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Abstract: Thick wall structures are usually applied at a highly reduced frequency. It is crucial
to study the refined dynamic modeling of a thick plate, as it is directly related to the dynamic
mechanical characteristics of an engineering structure or device, elastic wave scattering and dynamic
stress concentration, and motion stability and dynamic control of a distributed parameter system.
In this paper, based on the partial differential operator theory, an exact elasto-dynamics theory
without assumptions for bending vibrations is presented by using the formal solution proposed by
Boussinesq-Galerkin, and its dynamic equations are obtained under appropriate gauge conditions.
The exact plate theory is then compared with other theories of plates. Since the derivation of the
dynamic equation is conducted without any prior assumption, the proposed dynamic equation of
plates is more exact and can be applied to a wider frequency range and greater thickness.

Keywords: exact plate theory; thick plate; bending vibration; partial differential operator theory;
gauge condition

1. Introduction

As typical structures, thick plates with holes are widely used under dynamic loads in
aerospace, ocean engineering, civil engineering and mechanical engineering [1-5]. Due
to the stress concentration near the load-bearing opening in the finite thickness structure,
there will be an intense three-dimensional effect zone. The three-dimensional effect zone is
closely related to the relative thickness of the structure, which largely controls the fracture,
fatigue and other mechanical properties of the structure [6,7]. There is a large error in
calculating the dynamic problem of the plate with actual thickness based on the classical
thin plate theory. With the development of modern science and technology, engineering
structure designs tend to be light, and the way to achieve this is to use advanced materials
and improve the structure design theory. However, because the three-dimensional problem
has not been well solved, it will encounter great mathematical difficulties in solving the
three-dimensional problem.

The classical plate theory (CPT) is the basic theory in the hierarchy of plate theories [6].
Since it was formulated systematically in the 19th century, CPT has been widely applied for
buckling, bending and vibration analyses of plates. However, it is worth noting that CPT
does not consider the effects of shear deformation or rotary inertia [8-10]. Hence, in the
analysis of thick plates and also in the case of thin plates vibrating at higher frequencies,
the use of CPT would result in considerable errors [11-14]. These limitations of CPT led to
the development of first-order and higher-order shear deformation plate theories.

Reissner [11,12] proposed a thick plate theory, including the effects of shear deforma-
tion. Reissner’s theory involves three coupled governing differential equations in terms of
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three unknowns. In fact, Reissner’s theory is based on a stress approach. Mindlin [13] con-
sidered both the effects of shear deformation and rotary inertia and proposed a first-order
displacement-based theory, which involves three coupled governing differential equations.
Mindlin’s theory was derived by using the frequency domain method, so its disadvantage
is that it cannot predict the constant transverse shear strains and stresses across the plate
thickness. Therefore, the theory requires a shear correction factor to match the strain energy
calculated by using constant transverse shear strains and stresses. The transverse shear
strains and stresses vary parabolically across the plate thickness [14].

The Levinson [15] and Reddy [16,17] plate theories are higher-order shear deformation
plate theories based on displacement. Both the theories are based on the same displacement
field. However, the governing equations of the Levinson theory are derived from the plate
gross equilibrium equations, whereas Reddy used the principle of virtual displacements
to derive the governing differential equations. Neither theory requires a shear correction
factor. The plate theory proposed by Kant [18] is based on a higher-order displacement
model, which causes a secondary change in transverse shear strain and a linear change
in transverse normal strain across the plate thickness. This work involves the flexure of
thick rectangular isotropic plates. The formulation of the theory involves six variables.
Since the higher-order plate theories cannot take the continuity conditions of displacement
and shear stresses into consideration, the accuracy of analytical solutions cannot meet the
requirements in engineering applications [19].

Nedri [20] presented a novel refined hyperbolic shear deformation theory based on
the assumption that the transverse displacements consist of shear and bending compo-
nents where the bending components do not contribute to shear forces, and likewise, the
shear components do not contribute to bending moments. The irrelevancies of the two
components make calculations simple, yet it may lead to an erroneous result when the
displacements vary sharply across the thickness. Shimpi [21] developed a refined plate
theory (RPT) with only two unknown functions available in the paper. RPT produces two
fourth-order governing differential equations, which are uncoupled for static problems and
are only inertially coupled for dynamic problems. Subsequently, Shimpi [22] presented
two new first-order shear deformation plate theories with only two unknown functions
to improve RPT. Using the method proposed by Timoshenko and Ashwell, Nicassio [4]
presented a novel forecast model to map the surface profiles of bistable laminates and
developed an analytical model to provide an interpretation of the bistable shapes in terms
of principal and anticlastic curvatures. Wu [5] gave a revised method to increase the stiff-
ness and natural frequency of bistable composite shells, which can be suitable for spatial,
lightweight structural components.

Among various refined plate theories, Carrera [23] presented a unified expression,
which provides a program to obtain refined structural models of beams, plates and shells
that explain variable kinematics descriptions. Based on Carrera’s unified formulation
(CUF), these structural models are obtained using the N-order Taylor expansion to expand
the unknown displacement variables. Tornabene et al. [24,25] derived a general formu-
lation of 2D higher-order equivalent plate theory. The theoretical framework covers the
static and dynamic analysis of shell structures by using a general displacement field based
on CUF. In the CUF system, a linear case can describe a classical model, while a higher-
order case can describe a three-dimensional structure. Kolahchi [3] investigated bending,
buckling and buckling of embedded nano-sandwich plates based on refined zigzag theory
(RZT), sinusoidal shear deformation theory (SSDT), first-order shear deformation theory
(FSDT) and classical plate theory (CPT), and a differential cubature (DC) method is ap-
plied for obtaining the static response, the natural frequencies and the buckling loads of
nano-sandwich plates. The numerical investigation shows that RZT is highly accurate in
predicting the deflection, frequency and buckling load of nano-sandwich plates without
requiring any shear correction factors.

In brief, although the above CPT theories have been optimized and updated, they are
theoretically based on the geometric method, and the models are rough since engineering
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assumptions are still used during the derivation, which results in many limitations in the
application of thick wall structures, especially in the case of plates vibrating at higher
frequencies. In this paper, we propose a novel theory of exact elastic dynamics for bending
plates not based on the geometric view but the algebraic view. During the derivation,
we apply the general formal solution proposed by Boussinesq—Galerkin and the operator
theory of partial differential equations. The exact elasto-dynamics equations for bending
plates are obtained by using appropriate gauge conditions, and the exact dynamic theory
of thick plates is compared with other plate theories. Since the derivation of the dynamic
equation is carried out without any prior assumption, the proposed dynamic equation of
plates is more exact and can be applied in a wider frequency range and greater thickness.
The exact thick plate theory in this paper makes up for the shortcomings of the classical
thin plate theory and other thick plate theories. It can be used not only for structures with
large thickness span ratio but also for vibration mechanics problems with great influence
of shear deformation and moment of inertia, such as spacecraft attitude dynamics and
control, structural motion stability, dynamic stress concentration for thick plates with holes,
and calculations for submarine anechoic tile structure design.

2. Derivation of the Exact Dynamic Theory for the Bending Plate
First, the derivation process of the exact plate theory for the bending plate is intro-

duced. According to the three-dimensional elasto-dynamics theory, the governing equation
of the spatial displacement field is the Navier equation:

_
~ e
where i, A are the Lame constants, V = id/dx 4 jd/dy + kd/dz, p is the density.

From Equation (1), based on Boussinesq—Galerkin solution (B-G solution), the solution
given as:

uV2u+ (A +u)V(V -u) 1)

u:2(1v)<V2182)GV(V~G), )

2 32
cq ot

where c1, ¢y are longitudinal wave velocity and transverse wave velocity, v is the Poisson
ratio, and G = (Gy, G2, G3) is the Somigliana vector potential function, which satisfies the
following relation as:

[1(v*-T?)G =0 3)

. . . 2 .
where T; are time differential operators, T]-2 = %%, (j=12),

Using the Taylor series expansion of the exponential operator function, the displace-
ment at any point in the plate can be written as:

0

ux(x,y,z) = exp <Zaz> uy(x,y,0), 4)
d

uy(x,y,z) = exp (Zaz) uy(x,y,0), (5)
0

uz(x,y,z) = exp (ZE)Z> uz(x,y,0). (6)

The fluctuation of plate bending is a case of antisymmetric motion, and Equation (4)
can be written as:

ux(x,y,2z) = sinh(zai)ux(x,y,o), (7)

uy(x,y,z) = sinh(zi)uy(x,y,o), 8)
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uz(x,y,z) = cosh (Z;z) uz(x,y,0), 9)

where sinh(-) is hyperbolic sine function, and cosh(-) is a hyperbolic cosine function.
The B-G solution can be written as:

. 0 0\ &
Gi(x,y,2)= smh(zaz> Gj(x,y,0) = cosh (Zaz> ; Gi(x,y,0), (10)
Gs( )= cosh 9 Gs(x,y,0) = cosh 9 ici( 0) (11)
3(X,Y,z)= COs Zaz 3(X, Y, = COS. Zaz = 4 X, Y,U),

The Somigliana vector potential function G can be decompose into two vector potential
function as G = G! + G2, and (V]2 + %)Gj = 0, here V]Z =V2_— sz, (j=1,2) is the
Lorentz operator. The trigonometric function operator can be written as:

sin(sz) > n 1 2
N - n+lx72n 12
v, LV g v 12)
cos(zV;) = i(—n” L pnyon (13)
1= (2n)! U
herej=1,2.
We can also obtain the following relation as:
9G1 3G,  0Gs & sin(zV)) 38]1 agé 2.
VoG = -+ 5 oz —]; v, ax T oy Vigh |- (14)

For the sake of avoiding the non-uniqueness of unknown functions, two gauge condi-
tions are adopted as follows:

9, , 3

e 3y =0,(j=1,2). (15)

Equation (8) can be written as:

2 sm P sin(zV 9 j
AT i
R B 16
— \v2
jgl {cos (zV ])V] gé]
The displacement in the plate can be expressed as:
82
u=2(1-v) (V%+M>G—VO(VO~G). (17)
Its component-wise expressions can be written as:
sin(zV3) sin(zV;)
= T g z v 9, (18)
sin sz sin(z
=g ) I 19)
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2 .
uz = cos(zV)T385 + Y Cos(sz)V]Zgé. (20)
j=1
Considering the neutral surface displacement and the normal angle, the generalized
displacement in the plate can be expressed as:

_ dug 2 2825’5
Py = — 3z |, ZV] 5 (21)
duty 2 283
Py = — == = —T2g V? (22)
Y 9z |, 28 ; 7oy’
W= U],y = Vg3 + Vigi. (23)

The rotational normal angle to the neutral surface can be expressed as:

oF af 9F  of
Py = 8x le**y—g- (24)

The functions g2, g3, g3 can be expressed by the neutral surface displacement and
normal angle as:

af
)
& = T;Z( Sy ay) (26)
g = —T;zv;z (V%w + V2F), (27)
& =T, 2(F+w—E). (28)

where V2E = 0,F = —V3g! — V3¢ +
In this way, the displacement can be derived as:

B )]'_1 sin(zV)) g sin(zVy) ( oF + dw
=] vV, ox Va b) ox

5 2 in V
ST (1) TR (6 g
j=1 Vi

5
I
[aglN)
—
i

(29)

uy—

V] a}/ Vz

j—18in(zV)) 9o sin(zVa) (9F _ 3f
ay ox

LT
—_
S—

(f
]

2
T2y in(zV) 30
22]’:1< >/ 15n;ZJ v2(g§ EE));I) 0

2 )
uy = cos(zVy)w—T, 2y (1) ' cos(2V2) V2(F + w). (31)
j=1
In line with Hooke’s law, the stress components can be expressed as:

Tox = 2 cos(le)aa ycos(sz)(gi + ?,i‘c’ + f)

Ty fl (1) cos 2V V2(2 + 22) (32)
=
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_ ow oF | ow _ of
Ty = 24 cos(le)@ — pucos(zVy) (@ + i ﬁ)
—2 & i—1 9F | 9 (33)
—2uT, ngl (—1) cos(sz)V2(£ + %)
0, = 2uT; > z (1)1 Sm(zv (V) 9292 4 )
j=
—(A+2u) T 2T, 251“(Zv1) V2(F +w) (34)
+(A+ 2y)T12 S““(Vzlvﬂw

—op GV 2y 4 2p GV 2 (F + )

Considering the free boundary condition, the shear stress at the plate surface is zero.
The equalities can be given from Equations (32) and (33) as follows:

w(1)3 - des(tw) - 2 E 0 ()]
<%+%—7j{’)—§cos( Vz)af— )
w(1)g - tes(tm) - 2 E 0 ()]

(§+5) +bou(t5:)8 -
where & is the thickness of the plate.

On the basis of the complex variable function theory, Equations (35) and (36) can be
regarded as the real part and imaginary part, which consist of a Riemann condition of the
analytic function. Now, the non-homogeneous solution of the equation does not influence
the solution of the stress state, so there can be:

_ h
1) cos (V]-> v?
z

h 1 h 0
cos(2V1>w — [2 cos<2V2> + T, 2}; (—

(F+w)=0, (37)

h
Cos(2V2>f =0. (38)
According to the integral function theory, Equation (38) can be expanded in series as:
3 K2 vZ
- 5|0 )
m=1 (2m )

By means of truncating the infinite series, the following second-order elastic wave
equation is given as:

2 2
V2f - <”2 + 1zaatz>f=0- (40)

According to the free boundary condition that the normal stress at the plate surface
is zero, the governing equation for the elastic wave of the plate can be derived from
Equations (34) and (37) as:

2 1 h 1 h h
T,2Y (- cos( 5 j)VZ(F +w)+ 5 cos(ivz)(F +w)— Cos(Evz)w =0, (41

j=1

2 i in(h in(h
T;ZZ (—1y-18nGY BELVIVAF 4+ w) -} RGN B 02 ()
‘ (42)
sm( )vzw +1 T2 sm( Vl)w —0
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The operator algebraic equation involving the unknown functions F and w is deduced
by Equations (41) and (42) as:
F 0
el =lo] ©

where the expression of each operator of A is
2 .
Ay =T, 2 ‘21 (—1) ' cos(4V; V24 Lcos(5V),
]:

2 ,
Ap =T,? '21 (—1)/~1 cos(%vj)vz - Cos( Vi) +3 cos( Va),
]:

2 h s (h
Ay = T272 ,Zl (- 1)] 1 sm(2 i) P22 — ! Sm(vzlvl) V2 + Sm(vjzvz) V2,
]:

Apy = T22j§1 (_ )] 1s1r1(2 )vzvz 3 sm( Vl)vz 1 sin(vl%zvz) V2 4+ %T22 Sin(VI%IVl)-
The determinant of Equatlon (23) is:
. s (h
det(A) =T,? [Sm(vvl) Cos(gvz) — sm(vjizvﬂ cos(gvl)] \Vave
. s (h
_ sm(v1V1) COS(zvz) _ Sln(vjzvz) COS(gvl):| V2 (44)
+1 TZM cos(%vz)

The fourth-order differential equation involving the lateral displacement can be ex-

pressed as:
det(A)w = 0. (45)

After the truncation of the infinite order operator series, the governing equation for
the elastic wave of plates can be derived as:

2k 3 11 1
V22w — mTzvzw + T2<h2 T2 + STZ) =0, (46)
CV*V2w — (2 — ) DT> V2w + {CTZZ + (Z — v) DT{I} w =0, (47)
where C = 5&’:} I D= m Ey is Young modulus.

Without loss of generality, the solution of the vibration harmonic of the problem is
studied. Set:
w= iuve—iwtl F = fe—iwt, f — ]Ac'e—ia;t’ (48)
where w is the angular frequency of plate bending, and i is an imaginary unit.
In the following analysis, the time factor and the symbol ‘~" in the generalized dis-
placement functions are left out. Taking Equation (48) into Equation (47), the following
equations can be expressed as:

3 — 2k 3 kk2 k2 4
22 2724 20 2%2 2 = —
VVw+72(1 )kV 4(1_K)k2<6 +5 h2>w 0, (49)
2
H(vz + zsz)w —0, (50)
j=1

where a;(j = 1,2) are scattering wave numbers, which satisfy the following expression

a2 )kZaz +k2 [(7 8u)ky 6(1}120)] -0



Mathematics 2021, 9, 1920 8 of 12

The scattering numbers on the basis of Mindlin plate theory are determined by the
2
following expression: a* — (% + 1_Tv)k%vcz +6(1—0)k3 (k2 - 1) = 0, where k; = Cﬂj,

2 K2
(=12
The corresponding generalized displacement potential function is:

2
F=F+E=Y (51w, (51)
j=1

where J; are the ratio coefficients of the displacement potential function, and thus
o 16+2 (a2 k3 ) 12
T st [(3-200a2 i3]
Comparatively, the ratio coefficients of the displacement potential function by Mindlin

21,2
2 a%hz 5 2 ath

plate theory are 67 = Tl g2 T T T g

3. Comparison of Various Bending Plate Theories

In this paper, the comparisons between the governing equation for the bending plate
and the governing equations for various classical bending plates are presented in Table 1.

Table 1. Comparison of different theories of plate bending.

Plate Theory Categories Statics Equations Dynamics Equations
DV?V2W — (2 —v)DT2V?W
+CT3W + (§—v)W

DV2V2W = g — 212V

The exact plate theory in this paper (1-v)

2
VIR0 =0+ R0-0(12 - 57
Vi - (% +T3)f =0
Lagrange-Germain plate theory DV2V2W =g DV2V2W + CTiW =g
Reissner plate theory DV2VIW =g - %hzvzq
Vif-0f=0
o DV2V2W — (B2 4 ) T3vPW
Mindlin plate theory —I—phTZZW N % T %W
=g+ 2 (512 - Bv?)g
Vi — (e +T3)f =0
Hencky plate theory DV2V2W =g — 6(1171/) h2Vv2q
Panc plate theory DV2V2W =g — ﬁhzv2q

The dispersion equation based on the Lagrange—Germain plate theory (CPT) can be

described as:
c [ 4m®  h
o Vea—v a-v) T (52)

where A is the wavenumber of an elastic wave.
The dispersion equation in consideration of the moment of inertia can be described as:

1+7§<§ﬂ " 53)
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When the moment of inertia and shear deformation are involved, the implicit disper-
sion equation can be described as:

2 (h\? c? c
—| = 1-—||5-1|=L1L 4
SO 64
The implicit dispersion equation based on the three-dimensional elasto-dynamics
theory can be described as:

403\/(% —xc?) (3 — c?) B tanh(2n%, [c3— Kcz)

= . (55)
(22 — 2)* tanh (271% \/C%j)
The dispersion equation based on the exact plate theory in this paper is:
K3(7—8v) 6
4 2.2 2| %2
- (2-0)k 1-v)k| =—=-— 5| =0.
at — (2—v)kja” + ( v)zl S1—0) 2 0 (56)

4. Discussion of the Exact Plate Theory

In this paper, the derived plate bending vibration equation is compared with the
classical corresponding equation. The comparison of the specific equation form is shown
in Table 1. In the process of comparison, the equation form in the frequency domain is
used. The bending vibration equation of plates presented in this paper is similar to other
classical bending vibration equations of plates. When the statics problem is studied, the
elastic vibration equation of plates derived in this paper degenerates into an exact equation
of the static bending of plates.

According to those dispersion equations above, Figure 1 is drawn to compare the
dispersion curves; Figure 2 is drawn to compare the scattering wave numbers. From
Figure 1, we can see that the dispersion curves based on the classic thin plate theory and
Mindlin plate theory are far apart from the three-dimensional elasto-dynamics theory, but
the dispersion curves by the exact plate theory in this paper are very close to the dispersion
curves based on the three-dimensional elasto-dynamics theory. By comparing those curves,
the superiority of the exact plate theory to other plate theories is obvious.

As can be seen in Figure 2, the scattering wave number &1 obtained by the exact plate
theory and Mindlin plate theory is very close, but the scattering wave number «; obtained
by the exact plate theory is quite different from that of the Mindlin plate theory. With the
increase of the vibration frequency, the scattering wave number becomes greater. It can
be seen that the scattering wave number a1 at any frequency is greater than zero, so it can
be concluded that the wave mode is in the propagation region. Nevertheless, when the
frequency is low, the scattering wave number «; is less than zero, and the wave mode is in
the cutoff frequency domain, which is called a localized standing wave. When the frequency
is high, the scattering wave number «; is greater than zero, and the wave mode is in the
propagation region, which is called a propagating wave. According to Reference [7], it can
be seen that the applicable frequency interval of the Mindlin plate theory is w/wg < 1, i.e,,
h/Ay < 0.5, and the application of the Mindlin plate theory is limited. The dynamic model
proposed in this paper is completely based on the three-dimensional elasto-dynamics
theory, and consequently, its limitations of application are minor.
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Figure 1. Dispersion relation by the different theories.
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Figure 2. Wavenumbers by the different theories.
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5. Conclusions

In this paper, the novel dynamics plate model is completely based on the theory of
three-dimensional elasto-dynamics theory, and the derivation of the dynamic equation
is conducted without any prior assumption but in view of the partial differential oper-
ator theory and analytic theory of complex function. Therefore, the proposed dynamic
equation is more exact. It is not only suitable for low-frequency vibration of the plate but
also suitable for high-frequency vibration, which will not produce the phenomenon of
high-frequency dispersion.

With the development of modern mechanics and mathematics, new research results
and methods continue to appear. The research object develops toward high speed and
high-frequency. The new development of mathematical and mechanics improves the
ability to solve complex mechanical problems and plays a positive role in promoting the
development of mathematics in mechanics and physics. It provides a new formulation
and means for solving the dynamics and numerical calculation of solid structures more
accurately. The governing equation of bending plate vibration proposed in this paper
is expected to be used to analyze the vibration of thick plates, evaluate the applicable
condition of the engineering plate theory and design the active vibration control of thick
plates exactly in the research on the dynamics and stability for flexible spacecraft structures
and broadband vibration frequency.
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