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1. Introduction

Let (M, §) be a metric space, f : M — M, and ¢ : M — [0, +c0). In this paper, we are
interested in obtaining sufficient conditions on (M, ¢), f, and g, ensuring that

{ Fix(f) # @, "
Fix(f) € g1 ({0}),

where Fix( f) denotes the set of fixed points of f. In this case, we say that Fix( f) is g-admissible.

The main motivation for studying problems of type (1) comes from the theory of
partial metric spaces (see e.g., [1,2]) and essentially from Ioan A. Rus’s paper [3]. Namely,
let (M, p) be a complete partial metric space and f : M — M be a given mapping. Suppose
that there exists 0 < ¢ < 1 such that

o(f(y), f(z)) < oply,z), )

for all y,z € M. Then (see [2]) f has a unique fixed point z* € M. Moreover, p(z*,z*) = 0.
Consider now the mapping d, : M x M — [0, +c0) defined by

op(y,2) =20(y,2) —p(y,y) —p(z,2), y,z€M.

Then (see [4]) (M, (5p) is a complete metric space. Moreover, (2) is equivalent to

So(f), f(2) +o(f), f(y) +o(f(2), f(2) <o (6p(y,2) + (v, y) +p(z,2)),

forall y,z € M. In [3], Ioan A. Rus proposed to study the class of mappings f satisfying
the more general condition

S(f(y), f(2)) +8(f(y) +8(f(z)) <oy, z) +8y) +8(2), 3)

for all y,z € M, where ¢ is a metricon M and g : M — [0, +c0) is a given mapping. In [5],
it was shown that, if (M, ¢) is complete, g is lower semi-continuous, and f and g satisfy (3),
then f admits a unique fixed point z* € M. Moreover, g(z*) = 0. Some extensions and
generalizations of the obtained result in [5] can be found in [6-12] (see also the references
therein). Some recent results related to fixed point theory in partial metric spaces can be
found in [13-16] (see also the references therein).
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This work is concerned with the study of new classes of mappings f : M — M
for which we derive g-admissibility results. The next section of this paper is devoted to
some definitions and preliminaries. In Section 3, we present and prove our main results.
In Section 4, we investigate some special cases and provide some examples.

2. Preliminaries

Let (M, ) be a metric space and u : M x M — R. Let H be the set of functions
h:[0,4+00) — [0, +00) satisfying:

(H1) h is nondecreasing,

foo ,
(H2) Y " h'(s) < +ooforall s > 0, where ' is the ith iterate of .

i=0

Throughout this paper, N denotes the set of natural numbers. We recall below some
notions introduced in [17] (see also [18]).
Definition 1. A sequence {z,} C M is y-regular, if u(zy, zy41) > 1 foralln € N.

Definition 2. A sequence {z,} C M is p-Cauchy, if {z,} is p-regqular and {z, } is a Cauchy se-
quence.

Definition 3. The metric space (M, ) is y-complete, if every u-Cauchy sequence in M is conver-
gent to an element of M.

Definition 4. A mapping f : M — M is p-continuous, if for every p-regular sequence {z,} C M,

lim 6(zp,z)=0,ze M = ngTwé(f(zn),f(z)) =0.

n—r—+4o00

Definition 5 (see [8]). Let f : M — Mand g : M — [0,+o0). The set Fix(f) is said to be
g-admissible, if it satisfies (1).

Some examples on the above notions are given below.

Example 1. Let M = Rand p : M x M — R be the mapping defined by
_ a2 T . 2 (TS
u(t,s) = sin ( > ) + sin ( 5 ), (t,s) € M x M.
Let {z,} C M be the sequence defined by

zp=mn, nécN.

Then, foralln € N,

w(zn znt1) = sinz(m)_i_sinz(W)

which shows that {z, } is y-regular.
Example 2. Let M = C([0,1]) and ¢ be the metric on M defined by

o(f,8) = max [f(t) —g(t)], f,g€M.

0<t<1
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Let u : M x M — R be the mapping defined by

uhg) = [ FOg)ds fge M

Consider the sequence {z, } C M defined by

zn(t)—exp< ), 0<t<1.

n+1

Since {z,} is a convergent sequence (it converges uniformly to z(t) = 1), then {z,} is a
Cauchy sequence. Moreover, for alln € N,

1 t t
— - - >
]J(Zn,zn+1) /(; eXp( 1> eXp( > dt 1.

Then {zy} is p-reqular. Consequently, {z,} is a u-Cauchy sequence.

Example 3. Let M = (0,+o0) and 6 = |- | (i.e., 6(y,z) = |y — z| forall y,z € M). Obviously
(M, 0) is not complete. Let pt : M x M — R be the mapping defined by

_ 1 l_f tlszl/
#(ffs)—{ 0 if 0<t<lor0<s<Ll

Consider a y-Cauchy sequence {z,} C M. Due to the p-reqularity of {z,}, by the definition
of u, we deduce that {z,} C M = [1,00). Since (M,9) is complete and {z,} is a Cauchy
sequence, then {z,} converges to some z € M C M. This shows that (M, d) is y-complete.
Consider now the function f : M — M defined by

—Int if 0<t<]l,

f(t):{t if t>1.

Clearly f is not continuous at 1. However, for any u-regular sequence {z, } C M (recall that in
this case zy, > 1foralln),if zz — z € M,asn — oo, thenz > land f(z,) =z, — f(z) =z
as n — ~-oo. This shows that f is y-continuous.

The proof of the following lemma can be found in [19].

Lemma 1. Let h € H. Then
(i) h(s) <sforalls >0,
(i) h(0) =0,

(iii) h is continuous at 0.

3. Main Results

The first main result of this paper is the following.

Theorem 1. Let (M, 5) be a metric space, y: M X M = R, f: M — M, and g : M — [0, +o0).
Assume that
(i) (M,9) is u-complete,
(i) fis p-continuous,
(i) u(z f(z)) >1forallz € M.
Suppose also that there exists h € H such that

w(y,2)(6(f(y), f(2) +8(f(y) +8(f(2)) <h(d(y,z) +g(y) +8(2)), 4)
forally,z € M. Then
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(I) Fix(f) is g-admissible,
(I) Forall zyg € M, the Picard sequence { f"(zo) } converges to a fixed point of f.

Proof. We first show that
Fix(f) € g~ ({0}). ©)

If Fix(f) = @, then (5) is obvious. So, suppose that Fix(f) # @ and let z € Fix(f).
Taking y = z in (4), we obtain

1(z,2)(0(f(2), f(z)) +8(f(2)) + 8(f(2))) < h(d(z2) +8(z) +8&(2)),
that is,
28(z)p(z, f(2)) < h(28(2)).
Due to (iii), we deduce that

2¢(z) < h(2g(2)). (6)

If g(z) > 0, then by the statement (i) of Lemma 1, we have

h(2g(2)) < 28(2). )

Hence, (6) and (7) lead to a contradiction. Consequently, g(z) = 0 and (5) follows.
The second step consists in showing that Fix(f) is a nonempty set. Fix zg € M and
consider the Picard sequence {z,} C M defined by

Zyt1 = f(zn), meN. (8)
Then, for n > 1, taking (y,z) = (z,-1,2x) in (4), we obtain
a1 20) (O G 1) f(20)) + 8(F(u 1)) + 8(F ) < h(6(zn1,20) + 8(za-1) +8(20)),
that is,
#(zn-1,21) (8(2n, Zn41) + 8(2n) + 8(2n11)) < M(S(2u-1,20) + g(2n-1) + 8(2n))-
Since by (iii) {z, } is p-regular, the above inequality leads to
T < h(ty-1), n>1,

where
Ty = 8(z,2ns1) + 8 (2n) + (20 41). 9)

By (H1), the above inequality leads to

7 < h(n), & <h(n) <k (n), B <h(n) <o), -,

that is,
T <h'(w), n>1 (10)

Since 6(zy,zy41) < Ty, we deduce that

0(zn,zpy1) < W' (), n>1. (11)
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Using (11) and the triangle inequality, for n < m, it holds that

m—1

3(zn,zm) < Zé(zrrzrﬂ)

r=n
m—1

< ) W(w)
r=n
—+o0

< ) H(w).
r=n

Hence, due to (H2) and the statement (ii) of Lemma 1, we deduce that

A e zn) =0

which proves that {z,} is a Cauchy sequence, and then {z,} is y-Cauchy. Therefore,
by (i), we deduce that {z,} converges to some z* € M. Since {z,} is y-regular and f
is py-continuous (by (ii)), it holds that {f(z,)} = {z,+1} converges to f(z*). Then the
uniqueness of the limit leads to z* = f(z*), that is, z* € Fix(f). Consequently

Fix(f) # @. (12)

Hence, (5) and (12) show that Fix(f) is g-admissible, which proves (I). Finally, (II)
follows from the the arbitrary choice of zg and the convergence of {z,} to an element of
Fix(f). O

Our next result is the following.

Theorem 2. Let (M, §) be a metric space, y: M X M — R, f: M — M, and g : M — [0, +00).
Assume that conditions (i) and (iii) of Theorem 1, and (4) hold. Moreover, suppose that

(@) g is lower semi-continuous,
(b) For any u-reqular sequence {u,} C M,

1_131 S(ug,u) =0, u e M = FkeN: u(uy,u)>1,n>k
n (o)

Then

(I) Fix(f) is g-admissible,
(I) Forall zyg € M, the Picard sequence { f"(zo) } converges to a fixed point of f.

Proof. From the proof of Theorem 1, (5) holds, and the Picard sequence {z,} defined
by (8) is u-regular and converges to some z* € M. By (b), we deduce that there exists k € N
such that

w(zn,z) >1, n>k (13)

On the other hand, by (H2), the statement (ii) of Lemma 1, and (10), we deduce that

lim T, =0.
n—r—+00

Hence, from (9) (since {z, } is convergent), it follows that

Jim g(za) =0, (14)
which implies by (a) that
g(z*) <liminfg(z,) =0,

n——+o0o
that is,
g(z") =0. (15)
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Next, taking (v,z) = (zp,2*) in (4), using (13) and (15), it holds that

0(znt1, f(27) + 8(zn41) +8(F(2)) < h((zn,2") +8(2n)), n =K,

which yields
8z, () < h(0(zn,2") +8(z0)), > k.

Passing to the limit as n — +co in the above inequality, using the statements (ii) and
(iii) of Lemma 1, and (14), we obtain 6(z*, f(z*)) = 0, that is, z* € Fix(f). Hence, by (5),
Fix(f) is g-admissible. [J
4. Special Cases

Some special cases of our main results are deduced in this section.

Corollary 1. Let (M, 6) be a complete metric space, f : M — M, and g : M — [0, +00). Suppose
that there exist h € H and F : [0, +00) — R such that

S(f(y), f(2)) +8(f () +8(f(2)) <h(6(y,2) +8(y) +8(2)) +F((z f(v))), yzeM. (16)

Suppose also that
(i) g is lower semi-continuous,
(ii) F is continuous,
(i) F(0) = 0.
Then
(I) Fix(f) is g-admissible,
(I) Forall zg € M, the Picard sequence { f"(zo)} converges to a fixed point of f.

Proof. The main idea of the proof consists in showing that f and g satisfy (4) for a judicious
choice of the mapping p. Namely, let us introduce the mapping u : M x M — R defined by

{1if2=ﬂw,
0 if z# f(y).

nlyz) = 17)

Obviously, one has
ny fy)) =1 yeM.

Let us fix (y,z) € M. If z # f(y), then by the definition of y, (4) follows immediately.
If z = f(y), it follows from (16) that

6(f(w), f(2)) +8(f(y) +8(f(2)) < h(8(y,2) +8(y) +g(2)) + F(0).

Since F(0) = 0 and p(y,z) = 1, it holds that

n(y,z)(0(f(y), f(2) +8(f(y) +8(f(2))) <h(o(y,z) +g(y) + g(2))-

Then, in both cases, (4) is satisfied.
Next, let us show that f is y-continuous. Let {z,} be a y-regular sequence. By the
definition of p, it holds that z,.1 = f(z,) for all n € N. Let u € M be such that
lim 6(zy, u) = 0. Taking (y,z) = (z4—1,2x) in (16), we obtain (since F(0) = 0)

n—+oo

8z zne1) + §lzn) + §lzns1) < M(0(zn-1,20) + §(zn-1) + g(zn)), 1> 1.
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Since h € H, the above inequality leads to

lim g(z,)=0.

n—+0o

Due to the lower semi-continuity of g, we deduce that

g(u) =0.

Hence, taking (y,z) = (zu,u) in (16), it holds that

6(f(zn), f(u)) < 6(f(zn), f(u)) +8(f(zn)) + 8(f () < h(6(zn,u) +8(2n)) + F(6(1, 2n11)),

for all n € N. Passing to the limit as # — +oo, using the statements (ii) and (iii) of Lemma 1,
the continuity of F, and the fact that F(0) = 0, we obtain

i 6(f (zu), £()) = 0.

n—+oo

This shows that f is y-continuous.
Notice that since (M, ) is complete, then (M, J) is p-complete. Finally, the desired
results follow from Theorem 1. [

Remark 1. The class of mappings f : M — M satisfying (16) with g = 0 and F(s) = Ls, L > 0,
has been introduced in [20] under the name of (h, L)-weak contractions. Namely, it was shown
that, if f belongs to the class of (h, L)-weak contractions, then Fix(f) # @ and for all zg € M,
the Picard sequence { f" (zo) } converges to a fixed point of f. Clearly, taking ¢ = 0 and F(s) = Ls
in Corollary 1, we refind these results. For additional references related to (h, L)-weak contractions
and their generalizations, see e.g., [17,19,21-25] and the references therein.

An example supporting Corollary 1 is given below.
Example 4. Let M = [0, 1] and 6 be the standard metric on M given by
o(y,z)=ly—z| yzeM. (18)

Consider the mappings f : M — Mand g : M — [0, +o0) defined respectively by

3 ¥ veb,
fly) = (19)

if y=1,

o

and
, yeM.

1
8(y) = ‘4y2 —3y+5

11

We can check easily that Fix(f) = {i} and g~1({0}) = {2, 1 } We claim that

O(y,2)+8(y) +8(2) +6(z f(v), vzeM.  (20)

N —

6(f(y) f(2)) +g(f(y) +8(f(2)) <
e Case 1: 0 < y,z < 1. In this case, we have

1

S £ + ) + s = | - 3 +s(5) +2(3) =
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Then (20) holds.
o Case2: 0 <y < landz = 1. In this case,

S SN +5 W)+ = +s(3) +50
3

T4

= 5z f(y))

< S06,2) +30) +8(2) + 8z £¥))

o Case3: y =1and 0 < z < 1. In this case,

5(F(9), £2) +8(F) +3(f@) =

_ 3

2
< 30(5,2) +3(y) +8(2)) + 8z, £)).

o Case 4: y = z = 1. In this case,

S(f(y) f(2)) +8(f(y) +8(f(2)) = 28(0)

= 0z f(y))
< 2(60,2)+ 8 + () + 0z Fw).

Hence, (20) is satisfied in all cases. Notice that (20) is a special case of (16) with

and
F(s)=s, s>0.

Then, by Corollary 1, Fix(f) is g-admissible, and for all zo € M, the Picard sequence
{f"(zo) } converges to a fixed point of f. Notice that

Fix(f) = {i} C {;1} =g '({o}),

which confirms the results given by Corollary 1.

Corollary 2. Let (M, 6) be a complete metric space, f : M — M, and ¢ : M — [0, +00). Suppose
that there exist ¢ > 0and F : [0, +00) X [0, +00) — [0, +00) such that

O(f(y), f(2)) +g(f(y) +8(f(2))
< F<5(y,f(y)) +8(y) +8(f()), 6(y,z) +g(y) +g(2)> (6(z, f(2)) +g(2) +8(f(2)))  (21)
+0o(6(y,z) +8(y) +8(2)),

forally,z € M. Suppose also that

(i) g is lower semi-continuous,

(ii) F is continuous,

(iii) There exists Ap > 0 such that F(s,s) = Ap forall s > 0,
(iv) o+ Ap<1.
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Then

(I) Fix(f) is g-admissible,
(I) Forall zg € M, the Picard sequence { f"(zo) } converges to a fixed point of f.

Proof. First, we shall prove that f and g satisfy (4) for some € H, where y is defined
by (17). Let us fix (y,z) € M. If z # f(y), then by the definition of y, (4) follows
immediately. If z = f(y), it follows from (21) that

5(F), £(2)) + 5(FW)) + $(F(2))
< P(amz) 5 + (), 5(1,2) + 8(¥) +g<z>) G W), () +3(F W) + $(F(2)))
+0(6(y,z) +8(y) +8(2)).

Using (iii), we deduce that

S(f(y) f(z) +g(f(y) +8(f(z)) < AF(fF(f(y) f(2)) +g(f(y) +8(f(2))
+0(6(y,2z) +g(y) +&(2)),

which yields

(1 =Ap)(0(f (), f(2)) +&(f(v)) +8(f(2))) < o(6(y,2) +8(y) +8(2))-
Since 1 — A > 0and p(y,z) = 1, it holds that

w(y,z)(0(f(w), f(2) +8(f(y) +8(f(2)) < h(o(y,z) + g(y) + g(2)),

where s
= —_— > .
h(s) = 7= T $20

Notice that form (iv), it follows that h € H. Hence, f and g satisfy (4), where /1 is
defined above and y is given by (17). Moreover, proceeding as in the proof of Corollary 1,
one can show that f is y-continuous. Hence, applying Theorem 1, (I) and (II) follow. [

Corollary 3. Under the assumptions of Corollary 2, the mapping f admits one and only one
fixed point.

Proof. Suppose that u,v € Fix(f). Since by Corollary 2 we know that Fix(f) is g-
admissible, then g(u) = g(v) = 0. Taking (y,z) = (u,v) in (21), it holds that

5(1t,0) + g(u) + g(0)
< F<5(u,u) + g(u) + (), 8(u, ) + g (u >+g<v>) (6(0,0) +g(0) + 5(0))

+0(6(u,0) +g(u) +8(v)),

that is,
5(u,v) < 0oé(u,v).

Since 0 < 1, we deduce that u = v. [
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Corollary 4. Let (M, ) be a complete metric space, f : M — M, and g : M — [0,+00) be a
lowe semi-continuous function. Suppose that

S(F(4), £(2)) + 8(F) + 8(F2)
< 2| FHASONESDAST O 60, f2)) 4902 +500) 22
+0(8(y,2) +8(y) +8(2)),

forally,z € M, where A, 0, T > 0and A+ 0 < 1. Then

(I) Fix(f) is g-admissible,

(I) Forall zg € M, the Picard sequence { f"(z) } converges to a fixed point of f.
(IIT) card(Fix(f)) = 1.

Proof. We have just to observe that (22) is a special case of (21) with

F(t,s) = %, t,s > 0.

Next, the results follow from Corollaries 2 and 3.

Remark 2. The class of mappings f : M — M satisfying (22) with ¢ = 0 and T = 1 has been
introduced in [26] under the name of rational-type contractions. Namely, it was shown that, if f
belongs to this class, then card(Fix(f)) = 1 and for all zy € M, the Picard sequence { f"(zo)}
converges to the fixed point of f. Clearly, taking ¢ = 0 and T = 1 in Corollary 4, we refind these
results. For additional references related to rational-type contractions, see, e.g., [27-30] and the
references therein.

An example supporting Corollary 4 is given below.

Example 5. Let M = [0, 1] and & be the metric on M given by (18). Let us consider the mappings
f:M— Mand g: M — [0,+00), where f is given by (19) and

5

1
g(y)—6y’y—4, yEM.

Obviously, Fix(f) = {i} and g~1({0}) = {O, i} We claim that f and g satisfy (22)

1
witho ==, 0< A< zand Tt > 0.
o Case1: 0 < y,z < 1. In this case,

S(F(y), f(2)) +8(f () +8(f(2)) = zg(i) _o.
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Then (22) holds.
o Case2: 0 <y < landz = 1. In this case,

I IA
S|
‘i‘i
\N/OO\U'I

| /\
>

c(6(y,z) +8y) +8(2)

e oly F1y) + 8(9) + 8 )
2| LSO LWL 52, ) + g12) + (7).

o Case3: 0 <z < landy = 1. In this case

8(2))

SRS 5z, (2)) + 5(2) + 5(F2))

<
<o((y,z) +8y)

+
T+0(y, fly)) +
A{ T+6(y,z)+

o Case 4: y = z = 1. In this case

5(f(y), f(2)) +8(f(y)) +8(f(2)) = 28(0) = 0.

Then (22) holds. Hence, (22) is satisfied in all cases. Then, by Corollary 4, Fix(f) is g-
admissible, and for all zog € M, the Picard sequence { " (zo)} converges to the fixed point of f.

Notice that
Fix(f) = {i} C {0,1} =g '({0}),

which confirms the results given by Corollary 4.

5. Conclusions

We provided sufficient conditions under which the set of fixed points of a mapping
f M — Misincluded in the zero set of a mapping ¢ : M — [0, +o0) (see Theorems 1 and 2).
Next, we discussed some special cases of our obtained results and provided some examples
(see Section 4).
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