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Abstract: In this manuscript, some tripled fixed point results were derived under (¢, p, £)-contraction
in the framework of ordered partially metric spaces. Moreover, we furnish an example which
supports our theorem. Furthermore, some results about a homotopy results are obtained. Finally,
theoretical results are involved in some applications, such as finding the unique solution to the
boundary value problems and homotopy theory.
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1. Introduction

Fixed point theory is one of the important and indispensable branches of non-linear
analysis due to the proliferation of its applications in many disciplines such as engineer-
ing, computer science, physics, economics, biology, chemistry, etc. In mathematics, this
technique is credited with clarifying and studying the behavior of dynamical systems, sta-
tistical methods, game theory models, differential equations, and many others. Specifically,
this technique studies the existence and uniqueness of the solution to many integral and
fractional equations, which facilitates the way to find numerical solutions to such problems,
see [1-11].

Homotopy theory is a fundamental branch of algebraic topology where topologi-
cal objects are studied up to homotopy equivalence. In the last century, strong links
have emerged between this theory and many branches of mathematics. For example,
this trend plays a prominent role in strengthening ties between homotopy theory and
category theory (higher-dimensional), which have received considerable attention in re-
cent years, see [12-15]. Furthermore, it is useful in quantum mechanics for dealing with
Hamiltonian manifolds.

The idea of a partially metric space (PMS) was presented by Matthews [16] as a part
of the study of denotational semantics of data flow networks. In fact, it is widely shared
that PMSs play a prominent role in model building in computational and field theory in
computer science, see [17-22].
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Fixed point results for a single mapping in partially ordered metric space (POMSs)
were introduced by Matthews [16,23], Oltra and Valero [24] and Altun et al. [25]. For more
papers in common fixed point consequences in abstract spaces, we mention [26-32].

In [33], the notion of a coupled fixed point was presented and some pivotal results
from it in the setting of PMSs are studied. Later, coupled fixed and coupled common fixed
point theorems are proved by [34-37].

In 2011, Berinde and Borcut [38] generalized the idea of a coupled fixed point to
a tripled fixed point (TFP) in the setting of POMSs. Under this space, Borcut [39,40],
Karapnar et al. [41], Radenovi¢ [42] and Aydi et al. [43] introduced some circular theorems
concerning TFP theorems. Moreover, more applications in this line are presented by
Mustafa et al. [44] and Hammad and De la Sen [45,46].

The purpose of this manuscript is to prove some TFP consequences via (¢, p, ()-
contraction in the setting of ordered PMSs. In addition, to support our theoretical results,
we give an example. Moreover, as applications, the existence and uniqueness of the
solution to an initial value problem (IVP) and a homotopy theory are discussed.

2. Preliminaries

This part is devoted to recall the standard definition of a homotopy and some elemen-
tary properties for PMSs.

A homotopy between two functions is defined as follows: consider two continuous
functions from a topological space to another; the two functions are considered homotopic
if one can be continuously deformed into the other. This deformity is called a homotopy
between the two functions. It can be formulated as follows:

Definition 1 ([12]). Assume that U,V : D — E are continuous mappings defined on topo-
logical spaces D and E. Then the continuous function H : D x [0,1] — E so that H(8,0) =
Ud and H(8,1) = V9 is called a homotopy from U to V. Furthermore, U and V are called
homotopic mappings.

Definition 2 ([16]). Let 71 # @. The function A : 1 x 1 — R is called a partial metric on 7 if
for all 81,192,893 € 71, the hypotheses below hold:

(A1) 8 = D iff A(D1,01) = A(S,02) = A(D2,92);
(Az)A(ﬁl,ﬂl) S A(l91,l92) and A(ﬁz, 192) S A(ﬁl,ﬂz),‘
(A3) A(81,02) = A(B2,01);

(Ag) A(D1,02) < A(B1,83) + A(93,82) — A(D3,83).

We say that (71, A) is a PMS.

It should be noted that if A is partial metric on 7, then the function Qp : Tx 7 — R,
described by
QA (81, 82) <2A(81,02) — A(B1,01) — A, 2),

is a metric on .

Example 1 ([23]). Let 71 = [0,00). The pair (71, A) is a PMS under the distance A(%,9,) =
max{®y, 0, }. It is obvious that A is not a usual metric and in this case Qp (01, 92) = |01 — |-

Example 2. Assume 1= {[01, 0] : 01,0, € R, % < 8} and define
A([l?l, 193], [192, 194]) = max{l93, 194} - mil’l{l91, 192}.
Then (71, A) is a PMS.

Every partial metric A on 71 produces a Y topology xa on 1. The base of a topology
X is a family of open A-balls {Op(z,€),z € T,e > 0}, where Op(z,e) = {0 € T :
A(z,9) < A(z,z) +€},Vz € Tand e > 0.
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Now, we state some topological properties on PMSs.

Definition 3 ([16]). A sequence {0“} ina PMS (7, A) is called:

(1)  converges to the limit & iff A(0, ) = limy 00 A(8,9%).
(2)  a Cauchy sequence if limy , o A(0Y, 0¢) exists and is finite.

Definition 4 ([16]). (i) A PMS (71, A) is called complete if every Cauchy sequence {9“} in 7
converges (with respect to x ) to a point ¢ € T so that A(9,9) = limy, 0 A(DY,9%).
(i) A mapping & : 1 — Tlis said to be continuous at 8° € 7, if Ve > 0, 36 > 0 so that

¢(0A(8°,6)) € OA(EV,€).
The following lemmas are very important in the following.

Lemma 1 ([16]). ()  We say that {8“} is a Cauchy sequence in the PMS (7, A) if it is a Cauchy
sequence in the metric space (71, QQp).
(ii)  If the metric space (71, Q) is complete, the PMS (7, A) is too. Furthermore,

: w\ __ [ wy\ __ s v [
a}groloQA(ﬂ,l‘} ) =0< A(89,9) —J%QA(&& )= WBLI‘OOQA(& , 9.

Lemma 2 ([47]). Suppose that (7, A) is a PMS. If {9“} € T so that limy e 9 = 7 and
A(r,r) = 0. Then limy—y00 A(9¥,s) = limy—00 A(7,s) for every r,s € 7.

Lemma 3 ([47]). Assume that (71, A) is a PMS. Then

(@) If A(81,02) =0, then 01 = Oy;
b Ifth #£ 0y, then A(l91,1.92) > 0.

Remark 1 ([47]). If &1 = 0y, then A(%y,0,) may not be 0.

Definition 5 ([46]). A mapping & : 7 — T (where 71 x 7 x = T13) on a partially ordered set
(POS) (71, %), has a mixed-monotone property, if for any 9,6, w € 7,

01,0 € 1,01 20 =((81,0,w) 2E(0h0,w),
01,00 € 71,01 X6, = (0,01, w) = 5(8,60,,w),
wy,wy € 1wy 2wy =E(0,0,wr) XE(0,6,wy).

Definition 6 ([43]). A mapping & : 1> — Tona POS (7, <) has a mixed &* —monotone property
where {* : 1 — T, if forany 9,0, w € 7,

191/192 S -Ir 6*191 j 6*192 = 6(191/ 9/ (U) j 6(192/ 9/(“))/
91/ 92 € —I/ (;(*91 j 6*92 = 5(19/ 9],(&7) t 6(19/ 92/ CL)),
w,wy € 71, GFwp 2 Twr = §(9,6,w1) 2 E(8,0,ws).

Definition 7 ([39]). We say that a trio (8,0, w) € T is a TFP of the self-mapping & : 7> — T if
9=7(8,0,w),0=C(0,w,8) and w = &(w, 9,0).

Definition 8 ([40]). A trio (8,0,w) € T is called a tripled coincidence point (TCP) of the
two self-mappings & : T — Tand & : T — Tif &0 = &(8,0,w), &0 = &(0,w,9) and
&Fw=_¢(w,0,0).

Definition 9 ([40]). Assume that 71 # @ is a set, a trio (8,0,w) € P is called a common
TEPof ¢ : B — Tand & T — T,if ¢ = &9 = &(8,0,w), 0 = &0 = &(0,w,0) and
w=_{"w={(w,0,0).



Mathematics 2021, 9, 2012

40f22

Definition 10 ([48]). The mappings ¢ : 1° — Tand &* : 71 — T are called w—compatible

if ¢*(6(9,6,w)) = £(88,86,5"w), " (8(0,w, 9)) = (576, 5w, §78) and & (8(w, 9,0)) =
&(&*w,E*8,E*0), whenever ¢*0 = §(8,0,w), &0 = &(0,w, 8) and {*w = {(w, 9,0).

3. Theorems and Discussion

We begin this part with the following definition:

Definition 11. Assume that (7, A) isa PMS, ¢ : 7 — Tand & : 71— T are mappings. We
say that & verifies a (¢, p, {)—contraction w.r.t {* if there are ¢,p, : [0,00) — [0, 00) verifying
the assertions below:

(a1) @ is continuous and monotonically non-decreasing, p is continuous and ¢ is lower semi
continuous (LSC);

(a2) ¢(v) = 0iffv =0, 0(0) = £(0) = 0;

(a3) ¢(v) —p(v) +£(v) >0

(614) fOT’ all 91,92, 93, 191, 192, 1.93 € Twith 6*91 = (:*191, 5*92 =~ 6*192 and 6*93 = 6*193, we have

¢(A(C(61/ 62/ 03)/ C(ﬂl/ 192/ 193))) S P(:(Blr 92/ 03/ 191/ 192/ 193)) - E(:(Glr 02/ 93/ 191/ 192/ 193)>/
where

:(61/ 62/ 93/ 191/ 192/ 193)

A(fj*@l, C*ﬂl)/ A(g*GZr 6*192), A(€*93/ 5*03)/
A(§701,8(01,02,03)), A($702,G(02,03,01)), A(G703,8(03,01,02)),
A(g*ﬂlr 6(191/ 192/ 193))' A(g*ﬂz, 5(192, 1931 191))' A(g*ﬂ?ﬂ 5(193/ 1911 192))'
A(5"01,6(01,02,03) ) A(5*02,5(62,05,61))

= max 1+A(E*0; 6*191)+A(§*92 $*02)+A(G(01,02,03),8(81,02,83))”
A(§¥01,6(01,02,05)) A(5*05,6(05,01,02))

1+A(§*91 G 01)A(8*03,6703) +A(E(01,02,03),6(01,02,03))

)

)

A(G*01,6(81,92,83) ) A (G 2,6 (82,93,81))
1+A(8*01,6*01)+A(G*02,6*02) +A(8(01,02,03),6(81,92,03)) 7
A(E"01,6(01,82,03)) A (G 03,8(03,01,82))
T+A(E*01,6*01) +A(5*02,8*02)+A(E(01,02,03),6(01,82,93))

Theorem 1. Let (7, =) be a POS and A be a partial metric so that (7, A) is a PMS. Assume that
g: P — Tand &* : 1 — Tare mappings which satisfy

(t>;) ¢ verifies a (¢, p, {)—contraction with respect to *;
(1) &(T%) C &*(7) and &*(7) is a complete subspace of 7T;
(r>4i1)¢ has a mixed ¢*—monotone property;
(>>i5) (1) if non-decreasing sequences {67} — 61 and {05} — 03, then 0] =< 6, and 6% =< 05 for all
n;
(2) if a non-increasing sequence {64} — 6, then 6, = 63, for all n.
If there are 69,603,603 € T so that £*609 < Z(69,69,69), £*63 = £(69,69,67) and ¢*63 =<
&(69,69,09), then ¢ and ¢* have a TCP in .
Proof. Assume that 69,69,69 € T such that £*69 < Z(69,69,69), 2*69 = £(69,63,6)) and
g 09 = ¢(63,69,09). Because & () C ¢*(7T), we select 61,603,61 € T so that

¢of = 2 (60,63,0) = ¢of, 769 = ¢(03,08,60) = "0 an 008 < 2 (69,69, 69) = "6,
and select 9%, 9%, 9% € T so that
z(o1,03,00) = 703, ¢(04,01,0) = c*03 and & (6}, 01,03 ) = g6
Because ¢ has the mixed ¢*-monotone property, we obtain

ZU00 X 201 = 205, £F09 = £F0y = ¢*03 and £0Y < 2703 = £763.
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Continuing with the same scenario, we build the sequences {6}, {65’} and {65’} in
T so that

= C(0Y,65,65), £ o9t = g(05,05,6¢) and &0 = £(6¢,65,05), w=0,1,2,...

with
e R i W RRR
) N A R R
and &*05 =< 0L < &63 <

Now, if {*0y = C*Gi‘”’l, Gy = é*()g’“ and {0y = C*Gg’“, for some w, then a
trio (65,605,605 ) is a TCP in T and nothing proof. So, we assume that *65" = (Z*G‘l"+1 or
&0y = 05 or £*0y = £*05™, for all w. Because ¢*0% < ¢ 09, ¢40y = 09 and
&0y = ¢£*05!, from assertion (a4), we can write

p(n(eor,cor)) = o(a(e(ov oy es) c0r,05,09)))

< p(3(ew Loy eyt ey 5,05 ) ) —o(3(0p 08 05 65,05, 65 ) ),
where
:1(9;”—1,9;”—1,9;’—1,95",95’,95;’)

A(g*etlufl,g*etlu)//\(g*etzufllg*gtzu)/A(g*Gg}fl/ é*@(g})l
Aoy e(ow o057 ) ) a(eros g (et ey o),
A(é*e;:’—%6(9;“—1,9?—1,95’—1) (NS0, 2 (07,04,09)),
A(E05,2(05, 09,07 )), K05, 265,01, 05),
(g*ew 1@'(6“) lew 19w 1)) @'*9“) lé(ew 19(0 lew 1))
1+A(E07 1g*ew)+A(g*9w 1(:*9&))
(é*ew ’g(ew 19w lew ))
1+A(¢*9;’*1,§*9w)+/\(§*9w ! g*ew)
A(E70,6(05,05.69))A
1+A g*ef-l,g*ef)m(g*ew 5 L0 )+A
)A
)+

= max (Gw lew 19(4} 1) ( iu/eéu’ew ’
w— l’é(ew 19&) 19(47 1))

] )

A((;‘(G“’ Loy~ 19“ D)z (6w,65,69))
05

)

)

(
A
(05

7

) 1772773
(ér W, (gwgwew))

( (ew 19w 19w 1) (9“’9“’6
A(E709,2(6,05 .69 ))A(&

1+A(5*9‘1‘”1,5*9“’)+A(§*9‘*”1,§*9“’

A g*eiu—lrér*eiu 1A 6*950—1,6*9(24) ,A 6*9(34)—1,6*9%) ,

A g*g(lu—llg*g(lu A g*e(zu—ll 6*9(20 JA C*Géu_l/ (:*9130 ,

A 6*9(14;, g*eclqul A 6*9(2”/ g*e(é.l+l A C*Géu, (:*Qéqul ,

(§*9w7 ,§*9w> (é*gw— €*9w>

—  max 1+A(§*9“’ 1 é*gw)_,'_[\(g*etzu l’g*ew)_i_A(g*gw g*euﬂrl)/
(g*gw 15*9(())/\((;:*9 16*914))

1+A(§*9w 1§*9w)+A(c*9w 15*9w)+A(§*9w g*GaH— )
(é*ew g 9w+1) (g*ew §*9w+1)

THA(E 0912409 ) +A (505 1,208 ) +A (g oy g0 )
(C*ew €*9w+1) (@*6“’ (;:*Gerl)

1+A(€*9w lé*ew)JrA(é*gw 1 (;‘*9“’)+A(r;"*9“’ *9w+1)

002 (05.00.05))

(
Ae(oy1ey 1oy 1) c(0,05,0¢

7

However,
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NG N
NS N (S RN (N
Aoy erop ) a(grey o)
1+ A (a0t oy ) + A0y eey) + A(grop, groy ™)

A (6*9%}, é’*eid‘i'l)A(g*G(zul 5*95}+1>
1+ A (g0 ey ) + A(erey ooy ) + Aeree,goptt) T

IN

IN

A(C*eéu, §*9§}+1)/

and
A(g*eg,g*eiﬂﬂ)/\(5*9(;,6*9?}“) * *
1A (et cey) + Aoy erey) +a(ger oot sa(Foee).
Then

A g*gw—llg*gw ,A C*Qw_lré*ew ,A é’*gw_l,é’*gw )
2o, 61,09, 01, 05,65 —max{ A((m} /é*e?j%’A((g*ezg ’g*%ujl)),A((m; ,g*e;fjl)) }

Hence
. A(g*@f*l,g*ef),A(g*e;}*l,g*eg),/\(g*egf*l,g*eg'),
P A(5*9%C*le),/\(g*eg,,g*@gfﬂ),/\(g*egulg*eém)

. <m{ N (R PN (s et N () })

A(§*9‘1",§*9‘1"H),A<§*9‘2", 6*9?+1),A<€*9§;,C*9§u+1)

(P(A (6*9%;,5*9;;4—1))

IN

Analogously, for the second and third components, we can write
A C*Gw_l,é‘*G“’ ,A g*gw—ll g*gw ,A g*gw—llg*gw ,
S R B e A 31

y <m{ N N (e ta N (et )] })

A(C*Gi‘}, §*6¥1+1>I A(‘:*@(ﬁ], 6*9(2‘}+1), A(C:*Géd, g*@g&l)

and

V) a(ees ey ), ey gy,

o A(g*@“’*l,g*ew
QI’(A(C 03,703 +1>) < P(max{ A(5*9}15*9§”+1),A(§*9§“,§*9§’+1),A(§*Gg’,g*9§’+1) })
y <m{ Aeer o) aferes o) aces L eey), })

A(€*9$,§*9T+1),A(§*9(2u, 6*950-&-1),/\(6*9(34;16*%04-1)

max{A(g*ef,g*efﬂ),A(C*GEH,C*GE”)},

max{A (g0, 700 1), A (g0g 7, ¢0 )},
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Set Vy, = maX{A(g*QT’, 6*95‘)+1),A(§*9‘2‘], 6*9(5]+1)/A<§*9(§]/ 6*950+1) }. Let us con-
sider for all w > 1, V, # 0. Moreover, let, if possible for some w, V,,_1 < V,,. Now
o(Ve) = o(max(a(zorcoptt) a(eos,eo) a(ces o))
 mota(a(eoreor) o(a(cor. e ) o(a(ror.e )

A(g*e‘f’*l,g*egf),A(g*@,ﬁf*l,g*egf),A(g*eg’*l,g*egf),
o A(5*9$,§*9T;+l),A(5*95;,5*95;“),A(g*gglg*%m)
A((3*9“’71,(3*9“’),/\(6*9‘071,6*9“’),/\(6*9“’71, ‘:*Gw)/
—¢ (max{ A(g*g},g*giu—‘il),A(é—*ezjrg*eéujl)’A(g*gzu’ g*gg}jl)
= p(max{Vy_1,Vu}) —€(max{Vy_1,Vw})
= (Vo) = (Vo).

IN

It follows from (a;) and (a3) that V, = 0, a contradiction. Hence V,,_1 < V. This
proves that the sequence {V,,} is a non-increasing and must converge to a real number
@(say)> 0. Furthermore,

¢(Vw) < (V1) = €(Ve-1)-
Passing w — oo, we have
¢(@) < p(@) — {(@).
Based on assertions (42) and (a3), we have @ = 0. Thus
Tim max{A (g0, g0y ), A (505, & 0g ), A(E00, g0 )y =0,
this leads to
: *pw xxkgw+l) _ : *gw wkogw+l) _ : *gw wkpgw+l) _
Jlgéoz\@ 0%, £ 6 ) —0, J%A(g 0y, & 05 ) — 0and J%A(é 05, &4 ) — 0. )
By (A2), one can write
. *NW xRAW\ _ . *nWw xEAWY\ _ . xnWw xEAWY\ _
Jim A(C76Y,&707) =0, lim A(E707,¢765) = Oand lim A(C765,8763) =0.  (2)
It follows from (1), (2) and the definition of () that
. *xnw xkw+1Y) __ : *gw xkgw+1) __ . *xnw wkow+1Y) __
J%QA(g 0y, &6 ) =0, J%OQA(C 05, & 05 ) = 0and J%QA(('; 05, &S ) = 0. 3)
Now, using the contradiction method, we’re going to prove that {*6{"}, {{*65}
and {Z*0%} are Cauchy sequences. Assume that {{*6'} or {{*05} or {{*05} is not

Cauchy. This means Q (§*607,£*0¢) - 0 or QA (£*65,5*05) - 0 or QO (5*65,8*605) - 0
as w,v — oo. Consequently,

max{Q (E*07, E0%), Qp (%05, E*05), QA (704, E°0%)} 0, as w, v — oo.

Then there is an € > 0 and monotone increasing sequences {v;} and {w;} so that
w]' > Uj > j,

max{QA (g*eff,g*ej"f), QO (g*eg’f,g*eg’f),o/\ (g*eg’f,g*eg"f) } > ¢, @)
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and

€

max{QA (g*ef/’,g*ei"f‘l),m (g*eg’f,g*e‘;’f‘l),QA (g*eg’f,g*eg”f‘l)} <e. (5
From (4) and (5), we obtain that
maX{QA (5*9?/ 5*9;%), O (g*(,;i’ 5*9‘2%‘), O (g*gé’j, C*Q;)i) }
max{QA (g*eff,g*eff’l),a,\ (g*egf,g*eg’f’l),n,\ (g*egf,g*eg"f’l)}
+max{QA (g*e‘l"f‘l,g*e‘ff),ﬂ,\ (g*eg“f‘l,g*e‘;’f),m (g*eg"f‘l,g*eg’f)}

< €+ maX{QA (C*()ijl, §*()‘ff>, Qp (g*g‘z"/fll C*gg’f), QO (6*9‘3*’/'*1’ 6*9;]]) }

IN A

As j — oo and applying (3), one sees that

lim max{QA (g*eff,g*eff),QA (g*eg’f,g*eg’f), Op (g*egf,g*eg’f) } — e ®)

j—o0
According to the definition of (25 and (2), one can obtain

b (317,407, (0, 0 ), (40, )} -

Jim ~ 3
From (4), we find that

e < max{on (e, 007) 0n (¢07.5705), 00 (5105, 2°6) )
mox{0 (297,20 ) 0 (2072705 ), o (10270 ) )
ema{y (50 e) 0n (16 0 0n ()20 )
S N A N NGRS )

+ max{QA (g*eff’l, g*e‘;’f),QA (5*9;”’1, g*egff), o (g*egf’l, g*eg’f) } ®)

<
<

IN

Taking j — oo and applying (3), (6) and (8), we have

lim max{QA (g*eff’l,g*eff),m (g*egf’l,g*ejf), o (g*egf’l,g*eg’f)} —e. (9

j—oo
Hence, we obtain
1 €

lim max{A(g*ei’f’ ,g*e‘l"f),/\(g*e’zjf’l,g*e;”f),A(g*eg’f’l,g*eg’f)} -5 o

]—00

From (5), we obtain that



Mathematics 2021, 9, 2012 9 of 22

e < max{0(2'0),¢%6)7), 0 (270, 2°657), 00 (2707 265 ) }
< max{Qa (g6}, e”ffl) QA(g*ggf,g*gvrl) NG gvj,g*egrl)}
+max{On (g6 0 ), o0 () e ) an (a0 ees) )
+max{0, (767, 267 ), 00 (7657, 57657 ), 0 (6765 57657 }
< amafons e o) o)

+max{QA (g 0y, ¢ 9‘”'),QA (g*eg’f,g*e‘z"f),m (g*e“f & 9“")}
+2max{QA (g AR eff),QA (g*ejf“,g*e ) o (g ot g*e‘;’f)}. (11)

Letting j — oo in (11), using (3) and (9), we have

lim max{QA (é 6! vj— 5 9¢1u,~+1)/ O (C*f);jfl,é*(?;%l),ﬂ,\ <§*B§j*1’g*6;f;+l) } = €.

]—)oo

Hence, we obtain

lim max{A(6*9?71,g*G;JjJrl),A(C*G;ﬁl,C*lejﬂ)f/\(5*9;]471’6*9;@“) } =

€
j—o0 2
Again, from (4), one can obtain

2 o) o) 56
ma {QA(g*gvj & 9%+1> QA(C*GW g*ewj+l) QA(é*GUf - ijJrl)}

+max{QA({f ew]+1 & ) QA(C 9wf+1 £ ) QA(§ ij+1 & 9;’1')}

<
<

Setting j — oo, from(2) and (3), one sees that

e < ]lg?omax{QA(C oy, &0 ) QA(g*egf,g*eff“),QA(g*e"f &0y )}+0
2A(g 0y, &0, )—A(g*eff,g*eff) —A(§*9 i et )

< lim max 2A(g 0y, &40y )—A(g*eg’f,g*eg’f) —A(g*e ey l)

: 2A(§9’§9’ ) (g*e“fge”f)—A(g*ef &0 )
_ 2jli_>r£10max{A(§ oy, & 9“’]“) (g o)), & 9“’]“) (5 0y, &* e“’f“)}
Thus

s < }Lr?omax{/\(g*eff,g*eff“),A(g*egf,g*e‘;’f“),/\(g*eg’f,g*eg’f“) 3
By the definition of ¢,
0(5) = pmolmaa(eol o) a(eot et ) Aot ) o

- mfo(a(ei e ) ol ) a (e85 )}

Consider
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L) = o{alei™ )3 )
p(:t(eff’l,e;’f’l,evf’l 0:1,05, 65 )) ( G ;’f 6,7,657,657))
Azrer zre) a0y w/)fA(C o)
A((;‘*Q i , &0, )/A(‘:* ; U]),A &0 5*9 ])
(g* &0 W]+1) A(g*e‘z"/,é:* ;’]*1),[\( %9 ‘“J+1>
vi—1 v v;—1 v
(5*91] ,5*91]>A<§*921 ,5*92/>
1+A<§*9;}/71,§*9‘fj wa(Eoy ey +A<§*91],§*91] )
— | max A(5*911’;'*1,5*9?‘)A<§*9‘3’j*1,§*9;/‘>
1+A (g*e i g*efj>+A (g*e”fﬁ] g*e:f>+/\ (z;*e”f,g*efﬁ]) '
)

IN

(é*effrg*gfﬁ ) (5*9 ;5*9‘*’]“>

j “j Uil g A
1+A<§*91 ,@'*91 +A 6*9 @'*9 +A @'*9 ,5*91

*wj*] * *w+l
Alee T g0 VA (a0, a0y

1+A< &0y g*eff>+A<¢*e3f 1,§*931>+A<¢*9ff,g*eff“>
A<€* X ff* w/') (C*Qvfl C* w/'),A(g*G;’f*l,g*Gg’j),
e el e ()
(g* (:*9 ]*1) <§ “’J 6*9 ]+1) A({f*@ i ,E*0 “’]Jrl)
(5*91 IC* ) (5*91 15* )
A (o) el ) a(eoy ey ) ia(ee) gl

N R AN T
¢ro,” 00, g0y’ 070y

—/£ | max

1 7

N w]- N w]-+1 ” w]- » w]-+1
Alere o)) A0, ¢,
1

)
)
1A (&0 ,@*ij>+A<§*9vi71 g*ewf>+A<f;*9U",g*9ff+ >
)

7

i wj vj—l wj vj w]v+
1+A<§*9 X BN Wl XA N EUN Fal Rl )

A *gw] *0 ]+ A *9] *ew j+1
¢ 1 e 1 4 s 3

vi—1 W v; w;i+1
1+A<€*91] fé*el])+A<é*93] ,5*93]>+A<§*91],§*91]

Passing j — oo, we can write

i o)) <0(3) ().

Analogously, we obtain

tmyo(a( ™)) <(5) ~o(3),
o (e. 7)) <0(3) ().

So, from (12), one can write

and
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It follows from hypotheses (a,) and (a3) that § = 0, a contradiction. Hence, {{*6{},
{¢*6¢} and {*65} are Cauchy sequences in the metric space (71,Q5). Therefore,
O (E407, E09) — 0, Qp (E°08,E°05) — 0 and O (£462, &0%) — 0 as v, — oo. Thus,
by (2) and the definition of ()5, we have

. *NU xkgW\ __ : *NU kW) __ : *OQU zkgWwy __
lim A(G*03,8703) =0, lim A(G'05,8°05) =0and lim A(C"63,5765) =0. (13)

vV,Ww—00

Because ¢*(71) is a complete subspace of Tand {*0{"}, {{*05'} and {¢*604 } are Cauchy
sequences in a complete metric space ({*(7),Q4), then {Z*0"}, {¢*05’} and {{*65'} con-
verges to some 01, 02 and ¢3 in &*(7), respectively. Thus,

lim OA(8"6%,01) =0, lim OA(8'0¢,02) = Oand lim 05(564,03) = 0.

for some 01, 02,03 € ¢*(7). Since 01, 02, 03 € ¢* (), there are 61, 62,05 € TTso that o1 = "6y,
02 = (*6p and g3 = (*63. Because {0y}, {¢*05} and {¢*65} are Cauchy sequences,
then {*0} — 01, {°05} — 02, {E"05} — 03, {C"07""} = 01, {¢765"""} — 02 and
{&*0¢ "1} — 03. Applying Lemma 1 (ii) and (13), we obtain

Aler,e1) = lim A(5767, 01) = Alez, 02)
= lim A(E763, 02) = Ales, e3) = lim A(£765, 03) = 0. (14)

Next, we want to show that
JE}&O A(C(Gl/ 92/ 93)/ 5*9?}) - A(‘:(Glz 92/ 93)/ Q])
Based on definition of ()5, we obtain

QA (G(01,02,03),5707) = 2A(G(61,02,05),5707)
—N(G(01,02,03),8(01,02,03)) — A(E707,570Y),

Passing w — oo and using (2),
O (5(61,62,63),01) =2 lim A(G(01,02,03),8767) — A(S(01,02,03),E(61,62,03)) =0
According to definition of (24 and (13), one can write
Jim A((61,62,63),5°65) = AE(61,62,65), 1),

Similarly
JE};OA((’:(GZI 93/ 91)/ 6*95}) = A(C(GZI 93/ 91)/ QZ)/
and
lim A(§(93,91, 92),(:*9:(;‘)) = A((:(93,91,92),Q3).

w—00

From (A4), we obtain

A(Ql/ 5(91/ 92/ 93)) S A(er é’*giﬂ—i—l) + A (g*gtlu—%l/ 6(91/ 92/ 93)) .
Setting w — oo, we have

A(01,6(01,62,63)) <0+ c}igc}ol\(é(e(flfe(f]reéd)r(f(elrezl 03))- (15)
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From (a7), (a2) and (15), one can obtain

P(A(01,8(01,00,63))) < lim @(A((67,05,05),5(01,02,03)))

w—o0

< lim [p(3(6%,09,6%,01,05,05)) — £(3(6%, 05,05, 61,0, 65))],

wWw—r0

where

:( i()’ 95)/ 9:(301 91/ 92/ 93)

A(g*e(]ul Ql)/ A(g*e(zul QZ)/A(g*egj/ Q?))/
A(eroe,eo0tt), a(goy, oy ), acey, oy,
A(er C(elrQZI 93))r A(QZ; 5(92, 93/ 91) ( (93/ 91/92>)/

(ér*gw C*9w+l) (g*ew §*9w+1)
_ THA(E0,01 ) +A (404,02 ) +A (805 TE(01,02,05) )
== max 17 2 7
(g*ew g*eerl) (@*9‘3",5*9‘3"“)

) )
1+A(§*61 01 )+A(E05 03 ) +A(E*0LTLE(01,02,03)) 7
) )

A(01,8(01,02,63))A(02,8(62,03,61))
1+A(§*9§*’,91)+A(§*9 ,02)+A (807 H,E(01,00,03))

A(02,6(02,05,01))A(03,8(03,01,02))
1+A (204,01 ) +A (64605 ,03) +A(E07 T ,£(61,62,03) )

- maX{A(er 6(91192/ 63))/ (QZ/ 6(62/ 93/ 61))11\(@3/ 6(93/ 61162))} as w — .

Hence
(Ql/é’ 9]/92/93 )/
¢(A(01,8(01,602,63))) < p| max 02,C(602,63,01)),
Q3/§ 03/ 91/ 92 )

(Ql/ 61/ 92/ 93

A(
A(
A
—E(max{ A(Qz, 62,93,91
A(Q3r 93r91/92

Analogously,
A( 1/6 91/02/93 )/
q)(/\(gz,é(@z,@g,gl))) < p| max A(QZI& 6,03, 61 )'
A(03,5(03,01,62))
A(er 91192/93
—{| maxq A(g2,8(02,03,01))
A

(Q3/ 93/ 01/ 62

)

and
A(01,6(01,02,63)),
P(A(e3,8(03,02,61))) < p|maxq Alo2,(62,6561)),
A(03,¢(03,61,62))
A(er 91r92/93
—¢| max{ A(oz,&(62,63,61))
A(Q3/§(63/61/62

)
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Therefore

A(01,8(01,02,63)), @(A(01,8(01,02,63))),
@ | max< Aoz, &(62,65,61)), = max{ ¢(A(02,8(02,03,601))),
A(03,6(03,02,01)) ¢(A(03,6(03,02,61)))
( { A(er€(91/92/93))1 })
p max A(Q2,€(92,93,91)>,
A(03,G(65,61,62))
( { A(Q1/€(91/62/63))/ })
—0 [ max< A(02,&(62,05,61)), .
A(03,6(03,01,62))

IN

This implies that

max{A(e1,§(01,02,63)), A02,6(02,05,01)), A3, (63,61,02))} = 0.

So 01 = (:(91,92, 93),Q2 = 5(92, 93, 91) and 03 = 6(93, 91, 92). This leads to 6(91,92, 93) =
&*01 = 01, 8(02,03,601) = C*0 = 02 and (603,01, 02) = &*03 = g3. Therefore, ¢ and ¢* have
a coincidence point in 1. O

The following theorem gives the uniqueness of a TFP:

Theorem 2. Adding to hypotheses of Theorem 1 the following hypothesis:
Let for each (61,02,03), (81,02,83) € T there is a trio (01,02,03) € 1 so that a trio

(G(01,02,03),8(02,03,01),  &(03,01,02)) is comparable to  (5(61,62,03),5(62,63,61),
6(93/ 91/92)) and (6(191/192/ 193)/ 6(192/ 193/ 191)/ 6(193/ 191/192))' If (91/92/ 93) lZ?’ld (191/192/ 193) are
TCPs of ¢ and &* then

G(01,62,03) = §701 =370 = G(01,02,03),
G(02,03,01) = (70 =0C"00 =((02,03,01),
and §(63,01,02) = &"03 = 03 = &(03,01,02).

Furthermore, if ¢ and ¢* are w—compatible, then there is a unique common TFP of ¢ and ¢*
in .

Proof. The proof follows immediately from Theorem 1 and the concept of comparability. [

The result below follows from Theorem 1 and it is important in the next section.

Corollary 1. Let (71, <) be a POS and A be a partial metric so that (7, A) is a PMS. Assume that
& : T — TNis a mapping so that

P(A(5(61,02,03),8(81,02,03))) < p(max{A(61,81), A(62,82), A(03,93)})
—E(max{A(Gl,ﬂl),A(92,192),A(03,193)}), (16)

for all 61,0,,03, 01, 02,93 € Twith 61 < &y, 0, = O, and 03 < O3, where ¢, p and ¢ are described
in Definition 11 and

(i) If non-decreasing sequences {0} } — 61 and {65} — 63, then 67 < 0 and 0§ =< 63 for
all n;

(ii) If a non-increasing sequence {64 } — 6y, then 6, = 03, for all n.

Ifthereare 69,609,069 € Tsothat 69 < £(69,69,63),09 = ¢(69,63,69) and 69 < &(63,6%,69),
then & has a TCP in 3.

Example 3. Suppose that 71 = [0,1]. Describe a partially ordered < on 7 as

01 X 0 < 6; < 6,.
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. ) =3 _ 63+624063 .
Define the mapping ¢ : 71° — T1by ¢(61,62,03) = SOLo ey (A Tx T —[0,00)

by A(61,602) = max{6y,0,}. It is clear that (71, A) is a PMS. Define ¢,p, £ : [0,00) — [0, 00) by
90(1/) =, P(V) = % and f(]/) = %
Consider

A(E(61,02,03),6(6, 82, 03))

02 + 603 + 62 82 + 03 + 03
= maxX s
8(01+0,+603+1) 8+ +09;+1)

1 62 82
= = | max ,
8 014+60,+034+1" 01+ +0;+1

63 %
X G 0, 4 6+ 1 B+ O+ 05+ 1

63 %
X G 0, 4 6+ 1 B O+ 0y 1

o1 02 9 N 63 0 N 02 0
= g\ Mg r1 e+ MaXY 6, 1178, +1 MY 0311785 +1
1 91 191 0, 192 93 193
< =
= 8<max{91+1’191+1} +max{92+1’192+1} +max{93+1’z93+1
1
< g(max{()],ﬂl} + max{6,, ¥, } + max{63,03})
1
= g(/\(f)l,ﬂl) +A(92,l92) +A(93,l93))
3
< gmaX{A(Gl/&l)/A(GZr 192)11\(931 193)}
5 1
= g max{A(Gl, 191),/\(92, 192),/\(93, 193)} — 1 maX{A(Gl,ﬂl),A(Gz, 192),/\(93, 193)}

= p(max{A(Gl, 191), A(Gz, 192), A(93, 193) }) — E(max{A(Gl, 191), A(Gz, 192), A(93, 193)})
Therefore, all assertions of Corollary 1 are fulfilled and (0,0,0) is a unique TFP of & on T1°.

4. Application to IVPs

In the setting of PMSs, this part is devoted to discussing the existence of a uniqueness
solution to the IVP below:

01 (v) =E(v,0:(v),61(v),0:(v)), vex=1[01], (17)
61(0) = 69,
= 09 09 09 09 . . . 0
where Z : x X [4,00) X [&,00) x [£,00) — [£,00) is a continuous function for 6] € R.
Now, we state and prove our main theorem in this part.

0 0
Theorem 3. Assume that the IVP (17) with & € c(;( x [ 2, 00) x [Z, 00) x ["51,00)> and

(7,81(7), 81(7), 0 (7)) dy — 4,

[1]

Q=

il
O OO —
[1]

16609

/ 5(71 01 (r)/)r 92(7)/ 03 (7))‘17 < max (7/ ) (’Y)r 92(7)/ ‘92(7))d’)/ — 5/
0

(7,05(7), 85(7), B3 (7))dy — 84

[1]
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0
Then the IVP (17) has a unique solution in C <X: [%1, oo)> .

Proof. The IVP (17) is equivalent to the following integral equation:

(1) = 08 + [ 2(7,61(1),62(1), 63(1))d. (19)
0

0 O
Assume that 71 = C()(, (=, oo)) and A(61,6,) = max{@l — %1,92 91 ,03 — } for

61,0, € 1. Define ¢, p, £ : [0,00) — [0,00) by ¢(v) = v, p(v) = % and {(v) = 3" . Describe
the mapping ¢ : 1° — Tas

v

2(6r,62,0)(v) = 08 + [ 2(7,01(1),02(7), 63(7))d.
0

Now
A(E(01,02,03),8(61,82,03))
— max{(;‘(91,92,93) - 95—?,6(191,1921193) - 95(1)}
Qo 40 7
- {51 / (7,61 (y ),93(7))517,51+/5(7,191(7),192(7),ﬂs(v))dv}

0 0

- d 1669
5 Ofa(% 01(7),01(7),61(7))dy — 5",
0 v _ 166?
B max{ §[E(02(7),02(7),02(7))dy — 5L, o,
0
v 1669
3 Ofa(% 03(7),63(7),03(7))dy — —5-
<
< max 1 v _ 169?
3 Of E(7,01(7), 81(7), %1 (7))dy — >3t
0 v 1669
% + max % f d('}/, 192(’)/)/ 192(7)1 192(')/))(1,)/ - T51’
0
v 169
5 [ E(7,83(7), 85(7), 83(7))dy — 5
0
bi(v) & () &
max 355/ 5 T 95 (7
B s P o |
= maX maX{ei)_Z;O,ﬂi)_zeb;}r
v v
max{ e PR L %}
?
0

4 3
= gmaX{A(el,ﬁl),A(ez, 192),/\(93,193)} — gmax{A(Ql,ﬁl),A(Qz, 192),/\(93,193)}

= p(maX{A(Ql,ﬁl),A(ez, 192),/\(93, 193)}) — E(max{A(GL 191),/\(92,192),/\(93, 193)})

Therefore, ¢ verifies the stipulation (16) of Corollary 1. Thus, ¢ has a unique TFP
(61,062,603) with 6; = 6, = 03, which is a unique solution of the IVP (17). O
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w— 00

lim ¢ (A( e, 6;"*1))

5. Application to a Homotopy

Here, we discuss a unique solution to homotopy theory.

Theorem 4. Suppose that (7, A) is a complete PMS, A is an open subset of 1 and A is a closed

subset of TV so that A C A. Assume that H: A x A x A x [0,1] — TV is an operator satisfies the

hypotheses below:

(Nl) 61 7& H(ell 92/ 93/ 0)/ 92 7& H(Gz/ 93/ 01/ J) and 93 7é H(93/ 91/ 92/ U)Ifor each 91/ 92/ 03 €
0A (here 0 A refer to the boundary of A in 1) and o € [0,1];

(X2)

qD(A(H(Gl,@z, 93,0’),H(191,l92, 193, 0'))) S p(maX{A(Gl,ﬂl),A(Gz, 192),/\(93, 193)})
—Z(max{A(Gl, 191), A(GZI 192)11\(93/ 193)})'

for all 01,0,,03,01,0,,93 € Aand o € [0,1], where @, p : [0,00) — [0,00) are continuous
and non-decreasing and £ : [0,00) — [0, 00) is an LSC with ¢(v) — p(v) + £(v) > 0, for
v >0

(N3) There exists C > 0 so that

A(H(G],92,93,0),H(91,92,93,U*)) S C‘U_ o ’

for each 61,0,,03 € Aand o,0* € [0,1].
Then H(.,0) has a TFP, whenever H(.,1) has a TFP.

Proof. Define the set
U= {0’ € [0, 1] : (91,92,93) = H(91,92,93,0') for some 61, 6,,05 € A}

Because H(.,0) has a TFP in V, we obtain 0 € U, this proves that U # @.

We claim that U is open and closed in [0,1] so by the connectedness, we obtain
U = [0,1]. Consequently, H(.,1) has a TEP in V. Initially, we shall show that U is open and
closed in [0, 1]. To do this, assume {c“}>_; C U with 0 — ¢ € [0,1] as w — co. It must
be shown that o € U.

Because 0 € U, for w > 1, there are 6¢,05,0 € A with ¥ = (6%,05,6f) =
H(6%,09,05,0¢). Consider

A(og,e51) = A(H(ey, 08,05, 0), H(05, 057+, 051,01 )

IN

A(H( i",95’,93",0‘*’),H(ei"“,eg’“,eg’“,o‘*’))
+A(H (04,0570, 0574, 0 ), H 00+, 05+, 057+, 041 ) )
—A(H (05,0570, 05, 0 ) H (05, 05 05, 0 ) )

< A(H( i“,9‘2",6‘3",0“’),H(ei"“,%"“,e‘s"“,a“’)) n C‘a“’ - awﬂ‘.
As w — o in the above inequality, we have
lim A(6,0070) < tim A(H(6y,05,0,0), H(657,0571,05,0¢) ) +0,

Since ¢ is non-decreasing and continuous, we obtain

= a%l_lféo ¢ [A (H( 1,05,05,0%),H (9;"+1/ 6%’+1/ 9;;+1’ U“’) )}
S o(max{ A (o, 0977), A (0, 0577), A (05, 0571) })
>~ m

o _£<maX{A(95‘)' 9?“)11\(9‘5}, 9;‘1“),/\(9?, 9§u+1) })
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Analogously,

- p(max{A(e,000), A 02,0571), A (05,05 }) |

JI_IQO(P( (Gg’,gg’“)) < cgl_rgr;o _ 7£(max{/\(9‘f’,9§"+1),A(G‘Q’,GE"H)IA(G?'G?H) }) | ,

- p(max{A (e, 0070), A 02,0571), A (05,051 }) |

Jgr;o(p( (9§",9§’+1)> SJi_rflo_ _g<max{A(95‘1,95"“),A(%",G;"“)'A("é"ﬁé"“) }) _.

and

This implies that

lim A(G“’ 9‘”“) =0, lim A(G“’ 9‘”“) =0and lim A(93 9“’“) —0. (19

w—ro0

It follows from (A) that

: w gwy\ __ s w Agwy\ __
lim A(6,6y) =0, (}grgo A(67,605) = 0and J%A(% ,05) =0. (20)

w—rQ

From the definition of ()5, we can write
. 1 . 1 . 1
lim Oy (9;%9;” ) =0, lim Oy (eg’,e‘f ) = 0and lim O, (9g’,9g’+ ) —0. (1)

In order to prove that {6{"}, {65’} and {64’} are Cauchy sequences, assume that {6}
or {65} or {65} is not a Cauchy. Then there is an € > 0 and monotone increasing sequences
{v;} and {w;} so that w; > v; > j,

max{ O (6)7,617), 04 (67,6,"),0a (67,67) } > ¢, (22)

e max{ 0 (67,677 ), 05 (65),65"), 04 (65,65 ) } <e. (23)

Using (22) and (23), we obtain

e < max{Oa(6),67),04(67,6,), 00 (65,65") }
< max{QA (9”]’ 9“’]”1) O (9“f 9“’"1) QA(evf 9“’"1)}
+max{O, (6777, 017), 05 (65 657),0a (657, 657) }

1w 1w w

< e+max{QA(9f 0, ) QA(ef 05 ) QA(ef 1,931)}.
Letting j — oo and using (21), we have

hmmax{QA<9 0, ) QA<6;j,9;)f>,QA(9§f,9;Uf)}:e. (24)

j—oo
Based on the definition of (24 and by (2), one can obtain
}gomax{/\(el,el ) n(07,67),A(65,657) } = 2 (25)
Taking j — oo and applying (24) and (21) in
000657 - (57 < (.67,

we have o i
lim 04 (67,6777 ) = ¢,

]%00
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hence, we obtain

fim A(0,677) = 3
By the same manner, one can obtain
]1%/\(9/ o) =5
and w;i+1 €
Let
() = (e ) 6 )
< A(H(e"f,e"f,ef, %), H(6y, 67,65, wﬁl))

Yj

(6763
+a(H (07,065,650 ), (077 65 05 it )
) (e

Vi Vi wj+1
1]/92]193 ;0 ))

. . vi Ui Uj ) wi+1l wi+1 wi+1 .
(TUJ—Uw]+1’—|—A(H(Glfl62],63/,0-‘*’]+1),H(61/ IGZJ /63] /Uw]+1))-

fA(H(Q 05,6051, 1Y,

IN

C

Letting j — oo in the above and since {¢“/} is Cauchy, we obtain

€ - < lim A( (91’]’,9;’j/9;’jlawj+l)/H(Gwﬂrl 0, wj+ 9;”j+1/(7wj+1>)

2 7 joe

Because ¢ is non-decreasing and continuous, we have

p(5) < limo[a(H (e 0,65, 00 ), H (66765 o) )|

2 ]—}OO

[ A () 20
L A7)
o(5)-1(3)

this implies that € < 0, which is a contradiction. Hence, {6{’} is Cauchy sequence. Sim-

ilarly, {65’} and {65} are too in (7,Q) and QA (6Y,64) — 0, QA(6%,65) — 0 and
Qn(03,6¢) — 0as v,w — co. Thus, by (20) and the definition of ()5, we have

IN

IN

wy : U pgw\ _ : vV pgwy —
lim A(67,6Y) =0, U/BIBOOA(BZ,% ) =0and U’BIBOOA(G:J,,GB) ) =0.

U,Ww—00

It follows from Lemma 1 (i) that {6{’}, {65’} and {64 } are Cauchy sequences in (7T, A).
Because (71, A) is a complete, from Lemma 1 (ii), there exist 01, 02, 03 € 1 with

Aler,01) = lim A(6f, 1) = lim A(Gi"“/el) = Jim A(61,61),
Aoz02) = lim A(65,02) = lim A(657,0) = lim A(65,063),
Alos,os) = Jim A(GS,09) = lim A(6505) = lim A(65,60)

Using Lemma 2, we have

Jim A(67, H(e1, 02,03,0)) = Aler, H(e1, 02, 03,7)).
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Now

A6y, H(01,02,03,0)) = A(H(6Y,05,05,0°),H(01,02,03,0))

A(H(()i",()g’,%, “), H(67,65,63,0))
+A(H(6Y,05, 05, 0), H(e1,02,03,0))
A(H(67,07,65,0), H(67,05,05,0))

= C!‘TW*UHA( (01,603,635, 0), H(01,02,03,0)).

IN

Passing w — oo, we obtain
Alo1, H(01,02,03,0)) < lim A(H(0Y,65,65, ), H(e1, 02,03,0))-
Because ¢ is non-decreasing and continuous, we obtain

¢(Aler, H(e1, 02,03,0))) < lim @[A(H(67,65,065,0),H(01,02,03,7))]

(67
< nm | P(A(6F,01), ABS, 02), A(65, 03))
= woe| —L(A(0Y,01), A85, 02), A(05, 03))
= 0.

This implies that A(o1, H(01, 02, 03,0)) = 0. Thus, 01 = H(01, 02, 03,0). Analogously,
02 = H(02,03,01,0) and 03 = H(03,01,02,0). Hence, o € U, this proves that U is closed
in [0,1].

Assume that 00 € U. Then there are 6(1), 0(2), 68 € A with 09 =H (0(1), 0(2), 6(3), 0'0). Because
U is open, then there exists z > 0 so that O (69,z) C U. Select o € (¢ —€,0° + €) so that
lo—d'| < & <e

Then 6; € OA(69,2) = {61 € T/A(61,09) < z+ A(6?,6)). We obtain

A(H(01,0,,603,0),09) = A(H(61,62,63,0),H(6,6,69,06°)

< A(H(0y,6,,63,0),H(61,65,05,0%)
A(H(el,92,93,00),H(90,93,9§,00))
—A(H(61,62,03,0°), H(61,05, 05, 0°))
C’a— a‘)‘ + A(H(61,05,05,0°), H(68, 69, 68, o))

1
Cwl

IN

IN

+ A(H (91,92,93,00),H(eg,eg,eg,a%).
Letting w — oo, we have
A(H(61,05,05,0),09) < A(H(Gl,ez, 0s, ao>,H(9$, 69,69, 00)).

Because ¢ is non-decreasing and continuous, we obtain

IN

o[ A(F(01,0,,05,0°), (69,69, 63,0%) ) |

< p(A(00,69), A (62,69),A(65,69) ) — £(A(01,69), A (02,69), A (65,69) ).

By the same scenario, one can write

(p(A(H(Gz, 0;61,0), 93)) <p (A (91, 9?),1\(92, 93),A (93, eg)) - E(A (91, 99),A (92, 93),/\(93, eg)),

and

go(A(H(Qg, 01,605, a),eg)) < p(A(91,99),A(ez, 93),/\(93,93)) - e(A(el,eg’),A(ez, 93),A(93, eg)).

cp(A(H(Ql,Gz, 93,(7),99))

N
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IN

IN

Hence

A(H(91/ 92/ 93/ U)/ 9?)/ A(H(GZI 939110)/ 98)/ A(H(93/ 01/ 92/ U)/ 0:(3)) })

o(max{ A (61,69),A(62,69),A(65,69) } ) — ¢ (max{A(61,69),A(62,69),A(65,69) })
ax{A (91, 9?), A(Gz, 93),/\ (93, eg) })

Since ¢ is non-decreasing, we obtain
max{ A(H(61,62,03,0),00), A(H(6, 0361, 0), 69), A(H(83, 61,62, 0),63) }

max{ A (01,0), (02, 68), A (0,68) }

max{z+ A (69,60),z+ A(63,69),z+ A (83,69) }.

IN

IN

Therefore, for each o € (00 — €,0% + €), we have H : Op (69,z) — Oa (69, 2).

Moreover, because assertion (X;) holds and ¢, p : [0,00) — [0, %) are continuous and
non-decreasing and ¢ : [0,00) — [0, 00) is LSC with ¢(v) — p(v) + ¢(v) > 0, for v > 0.
Then, all hypotheses of Corollary 1 are fulfilled. Hence, we conclude that H(., o) has a TFP
in A. Since this TFP must be contained in A since (X;) is satisfied. Thus, ¢ € U for any
o€ (0" —€,06%+€). Hence, (0 — €,0° + €) C U and therefore U is open in [0, 1]. For the
reverse implication, we use the same strategy. This finishes the proof. O

Corollary 2. Suppose that (7, A) is a complete PMS, A is an open subset of Tand H : A x A x
A x [0,1] — T with hypotheses below:

(i) 61 # H(01,0,05,0), 00 # H(62,03,01,0) and 63 # H(63,61,6,0), for each 61,6,,03 €
0A (here 0 A refer to the boundary of A in 1) and o € [0,1];
(i) Thereare 01,6,,03,01,02,03 € Aand o € [0,1], K € [0,1) so that

A(H(91/02/ 63/ U)/H(ﬁlrﬁZI 193/ U)) S KmaX{A(G]/ﬂl)/A(92/ 192),1\(63, 193)}/
(iii) There exist C > 0 so that
A(H(Gl/92/9310)/H(91192/93/U*)) S C‘U_ U* ’

for each 61,0,,05 € Aand o,0* € [0,1].
Then H(.,0) has a TFP, whenever H(.,1) has a TFP.

Proof. The proof follows immediately from Theorem 4 by putting ¢(v) = v, p(v) = Kv —v
with K € [0,1) and ¢(v) = v, forv > 0. O

Author Contributions: H.A.H.: Writing—original draft; ].L.G.G.: Methodology; P.A. Writing-review
and editing. All authors contributed equally to this article. All authors have read and agreed to the
published version of the manuscript.

Funding: This paper has been partially supported by Ministerio de Ciencia, Innovacion y Univer-
sidades grant number PGC2018-0971-B-100 and Fundacion Seneca de la Region de Murcia grant
number 20783 /P1/18.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data used to support the findings of this study are included within
the article.

Acknowledgments: Juan L.G. Guirao is thankful to the Ministerio de Ciencia, Innovacion y Univer-
sidades grant number PGC2018-0971-B-100 and Fundacion Seneca de la Region de Murcia grant



Mathematics 2021, 9, 2012 21 of 22

number 20783 /P1/18 for parrtially support this research. Praveen Agarwal was very thankful to the
SERB (project TAR/2018/000001), DST (project DST/INT/DAAD/P-21/2019, INT/RUS/RFBR/308)
and NBHM (project 02011/12/ 2020NBHM(R.P)/R&D I1/7867) for their necessary support.

Conflicts of Interest: The authors declare that they have no competing interests.

References

1.  Fredholm, E.I. Sur une classe d’équations fonctionnelles. Acta Math. 1903, 27, 365-390. [CrossRef]

2. Rus, M.D. A note on the existence of positive solution of Fredholm integral equations. Fixed Point Theory 2004, 5, 369-377.

3.  Berenguer, M.I,; Munoz, M.V.E; Guillem, A.L.G.; Galan, M.R. Numerical treatment of fixed point applied to the nonlinear fredholm
integral equation. Fixed Point Theory Appl. 2009, 1, 638-735. [CrossRef]

4. Hammad, H.A ; De la Sen, M. A Solution of Fredholm integral equation by using the cyclic #7-rational contractive mappings
technique in b-metric-like spaces. Symmetry 2019, 11, 1184. [CrossRef]

5. Hammad, H.A,; De la Sen, M. Solution of nonlinear integral equation via fixed point of cyclic aZ—rational contraction mappings in
metric-like spaces. Bull. Braz. Math. Soc. 2020, 51, 81-105. [CrossRef]

6.  Aksoy, N,; Yildirim. The solvability of first type boundary value problem for a Schrodinger equation. Appl. Math. Nonlinear Sci.
2020, 5, 211-220. [CrossRef]

7. Busovikov, V.M.; Sakbaev, V.Z. Dirichlet problem for poisson equation on the rectangle in infinite dimensional Hilbert space.
Appl. Math. Nonlinear Sci. 2020, 5, 329-344. [CrossRef]

8.  Kaur, D.; Agarwal, P; Rakshit, M.; Chand, M. fractional calculus involving (p,q)-Mathieu type series. Appl. Math. Nonlinear Sci.
2020, 5, 15-34. [CrossRef]

9. Modanli, M.; Akgiil, A. On solutions of fractional order telegraph partial differential equation by crank-nicholson finite difference
method. Appl. Math. Nonlinear Sci. 2020, 5, 163-170. [CrossRef]

10. Hammad, H.A.; Aydi, H; De la Sen, M. Solutions of fractional differential type equations by fixed point techniques for multi-
valued contractions. Complixty 2021, 2021, 5730853.

11. Hammad, H.A.; Aydi, H.; Mlaiki, N. Contributions of the fixed point technique to solve the 2D Volterra integral equations,
Riemann-Liouville fractional integrals, and Atangana-Baleanu integral operators. Adv. Differ. Equations 2021, 97, 1-20. [CrossRef]

12.  The Univalent Foundations Program. Homotopy Type Theory: Univalent Foundations of Mathematics; Institute for Advanced
Study: 2013. Available online: https:/ /arxiv.org/pdf/1308.0729.pdf (accessed on 5 May 2021).

13. Ege, M.E,; Alaca, C. Fixed point results and an application to homotopy in modular metric spaces. . Nonlinear Sci. Appl. 2015, 8,
900-908). [CrossRef]

14. Agarwal, R.P;]. Dshalalow, D. O’'Regan, Fixed point and homotopy results for generalized contractive maps of Reich type. Appl.
Anal. 2010, 82, 329-350. [CrossRef]

15.  Vetro, C.; Vetro, F. A homotopy fixed point theorem in 0-complete partial metric space. Filomat 2015, 29, 2037-2048. [CrossRef]

16. Matthews, S.G. Partial Metric Topology; Research Report 212; Department of Computer Science, University of Warwick: Coventry,
UK, 1992.

17.  Kopperman, R.; Matthews, S.G.; Pajoohesh, H. What do partial metrics represent? In Spatial Representation: Discrete vs. Continuous
Computational Models; Dagstuhl Seminar Proceedings, No. 04351; Internationales Begegnungs-undForschungszentrum fiir
Informatik (IBFI): Schloss Dagstuhl, Germany, 2005.

18. Kiinzi, H.P.A.; Pajoohesh, H.; Schellekens, M.P. Partial quasi-metrics. Theor. Comput. Sci. 2006, 365, 237-246. [CrossRef]

19. O’Neill, S.J. Two Topologies Are Better Than One; Technical Report; University of Warwick: Coventry, UK, 1995. Available online:
http://www.dcs.warwick.ac.uk/reports/283.html (accessed on 5 May 2021).

20. Schellekens, M. The Smyth completion: A common foundation for denotational semantics and complexity analysis. Electron.
Notes Theor. Comput. Sci. 1995, 1, 535-556. [CrossRef]

21. Schellekens, M.P. A characterization of partial metrizability: domains are quantifiable. Theor. Comput. Sci. 2003, 305, 409-432.
[CrossRef]

22.  Waszkiewicz, P. Partial metrizability of continuous posets. Math. Struct. Comput. Sci. 2006, 16, 359-372. [CrossRef]

23.  Matthews, S.G. Partial metric topology. In Proceedings of the 8th Summer Conference on General Topology and Applications.
Ann. N. Y. Acad. Sci. 1994, 728, 183-197. [CrossRef]

24. Oltra, S.; Valero, O. Banach'’s fixed point theorem for partial metric spaces. Rend. Ist. Mat. Univ. Trieste 2004, 36, 17-26.

25.  Altun, I; Sola, E; Simsek, H. Generalized contractions on partial metric spaces. Topol. Appl. 2010, 157, 2778-2785. [CrossRef]

26. Vetro, F; Radenov¢, S. Nonlinear quasi-contractions of Ciric type in partial metric spaces. Appl. Math. Comput. 2012, 219,
1594-1600. [CrossRef]

27. Rao, K.PR; Kishore, G.N.V. A unique common fixed point theorem for four maps under 1 — ¢ contractive condition in partial
metric spaces. Bull. Math. Anal. Appl. 2011, 3, 56-63.

28. Karapnar, E. Generalizations of Caristi Kirk’s theorem on partial metric spaces. Fixed Point Theory Appl. 2011, 4. [CrossRef]

29. Aydi, H. Some coupled fixed point results on partial metric spaces. Int. |. Math. Math. Sci. 2011, 2011, 647091. [CrossRef]

30. Shukla, S.; Radenové¢, S. Some common fixed point theorems for F-contraction type mappings in 0-complete partial metric spaces.
J. Math. 2013, 2013, 878730. [CrossRef]

31. Rao, N.S.; Kalyani, K. Unique fixed point theorems in partially ordered metric spaces. Heliyon 2020, 6, e05563.


http://doi.org/10.1007/BF02421317
http://dx.doi.org/10.1155/2009/735638
http://dx.doi.org/10.3390/sym11091184
http://dx.doi.org/10.1007/s00574-019-00144-1
http://dx.doi.org/10.2478/amns.2020.1.00019
http://dx.doi.org/10.2478/amns.2020.2.00016
http://dx.doi.org/10.2478/amns.2020.2.00011
http://dx.doi.org/10.2478/amns.2020.1.00015
http://dx.doi.org/10.1186/s13662-021-03255-6
https://arxiv.org/pdf/1308.0729.pdf
http://dx.doi.org/10.22436/jnsa.008.06.01
http://dx.doi.org/10.1080/0003681031000098470
http://dx.doi.org/10.2298/FIL1509037V
http://dx.doi.org/10.1016/j.tcs.2006.07.050
http://www.dcs.warwick.ac.uk/reports/283.html
http://dx.doi.org/10.1016/S1571-0661(04)00029-5
http://dx.doi.org/10.1016/S0304-3975(02)00705-3
http://dx.doi.org/10.1017/S0960129506005196
http://dx.doi.org/10.1111/j.1749-6632.1994.tb44144.x
http://dx.doi.org/10.1016/j.topol.2010.08.017
http://dx.doi.org/10.1016/j.amc.2012.07.061
http://dx.doi.org/10.1186/1687-1812-2011-4
http://dx.doi.org/10.1155/2011/647091
http://dx.doi.org/10.1155/2013/878730

Mathematics 2021, 9, 2012 22 of 22

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

Gupta, V.; Jungck, G.; Mani, N. Some novel fixed point theorems in partially ordered metric spaces. AIMS Math. 2020, 5,
44444452, [CrossRef]

Bhaskar, T.G.; Lakshmikantham, V. Fixed point theorems in partially ordered metric spaces and applications. Nonlinear Anal.
2006, 65, 1379-1393. [CrossRef]

Lakshmikantham, V.; Ciri¢, L. Coupled fixed point theorems for nonlinear contractions in partially ordered metric spaces.
Nonlinear Anal. 2009, 70, 4341-4349. [CrossRef]

Hammad, H.A.; De la Sen, M. A coupled fixed point technique for solving coupled systems of functional and nonlinear integral
equations. Mathematics 2019, 7, 634. [CrossRef]

Shatanawi, W.; Samet, B.; Abbas, M. Coupled fixed point theorems for mixed monotone mappings in ordered partial metric
spaces. Math. Comput. Model. 2012, 55, 680-687. [CrossRef]

Abbas, M.; Alikhan, M.; Radenov¢, S. Common coupled fixed point theorems in cone metric spaces for w-compatible mappings.
Appl. Math. Comput. 2010, 217, 195-202. [CrossRef]

Berinde, V.; Borcut, M. Tripled fixed point theorems for contractive type mappings in partially ordered metric spaces. Nonlinear
Anal. 2011, 74, 4889-4897. [CrossRef]

Borcut, M. Tripled coincidence theorems for contractive type mappings in partially ordered metric spaces. Appl. Math. Comput.
2012, 218, 7339-7346.

Borcut, M.; Berinde, V. Tripled coincidence theorems for contractive type mappings in partially ordered metric spaces. Appl. Math.
Comput. 2012, 218, 5929-5936.

Choudhury, B.S.; Karapinar, E.; Kundu, A. Tripled coincidence point theorems for nonlinear contractions in partially ordered
metric spaces. Int. |. Math. Math. Sci. 2012, 2012, 329298. [CrossRef]

Radenové¢, S. A note on tripled coincidence and tripled common fixed point theorems in partially ordered metric spaces. Appl.
Math. Comput. 2014, 236, 367-372. [CrossRef]

Aydi, H.; Karapinar, E.; Postolache, M. Tripled coincidence point theorems for weak ¢-contractions in partially ordered metric
spaces. Fixed Point Theory Appl. 2012, 2012, 44. [CrossRef]

Mustafa, Z.; Roshan, ].R.; Parvaneh, V. Existence of a tripled coincidence point in ordered Gb-metric spaces and applications to a
system of integral equations. J. Inequal. Appl. 2013, 1, 453. [CrossRef]

Hammad, H.A.; De la Sen, M. A technique of tripled coincidence points for solving a system of nonlinear integral equations in
POCML spaces. |. Inequal. Appl. 2020, 211. [CrossRef]

Hammad, H.A.; De la Sen, M. A tripled fixed point technique for solving a tripled-system of integral equations and Markov
process in CCbMS. Adv. Diff. Equ. 2020, 1, 567. [CrossRef]

Abdeljawad, T.; Karapinar, E.; Tas, K. Existence and uniqueness of a common fixed point on partial metric spaces. Appl. Math.
Lett. 2011, 24, 1894-1899. [CrossRef]

Hammad, H.A ; De la Sen, M. Tripled fixed point techniques for solving system of tripled fractional differential equations. AIMS
Math. 2020, 63, 2330-2343. [CrossRef]


http://dx.doi.org/10.3934/math.2020284
http://dx.doi.org/10.1016/j.na.2005.10.017
http://dx.doi.org/10.1016/j.na.2008.09.020
http://dx.doi.org/10.3390/math7070634
http://dx.doi.org/10.1016/j.mcm.2011.08.042
http://dx.doi.org/10.1016/j.amc.2010.05.042
http://dx.doi.org/10.1016/j.na.2011.03.032
http://dx.doi.org/10.1155/2012/329298
http://dx.doi.org/10.1016/j.amc.2014.03.059
http://dx.doi.org/10.1186/1687-1812-2012-44
http://dx.doi.org/10.1186/1029-242X-2013-453
http://dx.doi.org/10.1186/s13660-020-02477-8
http://dx.doi.org/10.1186/s13662-020-03023-y
http://dx.doi.org/10.1016/j.aml.2011.05.014
http://dx.doi.org/10.3934/math.2021141

	Introduction
	Preliminaries
	Theorems and Discussion
	Application to IVPs
	Application to a Homotopy
	References

