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Abstract: The boundary value problem for the steady Navier-Stokes system is considered in a 2D
multiply-connected bounded domain with the boundary having a power cusp singularity at the point
O. The case of a boundary value with nonzero flow rates over connected components of the boundary
is studied. It is also supposed that there is a source/sink in O. In this case the solution necessarily
has an infinite Dirichlet integral. The existence of a solution to this problem is proved assuming that
the flow rates are “sufficiently small”. This condition does not require the norm of the boundary data
to be small. The solution is constructed as the sum of a function with the finite Dirichlet integral and
a singular part coinciding with the asymptotic decomposition near the cusp point.
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1. Introduction

In the paper we study the nonhomogeneous stationary boundary value problem for
the Navier-Stokes equations

—vAu+(u-Vju+Vp=1£f xeQ,
divu=0, x€Q, 1)
u=—a, xe€d,

in a multiply-connected domain Q C R? with a cusp point O = (0,0) on the boundary. We
assume that Q) = Ujlill"j UT consists of N 4 1 disjoint components I’, I,j=1..,N,

QZQ()UG=<D0\(U]N:15/')>UG, D]'CDo,j=1,...,N,

whereT; =dD;, j=1,...,N,T = BQ\Uinll"jandG ={x € R?: |x1| < ¢(x2),x2 € (0,H]},
@(x2) = 70x3, 70 = const, A > 1. Moreover, we suppose that 902 N 9(Y is C? (see Figure 1).
In (1) the velocity vector u and the pressure function p are the unknowns while the bound-
ary value a € W/22(3Q)) and the external force f € L?(Q) are given; v > 0 denotes a
constant coefficient of the kinematic viscosity.

We assume that the support of a is separated from the cusp point O, i.e.,

suppa C (I'NaQy) U (Ujli1 Ij).
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Figure 1. Domain 3 = Qg U G.

Let
FF= [ a-nds, lfj:fa-ndS, ji=1,...,N, o)
rNaQy r;

be the flow rates of the boundary value a over the outer boundary I' N 9€)y and the inner
boundaries 1"]-, j=1,...,N, where n denotes the unit vector of the outward normal to ().
By the incompressibility of the fluid it follows that

N
{{{)u-nd.s:—(Fo-i-jgle), 0<R<H, (3)

where 0(R) = (—¢(R), ¢(R)) is a cross section of G by the straight line x, = R parallel
N

to the xj-axis. We assume that the total flux may be nonzero, i.e., Fp + }_ F; = 0. This
j=1

nonzero condition means that there is a source or sink in the cusp point O. Then, due to

the geometry of the domain, the velocity vector field u necessarily has infinite Dirichlet

integral [ |Vu(x)|?dx = oo (see, e.g., [1]).
0

The point source/sink approach is widely used in physics, astronomy and in fluid
and aerodynamics. The behaviour of solutions to the Stokes and Navier-Stokes equa-
tions in singularly perturbed domains became of growing interest during the last fifty
years. There is an extensive literature concerning these issues for various elliptic problems,
e.g., [2-18]. In particular, the steady Navier-Stokes equations are studied in a punctured
domain Q) = g \ {O} with O € ) assuming that the point O is a sink or source of
the fluid [19-21] (see also [22] for the review of these results). We also mention the pa-
pers [23-25] where the existence of a solution (with an infinite Dirichlet integral) to the
Navier-Stokes problem with a sink or source in the cusp point O was proved for arbitrary
data and the papers [26-28] where the asymptotics of a solution to the nonstationary Stokes
problem is studied in domains with conical points and conical outlets to infinity.

The existence of singular solutions to the time-periodic and initial boundary value
problems for the linear Stokes and the nonlinear Navier-Stokes equations in domains
with a cusp point on the boundary were studied in recent papers [29-32], where the case
with a sink/source in the cusp point O was considered. In [23], the existence of a generic
stationary solution with infinite Dirichlet integral was proved. However, the behaviour
of the solution near the cusp point was not found. The asymptotic decomposition near
the cusp point of the solution u to problem (1) was constructed and the existence of a
unique solution which is represented as a sum of this decomposition and a vector field
belonging to a suitable second order weighted Sobolev space is proved in [1]. In [1], it is
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assumed that a € W3/22(90)) and the results are obtained under the condition that the
norm ||al|ys 12230 is sufficiently small.

In this paper we extend the results of [1] in two directions: first, we study the case
of domains with multiply-connected boundaries and, second, we prove the existence of
the solution coinciding near the cusp point with the formal asymptotic decomposition
assuming only that the flow rates Fy, Fi, ..., Fy of the boundary value a are sufficiently
small. The proof is based on the construction of an extension of the boundary value which
coincides near the cusp point with the asymptotic decomposition and allows to obtain
needed a priori estimates assuming only that flow rates are sufficiently small. Note that in
this case the norm of a is not obliged to be small. It is worth to mention the papers [33-35]
where the nonhomogeneous boundary value problem for the stationary Navier-Stokes
equations was studied in bounded domains with multiply-connected boundaries having
C2-regularity.

2. Notation and Auxiliary Results
2.1. Function Spaces

We will use the letter “c” for a generic constant which numerical value or dependence
on parameters is unessential to our considerations; “c” may have different values in a
single computation. Vector valued functions are denoted by bold letters while function
spaces for scalar and vector valued functions are denoted in the same way.

Let D be a bounded domain in R"” with Lipschitz boundary. C*(D) denotes the set
of all infinitely differentiable in D functions and C{° (D) is the subset of all functions from
C*(D) with compact supports in D. For given non-negative integers k and g > 1, L7(D)
and W% (D) denote the usual Lebesgue and Sobolev spaces; Wk~1/44(3D) is the trace
space on 9D of functions from W*7(D). W'2(D) is the closure of C¥(D) in W'2-norm.
J5° (D) is the set of all solenoidal (div u = 0) vector fields u from C§°(D) and H(D) is the
closure of Ji°(D) in the gradient norm ||V - [| ;2

Lemma 1 ([36,37], Chapter 1, Lemma 1). Let D C R? be a bounded domain. If u € W'2(D),
then the following estimate

[ullfspy < ez oy lulzz oy < el )
holds. Moreover, if u € W1'2(D) then
lellZs oy < 2Nl T2 IV ull2 py < I VHllT2 .

Consider the domain () with a cusp point. We introduce a family of subdomains
) C Q) with Lipschitz boundaries:

Q= 1 U{x €R?: |x1| < @(x2),x2 € (g, 1)} = Qg Uy,

where

ho = H, hk:hk,l—%, k=1,2,..., @)

and L is the Lipschitz constant for the function ¢.
We write u € W)/'(Q\ {O}) if u € WH(Q) for Vk.

loc

Lemma 2. Let u € W22(Q\ {O}), u = 001 dQ\ {O}. If [ |¢(x2)[%|Vu(x)[?dx < oo, then
G
the integral [ | (x2)[**2|u(x)|?dx is finite and the following inequality
G
Hy ¢(x2) Hy ¢(x2)

[ o) Plu(x)Pdndee < 55 [ [ o) ¥ Vu(x)Pdxidx,  (5)
Hi —¢(x2) Hi —¢(x2)
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holds, where Hy, Hy are any numbers from the interval [0, H]

The proof of this lemma can be found in [32] (see Lemma 2.1).

2.2. Formal Asymptotic Decomposition

The formal asymptotic decomposition (UU I,pl ]) of the solution (u, p) of problem (1)
near the cusp point O was constructed in [1]. It has the form

—1+k(A-1)

]
H(ylfyz) Yy MUao(yr) + X Ya Uy k(y1),
F | ek
W) = —vte) + L Gmn),
0 k=1 6)
PUl(y,y2) = W}/z Py ()
n Z ; BA+k(A— 1)C +y;1 Ak(A-1) 0c(y1),

where y; = %, y2 = %2, ®(y1) = 2 (|y1]> — 73), the functions Uy g, U x, Oy are regular, and

N
o(R) =1

It was proved in [1] that U].U] (y1,v2), j = 1,2, PUl(yy, 1) satisfy the estimates

alu{]](yl,yz)’< |F| ’B’Uy](yvyz)‘q =01,
oyl T+’ ! . R (7)

Y2 |
‘P[”(ylryzﬂ <c 31"
Y2

The asymptotic decomposition (UUl(x), PUl(x)) = (Um( A,xz) Pm(%,xz)) is de-
2
fined in G and, by construction, div, Gl = o, GV |aGmaQ =0. Moreover it was proved

4A
20— +1 ))holds the relation

—vAUU + (OU1. v Ol + ©PUI = AU (8)

in [1] that for a sufficiently large | = J(A) (J >

with HU € L2(G). Moreover, the discrepancy H! satisfies the estimate
1AV 26y < c(IFI+ [F2). ©)

3. Extension of Boundary Value
3.1. Flux Carrier from Inner Boundaries

In this subsection we construct a solenoidal vector function having the flow rates F;
on inner components of the boundaries I';,j = 1,..., N. We call such a function the flux
carrier. The construction used below is based on ideas proposed by H. Fujita in [38] for the
case of symmetric domains. In [38] such functions are called virtual drains.

First we define some auxiliary functions. Letx € (0,1/2) be a parameter. We introduce
non-negative, even functions B« (t) € C§°(—00; +-c0) such that

0, [t=1,

1
Bi(t) < tf0r0<t<+ooandﬁx(>_{l/t, <t <1/2.



Mathematics 2021, 9, 2022 50f 16
Define yx = [ Bi(t)dt. Then
+oo 1 3
ye = [ Bc(H)dt = [ Be(t)dt >2 [ 1dt — +ooask — +0.
—o00 —1 K
Define a smooth non-negative functions s.(t) = s,(t,0) = y% Br(%) such that
sy € C°(—00; 400) and supp sx C [—J; 5], where ¢ is a small positive number. Then
+o00 )
[ sk(t)dt = [ se(t)dt =1. (10)
—00 _(5

Choose one of the domains D]-,j = 1,...,N, and take two points X]- € D]- and
X? € I' N 90Oy such that the line XjX? intersects I'; and I' only at one point and, if XjX?
intersects other boundaries, say, I'y , ki, = ki, ko, .. ,Kj,0 <Kj<N-1, then-at even
number of points (if K; = 0, then X]-X? does not intersect any of I'y, ). Let us introduce
in Q) the local coordinates z(/) = (z&j ), zg ))
(/)

coincides with the point X; and z;" axis is directed over the vector X;X i

such that the origin of this coordinate system

The points X]Q and X; in the local coordinates z() have the form X? = (0, Z(gj ) ), Z(()j >0
and X; = (0,0). Let us take a small number 9 > 0 and define the strip:

Y0 = [=6;,5 % 0,2 + o,

where we choose a small number §; so that the segments {z0) . zgj ) = 61N oY) intersect
I'; and I only at one point and if intersect other boundaries, then - at even number of points.

In YU) N Q) we define a vector field:
bj(z(j)) = (0, —F]«sK(zgj))).

Notice that b; (z(j )) defined on Y) N Q) can be extended by zero into the whole domain

0, because the bottom of YU/) is outside the domain Q). For the sake of simplicity we keep
the same notation for this extension, i.e., in the whole domain () we have:

b;(z1)) = (0, —F]'sx(zgj))> inY?)NQ,
j (0,0)in 0\ Y1),

We shall show that

. F i g 1
b;(z1) ~ndS={ i P2 11
J i) 0 it} (11)

Let us introduce the domain Y) ¢ YU) N Q with the boundary 9Y) which is the
union of: T’ nYW), {z(f) : —(5j~§ zgj) <9, 2 = y]*} and the lines zgj) = +4;, where y]’-‘ >0
is a such small number that Y() is a simple connected set (see Figure 2). Since, due to the
construction, bj(z(f)) is solenoidal and b (z00) ‘z(j)—i 5 = 0, we get

1=
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0= [ divb;(z0))dz0) = [ b;(z0))-nds
Y() aY )
= [ bj@z")-ndS+ i b;(z0)) - erdS
Y(f)ﬁl“]- {Z</'>:75j<z()<5 Zy —]A}
o ; . 9 . .
f]‘ nds+7f5 (o FsK(z§>))-(o,1)dz§]) :rfbjk(z(1>)-nds—Pj [ se(z) a2,

j =9
where the vector field n denotes the unit outward normal to d() on L, while the vector e,

denotes the unit normal to 9Y() on {z() : —6; < z(]) <9, zg = U #}. Due to (10), from the

last equality we get (11). Notice that for the case i # j, when Y( ) does not intersect or
touch I';, the vector field b; vanishes on I'; (by construction). Otherwise, if YU intersects
I'; at even number of points, then flow rates of b; across I'; are equal to zero: the flow rates

of b; over not intersecting parts of Y() NT; cancel each other.

2 — X =(0,2")

Figure 2. The strip Y(). Dashed area is Y(1).

In order to rewrite vector field b;(z (7)) in global coordinates let us take the orthogonal
matrix A; with det A; = 1 such that z(] ) = Aj(x — x0.) Then it is easy to verify that

b (x) = ATb;(z1)

z(f>=Aj(x—x0)'

Therefore, the flux carrier from the inner boundaries has the form:

Lemma 3. The vector field b("") is smooth and solenoidal. Moreover, suppb("™) C Q,

. . N
rfb(mn) ndS=F, j=1,...,N, man b(inn) . nds = _jgl F; (12)
j 0 -
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and the following estimate
b (x)| + Vb (x)| < c Y |F|, Yxe Oy (13)
j=1

holds.

3.2. Flux Carrier from the Outer Boundary

The boundary condition u = a is prescribed on (I'NdQ) U ( Ujl\i 1 Tj). After sub-

(inn) \which “removes” the fluxes F; from the inner

tracting the constructed flux carrier b
boundaries I';, j = 1,..., N, we get a modified boundary value a; = a — b |5, such
that suppa; C (T'NaQy) U ( U]-Ii 1 Tj) and the flow rates of a; over the inner boundaries
Fj,j =1,...,N, are equal to zero:

Ja;-ndS=0,
r,

]

N
and the flow rate of a; over the outer boundary I' N Q) is equal to Fp + }_ Fj:
=1

N
i a;-ndS=F+ Y F=F.
oy =1

Now we remove the nonzero flux from the outer boundary I' N 9()y. For this we
will need the notion of Stein’s regularised distance. Let M be a closed set in R?. Stein’s
regularised distance A (x) from the point x to the set M is an infinitely differentiable
function in R? \ M and the following inequalities

M p(x) < Bpu(x) < ardp(x), D Apa(x)] < asdlyf* (v),
hold, where d \((x) = dist(x, M) is the distance from x to M. The positive constants a1, a,
and a3 are independent of M (see [39], Chapter VI, Sections 1 and 2, 167-171, Theorem 2).

Let ¥ be a smooth simple curve, which intersects the outer boundary at some point
x(out) € TN 0Q)y, does not intersect or touch any inner boundary I';, j = 1,...,N, and
coincides with the straight line x; = 0 in G (see Figure 3).

Let us introduce a function

C(x):‘I’(ln p(Aq(x)) ),

Do (rracy) (%)

where ¥ and p are infinitely differentiable monotonic functions such that ¥(f) = 0 for
t <0,¥(t) =1fort >1,and p(1) = Fdo for T < 2, p(1) = 7 for T > aydy, dy is the
distance between the curve v and 0Q) \ (I' N 9(Y). The functions A, (x) and Ay (rnaay)
are regularised distances from x to v and 9Q \ (I' N 9QYy ), respectively.
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Figure 3. Curve 7.

Lemma 4. The function &(x) vanishes at those points x € Q\ {O}, where p(Ay(x)) <

Dacy\ (rrany) (X), and §(x) = 1at points x € O\ {O} where Ay (rnany) (x) < e 'p(A4(x)).
Moreover, the following inequalities

’GC(X)

8xk

90%¢(x)

axkaxl

C
S S C1,
Ay0\ (rnang) (%)

c

<1, x €Qy, 14
=3 <c 4 (14)

SQ\(FQBQO) (x)

hold with the constant ¢y dependent only on ay,ay and dy.
The proof of this lemma can be found in [40] (see Lemma 2).

Let us define a vector field

ou aE(x)  9E(x)
b (x) = —F( | o ).

where ¢(x) coincides with ¢(x) on the right side of the curve 7y and ¢(x) = 0 on the left
of 7.

By construction, the vector field b(°#*) (x) is smooth, solenoidal and b () (x) |ao\(rmaQO) =0.
Lemma 5. There hold the relation
[ bl .nds=F (15)
rnaQy,
and the estimate
b (x)| + |[Vb) (x)| < c|F| Vx € Qy. (16)

Proof. Since divb(®#!) = 0, we have

p(hy) 57 z
[ bl .ndS=— [ bl .ndS=F [ (—agix),——agix)) -(0,—1)dx
90, o(ha) —g(hy) 2 1

7 8l

=
_gln) 91

dx; = F(E(g(ha), hy) — E(~@(ha), ha) ) = F.

Estimate (16) follows from Lemma 4 and properties of the regularised distance. [
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The modified boundary value a, = a; — b(**) |5 has a support on (I' N 9Q) U ( U].I\il I)
and the flow rates of ay onI'Nd0pand I';,j =1,...,N, are equal to zero:

a,-ndS =0, a-ndS=0,j=1,...,N.
J j
r.

P, ] A7)

3.3. Extension of ap

The extension of the boundary value function having zero flux over the boundary was
constructed by O.A. Ladyzhenskaya (see [37], Chapter V, Section 4, 127-128). To be more
precise, in [37] was proved the following result

Lemma6. Let D C R? be a bounded domain with Lipschitz boundary 0D, £ C 9D, meas(L) > 0.
Assume that the vector field h € W'/22(9D) satisfies the conditions [ h-ndS =0, supph C L.
L

Then h can be extended inside D in the form

(o) = (PASOER) Al OBy s

aXQ ! axl

where E € W?2(D), (aE(x) —aE(x))bD = hand x = x(x,¢) is Hopf's type cut-off function,

axz 4 axl
i.e., x is smooth, x(x,e) = 1 on L, supp x is contained in a small neighborhood of L and

ec

<« =
IV eol < G oy

(19)

The constant c in (19) is independent of ¢ > 0.
The vector field H € W12(D) is solenoidal, H| op = h, suppH is contained in a small
neighbourhood of L and there holds the estimate

[Hllwiz(p) < c(e)[[hllwr/22ap)- (20)
Moreover, for any e > 0 the vector field H satisfies the Leray-Hopf inequality

1{ (w-V)H - wdx < csrj; |Vw|?dx VYw € H(D) 1)

with the constant ¢ independent of e.

Because of the condition (17) we can apply Lemma 6 to a; and we obtain the follow-
ing result.

Lemma 7. There exists a vector field by € Wl'z(Q) such that b0| 0 = A divby = 0,
supp by C ),
Ibollwr2(qy < cllazllwirzzaa)- (22)
Moreover,

[ (w-V)bg wdx <ce [ |[Vw|?dx Yw € H(Q).

a a (23)

The constant c in (23) is independent of ¢ > 0 and k.

3.4. Construction of Extension Coinciding with Asymptotic Decomposition Near Cusp Point

Now we “glue” the above constructed vector field B = by + b("") 4 b(©4!) with the
asymptotic decomposition ulll,
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Let { be a smooth cut-off function such that {(x;) = 1 for x > hs, {(x2) = 0 for
xp < hy, 0 < Z(x2) < 1. We put

A =bg + b 4 zb) 4 (1 - )ulll 4 VU, (24)
where VIl is the solution of the following problem

divvll = —vz. ) 1 vz . ull, xew,,

(25)
vl = 0, X € dwy.

Notice that [ (V- bl — V- UU])dx = [ div(b(*) 4 (1 - ¢)UUl) dx = 0. Indeed,

Wy Wy

[ div(gb) + (1)U dx = [ gb)-nds+ [ (1—Z)Ull-nds

Wy aw4 8w4
N @(ha) 7]
= [ b .nds— [ U.ndS= R+ L F)— [ U; dx=0,
o(h3) o(hs) j=1 —¢(hs)
where we used the fact that b{") = 0 in w,. Therefore, there exists a solution
VUl € W'2(w,) of problem (25) satisfying the estimate
IVVI |20, <l VT (00D + UM 12, < c|F], (26)

see [41].
Since div (b + b(i””)) = 0 and supp(bo + b(i””)) C Qy, from the construction we
conclude the following result.

Lemma 8. The vector field A € W*(Q1\ {O}) satisfies the boundary condition A‘an =a Ais

loc

solenoidal and A (x) = UV (x) for x, < hy.

4. Existence and Uniqueness of Weak Solution

In this section we prove the existence of the weak solution of problem (1).
First assume that (u, p) is a classical solution of (1). Multiplying (1); by the test
function 5 € C§°(Q)) and integrating by parts, we obtain

v[Vu-Vydx+ [ (u-V)u-gdx — [pdivygdx = [f-gdx Vy e CP(Q). 27)
o o o O

We look for the solution (u, p) in the form

u=A+v, p=(1-7)P+p, (28)

where A is the extension of the boundary value a constructed in the previous section, Pl
is defined by (6); and v € H(Q)). Substituting (28) into (27) we obtain

v Vv -Vydx+ [(v+A)-V)v-gdx+ [ (v-V)A-gdx = Eq)q Vg€ JP(Q), (29)
o} o} o}
where

Ena=[f-ydx—v[VA-Vydx— [ (A-V)A -gdx— [ V((1-)PU)) - ydx. (30)
0 o o o

The vector field v will be found as a limit of the sequence {vy}, where v are weak
solutions in the domains (), that is, the vector fields vy € H((Y), satisfy the integral identities
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v vak Vndx+ J ( vk+A)-V)vk-11dx+ j(ka)Aqu = </f\,1]>0k Vﬂ S H(Qk) (31)
Oy O

Theorem 1. Let f € L2(Q)), a € W/22(3Q)) and suppa C (I'NaQy) U (UN ha T';). There
exists a number Fo > 0 such that if

N
) |El < Fo, (32)
j=0

then problem (31) admits at least one solution vy, € H(QYy). There holds the estimate

1% B2y < e (I161B2(0 + laln/z200 + 2ll22(000)) (33)
with the constant ¢ independent of k.
Proof. Itis well known (see [37]) that integral identity (31) is equivalent to the operator equation
= Bvg (34)
with a completely continuous operator B : H(Q)) — H(()), defined by the relation

BV o, = —v [ (v +A) - V)vi - gdx —v! [(vi- V)A - gdx +v 1 {7y,
Qk Qk

where [w,71]o, = [ Vw - Vydx is the scalar product in H(()).
O
So, the solvability of Equation (34) will follow from the Leray-Schauder theorem
provided we prove that the norms of all possible solutions of the operator equations

vV —aBviY, A e (o1, (35)

are bounded by a constant independent of A.
Operator Equation (35) is equivalent to the identity

vav,(( qux—l—)\f( VA V)v,((/\)-qu—l—)xf (VI(CA)~V)A-11dx
O O N O (36)

= ME, ), Vi€ H(Qy).

Taking in (36) # = VI((A) we obtain

vﬂf |Vv,({)‘)|2dx: —)LQf (v,(()‘)~ V)A- V1(< )dx+)\<f v()‘)> O 37)
k k

To estimate the term /\G, vl(c/\)>0k in the right hand side of (37), we use the repre-

sentation (24) for the vector field A. We denote A; = by + b)) 4 4 bu) + vUl and
Ay = (1—-7)UU, so that A = A; + A,. Since supp A; C (), using estimates (13), (16),
(22) and (26), the embedding W'2(Q) < L*(Q) and the definition of a; = a — (b(i””) +
b)) |. ., we obtain the following inequality
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)\V‘QfVAl-VV]((/\)dx‘—F)\‘Qf (A1 V)V - A

c(uvmnizm + A1l ) + el VY120,

(38)
Fl)* + (20|F|) + 1al131 220 + 121141 22000 | + €179 I

SC[(

j

L

<c [Hau@m@m + l1alldgs 2200 | + €1V B2

Since supp (bp + b)) C ()3, wehave ((bo+ b)) - V) Ay + (Ay- V) (bg + b)) =
0. Thus, by (7), (16) and (26),

)\‘({4 (Al'v)vl(c/\) ~A2dx‘ —I—)\‘ f AQ-V)VI(CA) ~A1dx‘

[ (VU 4 plont)y . 7y vV Umdx‘+

Wy Wy

ou A
< (VU + DO, o+ UV ||L4w))+e||Vv,£>||2 (39)

e(IVI I 2y + 1) +el VoY ||L2(Qk)sC(j§O|F|) +¢l| Vv uLz o)

[ (Ul V>V,<{A) (VI b(out))dx‘

A
< CHaH%\/l/Z,Z(aQ) + ‘C'va](c )H%2 0O
Further, the straightforward calculations give the equality

awof VA vWax A [ (A V) Ay vYdx+A [ V(1 =)PU) - vVax
U\ \Q3 BA\Qs
=awv [ v(a-gul).vvVax+a [ (A=ull-v)((1-gul) - viax
O\ O\
A [ V(=P vMax
Y\O3
A ( —vAU) 4 (Ul v)ull _|_VPU]) vV dx
O\
HAv [ (f (1-¢)aulll +2v¢ - vull +g”UUJ) vV dx
w3
HA [ ( —PUIVZ+(1— g)vpm) viMdx

w3

HA [ ((1 — Ul wyull . v — (1 —g) (Ul v)g (U -v,(f)))dx Ay e
w3 k=1

Because the asymptotic decomposition (U], PU1) satisfies Equation (8), by (9), we obtain

Mi=A [ (fVAUm+(UU].v)UU]+vp[]]) 'fo’dx:A [ H[n.vy)dx

Qk\Q4 Qk\04
A
<c [ HIPdx+e| Vv 2 ) < e(IFP+ B + el Vv IRy
O\
< C(Hanl/ZZ Q) + Hanl/ZZ 20 ) +£vak ||%2(Q )
(40)
The integrals [ , k = 2, 3,4, can be estimated using (7), and we get
(A
A(IJ2] + ]3] + 1]s) <C<H3HW1/22 20) "’Hauwl/zz 20 ) “‘E“Vvk )H ) (41)
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From (39)—(41) it follows that

7 (A
AEV 0] < (I8, + 1212022000 + 12l 220, ) + el VY 1220, -

Substituting this estimate into (37) and choosing ¢ sufficiently small we obtain
1V Rax <A [ (v V) AvMdxre( € 4
2Qf‘ v [fdx < Qf(v JA-v;Vdxtc( || ||L2 (%) JrHf“le/zz ag)+‘|a“w1/2,2(ag) . (42)
k k

The constant c in (42) is independent of k.

Consider now the integral A [ (Vl(()\) -V)A - v,(c/\)dx =-AJ (v,(c/\) . V)v](c/\) - Adx.
O
In virtue of Lemmas 3 and 5, we have

)\‘Qf (V](:\) . V) V]((A) . (b(inn) + éb(out))dx’

A A i
< v llsay 1996 )|\Lz<gk)(ub<mn>|m (@ + I 14(q,) (43)
N
<c LRIV 2y g, -
i=0
By (26),
N
Al | 0 ) Vv < Y o | 9V i < ¢ DRIV g, @9)
'k i=0

For the integral A [ (v,(()‘) : V)v,((/\) -UWI(1 - ¢)dx inequalities (7) and (5) yield
Oy

1/2
A J e vt ula-gax] < (RO Edx) I 9v e,
O\ 4\

hy p(x2) | (A)‘Z 1/2 o N (45)
<elfl( [ B Eaman) vl < LRIV I,
e —@(x2) ( 2) i=0

Finally, using Leray—Hopf’s inequality (23), we estimate the integral [ (VI((A) -V)bg -
0%

dx:

o

/ (Vz(cA) : v)bo~V,((A)aZx < coe [ |Vv£A)\2dx. (46)
Qk Qk

Estimates (43)—(46) yield the inequality

/\f( V)A- v,(c Jdx < (coe+c*

|Fi\) J |Vv,(CA)|2dx YA €1[0,1], (47)
i=0 Q

where the constants cg and c are independent of k and A. Thus, estimate (42) takes the form
A A
5 ‘VVIE )‘de < (cos—l—c*}'o) J |Vv](( >|2dx+c(|\f|\ )+ ||a||WU22 a0) T HaH%\/T/ZZ(aQ))'
Qk Qk

Choosing ¢ sufficiently small, say ¢ = g~ and assuming that Fo = g from the last
inequality we derive

A
g [ Vo Pdx < (181 + 1l 220 + 2l a0 )
k
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So, the norms || VVIEA) ||%2 () of all possible solutions v,(c)\) of operator Equation (35)

are bounded by a constant independent of A € [0, 1] and, according to the Leray—Schauder
theorem, operator Equation (34) has at least one solution v, € H(()). Moreover, for vy
holds estimate (33). O

Theorem 2. Suppose that the conditions of Theorem 1 are fulfilled. Then problem (29) admits a
solution v € H(Q) satisfying the following estimate

19v1B2(0) < (€0 + 2102200 + 222000 )- (48)

Proof. Let us take the sequence of solutions v constructed in Theorem 1. Extending vy by
zero into Q) \ O we get vector fields ¥, € H(Q)). Notice that ¥ satisfy integral identity (31)
in which we can integrate over the domain () instead of (). Taking an arbitrary function
7 € J§°(Q2) we can find a number k such that suppn C (). Since the sequence {¥V;} is
bounded in H(Q}), there exists a subsequence {¥y, } which converges weakly in the space
H(Q) and converges strongly in L*(Q)) for any k, as the embedding H () < L*(()
is compact. Such subsequence can be constructed using Cantor’s diagonal argument.
Then we can pass to the limit as k;;, — oo in integral identity (31) taking any test function
17 € J§°(Q)). For the limit function v € H(Q)) we obtain the integral identity (29). Obviously,
the limit function v obeys estimate (48). O

Remark 1. Since the space J§°(() is dense in H(Q}), integral identity (29) remains valid for
every test function # € H(Q)).

Let us prove now the uniqueness of the solution to problem (1) having representa-
tion (28).

Theorem 3. Leta € W'/22(9Q)), f € L*(Q) and let the boundary value a satisfies the conditions
of Theorem 1, in particular, the fluxes F;, i = 0,1, ..., N, satisfy condition (32). Let uy and up be
two solutions of problem (1) admitting representation (28): w; = A +v;, i = 1,2, withv; € H(Q)).
There exists a number ag > 0 such that if

IVValli2(q) < a0, (49)
then the solutions uy and u, coincide.

Proof. Suppose problem (1) has two solutions u; and up admitting representation (28),
ie, up = A+ vy, up = A+ vy, where vy, vy € H(Q)) and satisfy integral identity (29).
Denote v = u; — up = v; — v € H(Q)). Subtracting integral identity (29) for v, from the
one for v; we obtain

v[Vv-Vydx+ [ (vi-V)v-gdx+ [ (v-V)vy-gdx+ [ (A-V)v-ndx
0 o o o

+[(v-V)A-pdx =0 Ve H(Q). (50)
o}
Taking in (50) # = v yields
v [|VvPPdx=—[(v-V)vy-vdx— [ (v-V)A - vdx. (51)
o} o} o}

The integral [ (v-V)A - vdx admits the estimate
Q

‘f (V-V)A~de‘ < (cos—i-c* g |Fi\> [Vv|?dx < (cos—l—c*}'@) [|Vv|2dx
Q i=0 Q Q
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see (47), (32), and

‘({ (v-V)v, ~vdx’ < VIR IV V2l 20 < claog Vv Pdx.

Then from (51) it follows

v [|Vv[?dx < (cos—i-c*]-"o—i—cla()) [|Vv|?dx.
o) o}

Remind that g is equal to g- (see the proof of Theorem 1). Taking ¢ = g and
assuming that ag = z:- we get
L[ |Vv]2dx <o.
Q

Thus, vi =vp. O
Remark 2. If v, satisfies estimate (48), that is
17921220y < (1120 + 12l 22000 + Nallr 22y )-

then (49) follows from the condition
£112 2 4 < 2
c(ll ||L2(Q) + ”aHWI/Z,Z(aQ) + ”aHWI/Z,Z(aQ) < ap.
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