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Abstract: We study the asymptotic behavior in a neighborhood of zero of the sum of a sine series
g(b,x) = Y321 by sinkx whose coefficients constitute a convex slowly varying sequence b. The main
term of the asymptotics of the sum of such a series was obtained by Aljan¢i¢, Bojani¢, and Tomi¢.
To estimate the deviation of g(b, x) from the main term of its asymptotics b, (,)/x, m(x) = [7/x],
Telyakovskil used the piecewise-continuous function (b, x) = x ZZ’:(’{) - K?(by — byy1). He showed
that the difference g(b, x) — b,,(,)/x in some neighborhood of zero admits a two-sided estimate in
terms of the function (b, x) with absolute constants independent of b. Earlier, the author found the
sharp values of these constants. In the present paper, the asymptotics of the function g(b, x) on the
class of convex slowly varying sequences in the regular case is obtained.

Keywords: sine series with monotone coefficients; convex sequence; slowly varying function

MSC: 42A32

1. Introduction

In this paper, we refine the asymptotics of the sum of a sine series with convex slowly
varying coefficients, obtained by Aljanci¢, Bojani¢, and Tomi¢ [1] and strengthened by
Telyakovskit [2,3].

The result of Aljanci¢, Bojani¢, and Tomi¢ was generalized for more extensive classes
of trigonometric series. In [4,5], results reducing the asymptotic behavior of trigonomet-
ric series with general monotone coefficients to ones with monotone coefficients were
obtained. The asymptotics of trigonometric series with quasimonotone coefficients was
studied in [6-9]. In the context of the indicated problem, in [10,11], quasimonotonicity and
extensions of regularly varying and slowly varying coefficients were considered. Note that
it is possible to improve the asymptotics for the last case using the results of the present
paper. Along with the asymptotics of a trigonometric series with a slowly varying sequence
of coefficients, it is interesting to study the asymptotics of the Fourier transform and the
Laplace transform of a slowly varying function. The latter finds applications in the theory
of entire functions (see, for example, [12]).

Consider a nonincreasing null sequence of positive numbers b = {b;};° ; and the function:

g(b,x) =) _ bysinkx.
k=1

The series } ;- ; by sinkx is well known to converge everywhere. Its sum g(b, x) is
continuous on (0,27t). We shall be concerned with the behavior of the function g(b, x) in a
right-hand neighborhood of zero. The most principal is the situation when a sequence of
the coefficients b is slowly varying. In this case, the sequence of partial sums of the sine
series converges very slowly and its sum g(b, x) may not even be Lebesgue integrable.
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Definition 1. A sequence { By}, is called slowly varying (see [13,14]) if:

B
fm =1 @)

forany 6 > 0.

Throughout this paper, we use [x] to denote the integer part of a number x.

The main term of the asymptotics of the function g(b, x) for the case in which a
sequence of coefficients is slowly varying under the additional convexity condition (by —
2by4q + bryo = 0, Vk € N) was obtained by Aljanci¢, Bojani¢, and Tomi¢ [1].

Theorem 1 ([1], (see Ch. V, §2, Theorem 2.17 in [15])). Let b be a convex slowly varying null
sequence. Then, the following asymptotic formula holds:

m(x)

g(b,x) ~ o x — +0. (2)

Here and in the sequel, m(x) = [71/x], 0 < x < 7, and the notation f(x) ~ g(x),
x — 40, means that lim,_, 1o f(x)/g(x) = 1.

Telyakovskil [2,3] strengthened the result of Aljanci¢, Bojani¢, and Tomié¢. He showed
that it is convenient to compare the difference between the sum of a sine series and the
main term of its asymptotics with the function:

m(x)—1
o) —x 3 k(k2+1)

k=1

Aby. 3)

As usual, we define Aby = by — by1. Telyakovskii proved the following result.

Theorem 2 ([2,16]). There are positive absolute constants C1 and Cy such that:

b
Cl‘f(b/x)<g(b,x)—$<Czt7(b,x), x€ (0,%},

for any convex null sequence b.

If a sequence b is slowly varying, then the order relation:

Abk—o<l;ck>, k — oo,

holds (see Ch. II, §2, Theorem 2.4 in [14]), from which, in view of (3), the asymptotic
formula is immediate (see Lemma 1):

m(x)—1 bm(x)
o(b,x) :0<x ) kbk> :o<>.
k=1 *

Thus, Theorem 2 is an enhancement of Theorem 1 and gives the remainder term in
the asymptotic (2).

In [17], the sharp values of the constants in Theorem 2 were found. Namely, the
following results were obtained.

Theorem 3 ([17]). For any convex null sequence b,

m(x)

X

+0(b,x), X € (O, l} . (4)

g(b/x)< 11
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There exists a convex slowly varying null sequence b and a sequence of points {x;}7°,,
x; — +0, such that:
g(b, xl) - bm(xl)/xl -1

i ) ©)
Theorem 4 ([17]). For any convex null sequence b,
by  6(mr—1) Aby, ) 1 x 1 7
g(b,x) > x + 7_[3 O—(b,x) - T _bm(x) (2 COtE - x), X € (0, §j| (6)

There exists a convex slowly varying null sequence b and a sequence of points {x;}7°,,
x; — +0, such that:
g(b/xl) _bm(xl)/xl 6(71’—1)

Jim, o(b,xp) T @

We remark that the last two terms in (6) are negative and do not exceed O (xbm(x)) =

o(x), x — +0.
Thus, for the class of all convex sequences b, the following extreme problems are solved:

— 8(b,x) = by /x

e xlggo o(b,x) =L ®
b,x)—b _

min lim 8(0: %) — by /x _ bz 1). 9)
b x40 U(b/x) s

Note that in the examples verifying the accuracy of the limit relations (5) and (7), the
sequence b is slowly varying. Thus, the validity of the relations (8) and (9) is preserved if the
maximum and minimum are taken on the class of all convex slowly varying sequences b.

In [18,19], the sharp two-sided estimate of the sum of a sine series with convex
coefficients was obtained. In the examples verifying the accuracy of this estimate, the
sequence of the coefficients is slowly varying. In the present paper, we supplement the
two-sided estimate of the sum of a sine series with a convex sequence of coefficients (see (4)
and (6)) with an asymptotic relation that refines Theorem 1 for the case in which the
sequence {kAby}7° ; is slowly varying. Note (see Lemma 3) that the latter condition is
slightly stronger than the condition that the sequence b is slowly varying, under which the
relation (2) is true.

2. Preliminaries

In this section, we prove the necessary auxiliary results.

Definition 2. A sequence {y }{° ; is called regularly varying with parameter p (see [13,14]) if:

lim 1% _ gv
k—oo  Kj

forany 6 > 0.

Lemma 1. Let b be a positive nonincreasing slowly varying sequence. If a positive sequence
{an}s_y is such that the sequence {Y}_ ax},_, is regularly varying with parameter p > 0, then
the following limit ratio holds:
i k=1 %k
im ==

=1.
n—eo by Y ay

Proof. It is sufficient to show that:
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Zzzl ak(l - bk/bn) by Zzzl ax — 22:1 axby

Jim, Y ar = Jim, by Yo a =0 (10)
For each ¢ > 0, we select 6 > 0 so that:
€
P< -, 11
o < 1 (11)
The sequence {Y}_; a;}"._, is regularly varying, so we have:
[5n
lim Li = oP. (12)
n—co Zk 1 dk
In view of (11) and (12), there is Nj such that, for alln > Nj,
on|
Zl[c 1% _ €
< = 13
T <2 (13)

Since the sequence b is slowly varying, there is N, such that, for alln > N>,

_ben _ €
by, 2°

(14)

Using the monotonicity of the sequence b for all n > max{Nj, N, } from (14) and (13),
we have:

o < Ty a1~ bi/b) 2‘5”]ak(1—bk/bn)+ZZ:[M+1ak(l—bk/bn)

Y14k Y14k Y1k
Z[M ar  Lk—fon)+1% (1 - b[én]/bn> <ELE_,
Zk 1k Z;(Z:] aj 2 2
This proves the limit relation (10), and therefore the lemma. O
Definition 3 ([13,14]). A function b(t) is called slowly varying if:
. b(At)
AT (1)

forany A > 0.

Lemma 2. Let b(t) be a positive decreasing slowly varying function. Then, for any A > 0,

lim ftAt b(u)/udu

Lim 0 =InA.

Proof. By the monotonicity and positivity of the function b(t), we have:
At
b(AH) In A < / @ du < b(H) In A. (16)
t
Now, the required limit relation follows from (15) and (16). O

Lemma 3. Let b be a positive nonincreasing sequence. If the sequence {kAby }> , is slowly varying,
then the sequence b is also slowly varying.
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Proof. The sequence b is monotone, and so, it is sufficient to show (see [14]) that:
lim Do =1 (17)
k—o0 by
Since the sequence kAby is slowly varying, we have:
. Aby 1. 2kAby 1
lim —— = = =, 18
e Aby | 2k kAD, 2 (18)
1 — _ . = —. 19
e Abp | 2kbe  kAb K+l 2 (19)
In view of (18) and (19) and since the sequence b is monotone,
lim Abyy1 = 1 (20)

k—o00 Abk 2

From (18) and (20), we have:

lim 22k~ bakra o Aba+ Abyeyy
k—o00 bk — bk+1 k—o0 Abk

Now, (17) follows from this limit relation in view of Stolz’s theorem. [

Lemma 4. Let b(t) be a positive decreasing differentiable function. If the function —tb'(t) varies
slowly, then the function b(t) also varies slowly.

Proof. To prove the lemma, it is sufficient to apply L'Hopital’s rule for an arbitrary A > 0:

. b(At) . AV(At) .. AtV (At)
Y (e T () Ny T S

O

Lemma 5. Let §(t) be a function continuous on [0, 7], and let { B } 3>, be a positive nonincreasing
slowly varying sequence. Then:

m(x)—1 -
Jim, 7 k;O 1p((k+1/2)x)[3k:/0 () dt. 1)

Proof. Let us first prove the limit relation (21) in the case when ¢(t) is a piecewise constant
function. Since both sides of the relation (21) depend linearly on ¢(t), it suffices to verify (21)
for the functions x.(t) of the form:

where ¢ is some fixed number from the interval (0, 7). For such functions, the limit

relation (21) has the form:
[e/x=1/2]

lim

=c. 22
x—40 ﬁm(x) k=0 'Bk ( )

The sequence {B};-  is a nonincreasing slowly varying sequence; hence:

lim ﬁm(x)

LS. 23
=40 :B[c/xfl/Z] ®3)
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m(x)—1

j L w2 [Ty < g

(see Ch. I, §1.8, Lemma 1.15 in [14]). Now, the limit relation (22) follows from (23) and
Lemma 1 with a, = 1, b, = B,. This proves the limit relation (21) for piecewise constant
functions ¢ (t).

Now, let ¢(t) be a continuous function on [0, 7t]. For any ¢ > 0, there is a piecewise
constant function ¢(t) with the property:

[p(t) - (1) < o= (4)

forall t € [0, 7t]. As already proven, there exists ; > 0 such that forall x, 0 < x < Jy,

m(x)—1

- ) (P((k—i—l/Z)X)ﬁk—/On(p(t)dt <=

B o I (25)

Again, taking into account Lemma 1, where a, = 1, b, = 8, one can find J, > 0 such
that forall x, 0 < x < dy,

X m(x)—1
ENE) k;) Br < 27. (26)

We set § = min{dy,d,}. Forall x, 0 < x < §, from the inequalities (24)—(26), we have:

m(x

m(x)—1

kX; (l[]((k-l—l/Z)x) —go((k+1/2)x))/3k
-0

/0 go(t)dtf/o p(1)dt| < ¢

Lemma 6. Let {B};>, be a positive slowly varying sequence. Furthermore, let the sequence
{Bx/k}z>, be nonincreasing. Then:

(x)-1 n
Z ((k+1/2)) = [ g(t)a

=0
O

+

[eS) +o0
lim ﬁkcos(k—i-l/Z)x :/ cost it
x—+0 ‘Bm x k= m(x> k T t
Proof. For any ¢ > 0, we take the number N so that:
N> 2(1:8). 27)
Then: N

/ cost dt‘ (28)

N f

For this N, we take #; so that, for all x, 0 < x < ¥y, the following inequalities
are satisfied:

Nm(x)-1 N
y cos(k+1/2)x _/ COStdt (29)
, k x ¢
k= m(x)
Nm(x)—1 k 1/2 N
|cos( Z /2)x| /” [cost| . (30)
k=m(x) T t
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Since the sequence {f};>, varies slowly, the limit relation limy o Bjr,/Bn = 1
holds uniformly over A € [1, N] (see Ch. I, § 1.2, Theorem 1.1 in [14]). Therefore, for some
npforallx, 0 < x < 1,

Bk
-1 < .
Bum(x) | (f;N|cost|/tdt+s)

max £
m(x)<k<Nm(x)

(31)

We set # = min{#y,#2}. For any x, 0 < x < 5, we split the required sum into three
sums:

cos(k+1/2)x N1 cos(k +1/2)x
B ()kz e L

k=m(x)

Nm(x)—1 0
Br \cos(k+1/2)x 1 cos(k+1/2)x
+ 1-— + . (32
Z ( P > k Pon(x) k:NZm(x)ﬁk k 2

We estimate each term in (32). In view of (28) and (29), for the first term, we have:

dt

Nm(x)—1 cos(k+1/2)x ® cost
)y k - /n t

k=m(x)
Nm(x)-1 cos(k+1/2)x /”N cos t

) T ——dt| +

k=m(x) I t

/ COStdt’<2£. (33)

N

To estimate the second term on the right of (32), we use the inequalities (31) and (30)
to obtain:

ngfl <1 B ) cos(k+1/2)x max 1 Be | N1 |cos(k + 1/2)x]|
k=m(x) .Bm(x) k m(x)<k<Nm(x) :Bm(x) k=m(x) k
N k+1/2 N
< € |cos(k+1/2)x| - € (/ | cost| dt—i—e) —e (39)
[ | cost|/tdt + € k= k [ |cost|/tdt+ € t

For the third term, we use the standard estimation of the remainder of a trigonometric
series with monotone coefficients, as well as the inequalities (31) and (27) and the inequality
sinx > (2/m)x, x € (0,71/2),
1

cos(k+ 1/2)x ﬁNm(x) 1 BNm(x)

2
S Bu(0) Nm(0sin(x/2) ~ By NN

< e (35)

Z.Bk

()kme

Combining (32)—(35), we arrive at the following estimate:

< 4e.

1 & cos(k+1/2)x T cost
g p ok l/2)x recost
ﬁm(x) k=m(x) k / t

T

The proof of the lemma is complete. [J

3. Asymptotics of the Sum of a Sine Series in the Regular Case

In this section, we investigate the case when the sequence b is not only convex and
slowly varying, but more or less regular. More precisely, we require that the sequence
{kAbi}> | be slowly varying. By Lemma 3, this condition implies that the sequence b is
also slowly varying. It turns out that, with this additional requirement, for the sum of a
sine series, the first two terms of the asymptotic expansion can be written down.
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Theorem 5. Let b be a non-negative convex null sequence. If the sequence {kAby}3> | varies
slowly, then:

b Ab
a(b,x) — % ~(y+In n)m(x)xm(x), x — +0. (36)

Here and in the sequel, the Euler constant is denoted by .

Proof. Denote by:

B . ~ cos(x/2) —cos(k+1/2)x
o n;lsmnx o 2sin(x/2)

(37)

the conjugate Dirichlet kernel. Applying the Abel transform to the sum of a sine series
¢(b, x) and taking into account (37), we obtain:

o ~ m(x)fl m(x)fl By
g(b, x) = Z Akak Z Akak Z Akak Z Akak( )+ (x) COtE
k=1 k=m(x) k=1 2 2
1 > by ox "IN 1 —cos(k+1/2)x
" Zem(a/2) k_Z% Abgcos(k+1/2)x = 5 cot 5 + ) Ab 2sin(x/2)
=m(x) k=1
LV Abecos(k+1/2)x + S tan X (by — by, (39)
2sin(x/2) L & COS X+ 5 tan o (b1 = by(x))-

Applying Lemma 5 to the function ¢(t) = (1 — cost)/t and the sequence By = kAby,

we obtain:
_ 1 m(x) -1 1—cos(k+1/2)x 71— cost
R el Dl v, = o (39)
On the other hand,
Z ' L coslk +1/2)x m(glAb (1 - cos(k +1/2)x)
k k -
k+1/2 P

1 2) 1—cos(k+1/2)x
2 = TN k+1/2

(40)

Let us show that the second term on the right of (40) divided by m(x)Ab,,(,) tends to
zero. Indeed, since 1 — cosx < x2/2, x > 0, we have:

1 m-l cos(k+1/2)x x? mx) -1
—_— Ab < k+1/2)Aby.
m(x)Abm(x) k:zl k k—|—1/2 2m(x)Abm(x) k:Zl ( / ) k
At the same time, according to Lemma 1, we have:
2 m(x)—1 X% (m?(x) = 1) Abyy(y)
lim ————— 1/2)Ab, = i =
i) 1M () Abyy () k; (k+1/2)Ab 10 m3(X)Aby,(x)
From (39) and (40), the equality follows:
. 1 mx) -1 T 1 —cost
lim eIy k; Abi (1 — cos(k +1/2)x) = /0 2t 41)



Mathematics 2021, 9, 2252 9of 11

Now, we apply Lemma 6 to the sequence B = kAby. Note that the sequence By /k =
Aby is not increasing, since the sequence b is convex. We have:

1 +% cost

xli}]filo Wbm(x) kzg(x) Abk COS(k + 1/2).7( = ‘/T[ T dt. (42)
Finally, combining (38), (41), and (42), we conclude that:
. x by | x 1 ..  xtan(x/4)
() Ay (g (byx) = =5 cot 2> = 3y e abe (0~ )
. x 1 m(x)—1
+ 2sin(x/2)  m(x)Aby k; Ay (1 = cos(k+1/2)z)

Z Abycos(k+1/2)x
k=m(x)

T]— t Foo t
:0+/ ﬁdt—/ gclif:qr—irlnn.
0 t T t

The proof of the theorem is complete. [

. x 1
i S en(x/2) 1 (X) Aby )

This theorem can be reformulated in terms of a comparison with the function o (b, x),
which allows us to compare the asymptotics obtained above with the results of Theorems 3
and 4.

Corollary 1. Let b be a non-negative convex null sequence. If the sequence {kAby}2_, varies
slowly, then:

D)

g(b,x) — ~ %(’y+ln m)o(b,x), x— 0.

Proof. We apply Lemma 1 with a; = k(k+ 1)/2 (see also (3)). The following ordinal
relations hold:

4 4 " k(41 4 A k41 m(x)Ab
?J(b,x) = 5% k; ( 5 )Abkw ?xm(x)Abm(x) k; >~ " LI )

It remains to substitute the above asymptotics in the ordinal relation (36). O

Finally, a reformulation of the above result in the spirit of Theorem 1 allows us to write
the second term of the asymptotic expansion of the sum of a sine series in a compact form.

Corollary 2. Let b(t) be a non-negative convex differentiable function that tends to zero as t —
+oo. If the function —tb'(t) varies slowly, then:

b(1 b (1
() v/

b(k)sinkx — ———=

Proof. Since the function —tb'(t) is slowly varying, the following ordinal relation takes place:

() Abyy 3y ~ 1 ()b (1m(x)) ~ %b’(l /x), x— +0. (43)

On the other hand, by Lemma 2, we have:

/X w/x
b(l/x)—b(n/x):/l/x b’(t)dt:/l/x %(t)dm—l%”b(ux), x = 0. (44)

Substituting (43) and (44) in Theorem 5, we obtain the required asymptotics. O
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Remark 1. According to Lemma 4, the condition that the function —tb'(t) is slowly varying
implies that the function b(t) is slowly varying. Thus, Corollary 2 is a refinement of Theorem 1
with an additional restriction on the sequence of the coefficients of a sine series.

Example 1. The condition that the function —tb'(t) is slowly varying is satisfied for the majority
of series. In particular, the following asymptotic expansion takes place:

i sinkx 1 n r +o 1 x — +0
S n(k+1)  xIn(1/x) " xIn?(1/x) xIn*(1/x) )’ '

Corollary 3. Let b(t) be a non-negative convex differentiable function that tends to zero as t —
+oo. If the function —tb'(t) varies slowly, then:

b'(1/x)

x2

I:i:lb(k)sinkx:w—i-o( >, x — +0.

Proof. The arguments are similar to those carried out in the proof of Corollary 2 and are
based on the following asymptotic equalities:

B e T/x /X (1) b(1/x)
b(1/x) — b(e7 :/ b’tdt:/ ) g ) 0.
(1/x) —b(e™7/x) » (t) » ; T x — +
0

The last result shows that in Theorem 1, we can simply replace the argument of the
function b(t) with 77/x by e~7 /x to obtain a more accurate approximation of the sum of a
sine series.
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