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Abstract: In this review paper, we discuss the relation between recent advances in the theory of
partial differential equations and their applications to quantum field theory on curved spacetimes. In
particular, we focus on hyperbolic propagators and the role they play in the construction of physically
admissible quantum states—the so-called Hadamard states—on globally hyperbolic spacetimes. We
will review the notion of a propagator and discuss how it can be constructed in an explicit and
invariant fashion, first on a Riemannian manifold and then on a Lorentzian spacetime. Finally,
we will recall the notion of Hadamard state and relate the latter to hyperbolic propagators via the
wavefront set, a subset of the cotangent bundle capturing the information about the singularities of
a distribution.
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1. Introduction

Partial differential equations or PDEs pervade both mathematics and physics so
exhaustively that it is hard to tell which of these two disciplines they more naturally pertain
to. It is thus only natural that PDEs serve as a channel of intensive transfer of knowledge
and innovation between mathematics and physics. However, the growing specialization of
research communities results in a divergence of terminology and perspectives, which begins
to impede the free exchange of ideas and methods. The mathematical physics community
therefore has the crucial role of catalyzing and managing the effective communication
between various mathematical and physical subjects, including those relying on partial
differential equations. The present expository paper is a modest contribution to these
efforts, and addresses an interplay between microlocal analysis of PDEs on manifolds on
one side and mathematically rigorous quantum field theory or QFT on the other side.

In general terms, the problem at hand is as follows. Solutions of PDEs on manifolds
play an important role in QFT by representing the quantum states of a physical system.
One of the remarkable difficulties of QFT is the fact that these solutions may not be
differentiable or even continuous, but are only assumed to be distributions (generalized
functions). The precise way in which these solutions fail to be infinitely differentiable—their
singularity structure—becomes an important criterion of how physically relevant a given
mathematical solution is. Constructing solutions with the desired singularity structure
in a more or less explicit manner, e.g., as certain integrals over the phase space, is a very
challenging mathematical task. Until recently, such constructions existed only locally, that
is, the integral representations of these solutions were valid only in small portions of the
entire space and time. There are, however, new developments in microlocal analysis that
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allow integral representations that are global, i.e., valid on the entire spacetime, and in the
present exposition we will describe the procedure of constructing the desired solutions as
global oscillatory integrals. This will be done step-by-step, beginning with propagators in
pure mathematics and ending with the construction of physically relevant quantum states
in QFT.

While PDEs come in all kinds and flavors, here we will be concerned only with very
special linear elliptic and hyperbolic PDEs with variable coefficients on compact curved
manifolds. More precisely, our subject of study will be Laplacian and wave-type second
order partial differential operators associated with Riemannian metrics on closed manifolds.
We will discuss the construction of approximate solutions to the Cauchy problem for these
wave-type operators as a single Fourier integral operator global both in space and time,
which is a rather new development in the subject, while the classical approaches to this
problem were guaranteed to work only locally. Then, we will switch the perspective from
integral operators to their kernels, viewed as distributions, and discuss the structure of
their singularities. Finally, we will touch upon the problem of the choice of an appropriate
vacuum state in quantum field theory in the presence of gravity and will show that it is
related to the singularity structure of certain distributions on the spacetime. Our global
construction of approximate solutions to the wave-type equation will conveniently yield
physically reasonable quantum states. All terms and constructions mentioned above that
go beyond the undergraduate mathematical curriculum will be duly defined or given
references in the sequel.

The mathematical language used in this paper will mostly come from spectral theory
and microlocal analysis, with elements of basic Riemannian and Lorentzian geometry
necessary to introduce the geometrical setting. In the discussion of quantum field theory,
reference to physics terminology will be inevitable, but we will do our best to remain rea-
sonably self-contained. The paper is intended for the professional mathematician, whether
a specialist in PDEs or mathematical QFT or neither, who is interested in a first acquaintance
with some of the most recent interactions between the two subjects. The reader is thus
assumed to be familiar with the standard upper-division undergraduate mathematical
curriculum, such as the basics of functional analysis and differential geometry.

The structure of the paper is as follows. In Section 2, we introduce propagators for
wave-type hyperbolic operators 97 + D where D is an elliptic operator on a closed Rieman-
nian manifold. We first provide motivation through very basic examples in Section 2.1,
and then describe the construction of propagators with all details in Section 2.2. In Section 3,
the notion of a wavefront set is explained together with some of the crucial properties
and relevant facts. Finally, Section 4 introduces the basics of QFT in curved spacetimes.
Section 4.1 gives the generalities of Hadamard states, while their construction is accom-
plished in Section 4.2.

2. Hyperbolic Propagators

Let us begin with discussing wave-type hyperbolic equations and their solutions.
Here, we will be concerned with equations of the kind (97 + D)f = 0, where D is a
time-independent second order positive elliptic operator (e.g., Laplacian, Schrodinger).
The methods we discuss will work for all such equations under mild conditions, but for
definiteness we will concentrate on the case D = —Aq + m?, where Aq is the Laplace-
Beltrami operator associated to a Riemannian metric g, and m? > 0is a constant. This
equation is referred to as the Klein—-Gordon equation on ultrastatic spacetimes in physics,
and the parameter m is interpreted as the mass of rest of the quantum particle this equation
describes. The reader interested in more general wave-type equations may consult [1-4].

2.1. Motivation

The simplest hyperbolic equation commonly used for a first introduction to the subject
is the wave equation

02 0>
0 - 3 Lwx) =0 <1>
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on the real line R, with initial conditions

00 =f,  Fon=h), wer

which admits the d’Alembert solution

x+t
Fltx) = 3 Uolx+ 0+ folx=0)+ 5 [ A dy. @

x—t

Unfortunately, the above explicit formula does not have analogues in higher dimen-
sions, and the solution to the initial value (Cauchy) problem has to be found in less explicit
ways using the Euclidean Fourier transform.

Consider the wave equation on R?

2
=Lt = Afx) =0, ®

with initial conditions

0.0 =fm,  Lox)=h0,
where ] )
d
A= 0;1 78(9("‘)2'

Here x%, & = 1,...,d, are Euclidean coordinates in R?.
The second order partial differential Equation (3) can be factorized as the product of
two first order pseudo-differential equations

P A (i v\ (il s vTa @)
o2 - ot ot ’

where v/ —A is defined via

VEBF() = g [ el fe) de

(27)

Using Fourier transform methods, it is easy to see that one can represent the solution
operators of the two equations corresponding to the factors on the RHS of (4) by means of
oscillatory integrals as

L 1 L i(x—y)E i
itV =B _ e /Rd e W)Ll () gy de. 5)

On account of the symmetry under time reflection, in order to solve the wave equation,

it is sufficient to know the operator U(t) := e~V ~2. The general solution to (3) can then
be written as

£t2) = 3 (U +U(=0) folx) + 5 (~8) VAU~ U(-0)fi (2)

Of course, the above formula reduces to the d’Alembert solution (2) when d = 1.

This connection helps to see that U(t) can be viewed as a propagator, which ind =1
simply shifts the argument by ¢, but acts in a more complicated way for d > 1.

When working on a Riemannian manifold, the wave equation becomes a partial
differential equation with variable coefficients, and the Fourier transform does no longer
work. However, the spirit of the above argument still stands: solving the wave equation
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can be reduced to constructing the propagator U(t), and the latter can be expressed as an
oscillatory integral that appropriately generalizes (5).

2.2. The Wave Propagator on a Riemannian Manifold

The appropriate generalization of (5) to a Riemannian manifold (M, ) warrants a
moment of thought. The natural generalization of the Laplacian operator A is the Laplace—
Beltrami operator Ag, but what can substitute Fourier transform? If in R? one interprets the
Fourier transform as the spectral resolution of the self-adjoint operator A, then the spectral
resolution of Ay should be the analogue of Fourier transform in the Riemannian setting.
For a non-compact M, the spectrum of A will not be discrete, bearing many technical
difficulties when dealing with eigenfunction expansions. Further sophistication will arise
if we also allow M to have a boundary, on which appropriate boundary conditions should
be set in order for A, to be self-adjoint. For the sake of simplicity and completeness of
arguments, in what follows, we will assume that M is compact (so that the spectrum of Ay
is discrete) and without boundary (so as to avoid dealing with boundary conditions).

Let (M, g) be a closed (i.e., compact and without boundary) connected Riemannian
manifold of dimension d > 2. Let us denote by x = (x1,...,x%) local coordinates on
M and by (x,¢) = (xl, Xt &1,...,E4) local coordinates on the cotangent bundle T* M.
By T'M := T*M \ {0}, we denote the cotangent bundle with the zero section removed.

Let A¢ be the Laplace-Beltrami operator on scalar functions over M corresponding to
the metric g. The operator —Ay is elliptic, self-adjoint and non-negative. Its spectrum is
discrete and accumulates to +oco. We adopt the notation

—Agl)k = /\%Uk

for eigenvalues and corresponding orthonormalized eigenfunctions of —A,, where eigen-
values are enumerated with account of their multiplicity as

O=AM <A< AL... <A< 00— oo,
The operator
U(t) :=e V5 (6)

is called the wave propagator(Note that in the literature the operator U(t) is sometimes
referred to as a half-wave propagator). The propagator (6) is a one-parameter family of
unitary operators that solves, in a distributional sense, the operator-valued hyperbolic
Cauchy problem

(—iaat 4 ¢_Tg> ut) =0

u0) =1d

7

where Id is the identity operator on scalar functions. Arguing as in the previous section,
the operator (6) can be used to write down the solution for the full wave equation

92
(atz - A)u(t,x) =0,

supplemented with two initial conditions.
In order to construct the propagator (6) precisely, one needs to know all eigenvalues
and eigenfunctions of —A,. Indeed, the functional calculus gives us

it —Ag(.)—ioe_”’\kv (x)/ o) () pg(y)d
_k:0 k Iy kY pg\y)ay,

where pg(x) =, /det g,p(x) is the Riemannian density. For a general Riemannian manifold,
eigenvalues and eigenfunctions of the Laplace-Beltrami are not known.
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However, one can still construct the propagator approximately, modulo an integral
operator with smooth integral kernel, using techniques from microlocal analysis.

The subject of microlocal analysis is another wonderful confluence of mathematics
and physics, where the basic idea is that in order to fully understand a PDE, one has to look
not only at coordinates, but also at momenta, that is, work in the phase space (cotangent
bundle). The structure of singularities of solutions to PDEs in terms of microlocal analysis
provides a connection with Hamiltonian mechanics and symplectic geometry, which can be
seen as the materialization of the rather blurry correspondence between particle mechanics
and field theory.

The microlocal construction of U (t), now classical, has been the subject of intense research
since the middle of the twentieth century, see for example [5-9] (Volumes 3 & 4), [10-12]. The
operator U (t) is written locally, in time and space, as the composition of oscillatory integrals
whose phase functions and amplitudes are obtained by solving a hierarchy of ordinary
differential equations. The classical construction is explicit, but presents a number of
shortcomings: it is not invariant under change of local coordinates, it is local in space and it
is local in time.

We will present here an alternative, geometric version of the classical construction,
developed in [13] building upon the earlier results [14-16], which overcomes the above-
mentioned issues. The main idea is to use a distinguished complex-valued phase function with
a non-negative imaginary part. The complexity allows one to achieve a global construction
and circumvent topological obstructions, whereas prescribing the phase function makes
the oscillatory integral invariantly defined.

Put
h(x,§) = /8P (x)Gulp - @)

The function (7) is a nowhere vanishing smooth function on T'M positively homoge-
neous in momentum ¢ of degree 1. It can be viewed as a Hamiltonian on T’ M. The corre-
sponding Hamilton’s equations

{ff*(f;y,ﬂ) = he(x*, &%)
¢ (ty,m) = —he(x*, &%)

admit a unique solution defined for all times ¢ € R for each choice of initial condition

®)

(x*(0;y,1),&"(0;y,1)) = (y,m) € T'M.

The function (7) will play a crucial role in our construction, because it coincides with
the principal symbol of /—A,,

( *Ag)prin = h(x,g).

This implies that singularities of solutions of the half-wave equation propagate along
the flow defined by (8), see Section 3. It is not hard to see that the curves t — x*(£;y,1)
are geodesics.

Definition 1 (Levi-Civita phase function). We define the Levi-Civita phase function to be
the infinitely smooth function
p:RxMxTM—C

defined by the expression

e(t,x;y,1) = —%((j*, gradz[distz(x,z)] . )+ éh(y,;y) dist(x, x*) )

=x*
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for x in a geodesic neighborhood of x* and continued smoothly elsewhere, in such a way that
Im ¢ > 0. Here, grad, stands for the gradient in the variable z and dist denotes the geodesic
distance. Note that, equipped with a Riemannian metric, a manifold becomes a metric space.

The Levi—Civita phase function encodes information about the geometry of M and
about the Hamiltonian flow of (7). This is formalized by the following lemma [13,15].

Lemma 1. The Levi—Civita phase functions (9) satisfies the following properties:
(i) @ly =0,

(11) axﬁéq)|x:x* - (:a/

(i) detd?, (p’ £0,

x=x*

(iv) Imge > 0.

This allows us to represent the propagator (6) explicitly as a single oscillatory integral,
global in space and time, with phase function ¢. Namely,

o 1 i .
¢ mOZdC / io(t,x;y,1) £ Foxt E oy d 1
u() @) Jrym © aty, ) x(txty wltxypdy (10

where

. ¢ is the Levi—Civita phase function;

®  xisa cut-off function that serves the purpose of localizing the integration in a neigh-
borhood of the orbit with initial condition (y,#) and away from the zero section,
see [13] (Section 5);

*  the weight w is defined by

7

w(t,x;y,n) = W {det2 (aiaﬂﬁ(p(i’, XY, ;7))} 1/4

where the branch of the complex root is chosen in such a way that

:| 1/4
t=0

[detz (aia% o(t,x;y,1))

The scalar function a(t;y, 17) is called the amplitude of the oscillatory integral (10). We
can represent a as an asymptotic expansion

—+00
alt;y,n) ~ Y ax(ty,1)
k=0

in components a_ positively homogeneous in momentum 7 of degree —k:
a_ by, An) =A% a_(ty,n), YA > 0.

Individual homogeneous components can be determined iteratively by solving a
hierarchy of ordinary differential equations, as detailed in the algorithm below.
Step one. Set x(t,x;y,7) = 1 and apply the wave operator

O:=07 — A,

to (10), where the Laplacian acts in the variable x. The result is an oscillatory integral of the
same form but with a different amplitude

a(t,x;y,1) = e PN [w(t, x;y, )] ! D(Ei“"(t’”y’” a(t;y, ) w(t, ww))- (11)
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Step two. Construct a new oscillatory integral with x-independent amplitude
b = b(t;y, 1), coinciding with (10) up to an integral operator with infinitely smooth integral
kernel. Such a procedure is called reduction of the amplitude. This can be done by means of
special operators, as described below.

Put 3
Loi=[(e) ], 555
and define
Sp = (*)]ymye (12a)
k
. 1 0 (—p)"
S =6 iw t—uw|1+ — 1, |Lg| . (12b)
oy ( i @ al + ) )

Bold Greek letters in (12b) denote multi-indices in Ng, o= (ng,...,09), |a| = Z;i:l o

and (—g@y)" = (—1)led (@4 )"0 ... (@y,)%. All differentiations are applied to the whole
expression to the right of them. The operator (12b) is well defined because the differential
operators L, commute [13] (Lemma A.2). When applied to a function positively homo-
geneous in momentumn 7, the operator &_; decreases the degree of homogeneity by k.
Hence, denoting by a ~ Z]?“’:O a3 j the asymptotic expansion of the function a defined by
(11), the homogeneous components of the symbol b are

bl = Z 6—ka2*]'/ 122,1,0,—1,....
2—j—k=I

The operator & ~ Y7, &_ is called the amplitude-to-symbol operator. It maps the
x-dependent amplitude a to the x-independent symbol b.

Step three. Impose the condition that our oscillatory integral (10) satisfies the wave
equation, modulo an integral operator with infinitely smooth kernel. This is achieved by
solving transport equations obtained by equating to zero the homogeneous components of
the reduced amplitude b,

b; =0, 1=21,0-1,..., (13)

supplemented with initial conditions a_(0;y, ; €) determined by imposing that at t = 0
our oscillatory integral (10) is, modulo C®, the integral kernel of the identity operator.
Formula (13) describes a hierarchy of ordinary differential equations in the variable t whose
unknowns are the homogeneous components of the original amplitude a.

Remark 1. Formula (10) is to be interpreted in a distributional sense: if one multiplies the RHS of
(10) by f (y) and integrates the result over M with respect to the variable y, one obtains [U(t) f](x)
modulo an infinitely smooth function of x and t.

Remark 2. The construction presented above can be adapted to cover the case of more general
scalar operator, as well as of systems of partial differential equations, under suitable assumptions,
see [17-22]. We should mention that propagators are an important tool in abstract spectral theory,
as they encode asymptotic information on the spectrum of the elliptic operator that generates them,
cf. [14,23,24].

3. The Notion of Wavefont Set and Propagation of Singularities

In theoretical physics, field theory (classical and quantum) deals with solutions to
hyperbolic wave-type equations, and the singularity structure of these solutions has pro-
found ramifications on the consistency of the theory itself. Microlocal analysis provides
the necessary tools for studying solutions of PDEs, and the object in the phase space that
encodes the information about the singularities of a given solution is the wavefront set.
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In this section, we will briefly review the notion of a wavefront set of a distribution.
Recall that a distribution u € D’(M) is a continuous linear functional

u:Cy(M)—C,
and that a compactly supported distribution v € £'(M) is a continuous linear functional
v:C*%(M)—C,

where Ci° (M) and C*(M) are equipped with the standard Fréchet topology, see [25].
Let us now temporarily work in Euclidean space R?. Given a compactly supported
distribution u € £'(R?), we define its Fourier transform as

= u(e 1),

We have the following standard result, relating the smoothness of a distribution and
the decay of its Fourier transform [9] (Volume 1 Lemma 7.1.3).

Theorem 1. Let u € &'(R?). Then, u € CF(R?) if and only if, for every N € N, there exists a
constant Cyy, such that
#Q) < Cnv+1gh™, v eRre (14)

This result allows one to identify directions in the Fourier space responsible for the
non-smoothness of a distribution. Recall that a subset ' C (R? \ {0}) is conic if and only if

Fell = AZcTl VAcR',

Definition 2 (Set of singular directions). Let u € £'(R?). We define the set of singular
directions of u to be

Y (u) := {5 € R?| $Vconic open neighborhood of 7 such that (14) holds V& € V}.

One can show that multiplying a compactly supported distribution by a smooth
compactly supported function does not increase its set of singular directions, namely that

S(pu) CZ(u) Yo € CT(RY).

By making the support of ¢ smaller and smaller, one can single out the set of singular
directions accounting for the non-smoothness of u “at x”. In this spirit, one defines the set
of singular directions of u at x as

Se(u)i= () Zeu).
PeECT (RY)
¢(x)#0

We are now in a position to introduce the notion of a wavefront set.

Definition 3 (Wavefront set). Let u € D'(RY). We define the wavefront set of u to be the closed
subset WF (1) of R? x (R \ 0) defined by

WE(u) = | | Zx(u) = {(x,§) € TR\ {0} |& € Za(u)} .

xeR4

The wavefront set captures the full structure of the singularities of a distribution,
and it is the basic object upon which microlocal analysis is built. The adjective ‘microlocal’
refers to the fact that one localizes singularities of a distribution not only in the position
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variable x, but also in the dual variable (momentum) ¢. The latter effectively shows how
the singularity looks in different directions.
The notion of a wavefront set can be suitably extended to manifolds as follows.

Theorem 2. Let ¢ : RY — R? be a diffeomorphism. Then, the wavefront sets of u and *u—the
pull-back of u along p—are related as

WE(y*u) = " WF(u),

where
Y WE(u) = {(x, J)"&) | (¥(x),§) € WF(u)}
and (J§)*p = oyp* /oxP.

Let us choose an atlas {(Uy, Pa) }« for M and let {xa}a, Y4 Xa = 1, be a partition
of unity subordinated to our atlas. Let u € D'(M) be a distribution on M. Then,
Xau is a compactly supported distribution on M, which can be viewed as a distribu-
tion 1y == (5 1)* (xau) on R? via the chart map ¢,, for which the wavefront set was
defined above.

Then, one defines the wavefront set of u by

WEF (1) := | s WF(ug). (15)

The set (15) is a subset of the punctured cotangent bundle,
WF(u) C T'"M := T*M\ {0},

independent of the choice of atlas and partition of unity.
The connection between the wavefront set and the propagators from the previous
sections is given by the following classical theorem.

Theorem 3 (Schwartz Kernel Theorem [9] (Volume 1 Theorem 5.2.1)). Let M, N be smooth
manifolds. Then, for every continuous linear map

V:Cy (M) — D'(N)
there exists v € D'(M x N) such that
V() = u(fog),  VfeCT(M),geCP(N).
The distribution v is called the Schwartz (integral) kernel of V.
The operator (6) can be viewed as a linear map
U(t): (M) — D' (R x M)

whose integral kernel u(t, x,y) € D'(R x M x M) is given by the RHS of (10). One can
show that the wavefront set of u(t, x, y) is bounded above by the stationary points of ¢,
namely, the set

&= {(t,x;y,1) [ ¢4 (t, x;y,1m) = 0} .
Direct inspection of (9) shows us that, for the Levi—Civita phase function,
¢ ={(t,x;y,n) | x=x"(6y,7)}.

This agrees with the fact, guaranteed by the theorem of propagation of singularities [9]
(Volume 1 Section 8.3), that the wavefront set of (¢, x, y) is the union of lifts of geodesics
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to the cotangent bundle. This piece of information was encoded within the Levi—-Civita
phase function, in that the latter was built so as to satisfy properties (i)-(iv) from Lemma 1,
see also [15] (Section 1).

4. Quantum Field Theory on Curved Spacetimes: Hadamard States

While a consistent theory of quantum gravity is still far from our reach, the interaction
of classical gravity with the rest of quantum matter can be studied relatively reliably.
Quantum field theory in curved spacetimes is a mathematically rigorous framework that
describes the propagation of quantum fields on a curved spacetime governed by what are
called the semiclassical Einstein’s equations. Following the principles of General Relativity,
the spacetime is described by a smooth four-dimensional (orientable and time-orientable,
globally hyperbolic) Lorentzian manifold. Classical fields are described by smooth sections
in vector bundles over the spacetime, while quantum fields are given by operator-valued
distributional sections in the same bundles. The dynamics or equations of motion are
described by hyperbolic (at least in some sense) PDEs that the fields must satisfy. The most
widely studied hyperbolic equations are either of wave-type or Dirac-type, corresponding
to integer-spin and half-integer-spin particles, respectively. Below, we will concentrate on
the Klein-Gordon equation (O + m?) f = 0, where f is a section in the line bundle (function
or distribution) over the spacetime, and [ is the d’Alembert operator associated with the
Lorentzian metric (the analogue of the Laplace-Beltrami operator in the Lorentzian setting).
This equation describes the field associated with scalar (spin zero) particles. Much of what
follows works for general wave-type and Dirac-type operators [1,26].

4.1. Hadamard States

Hadamard states play a distinguished role in the algebraic formulation of quantum
field theory, see, e.g., [26-28] for a recent review.

Much of the theory behind Hadamard states, including our constructions below,
depend on an important property of the spacetime (M, g) called global hyperbolicty.
Going back to the archetypical wave Equation (1), a well-posed Cauchy problem can be set
up if the initial data are given on a curve that intersects every inextendible causal curve
(x(7), (7)) exactly once (the curve is causal if |%(7)| < |f(7)|). Such an initial curve will be
called a Cauchy curve. If the initial curve on which initial data are given fails to be Cauchy,
then either of the following two problems arise:

(i) Some causal curves will intersect the initial curve more than once, in which case, for
generic initial data, a single-valued solution will not exist.

(ii) Some causal curves will not intersect the initial curve at all, in which case a portion of
the plane will not be in the domain of dependence of the initial curve, and the values
of the solution in that region will not depend on the initial conditions, resulting in
non-uniqueness.

The situation in more general Lorentzian manifolds with wave-type equations is quali-
tatively the same. In order for the Cauchy problem to be well-posed, the spacetime needs to
possess a codimension one hypersurface that intersects every inextendible (i.e., with maxi-
mal interval of existence) causal curve exactly once. Such a hypersurface is called a Cauchy
hypersurface, and a spacetime admitting a Cauchy hypersurface is called globally hyper-
bolic. There are several other equivalent definitions of global hyperbolicity, such as the
compactness of causal diamonds, which we will not discuss here [1,29]. It was recognized
early on that a globally hyperbolic manifold M is topologically homeomorphic to R x M,
where M is the Cauchy surface. However, that M can always be chosen to be an embedded
submanifold, and that (M, g) is isometrically diffeomorphic to (R x M, —B2(t, x)dt? + ht),
where  is a positive smooth function and k; is a smoothly time-dependent family of
Riemannian metrics, is a relatively new development [30]. The converse problem of es-
tablishing which B and #; yield a globally hyperbolic spacetime in this manner has been
settled in [31].
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The algebraic (i.e., by means of operator algebras, which is a branch of analysis)
approach to quantum field theory on curved spacetime can be succinctly formulated for the
Klein-Gordon field as follows. Consider a globally hyperbolic spacetime (M = R x M, g)
and let C3°(M) be the space of test functions (smooth, compactly supported) on M.
The hyperbolic operator 0 + m? is symmetric with respect to the natural inner product

(i f) = [ ) falx)/ deta(x)ax,
M

and possesses unique advanced and retarded Green'’s functions E+ : C°(M) — D
which satisfy

E+((O+4m*)f1, f2) = Ex(f1,(O+m?)f2) = (fi, f2), suppE=(f1,.) CJ*(suppf1),

for all f1, o € C{(M), where J*(N) is the causal future/past of the spacetime region
N C M [1] (Section 3.4). Let A be a complex unital x-algebra generated by the images
of a continuous linear map C§°(M) > f — ¢(f) € A with the the algebraic relation
[9(f1), ¢(f2)] = iE(f1, f2)1, where E = E, —E_ : C°(M) — D' is the causal propagator
of the Klein-Gordon operator [J + m?. The operator valued distribution f ~ ¢(f) is
interpreted as a quantum field and is assumed to satisfy (weakly) the Klein-Gordon
equation as ¢((0 + m?)f) = 0 and be Hermitian, ¢(f) = ¢(f)*, for all f € CP(M).
A quantum state w : A — C is a normalized positive continuous linear functional on the
algebra A,
w(a*a) >0, w(1)=1, Vac A

The 2-point function w; € (CF(M) ® CF(M))’ of a quantum state w is the bi-
distribution defined by w>(f1, f2) = w(¢(f1)¢(f2)) for all f1, f» € CF°(M). It is clear that
w» is a weak bi-solution of the Klein—-Gordon equation,

w2 ((O4m*)f1, fo) = wa(f1, (O+m?)fo) =0, Vfy, f» € CF(M). (16)

It is customary in physics literature to use function notation ¢(x) for the operator
valued distribution ¢ by formally requiring ¢(f) = (¢, f) for all f € C°(M). In these
notations, one writes wy (x,y) = w(p(x)P(y)).

We will work here with a particular class of quantum states for which the 2-point
function fully determines the state.

Definition 4 (Quasifree state). A state w : A — C is called quasifree (or Gaussian) if its
n-point functions
n(fiy e fn) = w(@(f1) - ¢(fn))
satisfy
{wn(fl,---,fn)—o for n odd,
wn(fi,---0 fn) = Enwa(fiy, fip) - -~ wa(fi, ., fi,) - for neven,

where I1 denotes all possible partitions of the set {1,2,...,n} into pairs

{in, i}, .. {in_1,in}

with i2j71 < i2j/j =1,...,n/2

While all quantum states defined as above make perfect sense from a mathematical
viewpoint, an arbitrary state is, in general, too singular to be a ‘good physical states’.
When manipulating states to describe the physics of the system, the type of operations that
one can perform is constrained by the singular structure of the states themselves. Now,
the singular structure of a generic state can be pretty wild, and this quickly becomes a
serious technical limitation. It is worth stressing that the singular structure of a state cannot
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wy(x) =

be just anything, in that the wavefront set of its 2-point function is constrained (from above)
by condition (16). The latter, however, still leaves quite some freedom in the choice of wj.

For this reason, it was proposed to identify a distinguished class of “physically rea-
sonable’ states to work with, the Hadamard states, by a priori prescribing the singularity
structure of their 2-point function. Hadamard states mimic the ultraviolet behavior of the
Poincaré vacuum. Amongst numerous other nice properties, they ensure that quantum
fluctuations of observables are bounded and allow for an extension of the algebra of fields
to encompass Wick polynomials [32-39]. Over the years, the notion of Hadamard states
has proved successful in a wide range of different settings, see, e.g., [40-53], to name a few.

Let M denote the Minkowski space (the space R* equipped with the Lorentzian metric
—dr? + dr% + dr% + dr%) and let us adopt the notation x = (t,7) € M, t € R, r € R3. Itis
well known [54] (Equation (4)) that the 2-point function of the Minkowski vacuum is

. /R4 0(ko)d(k - k + m?)elk* dk

1 1 m? I —
- 2 42 1 2 AV
€*>O+ 47-[2 [l |2 (t _ 16)2 + zm /|r|2 — tz ]1(77’1 ‘r| t ) Og(‘r| (t le) ) + w

(17)

where - denotes the Minkowski product, J; is the Bessel function of first kind, and

l[)k+1 +¢p(k+2) (mox-x k
()

with ¢(z) := fz In(T'(z)) being the digamma function.

The key idea underpinning the definition of Hadamard states is to prescribe that their
2-point functions possess the same singularity structure as (17). In order to turn this into a
mathematically precise statement, we need to introduce further definitions and notation.

A subset O C M is said to be geodesically convex if for every x,y € O there exists a
unique geodesic connecting x to y, which lies entirely in O. Let O C M be geodesically
convex. For every x,y € O, let

vyila bl =M,  yla)=x v(b) =y,

be the unique geodesic connecting x to y. The (unsigned) distance x and y is, by definition,

)= [Vl @yr @] dr.

It is known [55] (Chapter 5 Lemma 10) that there exists an open neighborhood U of
the diagonal in M x M with the following property: U can be represented as

Z/{:U(’)aan,
[

where

(i) O C M is geodesically convex for every o and
(ii) OnN Oy is either empty or geodesically convex.

Then, the function s is well defined in ¢/, and jointly smooth in x and y there.
The signed distance ‘squared’ between x and y, (x,y) € U, is defined as

+3[s(x,y)]*> for x and y spacelike,
o(x,y) =140 for x and y lightlike,
—3[s(x,y)]* for x and y timelike.
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wy(x,y) — lim

Definition 5. We say that a quasifree state w is locally of Hadamard form (or locally Hadamard)
if for any geodesically convex neighborhood O C M and for any x,y € O we have

ws(x,y) = lim (1 uxy) | (f vn(x,y)a(x,y)”> 1n(a€(x,y)/ez)+w(x,y)> (18)

e—0+ \ 4712 0 (x, ) =

where
0e(x,y) = 0(x,y) +2ie(T(x) — T(y)) + €,

T is any local time coordinate increasing towards the future, { is a reference length scale making
the argument of the logarithm dimensionless, u,v, € C*(O x O) are uniquely determined by the
geometry and the equation of motion (independently of w) and w € C®(O x O) is determined by
the state w.

Definition 5 warrants a number of remarks.

Remark 3.

(a)  The limit in the RHS of (18) has to be understood in the sense of distributions: first, one
integrates against a test function, then one takes the limit for e — 0.

(b)  The smooth functions u,v, € C®(O x O) are known as Hadamard coefficients. They are
obtained as unique solutions of a hierarchy of differential equations that arise by imposing
that the RHS of (18) solves the Klein—Gordon equation in the variable x, interpreting y as a
parameter and setting w = 0. See, e.g., [38] (Appendix A) for further details.

(c)  Definition 5 immediately raises the question: does the series on the RHS of (18) converge?
The answer, unfortunately, is negative. The convergence of the series is only guaranteed
when (M, g) is analytic. In the general smooth case, the series appearing in (18) has to be
understood as an asymptotic expansion ‘in smoothness’, namely, the identity (18) means

A

1 ulxy (Z on(x,y)o(x,y)" >ln(¢7€(x,y)/£2)> e cN 1O x0)

e—0t 47'[2 Ue

forevery N =1,2,....
However, if one wants to work with a uniformly convergent series, the issue of non-convergence
can be circumuvented as follows. Choose a smooth cut-off x : R — [0,1],

1
X(T):{l Hsz

0 |7 >1
Then, there exists a real sequence
0<c<o<cg<cg<...—> 4o

such that the series

+
= Lo (% y)x(eno(x,y))
converges uniformly along with all its derivatives to a jointly smooth function v € C*(O x O).
The distribution
X,
H(xy) = ML) ol y) o) /9

Ho+ 472 0(x,y)

which goes under the name of Hadamard parametrix, is a well-defined approximate solution
of the Klein—Gordon equation—a parametrix—in both arguments x and y. Here, ‘approxi-
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mate’ means ‘up to a jointly smooth function in x and y’, i.e., there exists k € C®(O x O)

such that
Jim [ HEY)(O+ )]0 f9) palx) oo (y) dxdy
= Jo 0 KO W) F1(x) f2() pg (%) g (y) dx dy,

for every fi, fo € C3°(O), where pg(x) := /| det gh”(x)|.
Different choices of the cut-off x yield different smooth errors k.

(d)  Definition 5 completely prescribes the singular structure of the 2-point function, including
the numerical prefactors. The definition of H only involves the geometry of our spacetime
and the equation of motion, which enters in the Hadamard coefficients, but does not identify
a particular state. The information about the ‘physics’ of the system—that is, about the
individual state—is contained in the smooth term w.

(e)  Definition 5 prescribes the singular structure of wo locally but, prima facie, does not tell us
anything about global properties of w or wy.

Although Definition 5 is rooted in good physical intuition, it is not very easy to
handle or convenient to check. An alternative equivalent definition, based on the notion of
wavefront set, was given in the now classical paper [56] by Radzikowski.

Theorem 4. A state w is locally Hadamard in the sense of Definition 5 if and only if, for every
geodesically convex O C M, its 2-point function wy satisfies the microlocal spectrum condition:

WF(w2lpy0) = {(x1,x2;¢1, —C2) € T'(O x O) | (x1,81) ~ (x2,82),&1>0}. (19)

Here, (x1,¢1) ~ (x2,&2) means that there exists a lightlike geodesic vy connecting x1 and xy, such
that ¢y is cotangent to <y at x1 and ¢y is the parallel transport of ¢y from x1 to xp along «y with
respect to the Levi-Civita connection. The notation &1 >0 means that ¢y is future directed.

Remark 4. Loosely speaking, the microlocal spectrum condition means that—pointwise in the
cotangent space—the ‘Fourier transform’ of the 2-point function is rapidly decaying everywhere,
but in the future light cone, and this holds in a consistent manner as we move the base point around.
This effectively implements on curved spacetimes the usual positive frequency condition of QFT.
The generalization of this equivalence result to more general vector-valued fields (together with a
minor technical fix in the original proof) was given in [57].

The two equivalent definitions of Hadamard states—Definition 5 and Theorem 4—
are inherently local. While there is no clear way of defining a global object starting from
Definition 5, one can use the microlocal spectrum condition to do so, by simply dropping
the restriction to a convex neighborhood in (19). We call the resulting object a global
Hadamard state.

The relation between local and global Hadamard states is clarified by the following
two theorems.

Theorem 5 (Radzikowski’s local-to-global theorem [58]). If a quasifree state w on a globally
hyperbolic spacetime (M, g) is locally of Hadamard form, then it is a global Hadamard state.

Theorem 6 (Propagation of the Hadamard property [59]). Let (M, g) be a globally hyperbolic
spacetime and let w be a quasifree state. Suppose that the microlocal spectrum condition (19) holds
for w in a neighborhood of a Cauchy surface M. Then it holds globally.

Finally, we conclude this section with a result due to Fulling, Narcowich and Wald [60],
which shows that one always has Hadamard states to work with.
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Theorem 7. Let (M,g) be a globally hyperbolic spacetime. Then, there exists at least one
Hadamard state.

It is important to point out that Hadamard states are far from being unique on any
globally hyperbolic spacetime. As it is apparent from the definition, the Hadamard condi-
tion only constrains the singularity structure of the 2-point function w, of a state w, and any
other state w’ whose 2-point function w} differs from w; by a smooth function has the same
singularity structure and is therefore another Hadamard state. In fact, on every globally
hyperbolic spacetime, there are infinitely many Hadamard states, and in a sense, all reason-
able quantum states are expected to be of the Hadamard form. Moreover, Hadamard states
are closed under quantum field theoretical operations (see, e.g., [61,62]); once your chosen
vacuum state is Hadamard, then the entire corresponding folium of states is such. Thus,
the actual physical content of the state is, roughly speaking, encoded in the smooth rather
than in the singular part. The Hadamard condition, essentially, rules out pathological
states that would prevent the reasonable application of physically motivated mathematical
operations. In particular, vacuum states are widely assumed to be Hadamard. While
there have been alternative proposals for the definition of the class of physically relevant
quantum states, Hadamard states seem to be the most popular and best justified of all [63].

Now, the selection of a vacuum state among infinitely many Hadamard states is
another big problem in quantum field theory on curved spacetimes. By physical intuition,
a vacuum state should minimize the energy in some sense, but in quantum field theory,
the energy density is not bounded from below pointwise. In the Minkowski spacetime,
the Minkowski vacuum defined earlier is singled out as the canonical choice of a vacuum
state due to its unique feature of being invariant under all spacetime symmetries. A generic
curved spacetime, on the other hand, may not have any symmetries, and thus infinitely
many candidate vacuum states will stand on equal footing. There have been proposals in
the literature for singling out a unique vacuum state, such as the so-called states of low
energy, which minimize the energy density as measured by a hypothetical observer [45,64].
However, this definition is very observation-dependent and the general question of the
choice of a vacuum state in a curved spacetime remains open.

4.2. Construction of Hadamard States

The construction of the wave propagator can be suitably extended to Lorentzian
manifolds with compact Cauchy surface. When the manifold carries a globally hyperbolic
Lorentzian, as opposed to Riemannian, metric, greater care is needed, as time can no longer
be treated as an external parameter and the components of the metric tensor explicitly
depend on it. As a result, constructing an analogue of the propagator (6) in a global,
invariant fashion presents some additional challenges arising from the spacetime geometry.

One can show [1,27] that singularities of solutions of the wave equation on globally
hyperbolic spacetimes propagate along light-like geodesics. Now, the four-dimensional
version of our Hamiltonian (7) vanishes identically on light-like covectors. Nevertheless,
one can still construct a distinguished geometric phase function in the spirit of (1) as follows.

Let (M, g), M ~ R x M, be a globally hyperbolic spacetime of dimension d. Let us
denote by 15 : My — M the embedding of M; ~ {s} x M into M. LetY = (s,y) € M.
For any 7 € T;; \ {0}, let 7+ be the unique future pointing null covector in Ty.M such that
131+ = 1. Here, and further, the upper * denotes the pull-back along the map it is applied
to. Furthermore, let us define

s . M+
T Tl

where [[7]l5, = \/Bs*P (y)1a1p.

Definition 6 ([19] (Definition 4.2)). The Levi-Civita flow is defined to be the map

¢ = (X*(g:s,u,m), E* (65, v 1)),
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wy(t, x;5,Y)

modC® 1

where

. )~(*( S, Y, M) G X* (¢;s,y,1) is the unique null geodesic stemming from Y with initial
cotangent vector 7+, parameterized by proper time; B

e E*(g;s,y,1) is the parallel transport along X*(-;s,y,1) of 5+, from Y to X*(¢;s,y,1).

The Levi-Civita flow is designed in such a way that it encodes information about
propagation of singularities and X* and E* are positively homogeneous in 7 of degree 0
and 1, respectively.

It is easy to see [19] (Lemma 4.3) that the Levi—Civita flow can be reparameterized
using the global time coordinate . With slight abuse of notation, we denote by

te (X (s,y,1m), 25 (5s,y,1)).

such reparameterization.

Definition 7 (Lorentzian Levi—Civita phase function [19] (Definition 4.4)). Let X = (t,x),

Y = (s,y) € M and let (X*(t;s,y,1), E*(t;s,y,1)) be the Levi-Civita flow. We define the

Lorentzian Levi-Civita phase function to be the infinitely smooth function ¢ : M x R x T'M — C
defined by

o(t,x;8,y,1m) = —(E"(t;5,y,1), grad; 0(X, Z) | z—x+ (t:5,y,1))
+iellnlln o(X, X*(t;s,y,1)),

if X lies in a geodesic normal neighborhood of X*(7;s,y,n), and smoothly continued elsewhere in
such a way that the imaginary part is positive.

Starting from the Lorentzian Levi-Civita phase function, one can set in motion ma-
chinery similar to that of Section 2.2. We refrain from discussing the technical details here,
and we refer the interested reader to [19].

In the remainder of this section, we will explain how one can construct Hadamard
states using these techniques in the special case of ultrastatic spacetimes. Observe that
a conformal transformation turns a static spacetime into an ultrastatic one. Therefore,
the following immediately applies to the class of static spacetimes.

Furtheron, (M ~ R x M,g = —dt? + g) is an ultrastatic spacetime of dimension d
with a compact Cauchy surface. Consider the operator

1 —i(t—s)\/—A
O(t,s) = 5/ —Bge IV, (20)
where (/ ng)_l/ 2 is the square root of the pseudo-inverse of —Ay, see [65] (Chapter 2,
Section 2). Then, we have the following [66] (Sections 5.1 and 9.1) [67] (Section 6.2) [19]
(Theorem 5.2).

Theorem 8. The Schwartz kernel wy of (20) is of Hadamard form as a distribution in D' (M x M).
Hence, on account of the results of Section 2.2, one can construct the 2-point function of
Hadamard states on M as a single oscillatory integral, in a global and invariant fashion, as

W/*MEW(H’W’”) f(t—s;y,m) x(t = s, 5y, m)w(t —s,x;,7) dy.
Yy

An explicit formula for the scalar symbol § can be obtained by constructing e (t=3)V/ = Ay
first, and then composing the outcome with the parametrix \/—Ag. Alternatively, one can
construct (20) in one go by replacing the initial condition U (0) = Id from Section 2.2 with

the condition Q(s,s) = §,/—A,.
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Remark 5. From the above discussion, the reader may be led to think that there are no fundamental
differences between studying partial differential equations on Riemannian manifolds and doing so
on Lorentzian ones, provided one is prepared to take care of the amount of additional technicalities
that the latter brings about. While this is true in some instances, it is very much not the case in
general. Indeed, fully relativistic equations of mathematical physics are not always associated with a
natural inner product, not even an indefinite non-degenerate one. As a result, in the Lorentzian
setting one is often forced to work with equations, as opposed to operators, see [68,69].

Whilst a systematic review of the subject goes beyond the scope of this paper, we should
conclude by mentioning that a number of different approaches to construct Hadamard states,
alternative to that presented here, have been proposed over the years, see, for example, [60]
or [70,71]. The closest to the above in terms of techniques employed are perhaps those of
Gérard and Wrochna [72,73], heavily reliant on pseudo-differential calculus.

5. Conclusions

The interplay between partial differential equations and mathematical physics has,
over the years, proved extremely fruitful in both directions. In this review, we have
discussed a very specific aspect of this relationship, namely, how the construction of
propagators for hyperbolic PDEs as global oscillatory integrals is useful in describing
physically meaningful quantum states in curved spacetimes, the so-called Hadamard states.
The results presented here are relatively recent, and we believe that this expository paper,
which brings together theory and applications in a self-contained manner, will help to make
some progress towards establishing a common language and, ultimately, bridging different
research communities working in partial differential equations and mathematical physics.

The topics presented here open the way to future exciting avenues of research. In-
teresting questions are, for example: Can one perform a similar global construction for
systems—say, for the Dirac field? Can one perform a similar global construction on globally
hyperbolic manifolds with non-compact Cauchy surface and with boundary? Or, finally,
can one apply the above techniques to construct Feynman propagators? These generaliza-
tions are expected to be related to remarkable technical complications and may necessitate
the introduction of additional mathematical tools.
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