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Abstract: For α ∈ [0, 1], let Aα(Gσ) = αD(G) + (1− α)A(Gσ), where G is a simple undirected graph,
D(G) is the diagonal matrix of its vertex degrees and A(Gσ) is the adjacency matrix of the signed
graph Gσ whose underlying graph is G. In this paper, basic properties of Aα(Gσ) are obtained, its
positive semidefiniteness is studied and some bounds on its eigenvalues are derived—in particular,
lower and upper bounds on its largest eigenvalue are obtained.
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1. Introduction

The theory of signed graphs has attracted the attention of several researchers in
recent decades (see Zaslavsky’s dynamic survey [1] for a mathematical bibliography of
signed graphs). Among the first contributions in this theory, we mention the works of
Harary [2] and Zaslavsky [3] (1982). Among the most recent contributions, we highlight
the works of Stanić in [4–7], in which the largest eigenvalue of signed graphs is studied.
In Belardo et al. [8], there is a recent compendium of interesting open problems.

Throughout this paper G = (V(G), E(G)) is a undirected simple graph on n vertices
such that V(G) and E(G) denote the vertex set and edge set of G, respectively. Let A(G)
be the adjacency matrix of G and let D(G) be the diagonal matrix whose (i, i)-entry is
the degree of the i-th vertex of G. The matrices L(G) = D(G) − A(G) and Q(G) =
D(G) + A(G) are the Laplacian and signless Laplacian matrices of G, respectively. Such
matrices L(G) and Q(G) are both positive semidefinite. It is known that if G is a bipartite
graph, then the spectra of L(G) and Q(G) are the same.

A signed graph is a pair Gσ = (G, σ) where σ : E(G) → {+1,−1} is a sign function
on the edges of G. Thus, a signed graph has positive and negative edges. The underlying
graph G is interpreted as a signed graph where all its edges are positive. The adjacency
matrix of Gσ is A(Gσ) = (ai,j) in which ai,j = σ(vivj) if vi and vj are adjacent and 0
otherwise. The Laplacian matrix of Gσ is L(Gσ) = D(G)− A(Gσ). Then A(Gσ) and L(Gσ)
are both real symmetric matrices. Then their eigenvalues are real, and they, counting
multiplicities, define the spectrum of Gσ and the Laplacian spectrum of Gσ, respectively.

In [9], Nikiforov introduced the convex linear combination of D(G) and A(G) matrices:

Aα(G) = αD(G) + (1− α)A(G)

where α ∈ [0, 1]. Clearly, A0(G) = A(G), A 1
2
(G) = 1

2 Q(G), and A1(G) = D(G). Then,
for 0 ≤ α ≤ 1, the spectrum of Aα(G) varies continuously from the spectrum of A(G) to
the multiset of vertex degrees of G with the spectrum of 1

2 Q(G) at the middle of the range.
Several works on Aα have already been published, some of which are [9–21]. In these

articles, properties previously shown for the adjacency matrix (α = 0) or signless Laplacian
matrix (essentially α = 1

2 ) have been extended to all α ∈ [0, 1), among other results.
If Gσ is a signed graph, the matrix Aα(Gσ) is defined in [22] as follows:
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Definition 1. For α ∈ [0, 1], let

Aα(Gσ) = αD(G) + (1− α)A(Gσ)

where D(G) is the diagonal matrix of the vertex degrees of G and A(Gσ) is the adjacency matrix
of Gσ.

Clearly, Aα(Gσ) is a real symmetric matrix. Let (−σ)(e) = −σ(e) for all e ∈ E(G).
Note that G−σ = (G,−σ) is obtained from the signed graph Gσ = (G, σ) by reversing

the sign of all edges. We see that A0(Gσ) = A(Gσ), A 1
2
(Gσ) = 1

2

(
D(G) + A(Gσ)

)
=

1
2

(
D(G)− A(G−σ)

)
= 1

2 L(G−σ), and A1(Gσ) = D(G). Thus, the spectrum of Aα(Gσ)

varies continuously from the spectrum of A(Gσ) to the multiset of vertex degrees of G with
the spectrum of 1

2 L(G−σ) at the middle of the range as α runs from 0 to 1.
To our knowledge, the first work on Aα(Gσ) is the contribution of Belardo et al. [22],

in which the results obtained in [11] on the multiplicity of α as an eigenvalue of Aα(G),
when the unsigned graph G under study has pendant vertices, are extended to Aα(Gσ).

The rest of the work is organized as follows. In Section 2, we give some preliminaries
including some basic results of the spectral theory of signed graphs. In Section 3, we derive
new basic properties of the Aα-eigenvalues of signed graphs. In Section 4, we study the
positive semidefiniteness of Aα(Gσ), and we derive some bounds on its eigenvalues. Finally,
in Section 5, we obtain lower and upper bounds on the largest eigenvalue of Aα(Gσ).

2. Preliminaries

We recall that a complex square matrix M is said Hermitian if M = M∗, where M∗ is
the conjugate transpose of M. Throughout this work, the eigenvalues λj(M), 1 ≤ j ≤ n,
of a Hermitian matrix M of order n are arranged in non-increasing order, that is,

λ1(M) ≥ . . . ≥ λn−1(M) ≥ λn(M).

We recall a simplified version of Weyl’s inequalities for eigenvalues of Hermitian
matrices (see, e.g., [23]). In [24], So establishes the conditions for the equality in the
Weyl’s inequalities.

Theorem 1. Let A and B be Hermitian matrices of order n and let 1 ≤ j ≤ n. Then

λj(A) + λn(B) ≤ λj(A + B) ≤ λj(A) + λ1(B).

In either of these inequalities the equality holds if and only if there exists a nonzero n-vector that is
an eigenvector to each of the three eigenvalues involved. In particular,

λ1(A) + λn(B) ≤ λ1(A + B) ≤ λ1(A) + λ1(B). (1)

The next result is immediate from Theorem 1.

Corollary 1. Let A and B be Hermitian matrices of order n and let 1 ≤ j ≤ n. If B is positive and
semidefinite, then

λj(A) ≤ λj(A + B).

Corollary 1 tells us that the eigenvalues of an Hermitian matrix do not decrease if a
positive semidefinite matrix is added to it.

We recall some notions of the theory of signed graphs.

Definition 2 ([2]). Let Gσ = (G, σ) be a signed graph.
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(i) An edge e ∈ E(Gσ) is positive (negative) if σ(e) = +1 (σ(e) = −1).
(ii) A positive cycle of Gσ is one in which the number of negative edges is even. A negative cycle

of Gσ is a non-positive cycle.
(iii) The sign of a path in Gσ is the product of the signs of its edges.
(iv) The signed graph Gσ is balanced if all its cycles are positive. Otherwise, Gσ is unbalanced.

We now recall the notions of switching equivalent graphs, switching isomorphic
graphs and sign-symmetric graphs.

Definition 3. Let Gσ = (G, σ) be a signed graph. For U ⊂ V(G), let GU
σ be the signed graph

obtained from Gσ by reversing the sign of each edge between a vertex in U and a vertex in V(G)\U.
The signed graph GU

σ is said to be switching-equivalent to Gσ.

Note that the signature switching preserves the set of the positive cycles.

Definition 4. Let Gσ and Gς be two signed graphs.

(i) Gσ and Gς are switching isomorphic if there is an isomorphism of the underlying graphs that
preserves the signs of cycles.

(ii) Gσ is sign-symmetric if Gσ is switching isomorphic to G−σ.

Clearly the signature-reversal changes the sign of every odd cycle and maintains
the sign of every even cycle. In particular, since unsigned bipartite graphs are odd-cycle-
free, a special case of sign-symmetric signed graphs are the bipartite graphs. There are
non-bipartite graphs that are sign-symmetric (see Figure 1, [8]).

Figure 1. A sign-symmetric signed graph that is not an unsigned bipartite graph.

In the following theorem, we collect some of the basic results in the theory of signed
graphs (see [2,5,8,25,26]).

Theorem 2. Let Gσ = (G, σ) be a signed graph. For U ⊂ V(G), let GU
σ as in Definition 3. Then:

(i) There exists a diagonal matrix S with diagonal entries ±1 such that A(GU
σ ) = S−1 A(Gσ)S.

(ii) Gσ is balanced if and only if there is a diagonal matrix S with diagonal entries ±1 such that
S−1 A(Gσ)S = A(G).

(iii) Each bridge in a signed graph can be assumed to be a positive edge.
(iv) Any signed tree is balanced.
(v) If Gσ and G−σ are sign-symmetric, then A(Gσ) and A(G−σ) share the same spectrum.
(vi) L(Gσ) is a positive semidefinite matrix.
(vii) For a connected graph G of order n, Gσ is balanced if and only if λn(L(Gσ)) = 0.

From item (i) of Theorem 2, we see that switching equivalent signed graphs share the
same spectrum.

For more results on signed graphs, the reader is referred to [2,3,27,28].

3. Some New Basic Results on the Aα-Matrix of Signed Graphs

We begin this section by mentioning that items (i), (ii), and (v) of Theorem 2 can be
easily extended to the matrix Aα(Gσ) for all α ∈ [0, 1].

Theorem 3. Let Gσ = (G, σ) be a signed graph. Let 0 ≤ α ≤ 1. For U ⊂ V(G), let GU
σ as in

Definition 3. Then:

(i) There exists a diagonal matrix S with diagonal entries±1 such that Aα(GU
σ ) = S−1 Aα(Gσ)S.
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(ii) Gσ is balanced if and only if there is a diagonal matrix S with diagonal entries ±1 such that
S−1 Aα(Gσ)S = Aα(G).

(iii) If Gσ and G−σ are sign-symmetric, then Aα(Gσ) and Aα(G−σ) share the same spectrum.

For n ≥ 3, let Kn and K1,n−1 be the complete graph and the star on n vertices, respectively.

Theorem 4. Let Gσ = (G, σ) be a signed graph on n vertices. Let G̃ς = (G̃, ς) be the signed
graph obtained from Gσ by removing an edge e ∈ E(Gσ), where ς is the restriction of σ to E(G̃). If
1
2 ≤ α ≤ 1, then

λj(Aα(Gσ)) ≥ λj(Aα(G̃ς))

for j = 1, . . . , n.

Proof. Without loss of generality, we may assume that e = v1v2. We have σ(v1v2) = ±1.
Let G̃ς be the graph obtained from Gσ by removing the edge v1v2. One can easily see that

Aα(Gσ) = Aα(G̃ς) + C

where

C =


α ±(1− α) 0 . . . 0

±(1− α) α 0 . . . 0
0 0 . . . . . . 0
...

...
...

...
...

0 0 . . . . . . 0

.

The eigenvalues of C are 1, 2α− 1, and 0 with multiplicity n− 2. Hence, if α ≥ 1
2 , then C is

a positive semidefinite matrix and by Corollary 1 the result follows.

There are two extremal cases for the sign function σ. They are σ+(e) = +1 and
σ−(e) = −1, for all e ∈ E(G). Let G+ = (G, σ+) and G− = (G, σ−). Clearly Aα(G+) =
Aα(G).

Corollary 2. Let G be a graph on n vertices. Let 1
2 ≤ α ≤ 1. Then

λ1(Aα(G−)) ≤ α(n− 2) + 1.

Proof. By repeated applications of Theorem 4, λ1(Aα(G−)) ≤ λ1(Aα(K−n )). Since
λ1(Aα(K−n )) = λ1(α(n − 1)In − (1 − α)A(Kn)) = α(n − 2) + 1, where In is the iden-
tity matrix of order n and the smallest eigenvalue of A(Kn) is equal to −1, the result
follows.

Theorem 5. Let Gσ be a connected signed graph on n vertices with only one negative edge e, which
is not a bridge. Let Gσ − e be the graph obtained from Gσ by removing e. If 1

2 < α ≤ 1, then

λ1(Aα(Gσ)) > λ1(Aα(Gσ − e)) = λ1(Aα(G− e)).

Proof. We may assume that e = v1v2. Let Gσ − e be the graph obtained from Gσ by
removing the edge v1v2. Since e is not a bridge, Gσ − e is a connected graph with only
positive edges. We have

Aα(Gσ) = Aα(Gσ − e) + C



Mathematics 2021, 9, 1990 5 of 14

where

C =


α −(1− α) 0 . . . 0

−(1− α) α 0 . . . 0
0 0 . . . . . . 0
...

...
...

...
...

0 0 . . . . . . 0

.

The eigenvalues of C are 1, 2α− 1, and 0 with multiplicity n− 2. Since α > 1
2 , λn(C) = 0.

Taking into account that Aα(Gσ − e) and C are Hermitian matrices, by use of the Weyl’s
inequality (1) in Aα(Gσ) = Aα(Gσ − e) + C, we have

λ1(Aα(Gσ)) ≥ λ1(Aα(Gσ − e)) + λn(C) = λ1(Aα(Gσ − e)). (2)

Assume that
λ1(Aα(Gσ)) = λ1(Aα(Gσ − e)).

Under this assumption, we have an equality in (2). By the necessary and sufficient condition
for the equality in the Weyl’s inequality, λ1(Aα(Gσ)), λ1(Aα(Gσ − e)) and λn(C) have a
common unit eigenvector x. Since Aα(Gσ − e) is a nonnegative irreducible matrix, from the
Perron–Frobenius theory if nonnegative matrices, all the entries of x are positive. Let
x = [x1, . . . , xn]T . We have

λn(C) = xTCx = α(x2
1 + x2

2)− 2(1− α)x1x2 =

α(x1 + x2)
2 − 2x1x2 >

1
2
(x1 − x2)

2 ≥ 0,

contradicting the fact that λn(C) = 0. Hence λ1(Aα(Gσ)) > λ1(Aα(Gσ − e)), and the proof
is complete.

The identity
Aα(G)− Aβ(G) = (α− β)L(G) (3)

plays a crucial role in [9]. Using the identity (3) together with the Weyl’s inequalities and
the fact that for a connected graph λn(L(G)) = 0 is a simple eigenvalue with eigenvector
the all ones vector, the following theorem is proved in [9]:

Theorem 6 ([9], Proposition 4). Let 1 ≥ α > β ≥ 0. If G is a graph of order n, then

λk(Aα(G))− λk(Aβ(G)) ≥ λn(L(G)) = 0 (4)

for any k = 1, . . . , n. If G is connected, then the inequality (4) is strict, unless k = 1 and G
is regular.

In the following theorem, the identity (3) and Theorem 6 are extended to signed graphs.

Theorem 7. Let Gσ = (G, σ) where G is a graph of order n. Let 1 ≥ α > β ≥ 0. Then:

(i)
Aα(Gσ)− Aβ(Gσ) = (α− β)L(Gσ). (5)

(ii) For 1 ≤ k ≤ n,
λk(Aα(Gσ)) ≥ λk(Aβ(Gσ)). (6)

If Gσ is a connected balanced signed graph, the inequality (6) is strict, unless k = 1 and Gσ

is regular.
(iii) If Gσ is a connected signed graph that is unbalanced, then all the inequalities in (6) are strict.
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Proof.

(i) It is immediate that (5) holds. In fact,

Aα(Gσ)− Aβ(Gσ) = (α− β)(D(G)− A(Gσ)) = (α− β)L(Gσ).

(ii) Suppose 1 ≥ α > β ≥ 0 and 1 ≤ k ≤ n. From (5),

Aα(Gσ) = Aβ(Gσ) + (α− β)L(Gσ).

Applying the Weyl’s inequalities and the fact that λn(L(Gσ)) ≥ 0 , we obtain

λk(Aα(Gσ)) ≥ λk(Aβ(Gσ)) + (α− β)λn(L(Gσ)) ≥ λk(Aβ(Gσ)). (7)

Thus, the inequality (6) is obtained. Suppose that Gσ is a connected balanced graph.
Then, by item (vii) of Theorem 2, λn(L(Gσ)) = 0, and by item (ii) of Theorem 3, the
matrices Aα(Gσ), Aβ(Gσ) and L(Gσ) are similar to Aα(G), Aβ(G) and L(G), respec-
tively. Thus, the condition of strict inequality is reduced to the case of Theorem 6, and
the result follows.

(iii) Suppose 1 ≥ α > β ≥ 0 and Gσ is a connected unbalanced graph. By item (vii)
of Theorem 2, λn(L(Gσ)) > 0. Then the last inequality in (7) is strict, and the
result follows.

This completes the proof.

Since σ+(e) = +1 and σ−(e) = −1, for all e ∈ E(G), we have

• if σ = σ+ then Aα(G+) = Aα(G) and L(G+) = L(G), and
• if σ = σ− then L(G−) = Q(G).

Corollary 3. Let G be a graph of order n. Let 1 ≥ α > β ≥ 0. Then:

(i) If σ = σ− and G is bipartite, then

λk(Aα(G−))− λk(Aβ(G−)) ≥ λn(L(G)) = 0 (8)

for k = 1, . . . , n. If G is connected, then the inequality (8) is strict, unless k = 1 and G
is regular.

(ii) If σ = σ− and G is a connected non-bipartite graph, then all the inequalities in (6) are strict.

Proof.

(i) Suppose σ = σ− and G are bipartite. Then L(Gσ) = L(G−) = Q(G), all the edges
of G− are negative, λn(Q(G)) = λn(L(G)) = 0, and G does not contain odd cycles.
Hence G− is balanced. If, in addition, G is connected, then G− is a connected balanced
signed graph and the result follows from Theorem 7.

(ii) If σ = σ− then L(G−) = Q(G). The result follows from Theorem 7 using the fact that
the smallest eigenvalue of the signless Laplacian matrix of a connected non-bipartite
graph is positive.

This completes the proof.

In the following theorem, we collect some immediate consequences of the positive
semidefiniteness of L(Gσ), Equation (5) and Rayleigh’s principle for Hermitian matrices,
which extend the results given in [9] to the theory of signed graphs.

Theorem 8. Let Gσ = (G, σ) where G is a graph of order n. Let x = [x1, . . . , xn]T be a column
vector:

(i) If 1 ≥ α ≥ β ≥ 0 then xT Aα(Gσ)x ≥ xT Aβ(Gσ)x.
(ii) λ1(Aα(Gσ)) = max{xT Aα(Gσ)x : ‖x‖2 = 1}.
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(iii) If x is a unit vector then λ1(Aα(Gσ)) = xT Aα(Gσ)x if and only if x is an eigenvector to
λ1(Aα(Gσ)).

(iv) λn(Aα(Gσ)) = min{xT Aα(Gσ)x : ‖x‖2 = 1}.
(v) If x is a unit vector then λn(Aα(Gσ)) = xT Aα(Gσ)x if and only if x is an eigenvector to

λn(Aα(Gσ)).
(vi) λ1(Aα(Gσ)) = max{λ1(Aα(H)) : H is a component of Gσ}.
(vii) λn(Aα(Gσ)) = min{λn(Aα(H)) : H is a component of Gσ}.

4. Positive Semidefiniteness of Aα(Gσ) and Some Bounds

We write d(u) for the degree of u ∈ V(G). In order to continue searching for more basic
properties of Aα(Gσ), we observe that the quadratic form xT Aα(Gσ)x can be represented
as follows:

xT Aα(Gσ)x = ∑
uv∈E(G)

(αx2
u + 2σ(uv)(1− α)xuxv + αx2

v).

xT Aα(Gσ)x = (2α− 1) ∑
u∈V(G)

d(u)x2
u + (1− α) ∑

uv∈E(G)

(xu + σ(uv)xv)
2. (9)

xT Aα(Gσ)x = α ∑
u∈V(G)

d(u)x2
u + 2(1− α) ∑

uv∈E(G)

σ(uv)xuxv. (10)

We note that the expressions (9) and (10) are obtained from xT A(Gσ)x, the definition
of Aα(Gσ), and some algebra.

Theorem 9. If 1
2 ≤ α ≤ 1, then Aα(Gσ) is positive semidefinite. If 1

2 < α ≤ 1 and G has no
isolated vertices, then Aα(Gσ) is positive and definite.

Proof. Let α ≥ 1
2 . From (9), for any uv ∈ E(G), we have

xT Aα(Gσ)x ≥ (2α− 1)x2
u + (2α− 1)x2

v + (1− α)(xu + σ(uv)xv)
2 ≥ 0. (11)

Hence Aα(Gσ) is positive semidefinite. Let α > 1
2 . Suppose that G has no isolated vertices.

Let x 6= 0. Then xu 6= 0 for some vertex u. There exists v ∈ V(G) such that uv ∈ E(G). Since
α > 1

2 , from (11), it follows that xT Aα(Gσ)x > 0 and thus Aα(Gσ) is positive definite.

Let G be a connected graph. Let f (α) = λn(Aα(Gσ)) = λmin(Aα(Gσ)). Then f (0) =
λmin(A(Gσ)) < 0 and f (1) = λmin(D(G)) > 0. From Theorem 7, f is a strictly increasing
function in [0, 1]. In addition, f is a continuous function. Hence there exists a smallest
α ∈ (0, 1) such that f (α) = 0. Denote this value by α0(Gσ). If G is a disconnected graph,
we define

α0(Gσ) = max{α0(Hς) : H is a component of G},

where ς is the restriction of σ to H.
Then Aα(Gσ) is positive semidefinite if and only if 1 ≥ α ≥ α0(Gσ). Moreover,

α0(Gσ) ≤ 1
2 .

Remark 1. Since α0 of any signed component of a signed graph Gσ does not exceed the value 1
2 ,

if there exists a component Hς such that α0(Hς) =
1
2 , then α0(Gσ) =

1
2 .

The problem 8 posed by Nikiforov in [9] can be extended to the context of signed
graphs as follows:

Problem 1. Given a signed graph Gσ, find α0(Gσ).

We present below some progress regarding Problem 1.
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Theorem 10. If G is a d-regular graph of order n, then

α0(Gσ) =
−λmin(A(Gσ))

d− λmin(A(Gσ))
. (12)

Proof. Since G is d-regular of order n,

Aα(Gσ) = αdIn + (1− α)A(Gσ),

where In is the identity matrix of order n. Hence

λmin(Aα(Gσ)) = αd + (1− α)λmin(A(Gσ)).

The right side of this identity strictly increases with α; thus α0(Gσ) is the unique solution
of the equation

αd + (1− α)λmin(A(Gσ)) = 0,

which gives (12).

We now recall a necessary and sufficient condition for an unsigned graph G to have
a0(G) = 1

2 .

Lemma 1 ([15], Corollary 7). If G is a nonempty graph, then α0(G) = 1
2 if and only if G has a

bipartite component.

The following result gives us a necessary and sufficient condition for a signed graph
Gσ to be bipartite.

Lemma 2 ([29], Corollary 1.1). Let Gσ be a signed graph. The signed graph G−σ is balanced if
and only if Gσ is bipartite.

From now on, Hς = (H, ς) is used to denote a signed subgraph of Gσ = (G, σ) where
ς is the restriction of σ to the edge set of the graph H denoted by E(H), that is, ς(e) = σ(e)
for all e ∈ E(H).

Theorem 11. Let Gσ = (G, σ) be a signed graph. Then,

(i) If Gσ contains a balanced bipartite component then α0(Gσ) =
1
2 .

(ii) If Gσ contains a component Hς such that H−ς is balanced then α0(Gσ) =
1
2 .

(iii) If σ = σ−, then α0(G−) = 1
2 .

Proof.

(i) Suppose that Gσ contains a balanced bipartite component Hς. From item (ii) of
Theorem 3; Aα(Hς) and Aα(H) have the same spectrum. Then, α0(Hς) = α0(H).
Since H is bipartite, by Lemma 1, α0(H) = α0(Hς) =

1
2 . Hence α0(Gσ) =

1
2 .

(ii) Suppose that Gσ contains a component Hς such that H−ς is balanced. By Lemma 2,
Hς is a bipartite component of Gσ. Hence α0(Gσ) =

1
2 .

(iii) It is an immediate consequence of item (ii).

This completes the proof.

Remark 2. The converse of Theorem 11 (i) is not true. A counterexample is the signed graph Gσ

depicted in Figure 2 in which the continuous lines are the positive edges and the dashed ones are the
negative edges. This graph does not contain a balanced bipartite component. However, if Hς is the
component at the right, H−ς is balanced, and then, from Theorem 11 (ii), α0(Gσ) =

1
2 .
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1 2

34

5 6

78

Figure 2. α0(Gσ) =
1
2 .

Let di(G) = di be the degree of the i-th vertex of G. Let δ and ∆ be the minimum and
maximum degree of G, respectively.

Applying Theorem 7, the results of Proposition 10 in [9] for unsigned graphs can be
easily extended to signed graphs.

Theorem 12. Let Gσ = (G, σ) where G is a graph of order n with vertex degrees ∆ ≥ d2 ≥ . . . ≥
dn−1 ≥ δ. Let 0 ≤ α ≤ 1. If 1 ≤ j ≤ n then

λj(Aα(Gσ)) ≤ dj.

In particular,
λn(Aα(Gσ)) ≤ δ (13)

and
λ1(Aα(Gσ)) ≤ ∆. (14)

We observe that ∆ is an upper bound on λ1(Aα(Gσ)) for any α ∈ [0, 1] and any sign
function on E(G).

The upper bound (13) on λn(Aα(Gσ)) can be improved as is shown in the next result.

Theorem 13. Let Gσ = (G, σ) where G is a graph of order n. Let 0 ≤ α ≤ 1. Then:

(i) For 1 ≤ j ≤ n,

αδ + (1− α)λj(A(Gσ)) ≤ λj(Aα(Gσ)) ≤ α∆ + (1− α)λj(A(Gσ)).

(ii)
λn(Aα(Gσ)) ≤ αδ.

Proof. The proof of the result (i) is immediate from the Weyl’s inequalities. Let v be a
vertex with a minimum degree δ. Let y be the n-vector whose entries are zeroes except the
entry yv = 1. Then

λn(Aα(Gσ)) = min
‖x‖2=1

xT Aα(Gσ)x ≤ yT Aα(Gσ)y = αδ,

which completes the proof of (ii).

5. Bounds on the Largest Eigenvalue of Aα(Gσ)

We remember that λ1(M) is denoting the largest eigenvalue of a real symmetric matrix
M. Here we present some bounds on the largest eigenvalue of Aα(Gσ). In particular, when
α = 0, we have the index of a signed graph, and some recent results on this index are given
in [4–6] and [30].

Theorem 14. Let Gσ = (G, σ), where G is a graph on n vertices. Let 0 ≤ α < 1. Then

λ1(Aα(Gσ)) ≤ λ1(Aα(G)).

Proof. Let x = [x1, . . . , xn]T be a unit eigenvector to λ1(Aα(Gσ)). Let |x| = [|x1|, . . . , |xn|]T .
Then

λ1(Aα(Gσ)) = xT Aα(Gσ)x ≤ |x|T |Aα(Gσ)||x| = |x|T Aα(G)|x|
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≤ max
‖z‖2=1

zT Aα(G)z = λ1(Aα(G)).

This completes the proof.

At this moment, we recall the following result.

Lemma 3 ([7], Lemma 2.1). For a connected signed graph Gσ, if λ1(A(Gσ)) = λ1(A(G)), then
Gσ and G are switching equivalent.

Theorem 15. If 0 ≤ α < 1 and if Gσ = (G, σ), where G is a graph on n vertices, m edges and
maximum degree ∆, then:

(i)
λ1(Aα(Gσ)) ≤ α∆ + (1− α)λ1(A(G)). (15)

The equality holds in (15) if and only if Gσ contains a ∆-regular balanced component.
(ii) If, in addition, G is connected, then

λ1(Aα(Gσ)) ≤ α∆ + (1− α)
√

2m− n + 1. (16)

The equality holds in (16) if and only if Gσ = (Kn, σ) is balanced.
(iii)

λ1(Aα(Gσ)) < α∆ +
1
2
(1− α)(

√
1 + 8m− 1). (17)

Proof.

(i) By definition Aα(Gσ) = αD(G) + (1− α)A(Gσ). Using the Weyl’s inequality (1),
λ1(D(G)) = ∆ and Theorem 14, we get

λ1(Aα(Gσ)) ≤ αλ1(D(G)) + (1− α)λ1(A(Gσ))

≤ α∆ + (1− α)λ1(A(G)).

Thus, the inequality (15) is obtained. Let Hς be a component of Gσ such that

λ1(Aα(Gσ)) = λ1(Aα(Hς)). (18)

Suppose that Hς is ∆-regular and balanced. Then

λ1(Aα(Hς)) = λ1(Aα(H)) = ∆

and
∆ = λ1(A(Hς)) = λ1(A(H)) ≤ λ1(A(G)) ≤ ∆.

Hence
λ1(Aα(Gσ)) = ∆ = αλ1(D(G)) + (1− α)λ1(A(G)).

Conversely, suppose that the equality in (15) holds. That is,

λ1(Aα(Gσ)) = α∆ + (1− α)λ1(A(G)). (19)

We will show that Hς is ∆-regular and balanced. We have Aα(Hς) = αD(H) + (1−
α)A(Hς). Applying the Weyl’s inequality (1), λ1(D(H)) ≤ ∆ and Theorem 14, we get

λ1(Aα(Hς)) ≤ αλ1(D(H)) + (1− α)λ1(A(Hς)) ≤ α∆ + (1− α)λ1(A(H)). (20)

From (18)–(20), we obtain λ1(A(G)) ≤ λ1(A(H)). Hence λ1(A(G)) = λ1(A(H)).
This result, together with (18) and (19) imply

λ1(Aα(Hς)) = α∆ + (1− α)λ1(A(H))
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and λ1(D(H)) = ∆. Hence λ1(A(Hς)) = λ1(A(H)). Since Hς is a connected graph,
from Lemma 3, Hς and H are switching equivalent. Therefore, Hς is a balanced signed
graph. Moreover, from Theorem 1, since

λ1(Aα(Hς)) = αλ1(D(H)) + (1− α)λ1(A(Hς)),

λ1(Aα(Hς)), λ1(D(H)) and λ1(A(H)) have a common eigenvector x. Since H is
a connected graph, A(H) is a nonnegative irreducible matrix, and then, from the
Perron–Frobenius Theory for nonnegative matrices, all the entries of x are positive.
This fact and D(H)x = ∆x imply that the degrees of H are equal, and thus Hς is a
∆-regular graph.

(ii) We recall the Yuan’s bound [31]: for any connected graph,

λ1(A(G)) ≤
√

2m− n + 1,

where the equality occurs if and only if G is a complete or star graph. We use this
bound in (15) to obtain (16). Now, we use the information for the equality in (15) to
conclude that the equality in (16) holds if and only if Gσ = (Kn, σ) is balanced.

(iii) We now recall the Stanley’s bound [32]:

λ1(A(G)) ≤ 1
2

(√
1 + 8m− 1

)
,

where the equality occurs if and only if m = (k
2) and G is a disjoint union of the

complete graph Kk and isolated vertices. We use this bound in (15) to obtain (17).
Since the condition for the equality in the Stanley’s bound is given by a graph that is
not a regular graph, the inequality in (17) is strict.

This completes the proof.

Remark 3. Concerning upper bounds (16) and (17), for 0 ≤ α < 1:

• if
√

2m− n + 1 < ∆, then (16) improves the upper bound on λ1(Aα(Gσ)) obtained from (14),
and

• if
√

1 + 8m < 2∆ + 1, then (17) improves the upper bound on λ1(Aα(Gσ)) obtained
from (14).

The frustration index of an unbalanced signed graph Gσ, denoted by l(Gσ), is the
minimum number of edges in E(Gσ) that need to be removed in order to obtain a balanced
signed graph, say Hς. Thus, every cycle in Hς is positive. If Gσ is unbalanced, l(Gσ) ≥ 1.

We recall some upper bounds on λ1(A(Gσ)).

Theorem 16 ([5], Theorem 3.2). For an unbalanced signed graph Gσ with n vertices, m edges
and frustration index l(Gσ),

λ1(A(Gσ)) ≤
1
2
(
√

1 + 8(m− l(Gσ)))− 1.

If, in addition, G is connected, then

λ1(A(Gσ)) ≤
√

2(m− l(Gσ))− n + 1.

We know that
λ1(Aα(Gσ)) ≤ α∆ + (1− α)λ1(A(Gσ))

where ∆ is the maximum degree of G.
The upper bounds (16) and (17) in Theorem 15 can be improved by applying the upper

bounds on λ1(A(Gσ)) given in Theorem 16.
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Theorem 17. For an unbalanced signed graph Gσ with n vertices, m edges, frustration index
l(Gσ), and maximum degree ∆,

(i)

λ1(Aα(Gσ)) ≤ α∆ +
1
2
(1− α)(

√
1 + 8(m− l(Gσ))− 1).

(ii) If, in addition, G is connected, then

λ1(Aα(Gσ)) < α∆ + (1− α)
√

2(m− l(Gσ))− n + 1.

We now recall bounds for α-index of G in terms of α and the vertex degrees of G.

Theorem 18 ([9], Theorem 20). If G is a graph with no isolated vertices, then

λ1(Aα(G)) ≤ max
u∈V(G)

{
αd(u) +

1− α

d(u) ∑
uv∈E(G)

d(v)
}

. (21)

and

λ1(Aα(G)) ≥ min
u∈V(G)

{
αd(u) +

1− α

d(u) ∑
uv∈E(G)

d(v)
}

. (22)

If 1
2 < α < 1 and G is connected, equality in (21) and (22) holds if and only if G is regular.

Theorem 19. Let Gσ be a connected unbalanced signed graph of order n. Let Hς be the graph
obtained from Gσ by removing l(Gσ) edges such that Hς is balanced. If 1

2 < α < 1 then

λ1(Aα(Gσ)) > λ1(Aα(Hς)) = λ1(Aα(H)). (23)

Proof. We have l(Gσ) ≥ 1 and Hς is a balanced spanning subgraph of Gσ. Suppose that
l(Gσ) = 1. Then, without loss of generality, we may assume that Gσ has only one negative
edge. We apply Theorem 5 to get (23). Suppose now that l(Gσ) > 1. Let G1 = Gσ. Let Gt

be the signed graph obtained from Gt−1 by removing one negative edge, 2 ≤ t ≤ l(Gσ).
Repeated applications of Theorem 4 yield

λ1(Aα(Gσ)) ≥ λ1(Aα(G2)) ≥ . . . ≥ λ1(Aα(Gl(Gσ))).

Observe that each graph Gt is connected and unbalanced. Moreover, Gl(Gσ) has only one
negative edge. Removing this negative edge from Gl(Gσ) results in the balanced graph Hς.
Applying Theorem 5, we obtain

λ1(Aα(Gl(Gσ))) > λ1(Aα(Hς)).

Thus, the strict inequality (23) is obtained.

Applying the lower bound (22) to λ1(Aα(H)) in Theorem 19, we obtain

Theorem 20. Let Gσ be a connected unbalanced signed graph. Let 1
2 ≤ α < 1. If H is as in

Theorem 19, then

λ1(Aα(Gσ)) > min
u∈V(H)

{
αd(u) +

1− α

d(u) ∑
uv∈E(H)

d(v)
}

.

The following result gives a lower bound on λ1(Aα(G)) in terms of α and the maxi-
mum degree of G.
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Theorem 21 ([9], Theorem 12). If G is a graph with maximum degree ∆, then

λ1(Aα(G)) ≥ 1
2

(
α(∆ + 1) +

√
α2(∆ + 1)2 + 4∆(1− 2α)

)
. (24)

If 0 ≤ α ≤ 1 and G is connected, equality holds if and only if G = K1,∆.

Applying the lower bound (24) to λ1(Aα(H)) in Theorem 19, we get

Theorem 22. Let Gσ be a connected unbalanced signed graph. Let 1
2 < α < 1. If H in Theorem 19

is a graph with maximum degree ∆(H), then

λ1(Aα(Gσ)) >
1
2

(
α(∆(H) + 1) +

√
α2(∆(H) + 1)2 + 4∆(H)(1− 2α)

)
.

6. Conclusions

Since the spectrum of Aα(Gσ) varies continuously from the spectrum of A(Gσ) to the
multiset of vertex degrees of G with the spectrum of 1

2 L(G−σ) at the middle of the range
as α runs from 0 to 1, the study of Aα(Gσ) = αD(G) + (1− α)A(Gσ) allows us to extend
results on A(Gσ) and L(G−σ) to Aα(Gσ) to all α in some subintervals of [0, 1].

In this work, we obtained basic properties of Aα(Gσ) together with results on its posi-
tive semidefiniteness and the derivation of some bounds on its eigenvalues. In particular,
different lower and upper bounds on its largest eigenvalue (depending on whether the
signed graph is balanced or unbalanced) have been derived in terms of parameters such as
frustration index, maximum degree, number of edges, and number of vertices.

Since Aα(Gσ) has been recently introduced, we believe that our results will be useful
in future research such as extremal problems, new bounds on the eigenvalues of Aα(Gσ),
new results about the positive semidefiniteness of Aα(Gσ).

Author Contributions: Conceptualization, G.P., O.R. and L.M.; methodology, G.P., O.R. and L.M.;
software, G.P.; validation, G.P., O.R. and L.M.; formal analysis, G.P. and O.R.; investigation, G.P., O.R.
and L.M.; resources, G.P., O.R. and L.M.; writing—original draft preparation, G.P.; writing—review
and editing, G.P., O.R. and L.M.; visualization, G.P.; supervision, O.R. All authors have read and
agreed to the published version of the manuscript.

Funding: The research of G. Pastén was partially supported by CONICYT-PFCHA/Doctorado
Nacional/2017-21170391, Chile, and by the 2019 National Science Foundation grant DMS #1757603
(REU program 2019).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The authors are very grateful to the anonymous referees for all their corrections
and comments. G. Pastén would like to thank Charles Johnson for their hospitality and good
environment at the College of William and Mary (REU program 2019), where part of this research
was conducted. O. Rojo would like to thank the support of VRIDT-UCN-083-2020 Núcleo 6. L. Medina
would like to thank the Mathematics Colloquium Project CR-4486, Universidad de Antofagasta,
Chile, for its support.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Zaslavsky, T. A Mathematical Bibliography of Signed and Gain Graphs and Allied Areas. Electron. J. Comb. 2018. [CrossRef]
2. Harary, F. On the notion of balance of a signed graph. Mich. Math. J. 1953–1954, 2, 143–146. [CrossRef]
3. Zaslavsky, T. Signed graphs. Discret. Appl. Math. 1982, 4, 47–74. [CrossRef]
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8. Belardo, F.; Cioabă, S.M.; Koolen, J.; Wang, J. Open problems in the spectral theory of signed graphs. Art Discret. Appl. Math.

2018, 1, #P2.10.
9. Nikiforov, V. Merging the A- and Q-spectral theories. Appl. Anal. Discret. Math. 2017, 11, 81–107. [CrossRef]
10. Cardoso, D.M.; Pastén, G.; Rojo, O. Graphs with clusters perturbed by regular graphs-Aα-spectrum and applications. Discuss.

Math. Graph Theory 2020, 40, 451–466. [CrossRef]
11. Cardoso, D.M.; Pastén, G.; Rojo, O. On the multiplicity of α as an eigenvalue of Aα of graphs with pendant vertices. Linear Algebra

Appl. 2018, 552, 52–70. [CrossRef]
12. Lin, H.; Huang, X.; Xue, J. A note on the Aα-spectral radius of graphs. Linear Algebra Appl. 2018, 557, 430–437. [CrossRef]
13. Lin, H.; Xue, J.; Shu, J. On the Aα-spectra of graphs. Linear Algebra Appl. 2018, 556, 210–219. [CrossRef]
14. Liu, X.; Liu, S. On the Aα-characteristic polynomial of a graph. Linear Algebra Appl. 2018, 546, 274–288. [CrossRef]
15. Nikiforov, V.; Rojo, O. A note on the semidefiniteness of Aα(G). Linear Algebra Appl. 2017, 519, 156–163. [CrossRef]
16. Nikiforov, V.; Pastén, G.; Rojo, O.; Soto, R.L. On the Aα-spectra of trees. Linear Algebra Appl. 2017, 520, 286–305. [CrossRef]
17. Nikiforov, V.; Rojo, O. On the α-index of graphs with pendent paths. Linear Algebra Appl. 2018, 550, 87–104. [CrossRef]
18. Rojo, O. The α-index of trees with k pendent vertices and its computation. Electron. J. Linear Algebra 2020, 36, 38–46. [CrossRef]
19. Wang, J.F.; Wang, J.; Liu, X.; Belardo, F. Graphs whose Aα-spectral radius does not exceed 2. Discuss. Math. Graph Theory 2020,

40, 677–690.
20. Xue, J.; Lin, H.; Liu, S.; Shu, J. On the Aα-spectral radius of a graph. Linear Algebra Appl. 2018, 550, 105–120. [CrossRef]
21. Xue, J.; Lin, H.; Liu, S.; Shu, J. On the α-spectral radius of irregular uniform hypergraphs. Linear Multilinear Algebra 2020, 68,

265–277.
22. Belardo, F.; Brunetti, M.; Ciampella, A. On the multiplicity of α as an Aα(Γ)-eigenvalue of signed graphs with pendant vertices.

Discret. Math. 2019, 342, 2223–2233. [CrossRef]
23. Horn, R.; Johnson, C.R. Matrix Analysis; Cambridge University Press: Cambridge, UK, 1985; p. xiii+561.
24. So, W. Commutativity and spectra of Hermitian matrices. Linear Algebra Appl. 1994, 212–213, 121–129. [CrossRef]
25. Belardo, F. Balancedness and the least eigenvalue of Laplacian of signed graphs. Linear Algebra Appl. 2014, 446, 133–147. [CrossRef]
26. Ghorbani, E.; Haemers, W.H.; Maimani, H.R.; Majd, L.P. On sign-symmetric signed graphs. Ars. Math. Contemp. 2020, 19, 83–93.

[CrossRef]
27. Hou, Y.; Li, J.; Pan, Y. On the Laplacian eigenvalues of signed graphs. Linear Multilinear Algebra 2018, 51, 21–30. [CrossRef]
28. Zaslavsky, T. Matrices in the theory of signed simple graphs. In Advances in Discrete Mathematics and Applications: Mysore, 2008;
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