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Abstract: The main aim of the paper is to present an algorithm to solve approximately initial
value problems for a scalar non-linear fractional differential equation with generalized proportional
fractional derivative on a finite interval. The main condition is connected with the one sided
Lipschitz condition of the right hand side part of the given equation. An iterative scheme, based on
appropriately defined mild lower and mild upper solutions, is provided. Two monotone sequences,
increasing and decreasing ones, are constructed and their convergence to mild solutions of the given
problem is established. In the case of uniqueness, both limits coincide with the unique solution of the
given problem. The approximate method is based on the application of the method of lower and
upper solutions combined with the monotone-iterative technique.

Keywords: Riemann-Liouville proportional fractional derivative; differential equations; impulses;
initial value problem; lower solutions; upper solutions; monotone-iterative technique

1. Introduction

Fractional differential equations are effective in both theoretical and applied mathe-
matics and arise in models of medicine, engineering, biochemistry, thermal and mechanical
systems, acoustics and modeling of materials, etc. There are different forms of fractional
derivatives and consequently numerous fractional derivatives have appeared (see, for
example, [1-6] and the references cited therein). Jarad et al. [7] introduced a new gener-
alized proportional derivative which is well-behaved and has several advantages over
classical derivatives and generalizes known derivatives in the literature. For recent contri-
butions relevant to fractional differential equations via generalized proportional deriva-
tives, see e.g., [8-12]. We note that initial value problems for Riemann-Liouville fractional
differential equations differ from the Caputo fractional ones and requires a separate study.

The theory of impulsive differential equations has undergone rapid development over the
years (see, for example, the monographs by Benchohra et al. [13], Lakshmikantham et al. [14],
Samoilenko and Perestyuk [15], and the references therein). Impulses were also considered
for fractional-order differential systems, and the theory of impulsive fractional differential
systems was presented in the literature, mainly for fractional derivatives of Caputo type
(see for example, [16-18]).

Note that most fractional differential equations have no explicit solutions, so develop-
ing approximate methods is usually required. In this paper, a new algorithm for approxi-
mate solving an initial value problem for scalar non-linear fractional differential equations
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with generalized proportional fractional derivative is proposed. This method is based on
the application of the method of lower and upper solutions and the monotone-iterative
technique. Two monotone sequences, increasing and decreasing ones, are constructed and
their convergence to mild solutions of the given problem is established. In the case of
uniqueness, both limits coincide with the unique solution of the given problem.

2. Main Results
2.1. Statement of the Problem

Let {t;}7"4! be a sequence of points with
O=ty< <<ty < - <typ=T,i=12,...,m

Consider the following fractional differential equation with the generalized propor-
tional fractional derivative with fractional initial and impulsive conditions (PIVP):

(R2*Pu)(t) = ¢(t,u(t)), te (ttip] i=012,...,m,
! ¥i(u(ti —0))p'

-

: SEt=t)y g y1-a _ P

tg?+ (e o (t—1) u(t)) = @) , 1=1,2,...,m, (1)
- - _ ugp'®

tglg}F (e o u(t))  T(a)

where u : [0, T] — R is a function, p € (0,1],« € (0,1) are two reals, ug is a real constant,
and¢: [0, T] xR —Rand¥;: R - R, i =1,2,...,m are two functions. We recall that
the generalized proportional fractional integral and the generalized proportional fractional
derivative of a function v : [a,b] — R are defined, respectively, by (see [7])

(a7 P0)(t) = pl"l(oc) /atep%“’s)(t —s)" lu(s)ds, t€(aDb],

and
oo
Rgvro)(t) = pl_arzllx)@“) (/ epTl(tfs)(t —s) "v(s) ds), t e (a,b],
- a

where (2100)(t) = (2°v)(t) = (1 — p)v(t) + pv'(t).

Remark 1. Note that the generalized proportional fractional derivative of Riemann—Liouville
fractional type leads to an appropriate definition of the impulsive conditions similar to the initial
condition (see the last two equations in problem (1). Additionally, we consider the case when the
lower limit of the fractional derivative is changed at any impulsive point.

Observe that a solution of the PIVP (1) can have singularities at the points ¢;, for
i=0,12,...,m.

Let
. 1;p(i’fﬂl) 11—«
Cioap(la,b]) = Ju: [a,b] > Riu() € C((a,b]), lim (e 7 (04 g) u(t)) <
and
PCi_ppo([0,T]) = {u: [0,T] = R:ue Ci_pp([ti tiy1]) foralli =0,1,2,...,m}
equipped with the norms

1-p
— —t(t—a) 1—a
|x|cl,a,,,[a,b] = tren[aaz er (t—a) "x(t)
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and

|x|PC1,“,p[u,b] = i:Or,nl,ezl,.X..,m \x\cl,a,p[ti,tiﬂ],

respectively. Note that C;_, ,([a, b]) is a Banach space. If
un € C1qp([a,b]), n=12,... and = |uy— ”|C17,X,p[a,b] -0
thenu € Cy_,([a, b]).

2.2. Explicit Solution of the Impulsive Linear Fractional Equation

Consider the linear scalar impulsive fractional equation with the generalized propor-
tional fractional derivative and the initial value condition (IVP)

(Ega'pu)(f) = Au(t) + f(t), te(t,ti],

_ L 1—a
lim (elﬂip(t*t")(t — ti)lf"‘u(t)> = Pe(u(ti —0))e i=1,2,...,m,

s T(a) 2)
li %ttlﬂx H) = uoplia
0% (e ( )> ~ T(a)

where A is a real constant, and f € C([0,T]), P, : R - R, k =0,1,2,...,m are given
functions. We recall the following result (see (Theorem 2) in [12]):

Lemma 1. The IVP (2) has a unique solution u € PCy_,,(0, T] given by

u(t) =Pu(u(ty — 0))e'® WE,, (/\(t —ptk)"‘> <t _ptk)a—l

L1 /t(t_s)a1e(P1)(T)Ea/a<)t<t;5)a)f(s) ds,

Par("‘) tk

fort € (tg, ter1], k=0,1,2,...,m, where Py(u(to — 0)) = uy.

®)

Consider the special case when Py (1) = pgu+ vy, k =1,2,...,m,1i.e., consider the IVP
(R2“Pu)(t) = Au(t) + f(1), t€ (i tia],

1- . . Jpl—a
lim (eTP(t*t")(t — tl-)lf”‘u(t)) = [piu(ti —0) + vilp ,i=1,2,...,m,

Eo b+ I'(a) @)
li l%pttlfﬂé A = M(]pli“
0% (e u( )> - T(a) ’

with up, 7 € R, k=1,2,...,m.
As a special case of Lemma 1 we obtain the following explicit form of the solution
of (4):

Lemma 2. The IVP (4) has a unique solution u € PCy_,,(0, T] given by
uAo(t) + IL(t), for te (0,t4],

u(ty =3 meAu) [ TUS (1 Aj(410) + 2620 1 () TL 3 (pAp (1)) )

+ALE) Ty YT (a1 Ap (b)) + I (1),
for t € (tg,ti1), k=1,2,...,m,
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where o = 1,70 = 0, and for t € (ty, tr1], k=0,1,2,...,m

{0 = s [t )Eaa(A<t;S>“>f@)d& (6)

pﬂtr(w) tr

o a—1
Ag(t) = o7 (1 t")E,X,,X</\(tptk> )(tpt") > 0. @)

Remark 2. According to Lemma 1, the solution u(-) of the linear problem (4) satisfies

and

u(t) = { ugAp(f) + Ig(t), t e (0,t] .

(yku(tk—O)+'yk>Ak(t)+I{:(t), te (tyten], k=1,2,...,m

Proof. We will use an induction argument. First, let t € (0, t1]. By (6) and Lemma 1 with
k =0we get

u(t) = uoAo(t) + I () = wo(poAo(t)) + I (¢).
Lett € (t1,t]. By (6) and Lemma 1 with k = 1 we obtain

u(t) = [pu(ty — 0) + ) A (t) + E (t)
= ug(pu1A1(t)) (noAo(t1)) + Ig(fl)(ﬂv‘h(t)) +1A1(t) + I{(t)

Let t € (t,t3]. By (6) and Lemma 1 with k = 2 we get

©)

u(t) = [pou(ts — 0) + 72 Ao(t) + (1)
= pz[p1uoAo(t1) A1 (t2) + Ié((tl)(ylAl(tz)) +71A1(t2) + I{(tz)}Az(t)
+nAa(t) + (1)
= uo (i1 A1(82)) (HoAo(11)) (2 A2 (1)) + 1 (11) (1 A1 (£2) 2 A ()

+ I (1) (12Ax (1)) + 1 Ar(8) (2 Ao (1)) + 12 As (1) + I (1) (10)
2—j—1

= ppAz(t) ”OH #iAi(ti1) +ZI tir1) H(VpAp(pr))

p=i+1
2 —1 f
+Ax(t) ) H Hpr1Ap(tps)) + L ().
=1 p=j

Lett € (t3, t4}. Then

u(t) = [uau(ts — 0) + 73] As(t) + L (1)
= (u3As(t))[uo(p141(t2)) (HoAo(t1)) (H2A2(t3)) + Ig(fl)(ﬂlAl(fz))V2A2(f3)
+ I (1) (12A2(13)) + 11 Av(82) (2 A2 (t3)) + 12 A (t3) + B (£3)]

+73A3(t) f(t) (11)
3-j-1

1
= uzAs(t) VOH #iAi(ti1)) + Zlf (tir1) TT (mpAp(tpi))
=0 p=j+1

3.1 ;
Vil L(pr1Ap(tpi1)) + I3 (8).
T p=j

Mw

+ As(t)

j
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2.3. Mild Lower/Upper Solutions

LetL;, M;, i=1,2,...,m be positive constants (to be determined later). Then PIVP (1)
can be equivalently written in the form

(X2%Pu)(t) = —Liu(t) + F(t,u(t)), te (t,tipa], i=0,1,2,...,m
tim (o7 (e~ ) *u(r)) = (Miu(ti = 0) + Giu(ti — 0))]p"™

Ht,«JT I'(a) (12)
i=1,2,...,m
: T _ uopl_
tl—l)%}‘r (e o u(t)) - T(a) ’
where
F(t,u)=y(t,u)+Lu, ucR, t e (t,t1],i=0,12,...,m, (13)
and
Gi(x)=Yi(x)—Mjx, xeR, i=1,2,...,m. (14)

The solution x € PCy_,,([0, T]) of PIVP (12), based on Lemma 2 with A = —L,
f(t) =F(t,x(t)), ui=M; andy; = Gj(x(t; —0)), i =1,2,...,m, has the form

upAo(t) + In(t,x), te€ (0,t]

My A() [0 TTEZ) (Mj A, (411))
X0 = G, 0TI (M Ay (t0))]

+Ax(t )Zj:1 (‘I'j(x(fj —-0)) - MjH];:}( pi1Ap(tpy1)) + Ik(t x),
t e (fk,tk+1], k=1,2,...,m

(15)

where for t € (t,tp 1] andk =0,1,2,...,m,

_ _ o _ a—1
A(t) = o7 (1) (—Lk(tptk) ) (t ptk) >0, (16)

It x) = arl(a) /tt(t7S)a—le(P*U(tp;s)Ea,“<7Lk<t;5)a> (lp(s,x(s))Jrka(s)) ds.  (17)

Remark 3. According to Lemma 1, the solution x € PCy_4,([0, T]) of PIVP (12) satisfies
x(t) =[Myx(t — 0) + G (x(tx — 0))] Ax(t) + L(t, x), (18)
fort € (t, trsal, x € Croap([tr tig1], and k =1,2,...,m
Based on (15) we will define mild lower/upper solutions of (1).
Definition 1. We say that function x € PCy_,,([0, T|) is a mild solution of PIVP (1) if it satisfies

ugAo(t) + Ip(t,x) for t € (0,t1],

x(t) = MipAg(t) {HOH;:S(M]' j(ti1)) +Z o Liltisn,x) Hp ]+1(MpAp( p+1))] (19)
+AK(1) Ty (¥5(x(t—0)) — Mx<]— 0)) T} (M1 Ap(tp 1))
+L(t,x) for t€ (b tey1), k=1,2,...,m
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where Ay (t), Ir(t,x), t € (tg, ter1], k=0,1,2,..., mare defined by (16) and (17), respectively.

Proposition 1. The mild solution x € PCy_,([0, T|) of PIVP (1) satisfies the equalities

1oy x(tp —0))pl—=
. (—t) 1y \1—a _ Yi(x(t—0))p _
tEItII:IJr (e g (t—tx) x(t)) = (@) ,k=1,2,...,m.

Proof. The claim follows from Remark 3, Definition 1, (14), the two following equalities

1- _ o
E’Tp(titk)(i’ — tk)li'XAk(t) = sz,a <_Lk (tptk> >pl“, t e (i’k, tk+l]r k= 1,2, ce.,m,
1
EIX,IX(O) = W/

and from

1—
e W (F— )10 L (1, x)

Sy L (S SN D p )

O

Definition 2. We say that function x € PCy_,,([0, T]) is a mild lower (a mild upper) solution of
the PIVP (1) if it satisfies the integral inequalities

M()Ao(t) + I()(t,x) fOT te (O, i’ﬂ,

x() < ()] MiA) [0 T (MiAj(t30)) + D00 (40, ) T, (MpAp(tp1)) | (20)
AL Ty (¥t = 0)) = Myx(t = 0)) TS} (M1 Ap(tp41))
+Ik(t,x) fOT te (tk/ tk+1]r k=1,2,...,m.

2.4. Monotone-Iterative Technique
For any function v € PCy_, ([0, T]) we define the operator

quo(t) + Io(t,v), t e (0, tl]/

M AR(E) [0 T3 (M Aj(£:1))

Qo)(t) = +Z§Z& Li(tjt1,0) HI;;]]:rll (MpAp(thrl))]

+Ax(t) Ty (F5(0(t — 0)) = Myo(t — 0)) TEEZH(Mpa1 Ap(tyi1))
+Ik(t,0), te (tg, e, k=1,2,...,m,

(21)

with Ag(t), Ii(t,x), t € (t, tgsq], k=0,1,2,...,m, the functions F and G defined by (13),
(14), (16), (17), respectively.
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Remark 4. Note that, from Proposition 1 and (14), it follows that the function x(t) = Q(v)(t)
satisfies the equalities

N G (t)) _ e

=0+ F(
tlign+ (el%p(t . (t=4) ) =) +1fgtié()v(ti o 22
[Mi(x(t; — 0) —v(t; — 0)) + ¥i(v(t; — 0))]p"

F(oc) rl 7% m

Theorem 1. Let the following conditions be fulfilled:

1.

2.

The functions v,w € PCy_4,([0, T]) are a mild lower solution and a mild upper solution of
the PIVP (1), respectively, such that v(t) < w(t) for t € (0, T};

The function p € C(UJL (tr, ti1] X R, R) and there exist constants L > 0 such that, for
anyt € (t,tr1), k=0,1,2,..., x,y € R ifo(t) < x <y < w(t) then the inequality

p(tx) —p(ty) < Li(x—y)

holds;
The functions ¥ € C(R,R), k =1,2,...,m, and there exist constants My > 0, such that,
forany x,y € R, ifv(ty) < x <y < w(ty) then the inequalities

Yi(x) — ¥r(y) < Mr(x —y)

hold.
Then, there exist two sequences of functions {0 (-)}%_ and {w™ (-)}_,, with o™, w(™) €

PCy_4,([0, T]), such that:

[a]

[b]

[c]
[d]

[e]

[f]

The sequences {v(*) (t)} g and {w® (1)} are defined by 00 (1) = v(t), wO(t) = w(t)
and

o (1) = Qo) (t) for t € (0,T], n >0, (23)
and
w("ﬂ)(t) _ Q(w(”))(t)fort € (0,T], n>0. (24)

For any j = 0,1,2,... the functions o\)(-) and w')(-) are mild lower and mild upper
solutions of PIVP (1), respectively; ' '

The sequence {0(7)(-)};";0 is increasing, i.e., vU=V(t) < oU)(t), fort € (0,T],j=1,2,...;
The sequence {w(f)(~)}}?‘;0 is decreasing , i.e., wi=V(t) > wl)(t), for t € (0,T], j =
1,2,...;

The inequality

o® (1) <w® (1), forte (0,T],k=1,2,... (25)
holds.
Forany k = 0,1,2,...,m, the sequences {V ( )Y and {Wi (- )}y converge uni-

formlyon [ty tiiq], k=0,1,2,...,mto Vi € Ci_yo([tk, tesa]) and Wy € Ci_ wp([ter teg]),
respectively, where
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and fork =1,2,...,m

7 (1) F(ﬂc) ’
k

M (0 (£—0) =0~ (£, —0)) + ¥, (0"~ D (£,—0)) t=tg,
(=49 1
P p/’(t tk)(tptk) (n)( ) t e (tk, tk+1],

) My (™) (t—0)—w 1£k ))+‘1’k(w(”’1)(fk—0)), t=t,
() = (v(c)

1-p
e P (t—tr) (f fk) )(t), t € (te, tera)-

[g] The functions V € PC1 —ap([0,T]) and W € PCy_4 ([0, T]) are mild solutions of the PIVP
(1) on [0, T) and V(t) < W(t), t € [0, T], where
V() = o5 (t ) "
P
— L (t—t) [~ tk —
W =er p ) te(tk/thrl] k=0,1,2,...,m

Proof. Define
0Oty =o(t), wO(t) =w(t),

and forn > 0,
ot (1) = 0™ (1), w" (1) = Q) (1),

From Remark 4 it follows that, for all k = 1,2, ...,m, the equalities

lim (el;fp(tftk)(t — tk)lf”‘v("ﬂ)(t))

t—tt
M (@Y (5 = 0) — o (4 — 0) + Fi (o) (t — 0))]p" "
I'(a) ’
tEItﬂ (ehfp(tftk)(t B tk)lﬂxw(ﬂ+1)(t>)
[Mie(w™ D (. = 0) — w™ (8 — 0)) + ¥ (w™ (t — 0))]p' "
= T (@) ,n=01,2,...

hold. According to Remark 3, the functions v("*1)(.), w(**+1)(.) satisfy

oM (1) = ugAg(£) + Io(t,0™), w™ D (1) = ugAg(t) + Io(t,w™), te (0,t],

and also
oD (1) = (Mo (1 — 0) + G (0™ (1 — 0))] Ag(t) + L (t,0™),

w™ D (1) = [Mpw ™ (1 — 0) + Gy (™ (t — 0))] Ax(t) + L (t, w™),
t e (tk/thrl]/ k=1,2,...,m

(26)

(27)

(28)
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We use induction to prove properties of the sequences of successive approximations.
First, let n = 1. The function v(-) is a mild lower solution of PIVP (1). Therefore, for
t € (0, T, it satisfies the inequalities

0O (1) = v(t) < ugAo(t) + In(t,00) = oM (1), t € (0,],

k—1 k=1 k—j-1
0O (1) = o(t) < MeAx(t) |0 [T(MjA(t:1)) + 1 Li(tj1,0) T (MpA,(tyen))
j=0 j=0 p=j+1 (29)
k-1
+ A0 X (Y(0(t = 0) = Mio(t; = 0)) TT(Mypia Ay(ty2)) + (e, 0),
= p=ij

=o(t), te€ (tetin] k=12,...,m

From inequality (29) it follows that o(9) (t) < v()(¢), t € (0, T]. Then, from condition
(A1) and equality (17), we get

Ik(t,v(o))

— ooty = I (0 (22) ) (5(1006) + 06)) s,

:ﬁ/t(t—S)“ile(’oil)(%)EWX<_Lk(t; ) )(4;(,5,0 )+ka (s )) ds,  (30)
t

S
er"‘l"l( ) / (t—s)" 1,(- 1>(tw)Ea,,x(ka( *5) )<1p o0 ) (t v<1>(s)>

+ Lo (s) + Lvm(s)) ds < Ik(t,v<1>) k=0,1,2,...,m.

From the definition of the operator (), conditions (Al) and (A2) with
X = v(o)(t) <y= v(l)(t),
inequality (30) and the inequality
¥i(0O(t - 0)) — ¥ (0D (t; - 0)) = M;(00(t; = 0) — oV (t; - 0)) <0,  (31)

forj=1,2,...,m, we obtain

oW (1) = ugAg(t) + Ip(t, 010 < ugAg(t) + Ip(t, o), t e (0,4],

k— k—j—1
uOH (M;A;(tj11) +21 (ti1,029) TT (MpA, (,,H))}

p=j+1

oM (t) = MA(t

k k—1
+ A1) Y (¥t 0) = Mp® (1= 0)) [T(Mp11 Ap(tp41)) + Le(t,00)
j=1 p=j
‘ (32)
k—j—1
< My A(t) ”OZ (tiy1)) + ZI tiv, o) T (MpAp(tp+1)>]
j=0 p=i+1
k k—1
+ A0 Y (¥t = 0)) = MpD (= 0)) [T(Mps1Ap(tpn)) + K(t,0D),
=1 P=j

t e (i’k,tk+1], k=1,2,...,m

Therefore, function v(!) ¢ PCy_4,([0, T]) is a mild lower solution of PIVP (1).
From the definition of functions v()(-),i = 1,2, conditions (A1), (A2) with

x=00() <y=0(),
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inequalities (30) and (31), we obtain for t € (t, tx11], k=0,1,2,...,m
oM (£) < ugAg(t) + Io(t, o) =@ (1), t € (0,4],
k
o) < o 6)+ A 1 (%0 (65 -0) = 4,60 (- 0)
a - (33)
= M0 (1= 0) = o (t; = 0)) ) [T(Mp414, (t+1))
p=]

<o@(t), te (t,teq), k=1,2,...,m

Inductively we can prove that the functions v(")(-), n = 1,2,..., are mild lower
solutions of PIVP (1) and that

o™ (1) <o (1), te (hten], k=0,1,2...,m, n=0,1,2,....

Similarly, we have w(% (t) > w(1)(t) and the functions w™ (-), n = 1,2,..., are mild
upper solutions of PIVP (1) and

w™ () > w8, te (b, te], k=0,1,2...,m, n=0,1,2,....

From condition 1 it follows that v(0(t) < w(©)(¢t), for t € [0,T]. Similar to the
inequality (30), we could prove that the inequality

Ik(t,z;(O)) < Ik(t,w(o)), te (ot k=0,1,2,...,m

holds. Therefore, from the definition of the operator (), conditions (Al), (A2) with
x =00 () <y =wO(t), we get

oD (1) —wM (1)
k=1 k—j—1

= MAK(t) | T (5tj1,00) = (k0,0 ) TT (MpAp(tpi1))
j=0 p=j+1
k
+ Ak Y (%00t - 0) = ¥(w O (t; - 0)) (34)
j=1
k— l
— MO (t; - 0) + Mjw® t—o) (Mpi1Ap(tys1))
p=j

+ Le(£,0) — L (£, w) <0, t € (b, try), k=1,2,...,m

In a similar way we can prove the inequality (25). Therefore, claims [b]-[e] are estab-
lished. We now prove the convergence, i.e., claim [f]. For that, consider the interval [0, £1].

Define the sequence {Vo(n) (1)} by

_ 1—a
v (1) :elp’“‘c;) oM(1), (0,4].

From the definition of the functions v(") (-) we get that

(n) _ =11 P« (n) _ oc—l”Opl_tx
t1—1>10r}+V0 (B =p t1—1>%1+ (e P (t)) = T(a) *

Thus, we define VO(") (0) = %, n = 1,2,.... Multiplying the equalities (23) by

1-p _
er t(ﬁ)l *, we obtain on (0, t1]:
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According to claims [c]-[e], the sequence {Vo(n> (1)} is monotonic and bounded
on [0,#]. Also, this sequence is equicontinuous on [0, t;]. Therefore, it is uniformly

convergent on [0,t]. Let Vy(t) = limy_e0 VO(")(t), t € [0,t]. According to the claims
[c]-[e], the inequalities

V() <o), teloh], n=12,..., (36)

hold. Take the limit as n — oo in (35), use the continuity of the function ¢ and we obtain
the Volterra fractional integral equation

v (0(2))
+ f)élzl(“: /Ot(t — s)”‘*le(l_P)@)Ea,a (—Lo<t ; S>lx) [IIJ (s,epf’ls (;>“_1V0(5)> (37)

o—

o=t /s \ Y
+Lge ¢ (p) V()(S)

ds, for t € (0,t].

Denote
o-1, [t a—1 ~
Vo(t) =e* (p) Vo(t) € Cr_ap ([0, t1]).
Therefore, the equalities
. Loy 1—a 1—a 71; ¥y ”Opl_a
P = =
tl_lf& (e ! Vo(t)) P t1—1>%}r Vot) I'(a)

Vo(t) = uOEIJé,D((_LO (;>a>6p;1t(;>a_l .
+par1(a)/()t(t_s)“_lE""“(_LO(t;S)a) [9(s, Vo(s)) + LoVo(s)]ds, t € (0,t].

hold.
We will now use an induction argument. Consider the interval [fy, t;, 1], where

ke {1,...,m},is a fixed integer. Define the sequence {Vk(") ()}, by

_ 1-
v = (L) g
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on (ty, t,1]. From the definition of the functions v(")(-), Remark 4 and equalities (26),
we get

1—
tim V" () = p* 1 lim (o7 (70t — 1) 100 (1))

ot ot 29
M (= 0) ol —0) + Ko D —0) )
B I'(a) '
Thus, we define
M, —0) — o= (¢, — (n=1) (¢, —
Vk(")(tk):Mk(v (b —0) — o Dt —0) + ¥i(0" V(e =0) 1,
I'(a)
17
Multiply the equalities (28) by oo (i) (%) 1= and we obtain on (te, teg]:
_ 1—a
V) = () gy
P
1 o a—1
_ Mkepp(tm(fpfk) v (4, — 0)
ey (E— B\ e E—t\"
+Gk<epﬁ ¢ fk>< ; ’f) v l)(tk—0)>]Ea,o¢<—Lk< ; ") >
(40)

+ (LW /t(t eyt g, (—Lk<f—5>“)
0

P () Jy

_ _ a—1
ey )

_ _ a—1
+Lke”p1<“k>(s ptk) v (o)

ds.

According to claims [c]-[e], the sequence {Vk(n) (1) }5> is monotonic and bounded
on [ty try1]. This sequence is equicontinuous on [fy, fy.1]. Therefore, it is uniformly
convergent on [fy, t;,1]. Let

Vie(t) = lim V" (), t € [t tisa)-

n—o0

According to the claims [c]-[e], the inequalities
V() <V(t), te[boteal n=12,...,

hold. Take the limit as n — oo in (40), use the continuity of the function i, the definition
(14) of the function G, and we obtain the Volterra fractional integral equation

Vi(t) =¥ <epff(”k) (t_pt"> aile(tk - 0)) Eaa <_Lk (t _ptk>"‘>
()

pT () Jy
y [ < Pl(s_tk)<s—tk)“l~ >
P(ser — ) Vi(s)
0
1

-1 _ -
HLge'T C (S , ) )

(41)
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and

3 ‘I’i(ep’%l(tftk) () (4 — 0))
lim Vk(i’) = 4 .
vt I'(w)

Denote

el (t= BT
Vi(t) =e* e Vi(t) € Croap ([t teral)-

Therefore, the equalities

' 1, - o Y (Vi(te — 0))pl™
Sty g \1—a _ 1-a _ (VeI 4
tg?kﬂ (e ' (t=t) Vk(t)) =f tlg?Jr Vilt) = I'(a)

and

B P 1 . a—1
Vi(t) —"Fk(vk(tk_o))ElX/“(_Lk<t ptk> )epp(t_tk)<tptk>

L g e (), (s (42)
T T /tk(t e E“""( Lk( p ))
X [p(s, Vi(s)) + L Vi(s)] ds, t € [ty tyq]

hold. Define the function V(t) = Vi(t) for t € (fx, txs1], k=1,2,...,m. Then, function
V € PCi_4,([0, T]) is a mild solution of the PIVP (1) on [0, T}, i.e., the functions V(-) and
W(-) satisfy the initial value problem in (1).

Similarly, we can construct a sequence {ngn) ()}, k=0,1,2,...,m and the limit

functions Wi (-), k = 0,1,2,...,m such that Wy (t) < Wk(")(t), te [l trp1], n=12,...,
and Vi (t) < Wi(t). Then similarly, we define W € PCy_, ,([0, T]), which is a mild solution
of PIVP (1) and V(t) < W(t), t € [0,T]. O

2.5. Example
Consider the PIVP
R 0.3,0.5 X (t)
(§7°30%) (1) = 1= for t € (0,2] U (2,2.35),
Jlim (6%0—2)0 72)1—0.3‘1/(”) — 0, (43)
i (¢5000) <o

with p(t,x) = 27, & = 03,0 = 0.5.

Consider the function
104 t e (0,2],
v(t) = { (t—2)704%, e (2,235
Lett € [0,2] and vy(t) = t7 %4 < x < y. Then,

1 2
>0 404 5 2504
(r+y) 2257 2 3

t+1

and
L
t+1  t+1  t+1

(x4 y)(x—y) < 327 —y),
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Therefore, we could choose the constant Ly = %2_0'4. Then the inequality
1 t 2
04 / {_g)~07,~t+sE _29—04(p _ )03
= 0.5931(0.3) Jo (t—s)"e 0303 3 (t—s) "
08 o (44)

X (54— 1 + 52_0'4s_0'4> ds

holds (see Figure 1, left).

o 14~}
l [
4<| 12“
| |
| 107)
| |
310 81\
\ \
\ 61 \
21 \ \
\\ 4 N
\\\ \\\
1 T e—— 24 T Tmm———
0 0.5 1 15 2 2.05 2.10 2.15 2.20 2.25 2.30 2.35
t t
|—— vy(1) Integmll |—— vy() Integrall

Figure 1. Graphs of vy(t) = +704 and the integral in (44) with t € (0,2] (left) and of vy(t) =
(t —2)7945 and the integral (45) with t € (2,2.35] (right).

Lett € (2,2.35] and vy (t) = (t —2) 7% < x < y. Then,

1
t+1

til (t—2)70%% > 2 0357045

>
(+y) 22 3.35
and ) )
ad Y 1 2 —0.45
- = —y) < ==—0. _
P11 il rpa YY) S 555085 (x ),

ie., L1 = %0.35’0‘45. Then the inequality

_ 1 t 07 _ 2 _
(t—2)70% §050~3r(0 5 /2 (t—s)"07 t+sE0.3/0.3< 0.35-045 (¢ — S)o.3>

335
(s —2)~0? 2 —045 —045
X ( p—— + 3.350.35 (s—2) ) ds

holds (see Figure 1, right).

From inequalities (44) and (45) it follows that the function vy (¢) is a mild lower solution
of PIVP (43) on [0, 2.35] (see Definition 2).

Now, apply the suggested iterative scheme given by Formulas (23) and (24) with the oper-
ator () defined by Equation (21) to obtain forn = 0,1,2,3, ... the successive approximations
by

¢ P f_g)03 2
Wm fo(t —s) 07¢ t+sEO.3,O.3< - 32%0.4( 055) ) (vsnﬁ) + 322W0n (S)> ds
for t € (0,2]

t _ _ _ _¢)03
gty Jo (£ = )07 B ( - 535035045 )

0.5
X (”jfl) 350357 0%%0,,(s) ) ds fort € (2,2.35].

Un+1 (t) =
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According to Theorem 1 the sequence of successive approximations {v;11(t)} is an
increasing one and it is convergent to a mild solution of PIVP (43) on [0, 2.35].

3. Conclusions

Recently many different types of fractional derivatives are defined and applied to
model more adequate real world phenomena. One of the last introduced fractional deriva-
tives is the so called generalized proportional fractional derivative, which is a generalization
of the classical Caputo and Riemann-Liouville fractional ones. The main difficulties in the
application of these derivatives to differential equations is that it is very difficult to obtain
exact solutions even in the scalar case. As a result we require some algorithm to solve the
corresponding initial value problems approximately. In this paper an approximate method
for solving an initial value problem for a scalar non-linear fractional differential equation
with generalized proportional fractional derivative of Riemann-Liouville type on a finite
interval is proposed. We study the case when some impulsive perturbations with negligible
small action time are applied to the equation. In connection with these impulses we set up
in appropriate way both the impulsive and the initial conditions. Additionally, we consider
the case when the lower limit of the fractional derivative is hanged at any impulsive time.
The suggested approximate scheme is based on the method of lower and upper solutions
combined with the monotone-iterative technique. Mild lower and mild upper solutions
are defined in an appropriate way. Two monotone sequences, increasing and decreasing
ones, are constructed and their convergence to mild solutions of the given problem is
established. In the case of uniqueness, both limits coincide with the unique solution of the
given problem. To the best of our knowledge it is the first approximate scheme suggested
to the initial value problem of this type of fractional differential equation.
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