long-run relationship between size, volatility,
liquidity, risk diversification and openness of the stock market. We also conducted the
multicollinearity test to see if there is present non-randomness in data.

Table 4. Trace test, Johansen-Juselius procedure, authors source.

H0 (Nbr. of
Cointegrating Equations) Eigenvalue Statistic Critical Value p-Value

None 0.225 323.831 76.972 <0.0001
At most 1 0.075 132.975 54.078 <0.0001
At most 2 0.050 74.893 35.193 <0.0001
At most 3 0.039 36.307 20.262 0.000
At most 4 0.009 6.955 9.164 0.129

The model passes the test for multicollinearity, as shown in Table 5, with the care for
risk diversification-volatility and risk diversification-openness multicollinearity. Still, the
value just surpasses the limit value of 3, being considered at the boundary of acceptance.
As a consequence, it can be seen that the variables are moderately correlated, thus the
multiple linear regression can be performed.

Table 5. Multicollinearity test results, authors source.

Model
VIF Value *

LIQ SIZE VOL RISK OPEN

LIQ 1.727 2.306 1.029 2.295
SIZE 1.003 1.807 1.008 1.801
VOL 1.348 1.007 1.013 1.801
RISK 1.336 1.687 3.011 3.013

OPEN 1.022 1.027 1.032 1.032
* VIF = Variable Inflation Factors (the strength of independent variables correlation).

2.4.3. Discussion and Analysis of Regression Results

In order to perform the estimation for economic growth, based on stock market
indicators (liquidity, risk diversification, openness, volatility and size) we used ordinary
least squares in a multiple linear regression, with control for human capital, financial
market depth and investments, that led to the results shown in Table 6.

Table 6. Results of the multiple linear regression.

Model.

Unstandardized
Coefficients

Standardized
Coefficients t Sig.

B Std. Error Beta

(Constant) 2.6078 0.3887 6.708 0.000
LIQ 0.0025 0.0026 0.0528 0.939 0.348
SIZE 0.0065 0.0028 0.1173 2.313 0.021
RISK −0.0075 0.0035 −0.1357 −2.106 0.036

OPEN 0.0058 0.0031 0.0698 1.889 0.050
VOL −0.0098 0.0067 −0.0601 −1.453 0.147

One could see from Table 6 that liquidity has a nonsignificant influence over growth,
in the present model, as same as volatility, considering that the p-values exceeded the α
considered. Using our time series data, we found significant relationships among risk
diversification and economic growth, the size of the stock market and economic growth, the
level of openness and economic growth, supporting the results from [7,13,25–27]. Specifi-
cally, we found a 0.007% decrease (±0.004) in economic growth for every 1% increase in
risk diversification, a 0.007% increase (±0.003) in economic growth for every 1% increase
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in the size of the stock market, and a 0.006% increase (±0.003) in economic growth for
every 1% increase in the level of openness of the stock market. All results are reported
to the national levels of the parameters and variables. It can be seen that risk diversi-
fication of the stock market and the size of the stock market in a country are the most
significant factors when concerning the impact of the stock market on economic growth, in
terms of GDP. Furthermore, volatility and liquidity do not transfer a significant impact on
economic growth.

When considering the control variables, only human capital (education) and invest-
ments stabilized the model, with the remark that both had a significance level that exceeded
the alfa considered. When running the regression weights, investments had a significant
positive influence over volatility (8.72) and a negative relationship with the size of the stock
market (−5.874). Human capital had a significant positive influence over liquidity and
volatility (0.53 and 0.121). DEPTH parameter had a negative impact on risk diversification
(−31.714) and openness of the stock market (−20.102).

Thus, the regression equation, after computing the regression would become:

GROWTHit = 2.6078 + 0.0065 ∗ SZ − 0.0075 ∗ RISK + 0.0058 ∗ OPEN + εit (2)

For Equation (2), the multiple correlation coefficient is presented in Table 7.

Table 7. Fitness of the multiple variable regression.

R R Square Adjusted R Square Std. Error of the Estimate

0.139 0.019 0.010 2.9991172

We also ran a Q-Q plot to present the good fit of our regression model, presented in
Figure 3. It can be seen that the residuals have a normal distribution, thus the regression
has a good fit.
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In Figure 4, a three-dimensional hypercube is presented, involving all of the four
parameters considered in the regression ran in the present paper (growth being the X axis,
openness being the Y axis, size the Z axis, risk diversification being captured using a size
scale on the upper-right edge of the cube). For the risk diversification, the thicker circle
represents a higher value on the scale, while the thinner one represents a lower value on
the scale.
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From Figure 4, one can draw some visible patterns of the growth-dependent parameter,
in correlation with size and openness, while the regression results show a nonsignificant
relationship among liquidity and growth and a negative relationship between risk diversi-
fication and economic growth. A higher level of economic growth can be associated with
higher values of the size of the stock market. Furthermore, the regression results show a
strong positive correlation between stock market openness and economic growth. When
counting for risk diversification, a negative visible pattern can be drawn, where high levels
of risk diversification are visible in the lower areas of economic growth.

3. Qualitative Approach
3.1. Introduction of Methodology (Sustainable Vector Model)

The heuristic methodologies of scientists have always been based on a quantitative
perception, which hardly represents a qualitative approach of direct intuition of structural
laws, which, thus, escaped the direct estimation. These representations led to the existence
of a universe of fractal nature that is constituted on several levels of complexity of the
information of the basic structures. The growth environment of the universe is considered
to be such a fractal nature, fractal varieties being particular cases through which the support
space is manifested.

The current economy is based on market principles that respond exclusively to human
needs without taking into account ecosystem needs, therefore producing imbalances.
Thus, it is necessary to model the principles of operation of this type of economy, in the
fractalized model, which allows the development of the sustainability model in which
all the accumulations produced are consumed by the internal cycles generated without
exhausting external resources.

The transition from economic vectors to new or classic economic circuits would allow
the transition with less risk to a model of a sustainable economy. The purpose of the
fractalized model is to obtain a conceptual model of the sustainability of a complex system.
As an early stage, the use of the model focuses on identifying feedback cycles and then
switching diagrams. Then the model is structured on successive levels of determination,
which are constructed by repeating, in different sizes, its structures in new and stable
structures, that determines themselves. Thus, in the primary structure that converges to
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fractal modeling, a feedback structure is interposed in the form of a loop composed of three
objects, namely the source, sensor and decision-maker together with the possibility of a
portfolio of relationships between these three parameters.

3.2. Model Analysis

The qualitative approach is based on a sustainable vector model, that uses a group of
automorphisms and a trivalent logic to construct a complex structure. The model is based
on a group of automorphisms, composed of six functions, as follows: f1 = x; f2 = 1 − x;
f3 = 1/x; f4 = 1 − 1/x; f5 = 1/(1 − x) and f6 = x/(x − 1) [32].

Automorphisms are used to create three new feedback waveform structures and the
semantic significance of the functions introduced in the automorphism groups proposed,
as follows: (a) f1 (x) = x defines the statement of existence (e.g., who); (b) f2 (x) = 1 − x
defines the complementary symmetry on finite space (e.g., how); (c) f3 (x) = 1/x defines the
inversion of the unit (e.g., what); (d) f4 (x) = 1 − 1/x defines the symmetry complementary
to the inverse of the unit (e.g., where); (e) f5 (x) = 1/(1 − x) defines the inverse of the
complementary symmetry on finite space (e.g., when); (f) f6 (x) = x/(1 − x) defines the
relation of existence to complementary symmetry on finite space (e.g., why) [33].

Thus, we will approach the feedback structures, as in [34]. In Colceag’s hexavalent
modeling, there will be two sets of generators: f1, f2, f3 and g1, g2, g3, so that f1*f2 = g3,
f1*f3 = g2, f2*f3 = g1 and g1*g2 = f3, g1*g3 = f2, g2*g3 = f1. Colceag proposes, in his
works, eight feedback structures, two of which represent cycles, (7) and (8), and another six
commutative diagrams, (1)–(6), as represented in Figure 5.
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The above triads were first proposed in [35], where triads are composed based on human
interrelationships, thus the vectors used in the eight triads are assumed to connect persons
in different levels. Feedback cycles and commutative diagrams are also presented in [36–39]
where commutative diagrams are presented as transitive triads, while feedback cycles are to
be mentioned as intransitive triads. In ref. [40] it is stated that a structure that is present in a
network is a result of certain rules that maintain self-organization dynamics. In ref. [41] it is
stated that these rules can cover institutional, cultural or social identity norms.

Using the figures above, different processes could be computed. Thus, the automor-
phism structures obtained allow the construction of both the six feedback cycles that are
presented in the table and the construction of new feedback cycles obtained from new
combinations of functions used. The concept of self-inhibiting or self-stimulating parameter
is taken from Prigogine’s dissipative systems [42]. The new feedback cycles interconnect
with the hexagonal structures identified in the fractal-type lattice automaton, which thus
becomes a modeling system [43]. Some of these new feedback cycles that occur between
hexagonal structures are presented in the next paragraphs. Figure 6 shows the basis for
performing these new feedback cycles.

The model itself is supposed to be evolutionary by moving from one level of com-
plexity to another level of action complexity that generates new rules for stabilizing the
processes that are involved. Thus, the construction of the model is a fractal [32], being
obtained using octographic projection to transpose the hypercube of the group of auto-
morphisms into a hexagonal shape. Fractals have the same structure on different levels,
as illustrated in the successive enlargement of the Mandelbrot set [44–46]. Furthermore,
being a fractal, it respects the Hausdorff—Besicovitch dimension [46], that is, calculated in
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Equation (3). The “fractal size” of the fractal usually “exceeds the topological size of the
fractal” [47].

D =
lgN(s)

lg 1
s

=
lg7
lg3

= 1.771 (3)

Furthermore, fractal models are characterized by fractal dimensions, but despite the
fact that numbers measure complexity, these structures do not describe the uniqueness
or specificity of details or the particular construction of fractal models [48]. The fractal
model of hexagonal logic involves the introduction, based on a commutative diagram and
feedback cycles, of a six-point formation that identifies with a hexagon. In the fractalization
of this hexagon, hexagonal structures will appear on a smaller and smaller scale so that
different levels of granulation and fractalization will be formed [49].
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The construction of the model is based on the trivalent logic of Prigogine [50,51], as
there has to exist: (a) a source (S), which is generating variation; (b) a sensor (&), which is
able to know the essence of the variation; and (c) a decident (D), which is able to decide
the subsequent behavior of the source, thus being able to decrease the level of variation
(self-inhibition) or increase the amplitude of variation (self-simulation cycle) [52].

The switching diagram and the feedback cycle will be composed as follows. The
model can be fractalized in many subdimensions. For example, in Figure 7, the third
granulation level of the mode is presented. In essence, a system is divided into subsystems,
which are modeled and can be divided in turn. From a three-dimensional point of view,
the structure in the hypercubic space is divided into smaller structures.

The granulation level represents the level up to which the subdivision of the basic
hexagonal model reaches the fractalized structure. In the case of Figure 7, the granulation
level is 2.

O the hexagonal structure computed, semantic order rules are applied, derived by the
feedback structures presented in Figure 6. In Figure 8, we present the semantic order of the
vectors that are being formed among points on the hexagonal form [33].

The level of fractalization refers to the sustainability and unsustainability of the
component parts between a hexagonal structure, as presented in Figure 9a. Thus, the
hexagonal structure that rests on the top is always sustainable, having the same behavior
over time, and the hexagon that rests on the base is unsustainable and has the ability to
produce changes. Additionally, in the presented model, interconnectivity of different points
belonging to distinct dimensional substructures of fractal finite automata is generated by
the octographic projection of the hypercube, as follows from Figure 9b.
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The hexagonal figure is constructed on the basis of hexavalent logic, starting from the
trivalent logic expounded by [49,52], where it is necessary to double the truth values of the
trivalent logic creating a structure of six values that they derive from each other and define
the modeling of a phenomenon in a certain context.

3.3. Results

In Figure 10, the sustainable vector model applied in the context of economic growth
is presented, using the stock market as an economic lever, thus being the phenomenon.
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The model is constructed, as presented in the methodology, by using a group of
automorphisms, composed of six functions, that can generate two feedback cycles and
six commutative diagrams. Using the possible combination of vectors, we constructed
a basic structure that integrates one big commutative diagram (the triangle with the tip
upward), that has the accumulation point on the source and one big feedback cycle. The
phenomenon triangle generates the two bottom-down vectors (between liquidity, economic
growth and size), generating a feedback triangle between them. Vectors in the big feedback
cycle triangle, with the tip downwards, will follow the direction computed on the vector
between size and liquidity. From the source of the entire process (stock market development
point), we can draw vectors on the outer edges of the hexagon, following a generating
direction, considering that the source is nurturing the entire process.

This triangle represents the phenomena and integrated a source, a sensor and a
decident. Because the phenomenon used is the stock market, the source of the triangle
must be named “Stock market development”. In this upward triangle, the sensor (the
level of sensibility) of the phenomenon is considered the liquidity of the stock market, in
consideration that the liquidity of the stock market has a direct impact over the size of the
stock market [12–14]. Thus, the decident is exactly the size of the stock market, with its
variability having an intrinsic connection to the stock market development. If we seek to
pursue the vectors in the phenomena triangle, both the stock market liquidity and size are
generators for the development of the stock market. Therefore, as the rules of this trivalent
logic conceive, every two points are able to generate the other.

The triangle representing the context has its source in the bottom down point of the
representation, constructed as economic growth, considering that stock market develop-
ment must have an impact on economic growth. In the context triangle, the sensitive
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parameter will be “Increase in productivity parameter”, considering the endogenous type
of economic growth functions [53–56]. The own manifestation of the phenomenon is given
by a higher value of GDP, this being the decident in the trivalent logic. Any two points on
this triangle have the capacity to generate the third, as follows. A higher value of GDP and
economic growth can generate increases in the productivity parameter [57–61], increases in
productivity parameter and a higher value of GDP can generate economic growth [57–61],
and increases in productivity parameter and economic growth generate a higher value
of GDP.

As we could see, stock market development could be measured by the rate of liquidity
as the total value of trades/market capitalization, and decided by its size measured as
market capitalization ratio/GDP. In this context, economic growth is sensitive to the
increase in the productivity parameter “A”, being decided by a higher value of the GDP.

3.4. Discussion of Model Analysis

In the smaller triangles, applying the trivalent logic of Prigogine, stock market devel-
opment is sensitive to increasing investments, the decident being a higher value of GDP.
It is also sensitive to the increase in productivity parameter, being decided by a better
allocation of resources.

On the other hand, economic growth is sensitive to investments in innovation, being
decided by size (market capitalization ratio/GDP) in this perspective. It is also sensi-
tive to LIQ (total value of trades/market capitalization), being decided by credible and
valid information.

In the right smaller triangle, long-run investment projects are sensitive to LIQ (total
value of trades/market capitalization), the decident being a higher value of GDP.

In the left smaller triangle, more efficient capital allocation is sensitive to the increase
in productivity parameter, being decided by size (market capitalization ratio/GDP).

Following the semantical order of the vectors, presented in Figure 8, one can outcome
the relationships that are formed among different points of the process. Among the
two sources on the structure, a causal relationship of having is presented, meaning that
one’s existence will promote the other’s one growth, specifically the existence of economic
growth will promote growth in the level of stock market development and vice versa.

When looking at the intrinsic connection of the existing relationship, among sensors
on the big hexagonal form (increases in productivity parameter and liquidity of the stock
market), the semantic rules imply that one cannot be without the other, meaning that the
existence of liquidity in the stock market implies the existence if increases in productivity
parameter and vice versa.

The causal relationship of doing, constructed on the semantic rules, among the deci-
dent on the big hexagon, implies that a higher value of GDP is performed by modifications
in the size of the stock market (referred here as growth in the size of the stock market) and
vice versa.

In the small hexagonal form, among the two sources, a causal relationship of protection
is constructed, meaning that long-run investments projects must be protected by a more
efficient capital allocation and vice versa. The relationship among the sensors, implying
the act of creation, infers the fact by which increasing investments are creating investments
in innovation and investments in innovation are creating an increasing investing process.
Furthermore, between the decidents on the small hexagon, a “become” connection is
created, conceiving that a better allocation of resources would become (or would be
transposed) a process of fostering credible and valid information and vice versa.

The sustainable part of the process implies stock market development, LIQ (total value
of trades/market capitalization), increase in productivity parameter, economic growth, size
(market capitalization ratio/GDP) and higher value of GDP, allowing the whole structure
to gain its own coherence, relevance and utility. The nonsustainable, nurturing process
is structured on increasing investments, more efficient capital allocation, investing in
innovation, better allocation of resources, fostering credible and valid information and
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long-run investment projects, the nonsustainable hexagon with its own dynamics and
being defined by a high degree of instability.

4. Summary

It can be seen from the quantitative analysis that, among variables, there is a long-run
equilibrium, after applying the Johansen–Juselius procedure. Additionally, the model
passes the test for multicollinearity, with the care for risk diversification-volatility and risk
diversification-openness multicollinearity. One could see from Table 6 that liquidity has a
nonsignificant influence over growth, in the present model, the same as volatility. Openness
and size of the stock market have a significant positive influence over economic growth,
while risk diversification of the stock market presents a negative significant influence over
economic growth, supporting the results from [7,13,27]. In opposition, the present findings
contradict the results presented in [25,26], constraining a negative relationship between
risk sharing and economic growth. In addition, contradicting present findings, [62] shows
that “little evidence was found from the variance decomposition analysis that financial
development “leads” economic growth”.

From the qualitative approach, we could conclude that the stock market could foster
growth in a very complex way, constructed on a network of economic levers and systems.
The process is bi-directional and is structured on a multivalent logic, being capable of a
more complex structural transformation.

From the qualitative approach, the following conclusions could be drawn: the ele-
ments are grouped in three-field conglomerations; conglomerations have the capacity of
circular permutation of three letters each; and the three basic elements are composed based
on the automorphisms discussed in the present paper [32,33].

The qualitative model is also sustainable, competed by a series of factors. The relation-
ship within the hexagonal fractalization system is performed through feedback loops and
commutative diagrams, which allows self-stimulation and self-inhibition of the system as
well as the formation of accumulation zones, while endogenous growth models develop
their relationship through determination functions.

Within the fractalized system, complex relationships are formed, such as those of
inter-relationship between different systems (initially formed in a hypercubic dimension).
This allows the effects of changes in one parameter to be observed, even if the effects
occur in another system. The automation group is sustainable because it is maintained and
self-induced in the cascade, sustaining itself indefinitely. A sustainable and unsustainable
structure is a relational structure, and it generates economic growth in a qualitative way, in
the process of constructing the model.

The externalities of the hexagonal system will always determine new actions or
processes, due to the feedback cycles in which they are involved. The externalities of
endogenous models will have effects on other parameters only if they are introduced as
determinants in the equations of those parameters.

Both types of models allow the addition of parameters for continuous endogeniza-
tion. Thus, in the fractalized model, a new level of granulation can be added, and in the
endogenous model, new functions for defining the included parameters can be added.
The fractalized model is evolutionary in the sense that new levels of granulation can be
created [32]. This is not an evolutionary model of growth, in the sense that it does not
include Fircher’s replication equations [63], but it is an evolutionary modeling system, by
developing new levels of granulation. If the fractalized approach model is transposed into
a cellular automaton, then it helps in decision making and can become a decision model.

Within the endogenous model discussed in this paper, a series of correlations are
formed that allow bivalent relationships of the introduced parameters. In the fractalized
model, these correlations can be exposed using feedback cycles that form inside or between
hexagons on different levels of fractalization. The endogenous model is based on bivalent
logic, where the variations of the output parameter can be increasing or decreasing. In the
fractalized model, the logic used is trivalent, so that a parameter is identified by a source, a
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sensor and a decision-maker. Thus, the parameter expressed by the source, measured by
the sensor and capitalized by the decision-maker, can have several valences depending on
the size of the sensor.

The relationship within the hexagonal fractalization system is performed through
feedback loops and commutative diagrams, allowing self-stimulation and self-inhibition of
the system and the formation of accumulation areas, while the endogenous growth model
develops its relationship through determination functions.

Both models allow the determination of empirical evidence and comparative statistics.
While the endogenous economic growth model allows the empirical study of the causality,
having a probabilistic approach, the fractalized model allows the determination of a causal
network, thus enhancing multiple future scenarios, also being a stochastic model.

Within the endogenous economic growth system, the modeling is quantitative, the units
of measurement are quantitative, while the fractalized model assumes a qualitative measure-
ment, by using syntactic operations. Automorphisms are interpreted as syntactic operations.
This allows the correlation of the parameters with the help of qualitative mathematics.

Within the fractalized system, complex relationships are formed, such as those of
interrelationships between different systems (initially formed in a hypercubic dimension).
This allows the effects of changes in one parameter to be observed, even if the effects occur
in another system.

The main control functions that the stock exchange has over the macroeconomic
context, specifically over economic growth, are related to the regression results, which the
present paper included. Thus, both liquidity and volatility of the stock market do not affect
economic growth significantly, although other studies have found significant relationships,
like in [22], where an increase in stock market liquidity may reduce savings due to lower
uncertainty, thus slowing economic growth rate, or in [7], where increasing liquidity fosters
growth in long term investment accessibility. Furthermore, in [21], excessive volatility in
the stock market conducts to inefficiency in capital allocation, or lessens the credibility in
investment operations, as in [30], thus reducing the rate of economic growth. A significant,
positive influence has been found between economic growth and openness or size of
the stock market, supporting the conclusions from [13], where openness could enhance
economic growth by fostering foreign investors to find local equity prices, reducing the cost
of capital, increasing market liquidity, and fostering financial productivity, and from [29],
where the main control functions by which openness could enhance economic growth are:
decreasing the cost of acquiring information, concluding contracts and making transactions
in the banking system. Of course, when talking about stock market openness, the financial
deregulations that could produce crises and financial booms and boosts should be well kept
under control [27]. Additionally, the present results support the findings from [7], where
the size of the stock market is an important characteristic of stock market development,
with the remark that the size of the stock market is more relevant to investments and
capital accumulation in highly developed markets, where volatility is more stable than in
emerging markets [23]. The regression results show that risk diversification of the stock
market presents a negative significant influence over economic growth, in contrast with the
findings from [25], where reducing risk diversification would reduce economic growth and
welfare, or from [26], where risk diversification also enhances the allocation of resources
and accelerates economic growth. When taking into consideration the effect of the control
variables over the parameters involved, we can see that volatility is positively influenced by
investments and human capital, while the size of the stock market is negatively impacted
by investments and DEPTH. Additionally, stock market liquidity is positively impacted by
the level of education of one’s country citizens. Furthermore, DEPTH negatively impacts
the openness of the stock market.

5. Conclusions

From the quantitative approach, one can conclude that that liquidity has a nonsignif-
icant influence over growth, in the present model, the same as volatility, although high
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liquidity on the stock market “allows savers to buy and sell quickly and cheaply when they
wish to alter their portfolios” [21]. By increasing liquidity in the stock market, long-term
investments become more accessible [7]. In theory, volatility has an indirect relationship
with economic growth, as excessive volatility in stock markets is conducive to inefficiency
in capital allocation thus reducing the rate of economic growth. Furthermore, in [30],
stock market volatility is observed due to a loss of credibility in investment operations.
Openness and size of the stock market have a significant positive influence over economic
growth, while risk diversification of the stock market presents a negative significant in-
fluence over economic growth. It can be seen from the quantitative analysis that, among
variables, there is a long-run equilibrium between stock market development and eco-
nomic growth, after applying the Johansen–Juselius procedure. Additionally, the model
passes the test for multicollinearity, with the care for risk diversification-volatility and risk
diversification-openness multicollinearity.

From the qualitative approach, we could conclude that the stock market could foster
growth in a very complex way, constructed on a network of economic levers and systems.
The process is bi-directional and is structured on a multivalent logic, being capable of a
more complex structural transformation.

Both types of models allow the addition of parameters for continuous endogeniza-
tion. Thus, in the fractalized model, a new level of granulation can be added, and in the
endogenous model, new functions for defining the included parameters can be added.

The externalities of the hexagonal system will always determine new actions or
processes, due to the feedback cycles in which they are involved. The externalities of
endogenous models will have effects on other parameters only if they are introduced as
determinants in the equations of those parameters.
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