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Abstract: The present work presents a mathematical investigation of a Rabinowitsch suspension 
fluid through elastic walls with heat transfer under the effect of electroosmotic forces (EOFs). The 
governing equations contain empirical stress-strain equations of the Rabinowitsch fluid model and 
equations of fluid motion along with heat transfer. It is of interest in this work to study the effects 
of EOFs, which are rigid spherical particles that are suspended in the Rabinowitsch fluid, the 
Grashof parameter, heat source, and elasticity on the shear stress of the Rabinowitsch fluid model 
and flow quantities. The solutions are achieved by taking long wavelength approximation with the 
creeping flow system. A comparison is set between the effect of pseudoplasticity and dilatation on 
the behaviour of shear stress, axial velocity, and pressure rise. Physical behaviours have been graph-
ically discussed. It was found that the Rabinowitsch and electroosmotic parameters enhance the 
shear stress while they reduce the pressure gradient. A biomedical application to the problem is 
presented. The present analysis is particularly important in biomedicine and physiology. 
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1. Introduction 
The movement of blood liquids is an important study for the mathematical simula-

tion of medical applications. Rabinowitsch fluid is one of the fluids that simulate blood 
movement because the Rabinowitsch model effectively relies on studying the result of 
lubricant additives, for a wide range of shear rates, and studying their experimental data. 
Over the past decades, scientists have made active efforts to increase the ability of solidi-
fying the features of non-Newtonian lubricants using long-chain quantities by adding a 
very small addition of the polymer solution. A very important result from this is that this 
result reduces the lubricant sensitivity. Additionally, a non-linear relationship appears 
between the shear stress rate and shear pressure. Through those recent actions based on 
the Rabinowitsch model, Akbar and Butt [1] studied the flow of the Rabinowitsch model 
due to the cilia located on the wall. Moreover, Singh et al. [2] studied the movement of 
Rabinowitsch fluid through peristaltic flow. In addition, Vaidya [3] investigated the 
movement of Rabinowitsch fluid through the oblique wall of a channel, while Sadaf and 
Nadeem [4] studied the Rabinowitsch model through a non-uniform conduit with peri-
stalsis. Choudhari et al. [5] also studied the effect of slipping on the oscillating transmis-
sion of a Rabinowitsch model in a non-uniform channel. 

In recent years, microfluidic systems have been developed through the use of Elec-
tric-Double-Layer (EDL). This increased interest is reflected in references [6–8]. Electrical 
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osmosis is defined as the movement of a liquid in relation to a fixed surface due to the 
presence of an externally applied electric field. One of the first studies that have studied 
the application of these external forces is by Ross [9]. The idea is that electrical ripening 
comes into contact with the aqueous electrolytic solution with the solids and then gener-
ates a relatively electrical charge. In addition, the opposite ion charge is attracted to that 
charge on the surface and the opposite process from the ions on the surface and shows the 
double layer, and thus, the surface becomes electrically charged. As a result of this phe-
nomenon, a process of acceleration of the liquid by migrating ions occurs, and the result-
ing flow is called electromagnetic flow. 

The study of the movement of suspended particles inside the fluid is considered the 
most important medical application. The movement of the fluid that contains particles is 
similar to the movement of the blood plasma since the blood consists of solid materials, 
that is, it is a liquid in which those substances swim. In that sense, there are a lot of species 
studied such as sickle cell (Hb SS), plasma cell dyscrasias, normal blood, controlled hy-
pertension, uncontrolled hypertension, and polycythaemia. Each of these types is known 
by a specific haematocrit, i.e., C = 0.248, C = 0.28, C = 0.426, C = 0.4325, C = 0.4331, and C = 
0.632 [10]. In addition, the study of the movement of suspended particles inside fluids is 
very interesting because they resemble white blood cells, red blood cells, and/or platelets 
that move inside the blood. Many experimental and analytical studies have focused on 
studying suspended particles because of their great importance in improving and under-
standing the blood flow and the distribution of proteins within it [11–13]. 

The geometrical shape of fluid flow has an important role in understanding various 
properties of different fluid flows such as blood flow and other important applications. 
Most studies that have discussed fluid movement have relied on solid ducts and tubes 
[14–24]. Because biological flows depend on their flexible flow fields, and this appears 
through their flexible nature, the flow and the movement of Newtonian and non-Newto-
nian fluids through walls of a flexible nature carry many important medical applications 
such as blood flow through the arteries, small blood vessels, heart systems, and others, 
which, according to some studies, revealed that the velocity of the blood is greatly affected 
by the elastic placement of the walls. Some of the work that has been interested in discuss-
ing the flow rate through elastic nature can be found in the refs. [25–31]. 

Accordingly, this work attempts to fill the void of the movement of the particulate 
suspension under the effects of electroosmotic forces using Rabinowitsch fluid. Analytical 
solution is used to obtain the physical parameters of the problem subjected to appropriate 
boundary conditions. The impact of relevant parameters is discussed graphically.  

2. The Mathematical Model and the Rabinowitsch Fluid Equation 
Consider a particulate suspension swimming in a Rabinowitsch fluid through elastic 

peristaltic walls of a channel with amplitude a and half width b. In addition, consider that 
the deformation on the wall is 𝛼 as shown in Figure 1. Furthermore, the inlet pressure is 
defined as 𝑝௜ and the outlet pressure is defined as 𝑝௢, as shown in Figure 1. The effect of 
the electroosmotic forces on the Rabinowitsch fluid through the elastic peristaltic walls is 
taken into account. The velocity of the particulate suspension and Rabinowitsch fluid are 
denoted by 𝑉ሬ⃗ ൫𝑈ഥ௣, 𝑉ത௣൯, 𝑉ሬ⃗ ൫𝑈ഥ௙, 𝑉ത௙൯. The mathematical geometry of the channel wall is given 
by 𝐻(𝑋ത, 𝑡) = ± ቀ𝑑 + 𝑎 sin ଶగఒ (𝑋ത − 𝑐 𝑡)ቁ, (1)

Here, d is the radius of the artery channel, a is the amplitude of the wall, 𝜆 is the 
amplitude of the peristaltic wave, and c is the blood velocity. 
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(a) (b) 

Figure 1. (a) Physical modelling of the problem. (b) Example for extracellular fluid that contains plasma. 

The isotropic rheological equation of a Rabinowitsch fluid takes the following form: 𝜏௑̅ത௒ത + 𝜇௢𝜏௑̅ത௒ത ଷ = 𝜇ௌ(𝐶) 𝜕𝑈ഥ𝜕𝑌ത , (2)

where the coefficient 𝜇௢ represents pseudo-plasticity of the fluid, which takes a funda-
mental role in determining the nature of fluids; 𝜇ௌ(𝐶) is the viscosity of suspension; 𝜏௑̅ത௒ത  
is the stress tensor; 𝑈ഥ is the velocity component; and C is the volume fraction. The model 
represents a pseudoplastic state for 𝜇௢ >  0, a Newtonian state for 𝜇௢ =  0,  and an ex-
panded fluid model for 𝜇ௌ < 1. 

The momentum and continuity equations for the problem of both particle and fluid 
phases are given in the following form [32]. 
Model of Fluid Phase 𝜕𝑈ഥ௙𝜕𝑋ത + 𝜕𝑉ത௙𝜕𝑌ത = 0, (3)

𝜌௙ 𝐶௉ு ቆ𝜕𝑈ഥ௙𝜕𝑡 + 𝑈ഥ௙ 𝜕𝑈ഥ௙𝜕 𝑋ത + 𝑉ത௙ 𝜕𝑈ഥ௙𝜕𝑌ത ቇ 

= −𝐶௉ு 𝜕𝑃ത𝜕𝑋ത + 𝐶௉ு ൤𝜕𝜏௑ത௑ത𝜕𝑋ത + 𝜕𝜏௑ത௒ത𝜕𝑌ത ൨ + 𝜌௘𝐸௫ + 𝜌௙𝛾𝑔 (𝑇 − 𝑇଴) − 𝐶 𝑆 ൫𝑈ഥ௙ − 𝑈ഥ௉൯, (4)

𝜌௙ 𝐶௉ு ቆ𝜕𝑉ത௙𝜕𝑡 + 𝑈ഥ௙ 𝜕𝑉ത௙𝜕 𝑋ത + 𝑉ത௙ 𝜕𝑉ത௙𝜕𝑌ത ቇ= −𝐶௉ு 𝜕𝑃ത𝜕𝑌ത + 𝐶௉ு ൤𝜕𝜏௒ത௑ത𝜕𝑋 + 𝜕𝜏௒ത௒ത𝜕𝑌ത ൨  − 𝐶 𝑆 ൫𝑉ത௙ − 𝑉ത௉൯, (5)

(𝜌𝐶)௙ ቆ𝜕𝑇௙𝜕𝑡 + 𝑈ഥ௙ 𝜕𝑇௙𝜕𝑋ത + 𝑉ത௙ 𝜕𝑇௙𝜕𝑌ത ቇ = 𝑘 ቆ𝜕ଶ𝑇𝜕𝑋തଶ + 𝜕ଶ𝑇𝜕𝑌തଶቇ + 𝐻ௌ, (6)

Model of Particle Phase 𝜕𝑈ഥ௉𝜕𝑋ത + 𝜕𝑉ത௉𝜕𝑌ത = 0, (7)

𝑝௜ 

𝑝௢ 
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𝜌௉ 𝐶௉ு ቆ𝜕𝑈ഥ௉𝜕𝑡 + 𝑈ഥ௉ 𝜕𝑈ഥ௉𝜕 𝑋ത + 𝑉ത௉ 𝜕𝑈ഥ௉𝜕𝑌ത ቇ = −𝐶௉ு 𝜕𝑃ത𝜕𝑋ത + 𝐶 𝑆 ൫𝑈ഥ௙ − 𝑈ഥ௉൯, (8)

𝜌௙ 𝐶௉ு ቆ𝜕𝑉ത௉𝜕𝑡 + 𝑈ഥ௉ 𝜕𝑉ത௉𝜕 𝑋ത + 𝑉ത௉ 𝜕𝑉ത௉𝜕𝑌ത ቇ = −𝐶௉ு 𝜕𝑃ത𝜕𝑌ത + 𝐶 𝑆 ൫𝑉ത௙ − 𝑉ത௉൯, (9)

where 𝐶௉ு = 1 − 𝐶, 𝑆 is the drag coefficient and 𝜇ௌ(𝐶) is the viscosity of suspension, 𝜌௙,௣ is the fluid and particle density, 𝜌௘ is the electrical charge density, 𝐸௫ is the axial 
electric field, 𝛾 is the thermal expansion coefficient, g is the gravitational acceleration, 𝑘 
is the thermal conductivity, and 𝐻ௌ is the constant heat absorption or heat generation. 
The empirical relation for 𝑆 and 𝜇ௌ(𝐶) can be described as 𝜇ௌ = 1 (1 − 𝑚 𝐶)⁄ , 𝑚 = 0.07 ∗ 𝐸𝑥𝑝 ቈ2.49 ∗ 𝐶 − 1107273 ∗ 𝐸𝑥𝑝ሾ−1.69 ∗ 𝐶ሿ቉, 

𝑆 = 9𝜇଴2 ∈ଶ 𝛾(𝐶), 𝛾(𝐶) = 4 + 3√8𝐶 − 3𝐶ଶ + 3𝐶(2 − 3𝐶)ଶ . (10)

Here, 𝜇଴ is the viscosity of fluid for suspending medium, and ∈ is the radius of a 
particle. 

Now, we use the convenient transformation to convert from fixed frame to wave 
frame as follows: 𝑥̅ = 𝑋ത − 𝑐𝑡, 𝑦ത = 𝑌ത, 𝑢ത = 𝑈ഥ − 𝑐, 𝑝 = 𝑃. (11)

Then, the mathematical formulation and Rabinowitsch fluid Equations (1)–(9) take 
the following form: 
Rabinowitsch fluid equation 𝜏̅௫̅௬ത + 𝜇௢𝜏௫̅̅௬ത ଷ = 𝜇௦(𝐶) 𝜕𝑢ത௙𝜕𝑦ത , (12)

Model of fluid phase 𝜌௙ 𝐶௉ு ቆ𝑢ത௙ 𝜕𝑢ത௙𝜕 𝑥̅ + 𝑣̅௙ 𝜕𝑢ത௙𝜕𝑦ത ቇ (13)

𝜌௙ 𝐶௉ு ቆ𝑢ത௙ 𝜕𝑉ത௙𝜕 𝑥̅ + 𝑣̅௙ 𝜕𝑣̅௙𝜕𝑦ത ቇ = −𝐶௉ு 𝜕𝑝̅𝜕𝑦ത + 𝐶௉ு ൤𝜕𝜏௬ത௫̅𝜕𝑥̅ଶ + 𝜕𝜏௬ത௬ത𝜕𝑦തଶ ൨  − 𝐶 𝑆 ൫𝑣̅௙ − 𝑣̅௉൯, (14)

(𝜌𝐶)௙ ቆ𝜕𝑇௙𝜕𝑡 + 𝑢ത௙ 𝜕𝑇௙𝜕𝑥̅ + 𝑣̅௙ 𝜕𝑇௙𝜕𝑦ത ቇ = 𝑘 ቆ𝜕ଶ𝑇𝜕𝑥̅ଶ + 𝜕ଶ𝑇𝜕𝑦തଶቇ + 𝐻ௌ, (15)

Model of particle phase 𝜌௉ 𝐶௉ு ൬𝑢ത௉ 𝜕𝑢ത௉𝜕 𝑥̅ + 𝑣̅௉ 𝜕𝑢ത௉𝜕𝑦ത ൰ = −𝐶௉ு 𝜕𝑝̅𝜕𝑥̅ + 𝐶 𝑆 ൫𝑢ത௙ − 𝑢ത௉൯, (16)

𝜌௙ 𝐶௉ு ൬𝑢ത௉ 𝜕𝑣̅௉𝜕 𝑥̅ + 𝑣̅௉ 𝜕𝑣̅௉𝜕𝑦ത ൰ = −𝐶௉ு 𝜕𝑝̅𝜕𝑦ത + 𝐶 𝑆 ൫𝑣̅௙ − 𝑣̅௉൯, (17)

3. Electroosmotic Flow 
The Poisson–Boltzmann equation: ∇ଶ𝜑ത = 𝜌௘𝜖  , (18)

where 𝜌௘ is a charge density, 𝜖 is the electric permittivity, and 𝜑ത is the electroosmotic 
potential function. 

The charge density 𝜌௘ of the fluid in a unit volume is given by: 
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𝜌௘ = 𝜀 𝑒 (𝑛ା − 𝑛ି) = −2𝜀 𝑒 𝑛଴  sinh ൜ 𝜀 𝑒𝜑ത𝑘஻𝑇௔௩ൠ, (19)

𝑛ି = 𝑛଴ 𝑒 ఌ ௘ఝഥ௞ಳ்ೌ ೡ, 𝑛ା = 𝑛଴ 𝑒ି ఌ ௘ఝഥ௞ಳ்ೌ ೡ ,, (20)

where 𝜀, 𝑛ା, 𝑛ି, 𝑒, 𝑘஻, 𝑎𝑛𝑑 𝑇௔௩ are the valence of ions, the number densities of positive and 
negative ions, electric charge, Boltzmann’s constant, local absolute temperature of the 
electrolytic solution, and bulk volume concentration of positive or negative ions, respec-
tively. In addition, using the Debye–Huckel linearisation principle, ቄఌ ௘ ఝᇲ௞ಳ்ೌ ೡ ≪ 1ቅ. Equation 
(19) reduces to 𝜌௘ = −𝜖𝛤ଶ  𝜑ത, (21)

where 𝛤 = (𝜀 𝑒)ିଵටఢ ௞ಳ்ೌ ೡ ଶ ௡బ  is the Debye–Huckel parameter, which describes the proper-

ties of the EDL thickness. The solution for the distribution of the electroosmotic potential 
can easily be achieved using the Poisson–Boltzmann equation: 𝜕ଶ𝜑ത𝜕𝑥̅ଶ + 𝜕ଶ𝜑ത𝜕𝑦തଶ = 1𝛤ଶ  𝜑ത, (22)

4. Non-Dimensional Physical Parameters 
The non dimensionless quantities are introduced in the following expression 𝑢௉,௙ = 𝑢ത௉,௙𝑐 , 𝑦 = 𝑦ത𝑎 ,  𝑣௉,௙ = 𝑣̅௉,௙𝛿𝑐 , 𝑝 = 𝑎ଶ𝜆 𝑐 𝜇௢ 𝑝̅, 𝛿 = 𝑎𝜆 , 𝜗 =  𝜑ത 𝜁 , 𝑅𝑒 = 𝜌௙ 𝑐 𝑎𝜇଴ ,       𝐺𝑟 = 𝜌௙𝛾𝑔 𝑎ଶ 𝑇଴𝜇௢ 𝑐 , 𝜃 = 𝑇 − 𝑇଴𝑇଴ , 𝜇̅ = 𝜇௦(𝐶)𝜇଴ , 𝜏 = 𝑎𝑐𝜇଴ 𝜏̅, 𝑈ுௌ = − 𝐸௫ 𝜖  𝜁𝜇଴ 𝑐 ,  𝐾 = 𝜇ௌ (𝐶)𝑐ଶ𝜇଴ଶ𝑎ଶ , 𝑚 = 𝑎𝑘ଶ , 𝑀 = 𝑆𝑎ଶ𝜇ௌ (𝐶)(1 − 𝐶) , 𝑄 = 𝐻௦𝑎ଶ𝜇଴ 𝑇௢ , 𝑝௥ = 𝜇௢𝐶௙𝑘 , 

 ℎ = 𝐻𝑑 , 𝜙 = 𝑎𝑑 

(23)

where 𝐾, 𝑚, 𝑄, 𝑝௥, 𝑈ுௌ, 𝐺𝑟, and  𝑅𝑒 are, respectively, the Rabinowitsch fluid parame-
ter, electroosmotic parameter, heat source, Prandtl number, electroosmotic velocity, 
Grashof number, and Reynolds number. The non-dimensional formulation of the mathe-
matical geometry for the channel wall is given by  ℎ(𝑥) = ±(1 + 𝜙 sin 2𝜋 𝑥), 
where 𝜙 is the amplitude ratio. 

After using the non-dimensional physical parameters given by Equation (23) in the 
governing Equations (12)–(17) and in Equation (22), we find: 
Non-dimensional Rabinowitsch fluid equations 𝜏௫௬ + 𝐾 𝜏௫௬ଷ = 𝜇̅ 𝜕𝑢௙𝜕𝑦 , (24)

Non-dimensional model of fluid phase 𝑅௘ 𝛿 𝐶௉ு ቆ𝑢௙ 𝜕𝑢௙𝜕 𝑥 + 𝑣௙ 𝜕𝑢௙𝜕𝑦 ቇ= −𝐶௉ு 𝜕𝑝𝜕𝑥 + 𝐶௉ு ൤𝛿 𝜕𝜏௫௫𝜕𝑥 + 𝜕𝜏௫௬𝜕𝑦 ൨ + 𝑚ଶ𝑈ுௌ cosh 𝑚𝑦 + 𝐺௥ (𝑇 − 𝑇଴) − 𝐶 𝐶௉ு  𝜇̅ 𝑀൫𝑢௙ − 𝑢௉൯, (25)

𝑅௘ 𝛿 𝐶௉ு ቆ𝑢௙ 𝜕𝑣௙𝜕 𝑥 + 𝑣௙ 𝜕𝑣௙𝜕𝑦 ቇ = −𝐶௉ு 𝜕𝑝𝜕𝑦 + 𝐶௉ு ൤𝜕𝜏௬௫𝜕𝑥 + 𝜕𝜏௬௬𝜕𝑦 ൨  − 𝐶 𝐶௉ு  𝜇̅ 𝑀 ൫𝑣௙ − 𝑣௉൯, (26)
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𝑅௘𝑝௥𝛿 ൬𝑢௙ 𝜕𝜃𝜕𝑥 + 𝑣௙ 𝜕𝜃𝜕𝑦൰ = ቆ𝜕ଶ𝜃𝜕𝑥ଶ + 𝜕ଶ𝜃𝜕𝑦ଶቇ + 𝑄, (27)

Non-dimensional model of particle phase 𝜌௉𝜌௙  𝐶𝑅௘𝛿 ൬𝑢௉ 𝜕𝑢௉𝜕 𝑥̅ + 𝑣௉ 𝜕𝑢௉𝜕𝑦ത ൰ = −𝐶 𝜕𝑝𝜕𝑥 + 𝐶 𝐶௉ு 𝜇̅ 𝑀 ൫𝑢௙ − 𝑢௉൯, (28)𝜌௉𝜌௙  𝐶𝑅௘𝛿 ൬𝑢௉ 𝜕𝑣௉𝜕 𝑥 + 𝑣௉ 𝜕𝑣௉𝜕𝑦 ൰ = −𝐶 𝜕𝑝𝜕𝑦 + 𝐶 𝐶௉ு 𝜇̅ 𝑀 𝛿൫𝑣௙ − 𝑣௉൯, (29)

with dimensionless boundary conditions 𝑢 = −1,             𝜃 = 0,          𝜗 = 1     at     𝑦 = ℎ(𝑥), 𝑢 = −1,          𝜃 = 0,        𝜗 = 1       at        𝑦 = −ℎ(𝑥) 𝜏௫௬ = 0 𝑎𝑡 𝑦 = 0.  
(30)

5. Methodology 
Taking a long wavelength approximation and a creeping flow system, i.e., 𝛿 ≪ 1, 

the solution of Equations (24)–(29) takes the following form 𝜃(𝑦) = 12 𝑄(ℎ − 𝑦)(ℎ + 𝑦), (31)

𝜏௫௬ = 6 𝑃 𝑦 + 𝐺௥ 𝑄 𝑦(−3ℎଶ + 𝑦ଶ) − 6 𝑚 𝑈ுௌ  𝑠𝑖𝑛ℎ (𝑚𝑦)cosh (𝑚ℎ)6 𝐶௉ு  , (32)

𝑢(𝑦) = 𝑐଴൛𝑐ଵ + 𝑐ଶ 𝑦ଵ଴ + 𝑐ଷ 𝑦ଶ + 𝑐ସ 𝑦଼ + 𝑐ହ 𝑦଺ + 𝑐଺ 𝐶𝑜𝑠ℎ(3𝑚𝑦) + 𝑐଻ 𝑦 𝑆𝑖𝑛ℎ(2𝑚𝑦) + 𝑐଼ 𝑃ଵ(𝑦)+ 𝐶𝑜𝑠ℎ(2𝑚𝑦)(𝑐ଽ + 𝑐ଵ଴ 𝑃ଶ(𝑦)) +  𝑦 𝑆𝑖𝑛ℎ(𝑚𝑦)(𝑐ଵ଺ + 𝑐ଵଶ 𝑃ଵ(𝑦)𝑃ଶ(𝑦) + 𝑐ଵଷ 𝑃ଷ(𝑦)) + 𝑐ଵ଻+ 𝐶𝑜𝑠ℎ(𝑚𝑦)൫𝑐ଵ଼ + 𝑐ଵଽ 𝑃ସ(𝑦) + 𝑐ଶ଴ 𝑦ସ + 𝑐ଶଵ 𝑦ଶ + (𝑐ଶଷ − 𝑐ଵସ 𝑦ଶ(𝑃ଵ(𝑦))ଶ)൯ൟ. (33)

where P, Pj (𝑗 = 1 → 4) and the constants 𝑐௜ (𝑖 = 1 → 23) are given in the Appendix A. 

6. Theoretical Determination of Pressure Gradient and Pressure Rise Application in 
Blood Flows  

In this section, the deformation in the walls that is defined by elasticity in the channel 
walls is taken into account, which appears from the pressure shown in Figure 1. According 
to Rubinow and Keller [28], the flow rate and pressure gradient are related by the follow-
ing expression: 𝑄 = −𝜎(𝑝௜ − 𝑝௢) డ௣డ௫,  (34)

The flow rate is defined as  𝑄 = ׬ 𝑢(𝑦)𝑑𝑦௛଴ ,  (35)

Following the hypothesis of elastic walls, according to Rubinow and Keller [28], and 
using Equations (33)–(35), it is found that the flow rate takes the following form as follows 𝑄 = 𝜎ଵ(𝑝௜ − 𝑝௢) ቀ− డ௣డ௫ቁଷ + 𝜎ଶ(𝑝௜ − 𝑝௢) ቀ− డ௣డ௫ቁଶ + 𝜎ଷ(𝑝௜ − 𝑝௢) ቀ− డ௣డ௫ቁ+𝑐ଶସ (36)

such that 𝑐ଶସ is given in the Appendix A. 
where 𝜎ଵ(𝑝௜ − 𝑝௢) = 𝛼(𝑥)ହ𝑘5A 𝑀ଷ , (37)
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𝜎ଶ(𝑝௜ − 𝑝௢) = 18640𝜇̅ 𝑚଺𝑀ଷ ቆ138247 𝐺௥ 𝛼(𝑥)଻ 𝐾 𝑚଺Q + 103680  𝛼(𝑥)𝐾 𝑚ସ 𝑈ுௌ  + 25920 𝛼(𝑥)𝐾 𝑚ସ(2 + 𝛼(𝑥)ଶ𝑚ଶ) 𝑈ℎ𝑠 − 155520 𝐾 𝑚ଷ 𝑈ுௌ 𝑡𝑎𝑛ℎ (𝛼(𝑥)𝑚)− 77760 𝛼(𝑥)ଶ 𝐾 𝑚ହ 𝑈ுௌ 𝑡𝑎𝑛ℎ(𝛼(𝑥)𝑚)ቇ, (38)

𝜎ଷ(𝑝௜ − 𝑝௢) = 18640𝜇̅ 𝑚଺𝑀ଷ ൭−2880  𝛼(𝑥)ଷ𝑚଺𝑀ଶ − 53127 𝐺௥ଶ 𝛼(𝑥)ଽ𝐾𝑚଺𝑄ଶ+ 4320 𝛼(𝑥)ଷ𝐾𝑚଼𝑈ுௌଶ 𝑠𝑒𝑐ℎଶ(𝛼(𝑥)𝑚) + 414720  𝐺௥ 𝛼(𝑥) 𝐾 𝑄 𝑈ுௌ  − 17280 𝐺௥  𝛼(𝑥)ଷ𝐾 𝑚ସ𝑄 𝑈ுௌ  + 17280 𝐺௥  𝛼(𝑥) 𝐾 𝑚ଶ (24 −  𝛼(𝑥)ଶ𝑚ଶ) 𝑄 𝑈ுௌ− 17280  𝐺௥  𝛼(𝑥) 𝐾𝑚ଶ(−12 − 3 𝛼(𝑥)ଶ𝑚ଶ +  𝛼(𝑥)ସ𝑚ସ) 𝑄 𝑈ுௌ  + 6480   𝛼(𝑥) 𝐾 𝑚଺ 𝑈ுௌଶ 𝑠𝑒𝑐ℎ(𝛼(𝑥)𝑚) 𝑠𝑖𝑛ℎ(𝛼(𝑥)𝑚) − 622080  𝐺௥ 𝐾 𝑚 𝑄 𝑈ுௌ 𝑡𝑎𝑛ℎ(𝛼(𝑥)𝑚)− 103680 𝐺௥  𝛼(𝑥)ଶ𝐾 𝑚ଷ 𝑄 𝑈ுௌ 𝑡𝑎𝑛ℎ(𝛼(𝑥)𝑚) + 17280 𝐺௥  𝛼(𝑥)ସ 𝐾 𝑚ହ 𝑄 𝑈ுௌ 𝑡𝑎𝑛ℎ(𝛼(𝑥)𝑚)+ 17280 𝐺௥  𝛼(𝑥)ଶ𝐾 𝑚ଷ (−12 +  𝛼(𝑥)ଶ𝑚ଶ)  𝑄 𝑈ுௌ 𝑡𝑎𝑛ℎ(𝛼(𝑥)𝑚)− 51840  𝐺௥ 𝐾 𝑚 (8 +  𝛼(𝑥)ଶ𝑚ଶ) 𝑄 𝑈ுௌ 𝑡𝑎𝑛ℎ(𝛼(𝑥)𝑚)− 3240  𝐾 𝑚ହ 𝑈ுௌଶ  𝑠𝑒𝑐ℎ(𝛼(𝑥)𝑚) 𝑠𝑖𝑛ℎ(𝛼(𝑥)𝑚)− 6480  𝛼(𝑥)ଶ 𝐾 𝑚଻𝑈ுௌ  𝑠𝑒𝑐ℎ(𝛼(𝑥)𝑚) 𝑠𝑖𝑛ℎ(𝛼(𝑥)𝑚)൱, 
(39)

Here, 𝛼(𝑥) = ℎ(𝑥) + 𝛼′, where ℎ(𝑥) and 𝛼ᇱ are the radii of the channel for peristal-
sis and elasticity, respectively. Additionally, the pressure rise is defined as ∆𝑝 = න ൬𝑑𝑝𝑑𝑥൰ଵ

଴ 𝑑𝑥. (40)

7. Graphical Results and Discussion 
The goal of this section is to study the effect of the pertinent parameters on the re-

sulted physical expression. In doing so, the Mathematica program is used in order to in-
vestigate the impact of Rabinowitsch parameter K, Prandlt number Pr, heat source Q, elec-
troosmotic parameter m, volume fraction C, Grashof number Gr, maximum electroosmotic 
velocity 𝑈ுௌ, and radius of the channel for elasticity 𝛼ᇱ on the shear stress 𝜏௫௬, axial ve-
locity U(y), pressure gradient ௗ௣ௗ௫, and pressure rise ∆𝑝. A graphical comparison is also set 
to compare between pseudoplastic and dilatant fluids. 

Figures 2–9 are plotted to investigate the impact of 𝑈ுௌ, C, Gr, m, K, and 𝛼ᇱ on 𝜏௫௬ 
for sundry values of the parameters of interest. It is observed from Figures 2–7 that the 
Rabinowitsch shear stress improves prominently with increasing all the parameters, even 
with increasing the curviness of the conduit in both the lower and upper halves of the 
channel. Figures 8 and 9 demonstrate a comparison between the impact of pseudoplastic-
ity and dilatation on the shear stress profile through x and y axes, respectively. It is notable 
from the latter figures that for pseudoplastic fluid, 𝜏௫௬  is enhanced along the conduit 
through the x-axis, whereas for the case of dilatant fluids, a reverse effect is observed. It is 
also seen that 𝜏௫௬ behaves differently along the y-axis where it is seen that, for the pseu-
doplastic fluids, 𝜏௫௬ decays near the lower wall of the channel and improves with an in-
crease in the curviness of the channel. An exact opposite behaviour is seen for dilatant 
fluids, as seen in Figure 9. 
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Figure 2. Display of shear stress profile for different values of 𝑈ுௌ. 

 
Figure 3. Display of shear stress profile for different values of C. 
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Figure 4. Display of shear stress profile for different values of Gr. 

 
Figure 5. Display of shear stress profile for different values of m. 
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Figure 6. Display of shear stress profile for different values of K.  

 
Figure 7. Display of shear stress profile for different values of 𝛼ᇱ.  
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Figure 8. Display of shear stress profile via x for pseudoplastic and dilatant fluids.  

 
Figure 9. Display of shear stress profile via y for pseudoplastic and dilatant fluids.  

Figures 10–16 illustrate the impact of K, 𝑈ுௌ, Gr, C, m, and 𝛼ᇱ on U(y) for various 
values of the pertinent parameters. It is noticed that K, 𝑈ுௌ, and 𝛼ᇱ play a distinguished 
role in lessening the fluid velocity, as seen in Figures 10, 11, and 15. It is also depicted that 
Gr, C, and m disturb the velocity profile significantly, as observed in Figures 12–14. It is 
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noticed that the latter parameters barely have an effect on U(y) near the walls of the chan-
nel, whereas they enhance the flow in the centre part of the channel. It is generally noticed 
that U(y) has a parabolic shape along the conduit for all the parameters under considera-
tion. Figure 16 is plotted to spot the difference in the behaviour of U(y) for pseudoplastic 
and dilated fluids. It is demonstrated that for pseudoplastic fluids, U(y) is not disturbed 
at all near the walls of the conduit, whereas it is noticed that for dilated fluids, the flow is 
decelerated at the centre of the channel. 

 
Figure 10. Display of axial velocity for different values of K.  
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Figure 11. Display of axial velocity for different values of 𝑈ுௌ. 

 
Figure 12. Display of axial velocity for different values of Gr.  

 
Figure 13. Display of axial velocity for different values of C. 
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Figure 14. Display of axial velocity for different values of m.  

 
Figure 15. Display of axial velocity for different values of 𝛼ᇱ.  
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Figure 16. Display of axial velocity for pseudoplastic and dilatant fluids.  

Figures 17–22 are prepared in order to see the behaviour of ௗ௣ௗ௫ along the axis of the 
conduit under the effect of K, C, 𝑈ுௌ, Gr, m, and 𝛼ᇱ. It is seen that K, C, m, and 𝛼ᇱ serve 
to reduce ௗ௣ௗ௫ for all values of the pertinent parameters, as noticed in Figures 17, 18, 21 and 
22. It is also noticed from Figures 19 and 20 that ௗ௣ௗ௫ grows for greater values of 𝑈ுௌ and 
Gr. It is also observed that for x ∈ [0, 2] and [3.9, 6], the pressure gradient is small and that 
the large pressure gradient occurs for x ∈ [2.1, 4]. 

 
Figure 17. Display of pressure gradient for different values of K. 
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Figure 18. Display of pressure gradient for different values of C. 

 
Figure 19. Display of pressure gradient for different values of 𝑈ுௌ. 
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Figure 20. Display of pressure gradient for different values of Gr.  

 
Figure 21. Display of pressure gradient for different values of m. 
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Figure 22. Display of pressure gradient for different values of 𝛼ᇱ.  
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increases away from the wall of the conduit. Finally, Figure 28 displays the behaviour of ∆𝑝 in case of dilatation and pseudoplasticity of fluids. It is seen that ∆𝑝 is generally 
higher for dilated fluids than that of pseudoplastic ones. It is also observed that ∆𝑝 de-
creases for dilated fluids all the way along, whereas it decreases for pseudoplastic fluids 
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Figure 23. Display of pressure rise vs. volume flow rate for different values of K.  

 
Figure 24. Display of pressure rise vs. volume flow rate for different values of C.  
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Figure 25. Display of pressure rise vs. volume flow rate for different values of Gr.  

 
Figure 26. Display of pressure rise vs. volume flow rate for different values of m. 
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Figure 27. Display of pressure rise vs. volume flow rate for different values of 𝛼ᇱ.  

 
Figure 28. Display of pressure rise vs. volume flow rate for pseudoplastic and dilatant fluids. 
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illustrates the non-dimensional shear stresses of Rabinowitsch fluid, 𝜏, through an artery 
for various values of the haematocrit, C, for diseased blood. It is noticed that as the C 
increases, 𝜏 increases. 

Table 1. Rabinowitsch shear stress through an artery for various values C. 

x 

Shear Stress of Rabinowitsch Fluid 𝝉 
C = 0.248 C = 0.28 C = 0.426 C = 0.4325 C = 0.4331 C = 0.632 

Hb SS  
(Sickle Cell) 

Plasma Cell 
dyscrasias 

Normal 
Blood 

Hypertensi
on 

(Controlled
) 

Hypertensi
on  

(Uncontroll
ed) 

Polycythem
ia 

0. 0.508917 0.538364 0.707973 0.717319 0.718192 1.15146 
0.2 0.505563 0.534945 0.704064 0.713379 0.714249 1.14586 
0.4 0.495578 0.524771 0.69247 0.701695 0.702557 1.12931 
0.6 0.479179 0.508091 0.673581 0.682663 0.683511 1.10248 
0.8 0.456697 0.485281 0.64801 0.656909 0.657739 1.0665 
1. 0.428523 0.456801 0.616547 0.625236 0.626047 1.02282 
1.2 0.395056 0.423142 0.580099 0.588575 0.589366 0.973144 
1.4 0.35665 0.384766 0.539639 0.54792 0.548692 0.919356 
1.6 0.313594 0.34209 0.496165 0.504294 0.505052 0.86342 
1.8 0.266209 0.295542 0.450704 0.458753 0.459502 0.807327 
2. 0.215192 0.245805 0.404386 0.41245 0.4132 0.753059 
2.2 0.162415 0.194396 0.358613 0.3668 0.367561 0.702604 
2.4 0.111854 0.144497 0.315318 0.323729 0.324509 0.657972 
2.6 0.0690173 0.101038 0.277209 0.285898 0.286704 0.621209 
2.8 0.038254 0.0688821 0.24769 0.256637 0.257466 0.594302 
3. 0.0213037 0.0508044 0.23019 0.2393 0.240144 0.578956 
3.2 0.0183903 0.0476728 0.227071 0.236211 0.237058 0.576266 
3.4 0.029497 0.0595737 0.238779 0.247809 0.248646 0.586434 
3.6 0.0546015 0.0860756 0.26368 0.272484 0.2733 0.608713 
3.8 0.0927918 0.125329 0.298654 0.307178 0.307969 0.641609 
4. 0.140811 0.173205 0.340168 0.348438 0.349206 0.683216 
4.2 0.19328 0.22449 0.385186 0.393288 0.394041 0.731496 
4.4 0.245362 0.275183 0.431472 0.439514 0.440263 0.78442 
4.6 0.294386 0.323171 0.477437 0.485523 0.486276 0.839995 
4.8 0.339291 0.367516 0.521865 0.530076 0.530841 0.896238 
5. 0.379664 0.407729 0.563701 0.572092 0.572875 0.95116 

9. Deductions 
In this article, the impact of Rabinowitsch suspension fluid through elastic walls with 

heat transfer under the effect of the electroosmotic forces is investigated. The solutions of 
the fluid model are achieved by taking a long wavelength approximation. A comparison 
is set between the effect of pseudoplasticity and dilatation on the behaviour of shear stress, 
axial velocity, and pressure rise. The impact of all the pertinent parameters are discussed 
graphically. The main observations are as follows: 

i. Unlike the effect of the radius of the channel for elasticity on the shear stress, it tends 
to reduce the axial velocity, pressure gradient, and pressure rise. 

ii. The volume fraction boosts the shear stress and the axial velocity, whereas the effect 
is totally reversed with the pressure gradient and pressure rise. 
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iii. The Grashof number accelerates the flow and increases shear stresses along with the 
pressure gradient. 

iv. The maximum axial velocity takes place at the centre of the conduit. 
v. The maximum electroosmotic velocity boosts the shear stress and pressure gradient 

but reduces the axial velocity. 
vi. The influence of the Rabinowitsch and electroosmotic parameters is to enhance the 

shear stress, whereas their effect is totally reversed for the pressure gradient. 
vii. The current model reduces to the case of dilatant fluid for 𝐾 < 0, pseudoplastic fluid 

for 𝐾 > 0. 
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Appendix A 
The constants given in equations 32, 33 and 36 are defined as: 𝑃 = ௗ௣ௗ௫. 𝑃ଵ(𝑦) = 6 𝑃 + 𝑄𝐺௥(−3ℎଶ + 𝑦ଶ). 𝑃ଶ(𝑦) = 2𝑃 + 𝑄𝐺௥(−ℎଶ + 𝑦ଶ). 𝑃ଷ(𝑦) = 12𝑃 + 𝑄𝐺௥(−6ℎଶ + 5𝑦ଶ). 𝑃ସ(𝑦) = −4𝑃 + 𝑄𝐺௥(2ℎଶ − 5𝑦ଶ). 𝑐଴ = 18640 𝜇̅  𝑚଺𝐶௉ுଷ . 𝑐ଵ= 𝑚଺ ൬−8640 𝜇̅  𝐶௉ுଷ+ ℎଶ ቀ540𝐾𝑚ଶ𝑈ு௦ଶ𝑆𝑒𝑐ℎଶ(ℎ𝑚)(12𝑃 − 5ℎଶ𝑄𝐺௥)+ 360𝐶௉ுଶ (−12𝑃 + 5ℎଶ𝑄𝐺௥)+ ℎଶ𝐾(−2160(𝑃)ଷ + 2520ℎଶ𝑄𝐺௥(𝑃)ଶ− 990ℎସ𝑄ଶ𝐺௥ଶ𝑃 + 131ℎ଺𝑄ଷ𝐺௥ଷ)ቁ+ 90𝑦ସ൫4𝑄𝐶௉ுଶ 𝐺௥+ 3𝐾(−2𝑚ଶ𝑄𝑈ℎ𝑠ଶ𝑆𝑒𝑐ℎଶ(ℎ𝑚)𝐺௥+ (2𝑃 − ℎଶ𝑄𝐺௥)ଷ)൯൰. 𝑐ଶ = 4 𝐾𝑚଺ 𝑄ଷ  𝐺௥ଷ. 𝑐ଷ = 1080 𝑚଺ ൫−3𝐾𝑚ଶ𝑈ு௦ଶ𝑆𝑒𝑐ℎଶ(ℎ(𝑥)𝑚) +2𝐶௉ுଶ ൯(2𝑃 − ℎଶ𝑄𝐺௥). 𝑐ସ = −45 𝐾𝑚଺ 𝑄ଶ𝐺௥ଶ(−2𝑃 + ℎଶ𝑄𝐺௥). 𝑐ହ = 180 𝐾 𝑚଺ 𝑄 𝐺௥(−2𝑃 + ℎଶ𝑄𝐺௥)ଶ. 𝑐଺ = −720 𝐾 𝑚଼ 𝑈ுௌଷ 𝑆𝑒𝑐ℎଷ(ℎ𝑚). 𝑐଻ = 1620 𝐾 𝑚ହ 𝑈ுௌଶ  𝑄 𝐺௥ 𝑆𝑒𝑐ℎଶ(ℎ𝑚). 𝑐଼ =  180 𝑚ଶ 𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚). 𝑐ଽ =  𝑐11 𝑄𝐺௥. 𝑐ଵ଴ = 2𝑚ଶ𝑐ଵଵ. 𝑐ଵଵ = −810 𝐾 𝑚ସ 𝑈ுௌଶ 𝑆𝑒𝑐ℎଶ(ℎ𝑚). 
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𝑐ଵଶ = 𝑐ଵହ 𝑚ସ. 𝑐ଵଷ = 4𝑚ଶ𝑄 𝐺௥ 𝑐ଵହ. 𝑐ଵସ = 90 𝑈ுௌ 𝑚଺𝐾 𝑆𝑒𝑐ℎ(ℎ𝑚). 𝑐ଵହ = 4320 𝐾 𝑚 𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚). 𝑐ଵ଺ = 120 𝑄ଶ 𝐺௥ଶ. 𝑐ଵ଻ = −720 𝑈ுௌ  ቀ9𝐾𝑚଼𝑈ுௌଶ𝑆𝑒𝑐ℎଶ(ℎ𝑚) +4(−9𝐾𝑚ସ(2 + ℎଶ𝑚ଶ)(𝑃)ଶ − 3𝑚଺𝐶௉ுଶ +6𝐾𝑚ଶ(−12 − 3ℎଶ𝑚ଶ + ℎସ𝑚ସ)𝑄𝐺௥𝑃 − 𝐾(180 +54ℎଶ𝑚ଶ − 6ℎସ𝑚ସ + ℎ଺𝑚଺)𝑄ଶ𝐺௥ଶ)ቁ + 𝐾𝑚 ቀ8𝑚଻𝑈ுௌଶ𝐶𝑜𝑠ℎ(3ℎ𝑚)𝑆𝑒𝑐ℎଶ(ℎ𝑚) +9𝑚ଷ𝑈ுௌ 𝐶𝑜𝑠ℎ(2ℎ𝑚)𝑆𝑒𝑐ℎ(ℎ𝑚)(4𝑚ଶ𝑃 + 𝑄𝐺௥) +6ℎ൫𝑚ସ𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚) 𝑆𝑖𝑛ℎ(2ℎ𝑚)(−12 𝑚ଶ𝑃 +(−3 + 4ℎଶ𝑚ଶ)𝑄𝐺௥) + 32 sinh(ℎ𝑚) (−3𝑚ସ𝑃ଶ +𝑚ଶ(−12 + ℎଶ𝑚ଶ)𝑄𝐺௥𝑃 + (−30 + ℎଶ𝑚ଶ)𝑄ଶ𝐺௥ଶ)൯ቁ. 𝑐ଵ଼ = 90 𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚)൫9𝐾𝑚଼𝑈ுௌଶ𝑆𝑒𝑐ℎଶ(ℎ𝑚) −720𝐾𝑄ଶ𝐺௥ଶ൯ + 𝑐22. 𝑐ଵଽ = 6480 𝐾𝑚ଶ𝑄𝐺௥ 𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚). 𝑐ଶ଴ = −2700 𝑄ଶ 𝐺௥ଶ 𝑚ସ 𝐾 𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚) . 𝑐ଶଵ = 1080 𝑄 𝐺௥(−2𝑃 + ℎଶ𝑄𝐺௥) 𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚)6𝐾𝑚ସ. 𝑐ଶଶ = 1620 𝐾 𝑚ସ 𝑈ுௌ (−2𝑃 + ℎଶ𝑄𝐺௥)ଶ  𝑆𝑒𝑐ℎ(ℎ𝑚). 𝑐ଶଷ = −1080 𝐶௉ுଶ   𝑚଺ 𝑈ுௌ 𝑆𝑒𝑐ℎ(ℎ𝑚). 𝑐ଶସ = ଵ଼଺ସ଴ఓഥ௠లெయ ቄ−8640 𝜇̅ ℎ(𝑥)𝑚଺𝑀ଷ + 1152 𝐺௥ ℎ(𝑥)ହ𝑚଺𝑀ଶ𝑄 +଻ହହଶ଻଻ 𝐺௥ଷℎ(𝑥)ଵଵ𝐾 𝑚଺ 𝑄ଷ − 1728𝑐1ଶ𝐺௥ ℎ(𝑥)ହ𝐾 𝑚଼ 𝑄 𝑈ுௌଶ +8640  ℎ(𝑥) 𝑚଺𝑀ଶ𝑈ுௌ + 1555200  𝐺௥ଶℎ(𝑥) 𝐾 𝑄ଶ𝑈ுௌ −34560𝐺௥ଶℎ(𝑥)ଷ𝐾𝑚ଶ𝑄ଶ𝑈ுௌ − 34560𝐺௥ଶℎ(𝑥) 𝐾(−45 + ℎଶ𝑚ଶ) 𝑄ଶ𝑈ுௌ +2880 𝐺௥ଶℎ(𝑥) 𝐾(180 + 54ℎ(𝑥)ଶ𝑚ଶ − 6ℎ(𝑥)ସ𝑚ସ + ℎ(𝑥)଺𝑚଺) 𝑄ଶ𝑈ுௌ −6480ℎ(𝑥) 𝐾 𝑚଼𝑈ுௌଷ  𝑠𝑒𝑐ℎଶ(ℎ(𝑥) 𝑚) +3240𝐺௥ℎ(𝑥)𝐾𝑚ସ𝑄𝑈ுௌଶ𝑐𝑜𝑠ℎ(2ℎ(𝑥)𝑚) 𝑠𝑒𝑐ℎଶ(ℎ(𝑥)𝑚) −1080𝐺௥ℎ(𝑥)ଷ𝐾𝑚଺𝑄𝑈ுௌଶ𝑐𝑜𝑠ℎ(2ℎ(𝑥)𝑚) 𝑠𝑒𝑐ℎଶ(ℎ𝑚) +720 ℎ(𝑥)𝐾𝑚଼𝑈ுௌଷ𝑐𝑜𝑠ℎ(3ℎ(𝑥)𝑚) 𝑠𝑒𝑐ℎଷ(ℎ(𝑥)𝑚) −8640 𝑚ହ𝑀ଶ𝑈ுௌ tanh(ℎ(𝑥)𝑚) − ଶ଴଻ଷ଺଴଴ ீೝమ௄ொమ௎௛௦ ୲ୟ୬୦(௛(௫)௠)௠ −466560 𝐺௥ଶℎ(𝑥)ଶ𝐾𝑚𝑄ଶ𝑈ுௌ tanh(ℎ(𝑥)𝑚) +𝐺௥ଶℎ(𝑥)ସ𝐾𝑚ଷ𝑄ଶ𝑈ுௌ tanh(ℎ(𝑥)𝑚) ൫34560 − 2880𝐺௥ଶℎ(𝑥)ଶ𝑚ଶ൯ +17280 𝐺௥ଶℎ(𝑥)ଶ𝐾𝑚(−30 + ℎ(𝑥)ଶ𝑚ଶ) 𝑄ଶ𝑈ுௌ tanh(ℎ(𝑥)𝑚) −ଵ଻ଶ଼଴ ீೝమ௄൫ଽ଴ାଵ଼௛(௫)మ௠మି௛(௫)ర௠ర൯ொమ௎ಹೄ ୲ୟ୬୦(௛(௫)௠)௠ +6480 𝐾𝑚଻𝑈ுௌଷ tanh(ℎ(𝑥)𝑚) 𝑠𝑒𝑐ℎଶ(ℎ(𝑥)𝑚) −1620 𝐺௥𝐾𝑚ଷ𝑄𝑈ுௌଶ tanh(ℎ(𝑥)𝑚) − 1620 𝐺௥ℎ(𝑥)ଶ 𝐾𝑚ହ𝑄𝑈ுௌଶ tanh(ℎ(𝑥)𝑚) +2160 𝐺௥ℎ(𝑥)ସ𝐾𝑚଻𝑄𝑈ுௌଶ tanh(ℎ(𝑥)𝑚) −240 𝐾𝑚଻𝑈ுௌଷ sinh(3ℎ(𝑥)𝑚) 𝑠𝑒𝑐ℎଷ(ℎ(𝑥)𝑚)ቅ  
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