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Abstract: Our main purpose in this paper is to prove the existence of solutions for the fractional
strongly singular thermostat model under some generalized boundary conditions. In this way, we
use some recent nonlinear fixed-point techniques involving a--contractions and a-admissible maps.
Further, we establish the similar results for the hybrid version of the given fractional strongly singular
thermostat control model. Some examples are studied to illustrate the consistency of our results.

Keywords: boundary conditions; hybrid differential equation; fractional thermostat model; strong
singularity; the Caputo derivative; a-tp-contraction

1. Introduction

Fractional calculus is one of the most important branches of mathematics that derives
and studies many different properties of integration and derivation operators of non-integer
orders via singular and nonsingular kernels. These operators are called fractional integrals
and derivatives [1-4]. Because of the importance, potential, high accuracy and flexibility of
the mentioned fractional operators, the attention of engineers and applied researchers has
been drawn in this direction. One can find several published works regarding applications
of this field in mathematical models. For instance, Baleanu et al. [5] designed a novel model
of FBVP on glucose graph, or Mohammadi et al. [6] studied a fractional mathematical
model of Mumps virus in the context of the Caputo-Fabrizio operators. In [7], Boutiara et al.
used the Caputo-Hadamard fractional operators to study the solutions of a three-point
BVP—see [8-30].

In 2005, the first mathematical model based on thermostat control was designed in the
following structure by Webb [31] as
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{v”(t) +g()H(t,v(t)) =0,
v'(0) =0, b0’ (1) +v(¢) =0,

fort € [0, 1] and b > 0. Then, in [32], Shen, Zhou and Yang considered the thermostat
differential equation in the non-integer format and with the same boundary conditions as

{Dr’v(t) +AH(t,0(t)) =0,
v'(0) =0, bDP~lo(t) +ov(&) =0,

where t € [0,1],b > 0and p € (1,2],& € (0,1), bI'(p) > (1 —&)P"1, A >0and H: [0,1] x
[0,00) — [0,00) is continuous. In the subsequent years, other researchers investigated
different structures of the fractional model of thermostat. In [33], Baleanu et al. designed
the hybrid fractional model of thermostat control for the first time and by utilizing the
Dhage’s method, established their desired purposes on the existence of solution, which
takes such a format ©
c v
i om)!

via the hybrid boundary conditions

+H(t0(t)) =0,

ch [ U(f)

o)) oo =0 PP o9 o()

mo o) 1t i o) hes =

in which p € (1,2], & € (0,1),b > 0,°D! = %, ¢D1 stands for the Caputo derivative for

givenorder g € {p,p —1} and H,h € C([0,1] x R,R) with h # 0.
Recently in 2021, Thaiprayoon et al. [34] devoted to investigating a class of ¢-Hilfer
nonlinear implicit fractional model describing thermostat control as

Hpredy(t) = H(t, v(Bt), I%0(0t)), te [0,T],

m

n r
Y. a'DT0(g;) = Ay, b DM PPu(6) + ) (@) = Az,
=1 k=1

i=1 j
in which HD*#¢ stands for the ¢-Hilfer derivative of order « = {p, v;, ;tj}, pe (12,
Hj € (0,1], Ay, Ay, a;, bj,cy € R, i, 6j, Gk € (0,T), p € [0,1], I is the ¢-RL-integral for
given order g > 0, 8,0 € (0,1] and H € C([0, T] x R?,R).

Naturally, in many real-world mathematical models, in some points of the existing
domain, there is the singularity and this implies that the computation and finding possible
solutions of the given fractional system becomes a complicated process. Due to such a
difficulty, some researchers are interested in the investigation of singular fractional BVPs.
For instance, see [35,36].

The importance and existing complexity in studying fractional structures having
singular points motivate us to investigate the existence and uniqueness of solutions for
some real mathematical models in engineering in which solutions possess singular points;
therefore, by using main ideas of above mathematical models, in this manuscript, we
find a theoretical method to investigate the existence of solutions for the strongly singular
fractional model of thermostat control given as

‘DUx(H) +8(Mf(x(t) =0, (w=2, we(n-1n]), @

with initial conditions x()(0) = 0 for j € {0,1,...,n — 1} with j # k coupled with the
boundary condition

(p(t)x(t))/|£:1 +ax(n) =0,
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where 7 € (0,1),a > 0, (w —k —1)p(1) > ay¥, g : [0,1] — R is singular or strongly
singular at some points of [0,1], p : [0,1] — [0, c0) is differentiable in t = 1, f € C(R,R)
and D% displays the Caputo derivative for given order w.

Note that the above boundary problem caused by the singular fractional model of
thermostat control is new and it has not been studied in any other paper so far and this
guarantees the novelty of the present paper. Further, the used technique to confirm the
existence of solutions for such a new singular system is based on the special subclass of
operators called a-p-contractions and a-admissible maps.

The construction of the paper is organized as: Section 2 is devoted to recalling some
basic notions. Section 3 is devoted to deriving a corresponding integral equation for the
given singular model of thermostat control (1) and proving the existence of solution by
making use of a-y-contractions. In Section 4, the hybrid version of the aforementioned
strongly singular model of thermostat control is proved by means of the same technique.
Two illustrative examples for both cases are simulated in Section 5 to confirm the correctness
of the findings. At last, the conclusion remarks are stated in Section 6.

2. Basic Notions

Before recalling some basic notions, note that in this article, we apply ||.||; for the
norm of L'[0,1] and ||.|| as the sup-norm for the space X = C([0,1],R).

Definition 1 ([3]). The p-th Riemann—Liouville integral of h € C([0, +c0),R) for given order
p > 0is formulated by
t(t—r)pt

IPh(t) = /0 Sy

if it is finite-valued.

Definition 2 ([3]). Let n = [p] + 1. For h € C(R=%,R), the p-th Riemann-Liouville derivative

is given as
dyn [t(t—r)r-rt

if it is finite-valued.

Definition 3 ([3]). Let n = [p] + 1. For h € AC")(R20,R), the p-th Caputo derivative is
presented by
t(g—r)rpl
Py = [ n ) (1) d
0 = [ S ar
if it is finite-valued.

Proposition 1 ([1]). Letn —1 < p < n. Then Vh € C"~1([0, +c0)),

n—-1
IP(‘DPR)(t) = h(t) + Y it = co+ort+ ot + -+ gt
i=0

for some ¢; € R.

In 2012, Samet et al. [37] turned to introduction of a new subclass of special functions,
which will be applied in our existence method here.

We introduce via ¥, the subclass of non-decreasing mappings such as ¢ : [0,00) —
[0, 00) with

[e9)

Pr(t) < oo
=1

n
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for all t > 0. Further, Vt > 0, ¢(t) < t[37]. In the sequel, regard X as a complete metric
space.

Definition 4 ([37]). Consider h: X — Xand o : X x X — [0, 00) as two mappings. We name h
to be an w-admissible whenever a(hx, hy) > 1ifa(x,y) > 1.

Definition 5 ([37]). Consider p € ¥ and « : A — [0, 00) with A = X x X. A self-mapping h
on X is named as an a-p-contraction if

a(x,y)d(hx, hy) < ¢(d(x,y)), Yx,yeX.
In this study, the next theorem will be useful for establishing the fundamental theorems.

Theorem 1 ([37]). Consider y € ¥, a : A — [0,00) with A = X x Xandh : X — Xasa
continuous a-admissible a-y-contraction. If 3xg € X so that a(xg, hxg) > 1, then h admits a
fixed-point in X.

3. Main Results

Here, the existence of solution for the aforesaid strongly singular fractional model of
thermostat control (1) is discussed. At first, we provide a key lemma.

Lemmal Letw >2,w € [n—1,n), 1 € (0,1),a >0,k € {0,1,...,n—2},§ € L' and
p : [0,1] — R be differentiable at t = 1 with (w — k — 1)p(1) > ay* > 0. Then v as a solution of
the linear differential equation D% (x(t)) + §(t) = 0 via given BCs

{xU)(o):o, Vi€ {0,1,...,n—1}, j#Kk,
2)
(P(Ox(8)']; +ax(n) =0,
is given as
1
x(t) = /O G(t,5)f(s)ds, 3)
where
l w—1 w—2 w—1 tk
| 9t (POt op - 2 a0 )

whenever 0 <s <t<lands <7y,

k
Glt9) = g7 (P =9 op()A -2 +aly —5)° ) 5

whenever 0 <t <s <y <1,

k
6(t9) = s | — (=917 + (Y01 =3 +wp)1 -2 ) ]

w
whenever 0 <y <s <t<1,

t

Glt:s) = F<1w> (”,(1)(1 —9)“ "+ wp(1)(1 _5)‘“‘2) A

whenever 0 < t <5 < lands > yand also A = p' (1) +kp(1) + an*.
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(p(H)o(1) =

Proof. Let v be the solution of the given linear BVP and satisfies (2). By using Proposition 1,
some real constants ¢y, . .., cy—1 exist provided that

o(t) = —IY(f(t)) +co+crt+...+ T L

Since () (0) = 0 forall j € {0,1,..., n — 1} with j # k, we obtain ¢; = 0 for j # k and so
v(t) = —ﬁ /Ot(t — 8)“1(s)ds + ot 4)

Hence p(1o(t) = ¢ <)) / (t — )~ 1(s)ds + cpp(£)¢*. Thus,

_1";(7:5;) /Ot( 5)“ " f(s)ds (w<t) ) /Ot(t — 6)972§(s)ds + kerp () + oo p’ (D

Now for each k > 1, we have

(p00(0) |y = 3 [ =5 el

_ 1"(51(1_)1) /01<1 —5)“ " %(s)ds + cpp' (1) + kerp(1)

! —g)w-1 _ w2
:_/()1(;9(1)(1 5) *p(lr)&_?) ito)ds + (4'(1) + kp(1))cs

(000 = (T [\t = tepds + cop(o)

AU /Ot(t—s)“’flf(s)ds — F(Z(t) 0 /Ot(t—5)“’72f(5)d5+cop’(t).

(p(t)o(®))|,_, = _r’zcg) /01(1 —5) 1f(s)ds — F(Zfl_)l) /01(1 —8)972f(s)ds + cop (1)

_ _ &\w—2
= [ PR eyt (/1) + kp(1)er
On the other hand, av(7) _F({zu) /OW(U — §)“"1§(s)ds + cran*. Since

(p(t)o(0)'|,_, +au(n) =0,
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and so

/ w1 _ & w2
-t <1><r1(w)s> L PO
a

g 0o 0w

where A = p’(1) + kp(1) + ay*. Hence, by inserting ¢, into (4),

o(t) = r(lw) /O ‘(6= 8) 1f(s)ds
¢ P9 | p) e
A 0 ( I'(w) * INw-—1) Jf(s)ds

and so we obtain .
o(t) = / G (4, 5)f(s)ds,
0

in which G(t, s) is given by (3) and the argument is completed. [J

Remark 1. In the special case k = 0, Green function is reduced to:

G(t,5) = 1"(1cu) [ —(t—s)Y 14 <p'(1)(1 —5) (w—-1)p(1)(1—5)“ 2 +a(y— 5)“’1> i]

when0 <s<t<lands <y,

1
G(f,5)—m
when0 <t<s<n<1,

1

(p'(l)(l C 9 (w—1)p(1)(1— 82 +aly —s)w-l)

1

A

—~

w)

when 0 <5 <s<t<1land
Glus) = Fo (p’(l)(l — o (w - 1)p(1)(1 - s)w—Z)

Remark 2. Note that for each t,s € [0, 1], we have

Glt9) 2 7| = (=9 1+ (P -9 4 (w0 = Dp(1) (A -9 2)

Since k < w — 1, we have
’tk(l _g)wfl 2 twfl (1 _ s)wfl — (’t— tﬁ)wfl Z (t _g)wfl
and so

k
~(t=9) 1 (P =9+ w-Dp1 -9 ) 5
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IV
| =

(-5 1y (p'(l)(t — ot (w—1)p(1)e —s)w-l)

| =

> (- g)e! ( ~kp(1) + (w — 1)p(1) - aﬂ")

> 0.

> =

~ (=9 (w=k=1p(1) ~ar )

Hence,

_ &\w—1
G(t,s) > (tAI’E()w) ((w —k—1)p(1) — myk> > 0.

Remark 3. Further, G(0,s) = 0 and the maximum of G(t,s) is obtained if 0 <t <s <y <1
and accordingly,

G(t5) < s (P =+ (0= VP11~ 2+ aly — o) §
) < Far (P p 7 A

1

= AT(w@)

(P’(l)(l — ) T4 (w—1)p(1)(1—5) 2 +a(y _s)w-1>5k‘
One can simply see that G is continuous by terms of t. Moreover, for k > 1 we have

_(f w2 k—1
) = S (V=9 0= DA - P ka0 )

whenever 0 <s <t<lands <m,

oG ktk—1

T8 = 210 (PO -9 4 @ -0 A= 0 2 a0 )

whenever 0 <t <s <y <1,

—(t—g)w—2 k—1
Tete) = L+ i (PO -9 o Dp)a -0 2)

whenever 0 <y <5 <t<1,

oG (ts) = - "M =9+ (w—-1)p(1)(1—5)“?
at ¥ T Ar(w) \P P
oG —(t—s5)w2 oG
and for case k = 0, o (t,9) T(w—1) when 0 < s < t < 1and En (t,5) = 0 when
0 < t<s <1 Thus, — will be continuous w.r.t the variable t.

ot

We assume that X = C[0,1] is furnished with ||x|| = sup{|x(t)| : t € [0,1]}, which
will be a Banach space and H : X — X is given by

1

Hx(t) = | G(t,5)g(s)f(x(s))ds

1 t w—
-t /0 (t—5)“ "g(s)f(x(s))ds
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+ A Jo ( I'(w) + T(w=1) )8 (s)f(x(s))ds
k
+ ﬁfw) /0’7(17 — )9 Lo(s)f(x(s))ds -

for all t € [0,1]. In this case, xg € X is a solution for the singular fractional model of
thermostat control (1) iff xg is a fixed point of H.

In the next theorem, we suppose that the map g : [0, 1] — R may be singular at some
points {t;}/_, subjectto 0 =tg < t; < ... < t,_1 <t = 1. Put

+ 1.

ng = -
{m1n0<i<r(ti —ti_1)
1 1 .
Note that, t; + = < tjp1 — = for n > ny. Now, for n > ng, define H, : X — X by

r—1

‘+1_%
o) = 3 [ " Glos)g(a)f(x(s))ds

i=0 /ity

B 1 r—1 . o )
T T(w) Z()/[Ot]ﬂ[tJr ti1— 111]( — ) g(s)f(x(s))ds

kr 1 _ \w—1 _ s\w—2
P L o P+ P st

I'(w) MNw-1)
; /[0 7]N[t; + i — '11] (17 o 5)w_1g(5)f(x(5))d5' (6)

Theorem 2. Assume that:

(i) p:[0,1] — Ris differentiable at t = 1 and p(1) > ay* > 0fork € {0,1,...,n—1}.
(ii)  two non-decreasing maps M, N : Rt — R exist such that

M) _ € [0,00) and lim N(z)

= =0 0,00),
z—0t Q(Z) 1 z—0t 2 E[ oo)

in which Q : R — R is increasing and lim,_,,+ Q(z) = 0.
(iii) f: R — R fulfills |f(x) — f(y)| < M(|x —y|) and |f(z)| < N(z) forall x,y,z € R and
1
also ||| :/0 (1— )25k |g(s)|ds < oco.

Then the singular fractional model of thermostat control (1) admits a solution if

max i
A ()@= Dp() +0) T gl <1,

t
where A = p/(1) + kp(1) + ar¥ and |3 = [ (1~ 5) 25" (o) s

i

Proof. At first, we check the continuity of H, given by (6). Let € > 0 be given. Since

M(z)
Q(z)

Q(z) — 0asz — 07, §; > 0 exists so that z € (0,6;] implies Q(z) < €. Since tends
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M(z)
Q(z)

tog € [0,00) asz — 0T, thus &, > 0 exists such that z € (0, 6] yields
M(z) < (g+€)Q(z) forall z € (0,0'], where &' < 6,. If

< g+ €. Hence,

6 :=min{e,é1,0} and z:=|[lx—y| <e,

then
M(llx—yll) < (@+e)Q(llx—yl) < (g +e)e,

andsoVx,y € X with ||x —y|| < J,n > ngand t € [0,1], we obtain
r—1 ,¢ _1
i1y
[Hyx(t) — Hay(8)] < Z/t+1 G(t 5)[g()[[F(x(s)) — f(y(s))|ds
i=0"4"y

r=1 ti+1—%
<X f1 " Cs)lgle) M(lx(e) — vlo)ds

1 v tiﬂ_% / w—1 w—2
<3 & /M (P11 —) + (w - 1)p(1)(1—s)

+a(y —5)*")s |g(s) [ M(]|x — yll)ds

r—1 ,t; 1_1
<OEOEIE [T e - e e gte)ls

< atw) | &b
{Hl_% w-2_k tiﬂ_% w—1 _k
+A,+1 (@ —1)p(1)(1 —5)* 2 |g(5)|ds+/t+l a(y — )91 |g(5)|d5]

=1 fi+1*%
<RIy ) [T e 2 golds

i=0 ity
fi+1*l ’ti+1*l

e p() [0 —a B gGellds v [ 10 gl
= EO00) 1 0~ 1p(1) 4 0) L 50l

AT(w) ¥ P & il
Hence,

r—1
I~ oyl < L)+ @ - Dp() 0 L gl

and so H,x — H,yin X as x — y. Thus, H, is continuous for each n > ng. On the other
M(z)

side, since lim, ¢+ H(z)

= q,50 61(€) > 0 exists such that z € (0,4} (e)] gives

M(z) < (9+€)Q(2) )
for all 8] (¢) < 61(e). Moreover, since
1

Aflzw) (p'(1) + (@ =1)p(1) +a) g I§inll <1,
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there exists €y > 0 such that

10 (111) 4 (w0~ 1)p(1) +0) T I goal <1
AT(w) ‘P P 2 8ol = =
Since lim,_,p+ Niz) = 0, there is 6 = J(e) > 0 so that N(z) <
0<z<4. As
0 , r—1 B

W(P (1) +(w—=1)p(1) +a) i;O 1$inll <1,
so €1 > 0 exists such that

O X €L (1) 4 (w - Vp(1) ) T Igiall <1

Ar(w) p p = gz,n .

Puté; = (1) and 7 = min{@,&z(el)}. For z = 7,

N(7) < (0 + €))7

(0 + €)z for all

Let C = {x € X : ||x|| < 7}. Definea : X?> — [0,00) by a(x,y) = 1if x,y € C and

a(x,y) = 0 otherwise. If a(x,y) > 1, then

x|l <7 and [ly] <7

We verify in this case, that «(H,x, H,y) > 1. To do this, for each t € [0,1] and n > ny,

we may write
\an|<2/l G(t,5)I(5)][7(x(s))lds

tiy1— Tl

x s[g(s)[N(||x|)ds

)1 =8)" 4 (w = Dp(1)(1 =) +a(y — )7

< ANFEZ)(PI(1)+( ) +a) Z[L'“ (1~ g)w2 o|g(s)|ds
r—1
= (szL(S))(’”/(l”(w1)P(1)+a>i_20|g*i,n|| <7

So ||Hyx|| < 7. By the same reason ||H,y| < 7, consequently a(H,x, Hyy) > 1.
Further, if x € C, then H,x € C and since C # ¢, thus x( € C exists so that a(xo, Hyxo) > 1.
Now let a(x,y) = 1. Then ||x|| < Fand |ly]| <7 ||[x —y| < ||x|| + |ly]] < 2F < dy(€p) and

so by using (7), we obtain

M([|lx = yll) < (9 +e)H([lx = yl)-

Therefore, in this case, we have

ImM)HWI<Z/H" (t,9) (&) i(x(5)) — F(y(s))ds

®)
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x s|g(s)IM(|lx — y|)ds

< (q+€OA)r((”3)Cy”)(p( )+( +Ll Z/H'l n w 2 k|g( )|d5

B r—1
< tre)Q(lx y||)(p/(1)+(a;—1)p(l)+ﬂ) ;)Hgi,nnf

AT (w)
and so
[[Hnx = Huyl| < AQ([lx = yl),
_ (q+60) / _ = = . .
where A AT (@) (P'(1)+ (w—=1)p(1) +a) }_ [|&i x| Further, define ¢ : [0, 00) — [0, 00)
i=0

by ¢(t) = AQ(t). Since Q is non-decreasing and A € (0,1), so accordingly ¢ is also non-

decreasing and ) Pi(t) < Q%(t), where Q% () = lim, . Q" (). Hence,
i=0

a(x,y)d(Hnx, Huy) < $(d(x,y))-

If a(x,y) = 0, the last inequality is valid obviously and so H, is a-ip-contraction. Now
by making use of Theorem 1, H, admits a fixed-point in X for all n > ny.
Now, choose {x;; }4>n, so that x,,(t) = H,x,(t) and so

r—1

ti+1*%
()= L [ 1 Glog(e)its)ds

ity

B G(t,5)g(s)f(xn(s))ds.
OAHULof- L 1y C 8 n(3)

G is continuous by terms of t on [0, 1]. Hence,

oxn(t) oG
Y t 7 n d
tkg,lt Jat tk%t /[0 1{U_ o[tz 1 t+ ]} atk( k8 )g( )f(x (5)) 5

G
- ts Xn (S ds
AUl L6+ 1) ¢ (b9)8(s)f(xn(s))

for all t € [0,1]. Thus, {x},}y>n, is equi-continuous and {x, },>n, admits the relative
compactness on X. The Arzela—Ascoli theorem implies the existence of xg € X so that
lim, 00 X = xp. For t € [0,1], put

1., (8)G(t,5)g(5)f(xn(s)),

Un (t,s) - X{U;;é [tf+%,fi+1 -7l

where xg(s) = 1 when s € E and xg(s) = 0 when s ¢ E. Since x, — xg, so 311 € Nsuch
that ||x, — xo|| < €,Vn > ny. Letn > ny > ng. By using (7), we have

|un(t,5)| = |x (5)G(t,5)g(s)f(xn(s))]

- 1 1
(U ltit 5t =1}

1, 1,(8)G(t9)[g(s) [f(xn(s)) — F(x0(s))]

< )
= XMusid -1y
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+x (5)G(t,5)Ig(s)[[§(x0(s))]

_ 1 1
{UIZg [tit 5 b1 — 5]}

< D ) e it o1y (1= 9 2 g(6) M (s ~ )

(P'() + (w—=1p(1) +a)

o \w—2.k
' AT (w) Xyt L -1y 91 =) 757 18(0)IN(lxoll)

SJUACRICE 1>P<1)A;r([2)(q e xOH)X{UZ_é i daa-2p 0 5)2sg(s)]

(p/(l)+wj%?fj))H)N(HXOH)X{U;3[v L1 (5) (1= 5)“ 26k g(s))|

_l’_
Soltits tii—3 1}

UACRE A 1)Apr((1c2);r e G)Q(e)x{u,*é [ti+%,ti+1f%]}(s)(1 —5)“ 26" |g(s)]

w2k
w) X{Uz o[tz lfzﬂ 711]}(5)(1 5) 4 |g(5)|

Since (1 — 5)“2sk¢(s) € L1[0,1], we obtain

(P'() + (w—=1)p(1) +a)(q +€)Q(e)

w2k 1
AT'(w) X{U{;S[tﬁ%,tiﬂ—%]}(5)(1 s)“ "s°g(s) € L7[0,1]
and
(p'(1) + (@ =1)p(1) + a)N(||xo]) s 1
AF(QJ) X{Ul O[tf 1 Ai— 711]}(5)(1 5) 5 g(5) €L [O, 1]

Hence u,(t,.) € L'[0,1] for any n > ny. The Lebesgue dominated theorem yields

xo(t) = lim x,(t) = lim / X o L (5)G (4, 5)g(5)f(xu(s))ds

n—o00 n—oo

+21}
- /01 Glt,5)g(s)i(xo(s))ds

for all t € [0,1]. Since A(;I((j)) — g, s0 some 0 > 0 exists provided that 0 < z < 6 implies
M(z) < (9 +€)Q(z). Since Q(z) — 0", 36" > 0 such that

0<z<d = Qz)<e

On the other side, x, — x( gives the existence of some 1, € N such that ||x, — xo| <
min{d, ¢’} for all n > ny. Hence, we have

[7(xn) = F(x0)| < M(llxn — x0]) < (7 +€)Q(2) < (9 +€)e,

for all n > ny. Thus, f(x,) — f(xo) as x — xp and so H admits a fixed-point x(, which will
be a solution for the fractional strongly singular thermostat control BVP (1) and this ends
the proof. O
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4. Hybrid Version

To follow our study on the strongly singular models, we here consider the hybrid
version of the fractional strongly singular thermostat control problem having the form

DU (g(t)x(t)) + g(t)f(x(t)) =0, ©)
with BCs
tur&(g(t)x(f))@ () =0, Vje{0,1,...,n—1} withj#k, (10)
and
Jim (p(0)()x(0))" +ag()x(n) =0, D

where 7 € (0,1),a >0, (w —k—1)p(1) > ay*, k < w —2,¢: [0,1] — Ris singular at some
points of [0,1], p : [0,1] — [0, c0) is differentiable in t = 1 and D% displays the Caputo
derivative with given order w.

Consider g as a singular function which may admit the strong singularity in the set

1 1 1
E = {t;}]_, with 7 € C[0,1] and g(s) # 0, foralls € [0,1]\E and ||§H > 0. As an example
1
for such a function g : [0,1] — R, one can define g(t) = 2 Then g involves the strong

singularity in t = 0 and ;(t) # 0 forall t # 0 and ||1H =1

By applying a similar proof given in the Lemma 1, one can immediately conclude that x
is a solution for the fractional hybrid strongly singular thermostat control problem (9)-(11)
if and only if
1 1
x(t) = —/ G(t,5)g(s)f(x(s))ds, (12)
) =2 Jo CWes(s)i(x(s)
where G(t,s) is given by (3). Before proceeding to prove the main theorem, we define a
new space ), by

Ve ={x€C[0,1] : x(t) = 6;((:)) for some ay € C[0,1]}.

It is obvious that Vg #Q. Ify e Vg, then

1 1
Iyl = 1= 0 20y () = [ (1= )" 2lay(s)lds < [ 1y ds = 1]

and

ldy ]| = sup [(1 =< 2ay ()] < sup |ay ()] = [|ax].
te(0,1] te(0,1]

1
Now, regard the space ), with the norm || - [, where ||x||. = H§|| [|ax|| for x € V.

Lemma 2. The space ) is Banach with the norm || - || defined above.

Proof. Let {y,} be a Cauchy sequence contained in ). Then, for every € > 0, select some
n* € Nso that Vn,m > n*, we have ||y, — ym||+ < €. Now, by definition of the space ),
for j = n,m, take {ay, } in C[0, 1] such that

ya(t) = ;(S) and yy(t) = 2V
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1
forall t € [0,1] and ||§H||ayn —ay, || <e. Thus

||a]/n ymH <

||1||

for all n,m > n* and so {ay, } is a Cauchy sequence contained in X = C|[0,1]. We select

®) an(t)

. 4o _
ay € C[0,1] subject to ay, — ag. If yo(t) = FOK then v, (t) )

This means that yg is a Banach space. [

— yo(f) with Yo € yg.

To prove the next theorem, we define H* : Vo — ), by

1 1
H*x(t :—/ G(t,s)¢(s)f(x(s))ds, 13
(t) 20 o (t5)g(s)f(x(s)) (13)
o , Hx(t)
where G(t,s) is given by (3). Note that in fact, we have H*x(t) = FOR One can check,

by (12), that x is a fixed-point of H* iff x( is a solution for the fractional hybrid strongly
singular thermostat control problem (9)—(11).

Theorem 3. Assume that:

(i)  anon-decreasing map A : Rt — R exists with lim,_,o+ Alz) _ A € [0,00) so that for
f: R — R, we have :
[F(x) = F(y)| < Allx —yl)
i(2)

and lim,_,+ == 0 €0,0), Vx,y,z€R;

i P+ @=1p(1) +0)(max{8,A})
AT (w)(k+1)

Then fractional hybrid strongly singular thermostat control problem (9)-(11) admits a solution.

<L

Proof. Let n > ny. We verify that H;; is continuous in the space ). For x,y € ), and
t € [0,1], we have

[Hux(t) = Huy(t)] < / 1 1,G(9)[g(s)[f(x(s)) —F(y(s))lds

01| UiZplti—3 tit+3
1 w
Sﬁ/[om{u T d - 711]}(“ Yg(s)[If(x(s)) — f(y(s))|ds
¢ p(1)(1—s)“ 1 p(1)(1—s)“2
+X/u;w }1}( Tw) T Tw=1) 8@IixE) —Hy(s))lds

atk w—
AT Jonitios Loy @~ 9 B ETGE)) = (s

; [T G A LI EOR O

Aip1— Vl]

l> \

kr=1 / o w-1  w-2
P53 L foren P Pty s@IAx() —yis))ds

i=0 Aip1— n F(CU)

atk r—1 o
* AT (w) Z/[O,?mtg 1 (1 =) g (s)[A(lx(s) — y(s)|)ds.

tip1— n]
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A
Let € > 0 be given. Since lim,_,+ @ = A € [0,00), then some Jy > 0 exists so

that Alz) < A+eforallz € (0,0)(e)] with &) < dy. Put é;(e) = min{y(e), e}. For any
€ (0, (5*( )], we have A(z) < (A +€)z. Let x,y € Y, be such that ||x — y|| < J;. Select
ax,ay € C[0,1] such that
t
ax(t) an ay(t)

g(t)

x(t) =

forall t € [0,1]. Thus,

ax(t) —ay(t) 1
[x =yl = sup ‘ < sup |—~| sup [ax(t) —ay(t)[ = [lx —y« <.
t€[0,1] g(t) w1 8O oy g °
Henee ax(6) — ay(0)
ay(t) —a .
x(t) —y(8)] = =< < &

18(t)]
forall t € [0,1]. Putz(t) := |x(t) — y(t)| < ;. For each t € [0,1], we have

(A+e)
8(1)]

Alx(®) —y®)) < (A+e)lx(t) —y(H)] = |ax(t) — ay (¢)]. (14)

If ||x — y|| < &%, then

|Hux(t) — Huy(t) 2/[“ oD 1}(t_5)wlg(5)|(|);?;)€|)|ﬂx(5)—Hy(5)|d5
tkr 1 (D(1—s9)¥ -1 p(1)<1_5)w72 (A+e)
/+ Aig1— 7] F(w) + F(w 1) )|g<5>| |g(5)| |ax( )— (5)|d5
AF Z/[Oﬂlﬁ L - n](ﬂ_ﬁ)wl|g(5)()\g(—z)€|)|ax(5)—ay(ﬁ)dﬁ

A

()\ + 6) r—1 o
~ T(w) iz(:)/[tﬁ;,tiﬂ_ylz](t_ﬁ) Hlax(s) = ay(s)|ds

(A + )tk it P —8) 1 p(1)(1— )92
Y /[ N Ylax(s) — ay(s)|ds

kr=1
+a()Hre)’c / }(77*5)‘0 Uay(s 5) — ay(s)|ds

1
+ Aip1— n

r—1 fi+1*%
< LY [ 7 = o) Zasls) — ayfs)lds

I'(w) i—0 i+%

r— t ]71 / _
N (A + e)tk 1/t i+17 (p (1) + ((U 1)P(1) )(1 —5)w_2|61x(5) — ﬂy(5)|d5

A i—0 i+% l"(cu)

a k=l ti+1—%
m 2/t (1= 9)9 2 |ax(s) — ay(s)|ds

i=0 /ity
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e) =1 i+1—%
:(N+)ZA‘ lax(s) — dy(s)|ds

I'(w) i=0 Hr%

/ © i
L A+ W) + (@ =1p)E 1A“ " |ax(s) = ay(s)\ds

1
i=0/tity

1
a()\—|—e){k771 tiy1—3] . R
A b

ity

()\(—i—e 2 ayH):/zH i

L Q) + @ Dp)E —@HX;/”l”

[ e

As we checked, ||x||« < € implies ||dy| < ||ax| < If |x — y||« < 6* <e¢, then

||1||

Ate) e A 2
|Hux(t) — Huy(t)] < (@) @ i;,)(fiﬂ —t) — o
A+e)(p'() + (w-1pA)t e = 2
+ AT (@) ”;fH l:O(fiH —t) -
a()\—i—e)tkir*l 4 B
ar(w) o &Y

forall t € [0,1]. So

(1-3w+e)

IFx = Hayl < (A4 (1) = Dp(h) +) = s

Thus [|x — y||+ < 6" < e implies

(1-DA+e)

* * _ 1 o / o
Iy = iyl = |l = Hayll < (84 9/(1) + (@ = 1)p(1) + ) ——ges

This says that x — y in ) implies Hyx — Hpy and so Hj; is continuous on the space

Y. Since lim,_, o+ |f(zz)| =0 € [0,00), thus for any € > 0, some J1(€) > 0 exists such that
z)| < (8 +€)zforall & (€) < 8;1(e) and z € (0,8} (¢)]. Since by hypothesis (ii),
1 1 y hyp

)+ (w

—1)p(1) + a) max{6, 5}
AT (w)(k+1) b

thus €g > 0 exists such that

(p'(1) + (w—1)p(1) 4 a) (max{6, 5} + €9)
AT(w)(k+1)

<1
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Put 7 := min{(5 (zeo),él(eo)} and let x € V,. If [ x||. <7, then forallt € [0,1],
ax(t) ax(t) =
x(t)| = < lxfls« <7

and so [f(x(t))| < (04 €o)|x(t)| forall t € [0,1]. Consider C = {x € Y, : ||x||« < 7}. Define

o yg — [0,00) by a(x,y) = 1 when x,y € C and a(x,y) = 0 otherwise. If a(x,y) > 1,
then
€] <7 and [yl <7.

Hence, we obtain

[Hux( |<Z/l G(1,5)Ig(&)][1(x(s))lds

<A

Z/tlﬂ n + (W =1)p(1) +a)(1 - 5)“ 2" |g(s)|[f(x(s))|ds

(P 4 (w—=1)p(1) +a) (6 + €) r—1
) R N o (R

PO+ @-DpW) +a)0+e) P _
< AT () (k+1) T30 = T
Hence, |Hyx|| < ﬁ and so ||Hjx|l« < ||1||||an\| < 7. In view of the similar

reasons, we obtain ||H,y||« < 7 and so «(H;:x, sz) > 1. It is simple to observe that xg € C
(and so C # @) and a(xg, Hjxp) > 1. If x,y € C, then a(x,y) = 1. Forevery t € [0,1] and
n > ng, we have

[Hux(t) = Huy(t)] < 2/ G(t9)[g(s)[[f(x(s)) —F(y(s))|ds

< 3 _: /+1 (7'(1) + (@~ D)p(1) +a) (1~ 5) e [g(s) | A(|x(s) — y(s) )ds.

5*
Since x,y € C, [[x —y|l« < [|x|l« + [y« <27 < 2? = 0* and so by using (14), we
find that
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/ — a) =1 i+1*%
Hux(Q) — Hay(g| < PGP [0 g0 Sblanls) o)l

)+ (-

1

JORLIEET FYL
Ay —4a s'ds

A].—‘((U) H X y”l_o trk%

< W)+ (@-1)p1)+a)(A+e)
= AT(w)(k +1)

(P'() + (w=1)p(1) +a)(A + €o) [Ix —yl-
AT(w) (k+1) H

~

|ax — @

yll-

Thus, |Hyx(t) — Hay(1)| < and so

(P'() + (w—=1)p(1) +a)(A +eo) [lx —yll«
AT (w)(k+1) 5]

| Hux — Huyl| <

and

(7)) + (@~ Dp(2) + A+ o) x—yll 1,

I‘I*JC—HA< *S
[ Hyyx — Hyyl| AT(w)(k +1) Izl 8

_ (p/(l) + ((,d — 1>P(1) +a)(A + 60) Hx _ y”
AT (w)(k+1) *‘

B ttin
Yy seting (p/(l)+(w—1)p(1)+a)(/\+€0>
AT (w)(k+1) '

we obtain a(x, y)d(H;;x, Hy) < ¢(d(x,y)), in which ¢(t) = yt. Further,

Y=

forall t € [0,1]. On the other side, the inequality a(x,y)d(H;x, H;y) < (d(x,y)) is clearly
valid whenever a(x,y) = 0. Now, the conclusion of Theorem 1 gives the existence of a
fixed point for Hy, in ) for all n > ny. Ultimately, by implementing a similar procedure
in Theorem 2, we can find that H* admits a fixed-point xp, which is a solution for the
fractional hybrid strongly singular thermostat control problem (9)-(11). O

5. Examples

In this situation, we examine our obtained results by presenting two examples.

Example 1. Based on the given fractional thermostat model (1), consider the following strongly
singular thermostat control equation

1

D3 x(t) + (TR

=0 (15)
with BCs

YO =0, (V)]s +x(3) =0. (16)
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In view of the above model, we have data w = =, k=1, p(t) =t a=1,1 = - and

N Q1

$() = g Hx() = x(0.

Clearly, A = p'(1) + kp(1) + ay* = g and p(1) =1 > % = ay* > 0, where A is introduced

in Theorem 2. On the other side, by considering the hypotheses of Theorem 2, by setting Q(z) =
M(z) = N(z) = |z|, we have

lim 2 —1c0,00) and 1im 2 —1e0,00),
z—0* |Z‘ z—0t 2

where § = q = 1 and lim,_,o+ Q(z) = 0. Further, we have

i(x) =F(W)| < lx =yl = M(lx —yl), [§i(z)| < |zl = N(2), Vx,y,z€R.

1 1 1 1
_ sl — el — _ \25-2,k _ S
If we assume r =1, then ||§|| = ||l /0(1 §) 5" |g(s)|ds /0 2md5 3
and
max{6,q}  , B a1 3 1
AT ¢+ @ 0p) 40 TG = s 5+ 1)x 5 <1

At last, by Theorem 2, a solution is found to the fractional strongly singular model of thermostat
control (15) and (16).

Example 2. Based on the given fractional hybrid thermostat model (9), consider the following
hybrid strongly singular thermostat control equation

5 x(t) 1
‘D2 (=2 — =
DI+ 5x() =0 a7)
with boundary conditions
im Dy 2o tim Wyl =
Jdim (Zp7) =0 im (52) +4x(3) =0, (18)
where w = g, k=0a=17y= %, pt) =t gt) = %2, flx(t)) = % and we obtain

A= p'(1) +kp(1) + ay* = 2. By assuming A(z) = %|Z\ as a non-decreasing function, we have

im 2 _ 10 0), 1im (& _1
z—0t Z 2 z—0t Z 2

€ [0,00),
1 .
where § = A = 7 On the other side, we have

1
[1(x) =§W)l < 5lx =yl = Allx —yl), Yoy R
Taker =1, so

(p'(1) + (w =1)p(1) + a) (max{6, A})

7
T(w)(k+1) 4r§§)

< 1.

Ultimately, by Theorem 3, the fractional hybrid strongly singular thermostat control problem
(17) and (18) involves a solution.
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6. Conclusions

This work is devoted to studying the existence of solutions for two different strongly
singular versions of the thermostat control problem for the first time. In this way, we
provided new techniques involving a-ip-contractive operators, which are considered as
the main novelty of the present study. For the hybrid version, we built a Banach space
based on a function having strong singularity and proved the relevant results for the
mentioned hybrid model of thermostat control. Ultimately, we proposed two illustrated
examples for obtained results. This research work clarifies that we are able to investigate
some qualitative aspects of more complicated strongly singular FBVPs describing real-
world models and this encourages us to study other singular dynamical systems arising
in different phenomena in nature and engineering. For future works, we can use these
techniques for singular Langevin equations or singular pantograph systems modeled by
different fractional operators having singular or non-singular kernels.

Author Contributions: Conceptualization, M.S., S.E. and S.R.; Formal analysis, M.K.AK.,M.S,, J.A.,
S.E., WS, EM. and S.R,; Funding acquisition, M.K.A K. and FM.; Methodology, M.K.A K., M.S,, J.A.,
S.E., WS., EM. and S.R;; Software, S.E. All authors have read and agreed to the published version of
the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Data sharing not applicable to this article as no datasets were generated
or analyzed during the current study.

Acknowledgments: The third author would like to express his sincere thanks to Prince Sultan
University and OSTIM Technical University for supporting this research paper. The fourth and
seventh authors would like to thank Azarbaijan Shahid Madani University. Further, the authors
would like to thank the reviewers for their constructive comments to improve the quality of the paper.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

FDE  Fractional Differential Equation
FBVP  Fractional Boundary Value Problem

References

1. Kilbas, A A ; Srivastava, H.M.; Trujillo, ].J. Theory and Applications of Fractional Differential Equations; North-Holland Mathematics
Studies; Elsevier: Amsterdam, The Netherlands, 2006; Volume 204.

2. Oldham, K.B.; Spanier, J. The Fractional Calculus; Academic Press: London, UK, 1974.

3. Podlubny, 1. Fractional Differential Equation; Academic Press: New York, NY, USA, 1999.

4. Samko, S.G.; Kilbas, A.A.; Marichev, O.1. Fractional Integral and Derivative: Theory and Applications; Gordon and Breach: London,
UK, 1993.

5. Baleanu, D.; Etemad, S.; Mohammadi, H.; Rezapour, S. A novel modeling of boundary value problems on the glucose graph.
Commun. Nonlinear Sci. Numer. Simulat. 2021, 100, 1-13. [CrossRef]

6.  Mohammadi, H.; Kumar, S.; Rezapour, S.; Etemad, S. A theoretical study of the Caputo-Fabrizio fractional modeling for hearing
loss due to Mumps virus with optimal control. Chaos Solitons Fractals 2021, 144, 1-13. [CrossRef]

7.  Boutiara, A.; Guerbati, K.; Benbachir, M. Caputo-Hadamard fractional differential equation with three-point boundary conditions
in Banach spaces. Aims Math. 2020, 5, 259-272.

8. Alzabut, J.; Ahmad, B.; Etemad, S.; Rezapour, S.; Zada, A. Novel existence techniques on the generalized ¢-Caputo fractional
inclusion boundary problem. Adv. Differ. Equ. 2021, 2021, 1-18. [CrossRef]

9.  Alzabut, J.; Selvam, G.M.; El-Nabulsi, R.A.; Vignesh, D.; Samei, M.E. Asymptotic stability of nonlinear discrete fractional
pantograph equations with non-local initial conditions. Symmetry 2021, 13, 473. [CrossRef]

10. Baitiche, Z.; Derbazi, C.; Matar, M.M. Ulam stability for nonlinear Langevin fractional differential equations involving two

fractional orders in the -Caputo sense. Appl. Anal. 2021, 1-16. [CrossRef]


http://doi.org/10.1016/j.cnsns.2021.105844
http://dx.doi.org/10.1016/j.chaos.2021.110668
http://dx.doi.org/10.1186/s13662-021-03301-3
http://dx.doi.org/10.3390/sym13030473
http://dx.doi.org/10.1080/00036811.2021.1873300

Mathematics 2021, 9, 2298 21 of 21

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.

Baleanu, D.; Jajarmi, A.; Mohammadi, H.; Rezapour, S. A new study on the mathematical modelling of human liver with
Caputo-Fabrizio fractional derivative. Chaos Solitons Fractals 2020, 134, 109705. [CrossRef]

Bouazza, Z.; Etemad, S.; Souid, M.S.; Rezapour, S.; Martinez, F.; Kaabar, M.K.A. A study on the solutions of a multiterm FBVP of
variable order. J. Funct. Spaces 2021, 2021, 1-9. [CrossRef]

Jamil, M.; Khan, R.A.; Shah, K. Existence theory to a class of boundary value problems of hybrid fractional sequential integro-
differential equations. Bound. Value Probl. 2019, 2019, 77. [CrossRef]

Kaabar, M.K.A.; Martinez, F.; Aguilar, ].EG.; Ghanbari, B.; Kaplan, M.; Giinerhan, H. New approximate analytical solutions
for the nonlinear fractional Schrodinger equation with second-order spatio-temporal dispersion via double Laplace transform
method. Math. Methods Appl. Sci. 2021, 44, 1-19. [CrossRef]

Matar, M.M.; Abbas, M.I.; Alzabut, ].; Kaabar, M.K.A.; Etemad, S.; Rezapour, S. Investigation of the p-Laplacian non-periodic
nonlinear boundary value problem via generalized Caputo fractional derivatives. Adv. Differ. Equ. 2021, 2021, 68. [CrossRef]
Riaz, U.; Zada, A.; Ali, Z.; Popa, LL.; Rezapour, S.; Etemad, S. On a Riemann-Liouville type implicit coupled system via
generalized boundary conditions. Mathematics 2021, 9, 1205. [CrossRef]

Agarwal, R.P; Bazighifan, O.; Ragusa, M.A. Nonlinear neutral delay differential equations of fourth-order: Oscillation of solutions.
Entropy 2021, 23, 129. [CrossRef]

Feng, X.; Feng, B.; Farid, G.; Bibi, S.; Xiaoyan, Q.; Wu, Z. Caputo fractional derivative Hadamard inequalities for strongly
m-convex functions. J. Funct. Spaces 2021, 2021, 1-11. [CrossRef]

Zafar, R.; Ur Rehman, M.; Shams, M. On Caputo modification of Hadamard-type fractional derivative and fractional Taylor series.
Adv. Differ. Equ. 2020, 2020, 219. [CrossRef]

Phuong, N.D.; Sakar, EM.; Etemad, S.; Rezapour, S. A novel fractional structure of a multi-order quantum multi-integro-
differential problem. Adv. Differ. Equ. 2020, 633. [CrossRef]

Amara, A.; Etemad, S.; Rezapour, S. Topological degree theory and Caputo-Hadamard fractional boundary value problems. Adv.
Differ. Equ. 2020, 369. [CrossRef]

Rezapour, S.; Ntouyas, S.K.; Igbal, M.Q.; Hussain, A.; Etemad, S.; Tariboon, J. An analytical survey on the solutions of the
generalized double-order ¢-integrodifferential equation. J. Funct. Spaces 2021, 2021, 6667757. [CrossRef]

Etemad, S.; Ntouyas, S.K. Application of the fixed point theorems on the existence of solutions for g-fractional boundary value
problems. AIMS Math. 2019, 4, 997-1018. [CrossRef]

Rezapour, S.; Imran, A.; Hassain, A.; Martinez, F,; Etemad, S.; Kaabar, M.K.A. Condensing functions and approximate endpoint
criterion for the existence analysis of quantum integro-difference FBVPs. Symmetry 2021, 13, 469. [CrossRef]

Amara, A.; Etemad, S.; Rezapour, S. Approximate solutions for a fractional hybrid initial value problem via the Caputo
conformable derivative. Adv. Differ. Equ. 2020, 608. [CrossRef]

Mohammadi, H.; Kaabar, M.K.A ; Alzabut, J.; Selvam, A.G.M.; Rezapour, S. A Complete Model of Crimean-Congo Hemorrhagic
Fever (CCHF) Transmission Cycle with Nonlocal Fractional Derivative. J. Funct. Spaces 2021, 2021, 1-12. [CrossRef]

Etemad, S.; Souid, M.S,; Telli, B.; Kaabar, M.K.A.; Rezapour, S. Investigation of the neutral fractional differential inclusions of
Katugampola-type involving both retarded and advanced arguments via Kuratowski MNC technique. Adv. Differ. Equ. 2021,
2021, 1-20. [CrossRef]

Alam, M.; Zada, A.; Popa, I.L.; Kheiryan, A.; Rezapour, S.; Kaabar, M.K.A. A fractional differential equation with multi-point
strip boundary condition involving the Caputo fractional derivative and its Hyers—Ulam stability. Bound. Value Probl. 2021,
2021, 1-18. [CrossRef]

Samei, M.E.; Ghaffari, R.; Yao, SW.; Kaabar, M.K.A.; Martinez, F; Inc, M. Existence of Solutions for a Singular Fractional
g-Differential Equations under Riemann-Liouville Integral Boundary Condition. Symmetry 2021, 13, 1235. [CrossRef]

Alzabut, J.; Selvam, A.; Dhineshbabu, R.; Kaabar, M.K.A. The Existence, Uniqueness, and Stability Analysis of the Discrete
Fractional Three-Point Boundary Value Problem for the Elastic Beam Equation. Symmetry 2021, 13, 789. [CrossRef]

Webb, J.R.L. Multiple positive solutions of some nonlinear heat flow problems. Discret. Contin. Dyn. Syst. 2005, 2005, 895-903.
Shen, C.; Zhou, H.; Yang, L. Existence and nonexistence of positive solutions of a fractional thermostat model with a parameter.
Math. Methods Appl. Sci. 2016, 39, 4504-4511. [CrossRef]

Baleanu, D.; Etemad, S.; Rezapour, S. A hybrid Caputo fractional modeling for thermostat with hybrid boundary value conditions.
Bound. Value Probl. 2020, 2020, 64. [CrossRef]

Thaiprayoon, C.; Sudsutad, W.; Alzabut, J.; Etemad, S.; Rezapour, S. On the qualitative analysis of the fractional boundary value
problem describing thermostat control model via ¢-Hilfer fractional operator. Adv. Differ. Equ. 2021, 2021, 201. [CrossRef]
Baleanu, B.; Ghafarnezhad, K.; Rezapour, S.; Shabibi, M. On a strong-singular fractional differential equation. Adv. Differ. Equ.
2020, 2020, 350. [CrossRef]

Shabibi, M.; Postolache, M.; Rezapour, S. A positive solutions for a singular sum fractional differential system. Int. |. Anal. Appl.
2017, 13, 108-118.

Samet, B.; Vetro, C.; Vetro, P. Fixed point theorems for a-ip-contractive type mappings. Nonlinear Anal. 2012, 75, 2154-2165.
[CrossRef]


http://dx.doi.org/10.1016/j.chaos.2020.109705
http://dx.doi.org/10.1155/2021/9939147
http://dx.doi.org/10.1186/s13661-019-1190-4
http://dx.doi.org/10.1002/mma.7476
http://dx.doi.org/10.1186/s13662-021-03228-9
http://dx.doi.org/10.3390/math9111205
http://dx.doi.org/10.3390/e23020129
http://dx.doi.org/10.1155/2021/6642655
http://dx.doi.org/10.1186/s13662-020-02658-1
http://dx.doi.org/10.1186/s13662-020-03092-z
http://dx.doi.org/10.1186/s13662-020-02833-4
http://dx.doi.org/10.1155/2021/6667757
http://dx.doi.org/10.3934/math.2019.3.997
http://dx.doi.org/10.3390/sym13030469
http://dx.doi.org/10.1186/s13662-020-03072-3
http://dx.doi.org/10.1155/2021/1273405
http://dx.doi.org/10.1186/s13662-021-03377-x
http://dx.doi.org/10.1186/s13661-021-01549-y
http://dx.doi.org/10.3390/sym13071235
http://dx.doi.org/10.3390/sym13050789
http://dx.doi.org/10.1002/mma.3878
http://dx.doi.org/10.1186/s13661-020-01361-0
http://dx.doi.org/10.1186/s13662-021-03359-z
http://dx.doi.org/10.1186/s13662-020-02813-8
http://dx.doi.org/10.1016/j.na.2011.10.014

	Introduction
	Basic Notions
	Main Results
	Hybrid Version
	Examples
	Conclusions
	References

