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Abstract: This paper is concerned with the stability of a SEIR (susceptible-exposed-infectious-
recovered) model with the age of infection and vaccination. Firstly, we prove the positivity, bound-
edness, and asymptotic smoothness of the solutions. Next, the existence and local stability of
disease-free and endemic steady states are shown. The basic reproduction number R0 is introduced.
Furthermore, the global stability of the disease-free and endemic steady states is derived. Numerical
simulations are shown to illustrate our theoretical results.
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1. Introduction

Epidemic models are important tools for helping people fight against infectious
diseases. Epidemic models that are constructed under reasonable assumptions can help
people. For example, it was predicted that only a limited number of people would be
infected by the Severe Acute Respiratory Syndrome (SARS) in 2003 before it disappeared.
Epidemic models can also help people to prevent and control an infectious disease by
analyzing the variables and the basic reproduction numbers. They are important tools in
the ongoing fight against COVID-19.

A large number of models, such as susceptible-infectious-recovered (SIR) models
(see [1]), SIS models, SIRS models (see [2–4]), SEI models (see [5]), SEIR models, and other
models (see [6]) were recently studied. Rost and Wu [7] constructed a SEIR model that
took consideration of the impact of infection age. As (chronological or infection) age is an
important factor in population dynamics, many researchers investigated models with age
(see [8–18]), thus addressing the stability of steady states, and even bifurcation analyses
(see [19]).

Although vaccines were successfully produced to fight against many diseases, such as
COVID-19, it is still unclear whether or not the diseases will disappear. In [20], Posny et
al. presented an epidemiological model of cholera and used the variable V(t) to denote
vaccinated individuals. In [14], Lin et al. extended the model in [20] to the following
differential equations:

Ṡ(t) = A− (µ + φ)S(t)− S(t)(
∫ ∞

0

β1(a)i(a, t)
1 + αi(a, t)

da +
∫ ∞

0

β2(b)p(b, t)
k + p(b, t)

db), (1a)

V̇(t) = φS(t)− µV(t)− σV(t)(
∫ ∞

0
β1(a)i(a, t)da +

∫ ∞

0

β2(b)p(b, t)
k + p(b, t)

db), (1b)

∂i(a, t)
∂t

+
∂i(a, t)

∂a
= −θ(a)i(a, t), (1c)

Ṙ(t) =
∫ ∞

0
γ(a)i(a, t)da− µR(t), (1d)

∂p(b, t)
∂t

+
∂p(b, t)

∂b
= −δp(b)p(b, t), (1e)
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with the boundary conditions

i(0, t) = (S(t) + σV(t))(
∫ ∞

0

β1(a)i(a, t)
1 + αi(a, t)

da +
∫ ∞

0

β2(b)p(b, t)
k + p(b, t)

db), t > 0, (2a)

p(0, t) =
∫ ∞

0
ξ(a)i(a, t)da, t > 0, (2b)

where S(t), V(t), R(t) are the densities of susceptible, vaccinated, and recovered individu-
als at time t, respectively. i(a, t) is the density of infected individuals with infection age
a at time t. p(b, t) is the concentration of V. Cholera with biological age b at time t. The
saturation infection rate is β1(a)i(a,t)

1+αi(a,t) . Other parameters are listed in Table 1 in [14].
Based on the above motivations, in the present paper, we extend the model in [14,20]

by considering exposed individuals and taking a general incidence rate with f (S)g(I) to
make our model applicable to more cases. We propose the following SEIR model with the
age of infection and vaccination:

Ṡ(t) = A− (µ + φ)S(t)− f (S(t))
∫ ∞

0
β(a)g(i(a, t))da, (3a)

V̇(t) = φS(t)− µV(t)− σV(t)
∫ ∞

0
β(a)g(i(a, t))da, (3b)

Ė(t) = ( f (S(t)) + σV(t))
∫ ∞

0
β(a)g(i(a, t))da− µE(t)−ωE(t), (3c)

∂i(a, t)
∂t

+
∂i(a, t)

∂a
= −(µ + γ(a) + ρ(a))i(a, t), (3d)

Ṙ(t) =
∫ ∞

0
γ(a)i(a, t)da− (µ + δ)R(t). (3e)

with the boundary condition

i(0, t) = ωE(t) + δR(t). (4)

We denote its initial condition as

X0 : = (S(0), V(0), E(0), i(·, 0), R(0))

= (S0, V0, E0, i0(·), R0) ∈ R+ ×R+ ×R+ × L1
+(0, ∞)×R+, (5)

where S(t), V(t), E(t), and R(t) denote the numbers of susceptible, vaccinated, exposed,
and recovered individuals at time t; i(a, t) is the number of infected individuals with
infection age a at time t. L1

+(0, ∞) represents the set of all integrable functions from
(0, ∞) to R+ = [0, ∞). Parameter A is the recruitment rate of susceptible individuals.
Individuals in each compartment die at rate µ. Susceptible individuals are infected by
infected individuals with age of infection a at rate β(a). Exposed individuals are transferred
into the infected group at a constant rate of ω. Infected individuals with age of infection a
are recovered at rate γ(a) and revert to the infected group at a constant rate δ. ρ(a) is the
disease-induced death rate of infectious individuals. φ is the vaccination rate of susceptible
individuals. The vaccinated individuals revert to the susceptible group at a constant rate σ
due to the imperfect efficiency of vaccination. The state space of the model (3a–e) is

X+ = R+ ×R+ ×R+ × L1
+(0, ∞)×R+

with the norm

‖ (S, V, E, i, R) ‖:=| S | + | V | + | E | +
∫ ∞

0
i(a, ·)da+ | R | .

We make the following assumptions for the functions β(·), γ(·), ρ(·).
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Assumption 1. β(·), γ(·), and ρ(·) satisfy the following properties:

(i) β(·) is Lipschitz continuous on R+ with the Lipschitz coefficient Lβ.
(ii) β(·), γ(·), ρ(·) ∈ L1

+(0, ∞).
(iii) We denote β̂, γ̂, and ρ̂ as the essential supremums of β(·), γ(·), and ρ(·), respectively.

Assumption 2. Assume that

(i) f (x) ≥ 0, g(x) ≥ 0.
(ii) f (x) = 0 or g(x) = 0 if and only if x = 0.
(iii) f

′
(x) > 0, g

′
(x) > 0 and f

′′
(x) ≤ 0, g

′′
(x) ≤ 0.

Our model (3a–e) extends and generalizes several recent works. These revisions
bring challenges in the analysis, such as in the analysis of the well-posedness and in
the construction of suitable Lyapunov functionals. Therefore, our work is meaningful
and useful for people who study these kinds of models. The obtained results may lead
to better understanding of the transmission of infectious diseases with consideration of
vaccination. This paper is organized as follows: in Section 2, we identify the dissipativeness,
positivity, and asymptotic smoothness of the solutions of the model; Section 3 is devoted
to the existence and local stability of the disease-free and endemic steady states, and
the calculation of the basic reproduction number; in Section 4, we establish the global
stability of the equilibrium by constructing suitable Lyapunov functionals; next, numerical
simulations are performed to verify the validity of our main theoretical results, and finally,
the paper ends with a brief conclusion.

2. Preliminaries

Let (S(t), V(t), E(t), i(a, t), R(t)) be a solution of system (3a–e) satisfying the bound-
ary condition (4) and the initial condition (5). For convenience, we denote

ψ(a) = e−
∫ a

0 (µ+γ(u)+ρ(u))du. (6)

Solving Equation (3c) by integrating it along the characteristic lines t − a = const,
we have

i(a, t) =

{
(ωE(t− a) + δR(t− a))ψ(a), 0 ≤ a < t,

i0(a− t) ψ(a)
ψ(a−t) , 0 ≤ t ≤ a.

(7)

2.1. Positivity and Boundedness of Solutions

From Equation (7), i(a, t) remains positive for all t ≥ 0. From Equation (3a), S(t)
remains positive for all t ≥ 0, since Ṡ(t∗) = A > 0 for all t∗ satisfying S(t∗) = 0. Similarly,
V(t), R(t), and E(t) remain positive for all t ≥ 0.

We denote

Ω =
{
(x, v, y, z, ψ) ∈ X+| ‖ (x, v, y, z, ψ) ‖≤ max{A

µ
, ‖ x0 ‖}

}
.

Using the standard theory in [21], the system (3a–e) with (4) and (5) has a unique
non-negative solution on R+. We define a continuous semiflow, which is denoted as
Φ : R+ × X+ → X+.

Φ(t, x0) = (S(t), V(t), E(t), i(·, t), R(t)), t ∈ R+, x0 ∈ X+.

Then, we have

‖ Φ(t, x0) ‖=‖ (S, V, E, i, R) ‖= S(t) + V(t) + E(t) +
∫ ∞

0
i(a, t)da + R(t). (8)

Proposition 1. For system (3a–e)–(5), the following statements hold true.
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(a) Ω is positively invariant for Φ, i.e., Φ(t, x0) ∈ Ω for all t ≥ 0, x0 ∈ Ω;
(b) Φ is point dissipative, and Ω attracts all points in X+.

Proof. From Equation (8), we have

d
dt
‖ Φ(t, x0) ‖

=
dS(t)

dt
+

dV(t)
dt

+
dE(t)

dt
+

d
dt

∫ ∞

0
i(a, t)da +

dR(t)
dt

=
dS(t)

dt
+

dV(t)
dt

+
dE(t)

dt
+
∫ ∞

0

∂i(a, t)
∂t

da +
dR(t)

dt
(9)

It follows from system (3a–e) that

d
dt
‖ Φ(t, x0) ‖

=
dS(t)

dt
+

dV(t)
dt

+
dE(t)

dt
+

dR(t)
dt

+
∫ ∞

0
[−(µ + γ(a) + ρ(a))i(a, t)− ∂i(a, t)

∂a
]da

=
dS(t)

dt
+

dV(t)
dt

+
dE(t)

dt
+

dR(t)
dt

−
∫ ∞

0
(µ + γ(a) + ρ(a))i(a, t)da− i(a, t)|∞0

= A− µS(t)− µV(t)− µE(t)−ωE(t)−
∫ ∞

0
ρ(a)i(a, t)da

−
∫ ∞

0
µi(a, t)da− (µ + δ)R(t)− i(a, t)|∞0 . (10)

Substituting Equation (4) into Equation (10), we have

d
dt
‖ Φ(t, x0) ‖

= A− µS(t)− µV(t)− µE(t)− µR(t)

−
∫ ∞

0
µi(a, t)da−

∫ ∞

0
ρ(a)i(a, t)da

≤ A− µ ‖ Φ(t, x0) ‖ . (11)

Solving Equation (11), we have

‖ Φ(t, x0) ‖≤
A
µ
− e−µt(

A
µ
− ‖ x0 ‖),

which implies

‖ Φ(t, x0) ‖≤ max{A
µ

, ‖ x0 ‖}

for all t ≥ 0. This completes the proof.

From Proposition 1, we have the following results.

Proposition 2. There exists some constant M > A
µ such that

S(t) ≤ M, V(t) ≤ M, E(t) ≤ M,∫ ∞
0 i(a, t)da ≤ M, R(t) ≤ M (12)

hold true for all t ≥ 0 if x0 ∈ X+ and ‖ x0 ‖≤ M.
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Proposition 3. Define a bounded set C ∈ X+. Then,

(i) Φt(C) is bounded;
(ii) Φt is eventually bounded on C.

2.2. Asymptotic Smoothness

The asymptotic smoothness of the semiflow Φ is considered in this section to show
the existence of an attractor.

Proposition 4. Define

L(t) =
∫ ∞

0
β(a)g(i(a, t))da, J(t) =

∫ ∞

0
γ(a)i(a, t)da.

Then, the functions L(t) and J(t) are Lipschitz continuous on R+.

Proof. For a fixed t ≥ 0 and h > 0, we have

| L(t + h)− L(t) | = |
∫ ∞

0
β(a)g(i(a, t + h))da−

∫ ∞

0
β(a)g(i(a, t))da |

= |
∫ h

0
β(a)g(i(a, t + h))da +

∫ ∞

h
β(a)g(i(a, t + h))da

−
∫ ∞

0
β(a)g(i(a, t))da |

≤ |
∫ ∞

h
β(a)g(i(a, t + h))da−

∫ ∞

0
β(a)g(i(a, t))da |

+ |
∫ h

0
β(a)g(i(a, t + h))da | (13)

From Assumption 2, we have

| g(i(a, t + h)) |≤ g
′
(0) | i(a, t + h) |= g

′
(0)i(a, t + h).

Then,

| L(t + h)− L(t) | ≤ |
∫ ∞

h
β(a)g(i(a, t + h))da−

∫ ∞

0
β(a)g(i(a, t))da |

+ |
∫ h

0
β(a)g

′
(0)i(a, t + h)da | (14)

Substituting Equation (7) into Equation (14), we obtain

∫ h

0
β(a)g

′
(0)i(a, t + h)da (15)

=
∫ h

0
β(a)g

′
(0)e−

∫ a
0 (µ+γ(s)+ρ(s))ds(ωE(t + h− a) + δR(t + h− a))da

By Assumption 1 and Proposition 2, Equation (15) can be rewritten as

∫ h

0
β(a)g

′
(0)i(a, t + h)da ≤ g

′
(0)β̂M(ω + δ)h.
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Then, it follows from Equation (14) that

| L(t + h)− L(t) | ≤ |
∫ ∞

h
β(a)g(i(a, t + h))da−

∫ ∞

0
β(a)g(i(a, t))da |

+g
′
(0)β̂M(ω + δ)h

= |
∫ ∞

0
β(σ + h)g(i(σ + h, t + h))dσ

−
∫ ∞

0
β(a)g(i(a, t))da | +g

′
(0)β̂M(ω + δ)h

≤ |
∫ ∞

0
β(a + h)(g(i(a + h, t + h))− g(i(a, t)))da |

+ |
∫ ∞

0
(β(a + h)− β(a))g(i(a, t))da |

+g
′
(0)β̂M(ω + δ)h (16)

By Assumption 2 and Equation (7), we have

| g(i(a + h, t + h))− g(i(a, t)) |≤ g
′
(0) | i(a + h, t + h)− i(a, t) | . (17)

From Equation (7),

i(a + h, t + h) = i(a, t)e−
∫ a+h

a (µ+γ(s)+ρ(s))ds (18)

for all a ≥ 0, t ≥ 0, h ≥ 0. Hence, we have

| g(i(a + h, t + h))− g(i(a, t)) | ≤ g
′
(0)i(a, t)(1− e−

∫ a+h
a (µ+γ(s)+ρ(s))ds)

≤ g
′
(0)i(a, t)

∫ a+h

a
(µ + γ(s) + ρ(s))ds

≤ g
′
(0)i(a, t)(µ + γ̂ + ρ̂)h. (19)

From Equation (19), the first term in Equation (16) can be rewritten as

|
∫ ∞

0
β(a + h)(g(i(a + h, t + h))− g(i(a, t)))da |

≤ β̂g
′
(0)M(µ + γ̂ + ρ̂)h. (20)

By Assumption 1, | β(a+ h)− β(a) |≤ Lβh. From Assumption 2, g(i(a, t)) ≤ g
′
(0)i(a, t).

Therefore, the second term in Equation (16) can be rewritten as

|
∫ ∞

0
(β(a + h)− β(a))g(i(a, t))da |≤ Lβg

′
(0)Mh. (21)

From Equations (20) and (21), Equation (16) can be rewritten as

| L(t + h)− L(t) |≤ (β̂(µ + γ̂ + ρ̂) + Lβ + β̂(ω + δ))g
′
(0)Mh.

We denote ML = (β̂(µ + γ̂ + ρ̂) + Lβ + β̂(ω + δ))g
′
(0)M. Then,

| L(t + h)− L(t) |≤ MLh.

Similarly, we can find that J(t) is Lipschitz continuous on R+. Then, there exists
LJ > 0 such that

| J(t + h)− J(t) |≤ MJh.

This completes the proof.
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Lemma 1 (Theorem 2.46 [22]). The semiflow Φ : R+ ×X+ → X+ is asymptotically smooth
if there are maps Θ, Ψ : R+ × X+ → X+ such that Φ(t, X) = Θ(t, X) + Ψ(t, X) and the
following conditions hold for any bounded closed set C ⊂ X+ that is forward invariant under Φ :

(1) limt→+∞diamΘ(t, C) = 0;
(2) There exists tC ≥ 0 such that Ψ(t, C) has compact closure for each t ≥ tC .

Lemma 2 (Theorem B.2 [22]). A set C ∈ L1
+(0, ∞) has compact closure if and only if the following

conditions hold:

(i) sup f∈C
∫ ∞

0 | f (a) | da < ∞;
(ii) limr→∞

∫ ∞
r | f (a) | da→ 0 uniformly in f ∈ C;

(iii) limh→0+
∫ ∞

0 | f (a + h)− f (a) | da = 0 uniformly in f ∈ C;

(iv) limh→0+
∫ h

0 f (a)da = 0 uniformly in f ∈ C.

With the above preparations, we can show the asymptotic smoothness of the semiflow
Φ generated by system (3a–e)–(5).

Theorem 1. The semiflow Φ generated by system (3a–e)–(5) is asymptotically smooth.

Proof. We first decompose the semiflow Φ = Ψ+Θ into two maps: Ψ(t, x0) := (S(t), V(t),
E(t), ĩ(·, t), R(t)) and Θ(t, x0) := (0, 0, 0, φ̃i(·, t), 0), where

ĩ(a, t) =

{
(ωE(t− a) + δR(t− a))e−

∫ a
0 (µ+γ(a)+ρ(a))da 0 ≤ a < t,

0 0 ≤ t ≤ a,

φ̃i(a, t) =

{
0 0 ≤ a < t,

i0(a− t)e−
∫ a

a−t(µ+γ(a)+ρ(a))da 0 ≤ t ≤ a.
(22)

Let C ⊂ X+ be a closed and bounded subset with bound K. To verify that the
conditions of Lemma 1 are satisfied, we take two steps. Firstly, condition (1) of Lemma 1 is
verified in the following. Let x0 = (S0, V0, E0, i0(·), R0) ∈ C.

‖ Θ(t, x0) ‖ =
∫ ∞

0
| φ̃i(a, t) | da

=
∫ ∞

t
i0(a− t)e−

∫ a
a−t(µ+γ(a)+ρ(a))dada

=
∫ ∞

0
i0(σ)e−

∫ σ+t
σ (µ+γ(a)+ρ(a))dadσ

≤ e−µt ‖ x0 ‖
≤ e−µtK. (23)

Hence, ‖ Θ(t, x0) ‖→ 0 as t → ∞ and ‖ Θ(t, x0) ‖ approaches 0 with uniform expo-
nential speed. Therefore, limt→+∞diamΘ(t, C) = 0, and condition (1) holds in Lemma 1.

Next, we will show that conditions (i)–(iv) in Lemma 2 hold. From Proposition 2,

0 ≤ ĩ(a, t) ≤ (ω + δ)Me−aµ.

Hence, conditions (i), (ii), and (iv) of Lemma 2 are satisfied. In the following, we
will show that condition (iii) holds. Assume a sufficiently small h ∈ (0, t). Through
computation, we have
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∫ ∞

0
| ĩ(a + h, t)− ĩ(a, t) | da

=
∫ t−h

0
| (ωE(t− a− h) + δR(t− a− h))e−

∫ a+h
0 (µ+γ(s)+ρ(s))ds

−(ωE(t− a) + δR(t− a))e−
∫ a

0 (µ+γ(s)+ρ(s))ds | da

+
∫ t

t−h
(ωE(t− a) + δR(t− a))e−

∫ a
0 (µ+γ(s)+ρ(s))dsda

≤
∫ t−h

0
ω | E(t− a− h)− E(t− a) | e−

∫ a
0 (µ+γ(s)+ρ(s))dsda

+
∫ t−h

0
δ | R(t− a− h)− R(t− a) | e−

∫ a
0 (µ+γ(s)+ρ(s))dsda

+
∫ t

t−h
(ωE(t− a) + δR(t− a))e−

∫ a
0 (µ+γ(s)+ρ(s))dsda

+
∫ t−h

0
(ωE(t− a− h) + δR(t− a− h))

×(1− e−
∫ a+h

a (µ+γ(s)+ρ(s))ds)e−
∫ a

0 (µ+γ(s)+ρ(s))dsda (24)

From Propositions 2, 4 and Equation (3a–e), we have

| E(t− a− h)− E(t− a) |≤ ( f
′
(0)g

′
(0)Mβ̂ + σg

′
(0)Mβ̂ + µ + ω)Mh, (25a)

| R(t− a− h)− R(t− a) |≤ (γ̂M + µM + δM)h. (25b)

From Equation (25a,b) and 1− e−x ≤ x for all x ≥ 0, Equation (24) can be rewritten as∫ ∞

0
| ĩ(a + h, t)− ĩ(a, t) | da

≤ ( f
′
(0)g

′
(0)Mβ̂ + σg

′
(0)Mβ̂ + µ + ω)

ωMh
µ

+ (γ̂M + µM + δM)
δh
µ

+(ω + δ)Mh +
∫ t−h

0
(ωE(t− a− h) + δR(t− a− h))e−aµda∫ a+h

a
(µ + γ(s) + ρ(s))ds

≤ ( f
′
(0)g

′
(0)Mβ̂ + σg

′
(0)Mβ̂ + µ + ω)

ωMh
µ

+ (γ̂M + µM + δM)
δh
µ

+(ω + δ)Mh + (ω + δ)(µ + γ̂ + ρ̂)
Mh
µ

. (26)

Therefore, condition (iii) of Lemma 2 holds true. Using Lemma 1, the semiflow Φ of
system (3a–e)–(5) is asymptotically smooth. This completes the proof.

From Propositions 1 and 3 and Theorem 1 together with Theorem 2.33 from [22], we
have the following result.

Theorem 2. The semiflow Φ(t) generated by system (3a–e)–(5) has a global attractor A in X+.

3. Steady States and Their Local Stability
3.1. Steady States and the Basic Reproduction Number

Clearly, system (3a–e)–(5) always has a disease-free steady state E1 = ( A
µ+φ , Aφ

µ(µ+φ)
, 0, 0, 0).

An endemic steady state E2 = (S∗, V∗, E∗, i∗(a), R∗) satisfies
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(µ + φ)S∗ + f (S∗)
∫ ∞

0
β(a)g(i∗(a))da = A, (27a)

σV∗
∫ ∞

0
β(a)g(i∗(a))da = φS∗ − µV∗, (27b)

( f (S∗) + σV∗)
∫ ∞

0
β(a)g(i∗(a))da = µE∗ + ωE∗, (27c)

di∗(a)
da

= −(µ + γ(a) + ρ(a))i∗(a), (27d)∫ ∞

0
γ(a)i∗(a)da = (µ + δ)R∗, (27e)

i∗(0) = ωE∗ + δR∗. (27f)

Solving Equation (27c) gives

i∗(a) = i∗(0)ψ(a). (28)

Substituting Equation (28) into Equation (27d) gives

R∗ =
1

µ + δ
i∗(0)

∫ ∞

0
γ(a)ψ(a)da. (29)

From Equations (29) and (27e), we have

E∗ =
1
ω

i∗(0)(1− δ

µ + δ

∫ ∞

0
γ(a)ψ(a)da). (30)

From Equation (27a,b), it follows that

V∗ =
φ
σ f (S∗)S∗

A− (µ + φ)S∗ + µ
σ f (S∗)

.

Using Equation (27a–c), we obtain

S∗ +
φ
σ f (S∗)S∗

A− (µ + φ)S∗ + µ
σ f (S∗)

=
A
µ
− µ + ω

µω
(1− δ

µ + δ

∫ ∞

0
γ(a)ψ(a)da)i∗(0),

that is,

i∗(0) =
( A

µ − S∗ −
φ
σ f (S∗)S∗

A−(µ+φ)S∗+ µ
σ f (S∗)

) µω
µ+ω

1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da

. (31)

From Equation (28),

i∗(a) =
( A

µ − S∗ −
φ
σ f (S∗)S∗

A−(µ+φ)S∗+ µ
σ f (S∗)

) µω
µ+ω ψ(a)

1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da

. (32)

It follows from Equations (27c,f) and (29) that

ω( f (S∗) + σV∗)
(µ + ω)i∗(0)

∫ ∞

0
β(a)g(i∗(a))da +

δ

µ + δ

∫ ∞

0
γ(a)ψ(a)da = 1. (33)

Proposition 5. System (3a–e)–(5) has one unique endemic equilibrium E2 if

R0 : =
ω

µ + ω
[ f (

A
µ + φ

) +
Aφσ

µ(µ + φ)
]g
′
(0)

∫ ∞

0
β(a)ψ(a)da

+
δ

µ + δ

∫ ∞

0
γ(a)ψ(a)da > 1. (34)
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System (3a–e)–(5) has no endemic equilibrium if R0 < 1.

Proof. Substituting Equation (32) into Equation (27a), if S∗ exists, it should be a zero root
of the function H in (0, A

φ+µ ), where

H(S) = A− (φ + µ)S− f (S)
∫ ∞

0
β(a)g(

( A
µ − S−

φ
σ f (S)S

A−(µ+φ)S+ µ
σ f (S)

)µωψ(a)

(1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da)(µ + ω)

)da.

Through direct calculation, we have

H
′
(S) = −φ− µ− f

′
(S)

∫ ∞

0
β(a)g(

( A
µ − S−

φ
σ f (S)S

A−(µ+φ)S+ µ
σ f (S)

)µωψ(a)

(1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da)(µ + ω)

)da

+ f (S)
∫ ∞

0
β(a)g

′
(
( A

µ − S−
φ
σ f (S)S

A−(µ+φ)S+ µ
σ f (S)

)µωψ(a)

(1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da)(µ + ω)

)

×(1 + φ

σ

f
′
(S)S(A− (µ + φ)S) + A f (S) + µ

σ f 2(S)
(A− (µ + φ)S + µ

σ f (S))2
)

×
µω

µ+ω ψ(a)

1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da

da (35)

and

H
′′
(S)

= − f
′′
(S)

∫ ∞

0
β(a)g(

( A
µ − S−

φ
σ f (S)S

A−(µ+φ)S+ µ
σ f (S)

)µωψ(a)

(1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da)(µ + ω)

)da + 2 f
′
(S)

×
∫ ∞

0
g
′
(
( A

µ − S−
φ
σ f (S)S

A−(µ+φ)S+ µ
σ f (S)

)µωψ(a)

(1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da)(µ + ω)

)

µω
µ+ω β(a)ψ(a)da

1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da

×(1 + φ

σ

f
′
(S)S(A− (µ + φ)S) + A f (S) + µ

σ f 2(S)
(A− (µ + φ)S + µ

σ f (S))2
)− f (S)

∫ ∞

0
β(a)

·g′′(
( A

µ − S−
φ
σ f (S)S

A−(µ+φ)S+ µ
σ f (S)

)µωψ(a)

(1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da)(µ + ω)

)(

µω
µ+ω ψ(a)

1− δ
µ+δ

∫ ∞
0 γ(a)ψ(a)da

)2da

×(1 + φ

σ

f
′
(S)S(A− (µ + φ)S) + A f (S) + µ

σ f 2(S)
(A− (µ + φ)S + µ

σ f (S))2
)2. (36)

From Assumption 2, H
′′
(S) > 0 for S ∈ (0, A

µ+φ ). Therefore, H
′
(S) is increasing as

S ∈ [0, A
µ+φ ] increases. From Equation (35), H

′
(0) < 0. If R0 < 1, H

′
( A

µ+φ ) ≤ 0. Then,

H
′
(S) < 0 for all S ∈ (0, A

µ+φ ). So, H(S) is decreased as S increases in [0, A
µ+φ ]. As H(0) > 0

and H( A
µ+φ ) = 0, there is no zero of H(S) in (0, A

µ+φ ). Hence, system (3a–e)–(5) has no
endemic equilibrium if R0 < 1.

If R0 > 1, H
′
( A

µ+φ ) > 0. There exists an S0 ∈ (0, A
µ+φ ) such that H

′
(S) < 0 for all

S ∈ (0, S0) and H
′
(S) > 0 for all S ∈ (S0, A

µ+φ ). Therefore, H(S) is decreasing as S increases

in [0, S0], and H(S) is increasing as S increases in [S0, A
µ+φ ]. There must exist only one zero

of the function H(S) in (0, A
µ+φ ), since H(0) > 0 and H( A

µ+φ ) = 0. Hence, system (3a–e)–(5)
has one unique endemic equilibrium E2 if R0 > 1.
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Through calculation, we get the basic reproduction number
√
R0 of system (3a–e)–(5)

by using the method in [23–25].

3.2. Local Stability

In the following, we consider the local stability of E1(
A

µ+φ , Aφ
µ(µ+φ)

, 0, 0, 0) and E2. First,
we consider the local stability of the disease-free equilibrium E1.

Theorem 3. The equilibrium E1 is unstable if R0 > 1. The equilibrium E1 is locally asymptotically
stable if R0 < 1.

Proof. Let

x1(t) = S(t)− A
µ + φ

, x2(t) = V(t)− Aφ

µ(µ + φ)
,

x3(t) = E(t), x4(a, t) = i(a, t), x5(t) = R(t). (37)

Linearizing system (3a–e)–(5) at equilibrium E1 and setting x1(t) = y1eλt,
x2(t) = y2eλt, x3(t) = y3eλt, x4(a, t) = y4(a)eλt, and x5(t) = y5eλt, we obtain the fol-
lowing linear eigenvalue equation:

δ

λ + µ + δ

∫ ∞

0
γ(a)e−

∫ a
0 (µ+γ(s)+ρ(s)+λ)dsda +

ω[ f ( A
µ+φ ) +

Aφσ
µ(µ+φ)

]g
′
(0)

λ + µ + ω

×
∫ ∞

0
β(a)e−

∫ a
0 (µ+γ(s)+ρ(s)+λ)dsda = 1. (38)

We define

F(λ) =
δ

λ + µ + δ

∫ ∞

0
γ(a)e−

∫ a
0 (µ+γ(s)+ρ(s)+λ)dsda

+
ω[ f ( A

µ+φ ) +
Aφσ

µ(µ+φ)
]g
′
(0)

λ + µ + ω

∫ ∞

0
β(a)e−

∫ a
0 (µ+γ(s)+ρ(s)+λ)dsda.

Since F(λ) is decreased as λ is increased and F(λ) → 0 as λ → +∞, F(λ) = 1 has a
unique positive root if F(0) > 1. So, the equilibrium E1 is unstable if F(0) > 1.

Suppose that F(0) < 1 and the equilibrium E1 is unstable. Then, equation F(λ) = 1
has at least one root λ1 = a1 + ib1, where a1 ≥ 0. Clearly,

|F(λ1)| ≤
δ

a1 + µ + δ

∫ ∞

0
γ(a)e−

∫ a
0 (µ+γ(s)+ρ(s))dse−a1ada

+
ω[ f ( A

µ+φ ) +
Aφσ

µ(µ+φ)
]g
′
(0)

a1 + µ + ω

∫ ∞

0
β(a)e−

∫ a
0 (µ+γ(s)+ρ(s))dse−a1ada

= F(a1) ≤ F(0) < 1, (39)

which leads to a contradiction. Therefore, the equilibrium E1 is stable if R0 < 1.

Next, we consider the local stability of E2.

Theorem 4. The equilibrium E2 is locally asymptotically stable if R0 > 1.

Proof. We define the following perturbation variables:

z1(t) = S(t)− S∗, z2(t) = V(t)−V∗, z3(t) = E(t)− E∗,

z4(a, t) = i(a, t)− i∗(a), z5(t) = R(t)− R∗. (40)

Linearizing system (3a–e)–(5) at equilibrium E2, we have
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ż1(t) = − f
′
(S∗)z1(t)

∫ ∞

0
β(a)g(i∗(a))da− f (S∗)

×
∫ ∞

0
β(a)g

′
(i∗(a))z4(a, t)da− (µ + φ)z1(t),

ż2(t) = φz1(t)− µz2(t)− σz2(t)
∫ ∞

0
β(a)g(i∗(a))da

−σV∗
∫ ∞

0
β(a)g

′
(i∗(a))z4(a, t)da

ż3(t) = ( f
′
(S∗)z1(t) + σz2(t))

∫ ∞

0
β(a)g(i∗(a))da + ( f (S∗) + σV∗)

×
∫ ∞

0
β(a)g

′
(i∗(a))z4(a, t)da− (µ + ω)z3(t),

∂z4(a, t)
∂t

+
∂z4(a, t)

∂a
= −(µ + γ(a) + ρ(a))z4(a, t), (41)

ż5(t) =
∫ ∞

0
γ(a)z4(a, t)da− (µ + δ)z5(t),

z4(0, t) = ωz3(t) + δz5(t).

Setting z1(t) = m1eλt, z2(t) = m2eλt, z3(t) = m3eλt, z4(a, t) = m4(a)eλt,
z5(t) = m5eλt, we obtain the following linear eigenvalue problem:

(λ + µ + φ + f
′
(S∗)

∫ ∞
0 β(a)g(i∗(a))da)m1 = − f (S∗)

∫ ∞
0 β(a)g

′
(i∗(a))m4(a)da,

(λ + µ + σ
∫ ∞

0 β(a)g(i∗(a))da)m2 = φm1 − σV∗
∫ ∞

0 β(a)g
′
(i∗(a))m4(a)da,

f
′
(S∗)

∫ ∞
0 β(a)g(i∗(a))dam1 + σ

∫ ∞
0 β(a)g(i∗(a))dam2 + ( f (S∗) + σV∗)

×
∫ ∞

0 β(a)g
′
(i∗(a))m4(a)da = (µ + ω + λ)m3,

m4(a) = m4(0)e−
∫ a

0 (µ+γ(s)+ρ(s)+λ)ds,
(λ + µ + δ)m5 =

∫ ∞
0 γ(a)m4(a)da,

m4(0) = ωm3 + δm5.

(42)

By computing Equation (42), we have the characteristic equation of system (3a–e)–(5)
at the equilibrium E2:

G(λ) = 1, (43)

where

G(λ) =
ω(λ + µ)

∫ ∞
0 β(a)g

′
(i∗(a))e−

∫ a
0 (µ+γ(s)+ρ(s)+λ)dsda

(λ + µ + ω)(λ + µ + φ + f ′(S∗)
∫ ∞

0 β(a)g(i∗(a))da)

×[ ( f (S∗) + σV∗)(λ + µ + φ)

λ + µ + σ
∫ ∞

0 β(a)g(i∗(a))da
+

σ( f (S∗) + V∗ f
′
(S∗))

λ + µ + σ
∫ ∞

0 β(a)g(i∗(a))da

×
∫ ∞

0
β(a)g(i∗(a))da] +

δ
∫ ∞

0 γ(a)e−
∫ a

0 (µ+γ(s)+ρ(s)+λ)dsda
λ + µ + δ

. (44)

By the method of contradiction, we assume that Equation (43) has one eigenvalue
λ2 = a2 + b2i satisfying a2 ≥ 0. Then, we have

| G(λ2) |

≤
ω | a2 + b2i + µ | · |

∫ ∞
0 β(a)g

′
(i∗(a))e−

∫ a
0 (µ+γ(s)+ρ(s)+a2+b2i)dsda |

| a2 + b2i + µ + ω | · | a2 + b2i + µ + φ + f ′ (S∗)
∫ ∞

0 β(a)g(i∗(a))da |

·[ ( f (S∗) + σV∗)(a2 + b2i + µ + φ)

a2 + b2i + µ + σ
∫ ∞

0 β(a)g(i∗(a))da
+

σ( f (S∗) + V∗ f
′
(S∗))

a2 + b2i + µ + σ
∫ ∞

0 β(a)g(i∗(a))da

·
∫ ∞

0
β(a)g(i∗(a))da] +

δ |
∫ ∞

0 γ(a)e−
∫ a

0 (µ+γ(s)+ρ(s)+a2+b2i)dsda |
| a2 + b2i + µ + δ | . (45)
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Through direct computation,

| a2 + b2i + µ |
| a2 + b2i + µ + σ

∫ ∞
0 β(a)g(i∗(a))da |

< 1

and
| a2 + b2i + µ + φ |

| a2 + b2i + µ + φ + f ′(S∗)
∫ ∞

0 β(a)g(i∗(a))da |
< 1.

Equation (45) can be written as

| G(λ2) |<
ω( f (S∗) + σV∗)

∫ ∞
0 β(a)g

′
(i∗(a))ψ(a)da

µ + ω
+

δ
∫ ∞

0 γ(a)ψ(a)da
µ + δ

. (46)

From Assumption 2, we have

g(i∗(a)) = g(i∗(a))− g(0) ≥ g
′
(i∗(a))i∗(a). (47)

It follows from Equations (47) and (28) that

∫ ∞

0
β(a)g

′
(i∗(a))ψ(a)da ≤

∫ ∞
0 β(a)g(i∗(a))da

i∗(0)
. (48)

From Equation (48), Equation (46) can be written as

| G(λ2) |<
ω( f (S∗) + σV∗)

∫ ∞
0 β(a)g(i∗(a))da

i∗(0)(µ + ω)
+

δ
∫ ∞

0 γ(a)ψ(a)da
µ + δ

. (49)

It follows from Equation (33) that

| G(λ2) |<
ω( f (S∗) + σV∗)

∫ ∞
0 β(a)g(i∗(a))da

i∗(0)(µ + ω)
+

δ
∫ ∞

0 γ(a)ψ(a)da
µ + δ

= 1, (50)

which is a contradiction of Equation (43).

4. Global Stability

In this section, we show the global asymptotic stability of steady states E1 and E2 with
the technique of Lyapunov functionals.

Theorem 5. The disease-free equilibrium E1 is globally asymptotically stable if R0 < 1.

Proof. Let (S(t), V(t), E(t), i(a, t), R(t)) be any trajectory of model (3a–e)–(5). We will
prove that S(t)→ A

µ+φ when t→ +∞. As all of the solutions remain positive with positive
initial conditions, together with Equation (3a), we have

dS(t)
dt
≤ A− (µ + φ)S(t). (51)

Using the comparison theorem, we have

lim sup
t→+∞

S(t) ≤ A
µ + φ

. (52)

From Equation (3b), we obtain

dV(t)
dt

≤ φS(t)− µV(t). (53)
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Since all of the solutions are bounded, from Equation (53), we have

lim sup
t→+∞

V(t) ≤ lim sup
t→+∞

φS(t)
µ
≤ Aφ

µ(µ + φ)
. (54)

From Equation (3c), it follows that

lim sup
t→+∞

E(t) = lim sup
t→+∞

f (S(t)) + σV(t)
µ + ω

∫ ∞

0
β(a)g(i(a, t))da

≤ lim sup
t→+∞

f ( A
µ+φ ) +

Aσφ
µ(µ+φ)

µ + ω

∫ ∞

0
g
′
(0)β(a)i(a, t)da

= lim sup
t→+∞

f ( A
µ+φ ) +

Aσφ
µ(µ+φ)

µ + ω
g
′
(0)(

∫ t

0
β(a)i(a, t)da

+
∫ ∞

t
β(a)i(a, t)da)

= lim sup
t→+∞

f ( A
µ+φ ) +

Aσφ
µ(µ+φ)

µ + ω
g
′
(0)(

∫ t

0
β(a)(ωE(t− a)

+δR(t− a))φ(a)da +
∫ ∞

t
β(a)i0(a− t)

ψ(a)
ψ(a− t)

da)

≤ lim sup
t→+∞

f ( A
µ+φ ) +

Aσφ
µ(µ+φ)

µ + ω
g
′
(0)(

∫ ∞

0
β(a)ψ(a)da

(ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t)) + Mβ̂e−µt) (55)

≤
( f ( A

µ+φ ) +
Aσφ

µ(µ+φ)
)g
′
(0)
∫ ∞

0 β(a)ψ(a)da

µ + ω

×(ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t))

Similarly, by Equation (3e), it follows that

lim sup
t→+∞

R(t) = lim sup
t→+∞

∫ ∞
0 γ(a)i(a, t)da

µ + δ

= lim sup
t→+∞

1
µ + δ

(
∫ t

0
γ(a)i(a, t)da +

∫ ∞

t
γ(a)i(a, t)da)

≤ lim sup
t→+∞

1
µ + δ

(
∫ t

0
γ(a)(ωE(t− a) + δR(t− a))ψ(a)da

+
∫ ∞

t
γ(a)i0(a− t)

ψ(a)
ψ(a− t)

da)

≤ lim sup
t→+∞

1
µ + δ

(
∫ t

0
γ(a)(ω lim sup

t→+∞
E(t) + δ lim sup

t→+∞
R(t))

·ψ(a)da + Mγ̂e−µt)

≤
∫ ∞

0 γ(a)φ(a)da
µ + δ

(ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t)) (56)
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From Equations (55) and (56), we have

ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t) ≤ R0(ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t)). (57)

When R0 < 1, to make Equation (57) hold true, the following equation must hold true:

ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t) = 0, (58)

which implies that

lim
t→+∞

E(t) = lim
t→+∞

R(t) = 0. (59)

By Equations (52) and (3a), we obtain

dS(t)
dt

≥ A− (µ + φ)S(t)− lim sup
t→+∞

f (S(t))
∫ ∞

0
β(a)g(i(a, t))da

≥ A− (µ + φ)S(t)− f (
A

µ + φ
)
∫ ∞

0
g
′
(0)β(a)i(a, t)da

= A− (µ + φ)S(t)− f (
A

µ + φ
)g
′
(0)(

∫ t

0
β(a)i(a, t)da

+
∫ ∞

t
β(a)i(a, t)da)

= A− (µ + φ)S(t)− f (
A

µ + φ
)g
′
(0)(

∫ ∞

0
β(a)ψ(a)da

×(ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t)) + Mβ̂e−µt). (60)

By Equation (58), Equation (60) can be rewritten as

lim inf
t→+∞

S(t) ≥ 1
µ + φ

lim inf
t→+∞

[A− f (
A

µ + φ
)g
′
(0)(

∫ ∞

0
β(a)ψ(a)da

×(ω lim sup
t→+∞

E(t) + δ lim sup
t→+∞

R(t)) + Mβ̂e−µt)]

=
A

µ + φ
. (61)

Therefore, limt→+∞ S(t) = A
µ+φ . Similarly, we have limt→+∞ V(t) = Aφ

µ(µ+φ)
. Clearly,

limt→+∞ i(a, t) = 0 holds by Equation (7).

Next, we investigate the global stability of the infectious steady state E2 under the
following assumption.

Assumption 3. Assume that
g(i(a,t))
g(i∗(a)) ≤

f (S(t))g(i(a,t))S∗

f (S∗)g(i∗(a))S(t) ≤ 1, 0 < g(i(a, t)) ≤ g(i∗(a)),

1 ≤ f (S(t))g(i(a,t))S∗

f (S∗)g(i∗(a))S(t) ≤
g(i(a,t))
g(i∗(a)) , 0 < g(i∗(a)) ≤ g(i(a, t)).

Theorem 6. The endemic equilibrium E2 is globally asymptotically stable ifR0 > 1 and Assumption 3
holds true.
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Proof. We show that E2 is globally asymptotically stable by constructing suitable Lyapunov
functionals. Let (S(t), V(t), E(t), i(a, t), R(t)) be any trajectory of model (3a–e)–(5). We
define the function h(x) = x− 1− ln x ≥ 0 for all x > 0. We define a Lyapunov functional

L1(t) = S∗h(
S(t)
S∗

) + V∗h(
V(t)
V∗

) + E∗h(
E(t)
E∗

), (62a)

L2(t) = R∗h(
R(t)
R∗

), (62b)

L3(t) =
∫ ∞

0
F(a)i∗(a)h(

i(a, t)
i∗(a)

), (62c)

L(t) = L1(t) + k1L2(t) + k2L3(t), (62d)

where F(a), k1, k2 will be defined later.
We calculate the time derivatives of L1 with respect to t.

dL1(t)
dt

= [A− (µ + φ)S(t)− f (S(t))
∫ ∞

0
β(a)g(i(a, t))da](1− S∗

S(t)
)

+[φS(t)− µV(t)− σV(t)
∫ ∞

0
β(a)g(i(a, t))da](1− V∗

V(t)
)

+[( f (S(t)) + σV(t))
∫ ∞

0
β(a)g(i(a, t))da− (µ + ω)E(t)](1− E∗

E(t)
)

= −µ
(S(t)− S∗)2

S(t)
− µV∗[

S(t)V∗

S∗V(t)
+

V(t)
V∗

+
S∗

S(t)
− 3]da

+ f (S∗)
∫ ∞

0
β(a)g(i∗(a))[−h(

S∗

S(t)
)− h(

f (S(t))g(i(a, t))
f (S∗)g(i∗(a))

)

+h(
f (S(t))g(i(a, t))S∗

f (S∗)g(i∗(a))S(t)
)]da + σV∗

∫ ∞

0
β(a)g(i∗(a))[−h(

S∗

S(t)
)

−h(
S(t)V∗

S∗V(t)
)− h(

V(t)g(i(a, t))
V∗g(i∗(a))

) + h(
g(i(a, t))
g(i∗(a))

)]da + ( f (S∗)

+σV∗)
∫ ∞

0
β(a)g(i∗(a))[h(

( f (S(t)) + σV(t))g(i(a, t))
( f (S∗) + σV∗)g(i∗(a))

)− ln
E∗

E(t)

−h(
( f (S(t)) + σV(t))E∗g(i(a, t))
( f (S∗) + σV∗)E(t)g(i∗(a))

)]da− (µ + ω)(E(t)− E∗)

≤ f (S∗)
∫ ∞

0
β(a)g(i∗(a))[h(

f (S(t))g(i(a, t))S∗

f (S∗)g(i∗(a))S(t)
)− h(

f (S(t))g(i(a, t))
f (S∗)g(i∗(a))

)]da

+σV∗
∫ ∞

0
β(a)g(i∗(a))[−h(

V(t)g(i(a, t))
V∗g(i∗(a))

) + h(
g(i(a, t))
g(i∗(a))

)]da + ( f (S∗)

+σV∗)
∫ ∞

0
β(a)g(i∗(a))[h(

( f (S(t)) + σV(t))g(i(a, t))
( f (S∗) + σV∗)g(i∗(a))

)− ln
E∗

E(t)
]da

−(µ + ω)(E(t)− E∗) (63)
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As h
′′
(x) = 1

x2 > 0 for all x > 0, it follows that

f (S∗)
f (S∗) + σV∗

h(
f (S(t))g(i(a, t))

f (S∗)g(i∗(a))
) +

σV∗

f (S∗) + σV∗
h(

V(t)g(i(a, t))
V∗g(i∗(a))

)

≥ h(
( f (S(t)) + σV(t))g(i(a, t))
( f (S∗) + σV∗)g(i∗(a))

). (64)

From Assumption 3 and Proposition A.1 in [11], h( g(i(a,t))
g(i∗(a)) ) ≤ h( i(a,t)

i∗(a) ), we have

h(
f (S(t))g(i(a, t))S∗

f (S∗)g(i∗(a))S(t)
) ≤ h(

g(i(a, t))
g(i∗(a))

) ≤ h(
i(a, t)
i∗(a)

) (65)

From Equations (64) and (65), Equation (63) can be written as

dL1(t)
dt

≤ ( f (S∗) + σV∗)
∫ ∞

0
β(a)g(i∗(a))[h(

i(a, t)
i∗(a)

)− ln
E∗

E(t)
]da

−(µ + ω)(E(t)− E∗). (66)

By calculating the time derivatives of L2 along the solutions of model (3a–e)–(5),
we have

dL2(t)
dt

= [
∫ ∞

0
γ(a)i(a, t)da− (µ + δ)R(t)](1− R∗

R(t)
)

=
∫ ∞

0
γ(a)i∗(a)da[h(

i(a, t)
i∗(a)

)− h(
i(a, t)R∗

i∗(a)R(t)
)− ln

R∗

R(t)
]da

−(µ + δ)(R(t)− R∗)

≤
∫ ∞

0
γ(a)i∗(a)[h(

i(a, t)
i∗(a)

)− ln
R∗

R(t)
]da

−(µ + δ)(R(t)− R∗) (67)

We calculate the time derivatives of L3 with respect to t; then, it follows that

dL3(t)
dt

=
∫ ∞

0
F(a)(1− i∗(a)

i(a, t)
)

∂i(a, t)
∂t

da. (68)

From Equation (3d), we have

dL3(t)
dt

=
∫ ∞

0
F(a)(1− i∗(a)

i(a, t)
)

·[−(µ + γ(a) + ρ(a))i(a, t)− ∂i(a, t)
∂a

]da. (69)

Clearly,

∂h( i(a,t)
i∗(a) )

∂a
=

1
i∗(a)

(1− i∗(a)
i(a, t)

)[(µ + γ(a) + ρ(a))i(a, t) +
∂i(a, t)

∂a
]. (70)
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From Equation (70), Equation (69) can be rewritten as

dL3(t)
dt

= −
∫ ∞

0
F(a)i∗(a)

∂h( i(a,t)
i∗(a) )

∂a
da

= −F(a)i∗(a)h(
i(a, t)
i∗(a)

) |∞0

+
∫ ∞

0
h(

i(a, t)
i∗(a)

)[F
′
(a)i∗(a) + F(a)i∗

′
(a)]da

= −F(a)i∗(a)h(
i(a, t)
i∗(a)

) |∞0 +
∫ ∞

0
h(

i(a, t)
i∗(a)

)

·[F′(a)− (µ + γ(a) + ρ(a))F(a)]i∗(a)da. (71)

Let

F(a) =
ω( f (S∗) + σV∗)
(µ + ω)i∗(a)

∫ ∞

a
β(u)g(i∗(u))du

+
δ

µ + δ

∫ ∞

a
γ(u)e−

∫ u
a (µ+γ(s)+ρ(s))dsdu. (72)

From Equation (33), we have

F(0) = 1. (73)

From direct calculations, it follows that

lim
a→+∞

F(a) = 0. (74)

Substituting Equation (72) into Equation (71), it follows that

dL3(t)
dt

= i(0, t)− i∗(0)− i∗(0) ln
i(0, t)
i∗(0)

−
∫ ∞

0

ω( f (S∗) + σV∗)
(µ + ω)

β(a)g(i∗(a))h(
i(a, t)
i∗(a)

)da

−
∫ ∞

0

δ

µ + δ
γ(a)i∗(a)h(

i(a, t)
i∗(a)

)da (75)

We define k1 = δ(µ+ω)
ω(µ+δ)

, k2 = µ+ω
ω . From Equations (66), (67), and (75), we have

dL(t)
dt
≤ −( f (S∗) + σV∗)

∫ ∞

0
β(a)g(i∗(a))da ln

E∗

E(t)
− δ(µ + ω)

ω(µ + δ)

·
∫ ∞

0
γ(a)i∗(a)da ln

R∗

R(t)
+

µ + ω

ω
i∗(0) ln

i∗(0)
i(0, t)

= −(µ + ω)E∗ ln
E∗

E(t)
− δ(µ + ω)

ω
R∗ ln

R∗

R(t)

+
µ + ω

ω
(ωE∗ + δR∗) ln

ωE∗ + δR∗

ωE(t) + δR(t)

=
(µ + ω)(ωE∗ + δR∗)

ω
[

ωE∗

ωE∗ + δR∗
ln

E(t)
E∗

+
δR∗

ωE∗ + δR∗
ln

R(t)
R∗
− ln

ωE(t) + δR(t)
ωE∗ + δR∗

] (76)
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As (ln x)
′′
= − 1

x2 < 0 for all x > 0, p ln x + (1− p) ln y ≤ ln (px + (1− p)y) holds for

all x > 0, y > 0, 1 > p > 0. Equality holds if and only if x = y. Let p = ωE∗
ωE∗+δR∗ , x = E(t)

E∗ ,

y = R(t)
R∗ ; then, we have

dL(t)
dt
≤ 0.

Clearly, dL(t)
dt = 0 if and only if S(t) = S∗, V(t) = V∗, E(t) = E∗, i(a, t) = i∗(a),

R(t) = R∗. As E2 is locally asymptotically stable if R0 > 1, from LaSalle’s invariance
principle, E2 is globally asymptotically stable.

5. Numerical Simulations

In this section, we illustrate the theoretical results for system (3a–e)–(5) through
numerical simulations. By the Euler Method, Theorems 5 and 6 hold true.

(i) An example when R0 > 1

In this section, we provide an example and numerical results to support our theoretical
results. We set model (3a–e) with a saturation incidence rate of f (S(t)) = S(t) and
g(i(a, t)) = i(a, t). Let µ = 20

9008 , δ = 0.125, γ = 0.8, ρ = 0.022, ω = 0.4, and σ = 0.15. The
initial condition is set as (2.5, 0.0002, 0.2, 0.2, 0.3). We assume that the maximum age for the
upper bound of infection age is 100 days, that people are more likely to be infected when
a ∈ (3, 8], and that people will be cured or sent to the hospital for isolation and treated
when a > 20. So, the transmission coefficient β(a) is chosen as

β(a) =



0.15 a ≤ 3,

0.25 3 < a ≤ 8,

0.15 8 < a ≤ 14,

0.1 14 < a ≤ 20,

0 a > 20.

(77)

First, we set A = 0.006, φ = 1
100 . By calculating Equations (27a–f), model (3a)–

(5) has the disease-free equilibrium E1(0.49, 2.21, 0, 0, 0) and the endemic equilibrium
E2(0.19, 0.41, 0.0116, 0.1e−0.82a, 0.7647). From Theorem 6, E2 is globally asymptotically
stable because R0 > 1, as shown in Figure 1.

(ii) An example when R0 < 1

Next, let A = 0.003, φ = 0.1. Other parameters and initial conditions are the same
as those in the above example. Model (3a–e)–(5) has only one disease-free equilibrium
E1(

A
µ+φ , Aφ

µ(µ+φ)
, 0, 0, 0), which is globally asymptotically stable because R0 < 1, as shown

in Figure 2.

(iii) Effect of parameters A and φ on R0

As shown in Equation (34), the values of parameters A and φ affect R0. Will R0 < 1
hold if φ is large? From Figure 3, R0 < 1 holds only when A is small and φ is large. Clearly,
R0 < 1 cannot hold for large values of A.



Mathematics 2021, 9, 2195 20 of 23

(a) (b)

0 20 40 60 80 100

a

0

0.02

0.04

0.06

0.08

0.1

i(a,3000)

i*(a)

(c) (d)

(e) (f)

Figure 1. The red dashed lines display the estimate of the endemic steady state
E2(0.19, 0.41, 0.0116, 0.1e−0.82a, 0.7647) of model (3a–e)–(5), while other color lines show so-
lutions with initial conditions (2.5, 0.0002, 0.2, 0.2, 0.3) and parameters A = 0.006, µ = 20

9008 ,
φ = 1

100 , δ = 0.125, γ = 0.8, ρ = 0.022, ω = 0.4, σ = 0.15 from the direct simulation. The
values of S(t), E(t), R(t), V(t) with respect to t are shown in (a,b,e,f), respectively. i(a, t) with
respect of a and t is shown in (c). The value of i(a, t) with respect to a at t = 3000 is shown in (d).
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Figure 2. The red dashed lines display the estimate of the disease-free equilibrium
E1(

A
µ+φ , Aφ

µ(µ+φ)
, 0, 0, 0) of model (3a–e)–(5), while other color lines lines show solutions with

A = 0.003, φ = 0.1 from the direct simulation. The initial conditions and other parameters are the
same as those in Figure 1. Similar to Figure 1, (a) S(t), (b) E(t), (e) R(t) and (f) V(t) with respect to
t are shown. (c) i(a, t) with respect to a and t is displayed. (d) i(a, t) with respect to a at t = 3000
is shown.
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Figure 3. The yellow area corresponds to R0 > 1, while the blue area is R0 < 1 of model (3a–e)–(5)
with the same initial conditions and parameters as those in Figure 1.

6. Conclusions

In this paper, we investigated a SEIR model that considers age of infection and
vaccination. Through an analysis, we obtained a basic reproduction number

√
R0, which is

the threshold of the dynamics of the model. The positivity, boundedness, and asymptotic
smoothness of the solutions are shown. There exists only one disease-free equilibrium
that is locally and globally asymptotically stable when R0 < 1. There exists one unstable
disease-free equilibrium and a unique locally stable endemic equilibrium for R0 > 1.
Furthermore, the endemic equilibrium is globally stable if functions f (·) and g(·) satisfy
Assumption 3 and R0 > 1.

According to our analysis, the recruitment rate of susceptible individuals A has
an important effect on the spread of infectious diseases. Therefore, measures such as
restrictions on travel and public gatherings should still be taken for a long time to keep the
recruitment rate of susceptible individuals A low, even when we have vaccinations. Our
work may be helpful in predicting and eliminating infectious diseases. It does not consider
many factors, such as variations in parameters over time or control strategies; hence, our
future work will consider the dynamic behaviors of models with parameters that vary with
time and control strategies for eliminating the occurrence of infectious diseases.
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