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Abstract: In this study, we explored elementary preservice teachers’ (PSTs’) competence to make
diagnostic inferences about students’ levels of understanding of fractions and their approaches to
developing appropriate tiered assessment items. Although recent studies have investigated begin-
ning teachers’ diagnostic competency, teachers’ ability to design and evaluate diagnostic assessment
items has remained largely underexplored. Fifty-seven PSTs, who enrolled in a mathematics methods
course at a midwestern university in the U.S., participated in developing and attempting to differen-
tiate diagnostic assessment items considering individual students’ varied levels of understanding.
An inductive content analysis approach was used in identifying general patterns of PSTs’ approaches
and strategies in designing and revising tiered assessment items. Our findings revealed the following:
(a) the PSTs were well versed in students’ cognitive difficulties; (b) when modifying the core questions
to be more or less difficult, the PSTs predominantly used strategies related to procedural fluency of
the questions; and (c) some strategies PSTs used to modify questions did not necessarily yield the
intended level of difficulty. Further, we discussed the challenges and opportunities teacher education
programs face in teaching PSTs how to effectively design tiered assessment items.

Keywords: diagnostic competence; fractions; elementary preservice teachers; assessment

1. Introduction

There is a general consensus that student learning is directly related to the quality
of teaching, which largely depends on teachers’ competence in planning, instruction, and
assessment [1]. One such competency is teachers’ capacity to gather information on students’
learning progress, make a diagnosis, and respond through an on-going and interactive pro-
cess [2–4]. In particular, teachers’ ability to recognize and understand students’ difficulties,
make diagnostic inferences about a wide range of students’ strengths and weaknesses, pro-
vide feedback, and design appropriate tasks to promote students’ thinking is critical [5–8].

Therefore, teachers’ assessment skills are integral to carrying out the kind of adaptive
teaching that improves student learning. However, research shows that there has been
insufficient development of teachers’ diagnostic competence [9]. Research also shows that
teachers often do not design and implement diagnostic assessments and do not spend
sufficient time analyzing student work and progress [10]. In the meantime, there has been
much work in the field of mathematics education to produce a set of concrete academic
standards for what students are expected to learn. However, those standards themselves
“do not [explicitly] define the intervention methods or materials necessary to support
students who are well below or well above grade-level expectations” [11] (p. 4). This leaves
teachers in a position where they need to make diagnostic inferences (as assessment skills)
about students’ strengths and weaknesses to support student learning and to develop
instruction materials reflecting student needs.
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There have been recent studies on teacher education investigating beginning teachers’
diagnostic competency to analyze student thinking, e.g., [12,13]. However, these stud-
ies paid relatively little attention to preservice teachers’ ability to design and evaluate
diagnostic assessment items beyond their use of predetermined categories, terms, or con-
cepts to analyze individual students’ performances. To address this gap in the literature,
we explored elementary preservice teachers’ (PSTs’) capacity to design diagnostic assess-
ments. As an exploratory empirical study, this study aimed to investigate elementary
PSTs’ approaches to developing tiered assessment items to make diagnostic inferences
about students’ understanding of fractions (cf. [14] about problem posing in fractions).
By analyzing the patterns of strategies PSTs use to develop tiered diagnostic assessment
items, we intended to provide educators of future mathematics teachers with ideas for
improving their PSTs’ diagnostic competence. This study answered the following over-
arching questions: (a) how do PSTs anticipate student confusion/difficulties in solving
fraction problems? (b) what strategies do PSTs use in designing diagnostic assessments
to adjust the levels of assessment tasks according to individual student thinking based
on their anticipated student confusion/difficulties? and (c) how do PSTs’ strategies differ
depending on target concepts or representations used in the tasks?

2. Theoretical Framework

This section reviews the current literature relevant to the present study. We reviewed
studies about teaching fractions and examined the ideas of (1) diagnostic competence and
(2) problem posing. We also reviewed extant research on teachers’ mathematics assessment
item development.

2.1. Teaching Fractions

Lee and Lee [15] stated, “a fraction itself does not tell anything about the actual size
of the whole or the actual size of the parts but only represents the relationship between
the part and the whole” (p. 7). Regarding the relationship in terms of fractional quantities,
research [16–18] underscored the importance of constructing mental actions called opera-
tions, specifically, partitioning (i.e., dividing a whole into equal parts) and iterating. The
denominator of a fraction represents the unit, and the numerator represents how many
units fit into the given fraction. In the portioning operation, students try to figure out
how to partition the given whole equally in order to find a unit fraction (see [19]). In the
iterating operation, students repeat the unit fraction multiple times to produce proper or
improper fractions. Confrey [16] combined these two operations into one and called it the
splitting operation (cf. other ways to identify the part and the whole in [20]).

Research has documented that PSTs with relatively strong computational skills and
procedural knowledge about algorithms and rules could struggle to understand the logic
underlying the procedures or the interrelationships among mathematical ideas [21–23] and
that PSTs have difficulty effectively using pedagogically appropriate representations or
models to support students’ learning of fractions [24]. Regarding the modeling of fractions
in the classroom, three types of pedagogical models are widely used [25]: (1) area models
(e.g., circular or rectangular objects); (2) linear models (e.g., fraction strips, Cuisenaire
rods, or number lines); and (3) set models (e.g., bi-level counters or tallies). Cramer and
Whitney [26] indicated that the concept of improper fractions builds on to the linear models.
Other studies (see [25]) noted that set models draw on students’ prior knowledge of whole
number strategies and better reflect real-world uses of fractions. Research [27,28] supports
the view that different models have different advantages, and students benefit from doing
mathematics with multiple representations of fractions including three fractional models:
real-world situations, verbal symbols, and manipulatives.
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2.2. Teachers’ Diagnostic Competence

Diagnostic competence refers to the ability to accurately assess the characteristics
of individuals, tasks, or programs and relevant preconditions [7]. Through diagnostic
assessments, teachers can identify students’ strengths and weaknesses, use those inferences
to inform their instruction, provide students with appropriate feedback, e.g., [29], and
better support students’ learning. This pedagogical practice echoes the goal of formative as-
sessment in that the ultimate goal is to plan a differentiated instruction that accommodates
individual students’ learning needs [30,31]. In the end, differentiation highlights the needs
of individual students and aims to maximize the students’ learning capacity [32,33]. Thus,
diagnostic competence is necessary for teaching, and a teacher’s expertise in diagnosis
positively contributes to interactions with students [34]. Therefore, teachers need to be
competent at recognizing what students know and understand and what they do not know
and understand [4,30]. In other words, teachers’ diagnostic competence in both cognitive
and non-cognitive areas is a prerequisite to their ability to teach specific concepts and skills
to their students [7]. For teachers to notice what and how students think, it is important
to identify students’ misconceptions and provide opportunities for students to learn from
mistakes and progress. Yang and Ricks [8,35] present the “Three-Point Framework” (as
cited in [36], p. 126) to describe the process by which Chinese teachers decide instructional
goals and design mathematical tasks. More specifically, teachers need to know not only the
main mathematical concepts/ideas of their lessons or tasks (key point) but also common
errors or misconceptions (difficult point) that students may have in the process of learning
the key point. To address the difficult point, teachers should make important instructional
decisions including interventions to support students who struggle so that they can over-
come the difficulty (critical point) and master the key point. Lee and Choy [36] suggested
the three-point framework to characterize teachers’ awareness of their content, student
difficulty, and strategies to support students.

Despite its importance, there is insufficient development of diagnostic competence,
and, subsequently, many teachers do not design and implement diagnostic assessments
to evaluate individual students’ skills and levels of understanding [10,12]. Furthermore,
teacher educators argue that many teachers start their teaching careers with less training
on assessment issues compared to other discipline-specific areas [37]. Considering that
teachers’ diagnostic competence, especially their ability to identify the key, difficult, and
critical points, is an essential component of their teaching quality, there is no doubt that it
should be included in teacher education programs.

2.3. Teachers’ Problem Posing—Eliciting and Interpreting

Prior research has established that problem solving is considered an important part
of mathematics learning, but the same level of attention has not been given to problem
posing [38]. Similarly, relatively little attention has been given to PSTs’ problem-posing
ability in teacher education programs. In response, teacher educators have suggested
including problem posing as a critical element of teacher education programs to allow
teachers to become more adept at posing problems for students and assisting them to
become better problem posers themselves [39–42].

In an effort to promote high-quality mathematics teaching, recent research on math-
ematics teacher education, especially that of novice teachers, has paid attention to these
skills: eliciting and interpreting students’ thinking through carefully formulated problems
and questions to support developing their competence as future mathematics teachers [43].
As shown in Figure 1, when novice teachers learn to elicit and interpret students’ thinking,
they develop a diagnostic competence. It requires them to formulate and pose questions,
listen to and interpret students’ thinking, and develop additional prompts and tasks that
will determine what individual students know and can do. Thus, the first step toward de-
veloping novice teachers’ diagnostic competence is to provide them with opportunities to
design questions and tasks meant to elicit students’ thinking. Then, when novice teachers
more accurately understand their students’ thinking, they can reformulate questions and
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tasks to be better suited to the way their students think. By doing this, teachers can recog-
nize where students are in the learning process and identify the misconceptions or errors
that underlie the student’s understanding; this ultimately serves the goal of diagnostic
assessments—informing teachers’ instructional design and delivery [44].
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2.4. Teachers’ Ability to Develop Mathematics Assessment Items

Some studies have investigated teachers’ or PSTs’ competence in mathematical task
design and/or task modification. There are a number of caveats that concern the quality
of tasks; one is that teachers need to consider both pedagogical and mathematical aspects
when they generate or modify tasks [46]. The mathematical aspect may initially concern
procedural fluency (i.e., selecting efficient procedures, National Council of Teachers of
Mathematics [47]) and computational fluency and further extends to “deep and diverse” [46]
(p. 240) mathematical ideas in tasks. That said, some studies show that teachers or PSTs
had unbalanced perspectives. For example, in a study of elementary PSTs’ problem posing
behavior, Crespo and Sinclair [41] reported that participants showed a tendency to generate
pedagogically valuable problems only, neglecting to consider the mathematical aspects.

Studies have also reported teachers’ or PSTs’ strategies for developing and modifying
assessment items. Crespo [40] examined the changes in a group of elementary PSTs’ problem
posing strategies over time. Whereas preservice teachers’ initial strategies tended to make
problems easy to solve and to pose familiar problems and problems blindly, later problem
posing practices significantly differed by employing multiple approaches, more complex
cognitive demands, and fewer leading questions.

Vistro-Yu [48] claimed that there are benefits to revising existing problems, for example,
through replacement, addition, modification, contextualization, inversion, and reformula-
tion. In an analysis of secondary and middle school teachers’ problem posing practices,
Stickles [49] also categorized teachers’ problem reformulation strategies. These include
changing contexts, simplifying the original problem, extending the problem by adding
assumptions or constraints or by posing a generalized version of the original problem,
switching the provided and sought information, combining two or more of these strategies,
and simply changing the wording. Stickles’ study [49] reported that both preservice and
in-service teachers struggled to generate their own problems, whereas they had more
success in reformulating existing problems. These studies showed that teachers and PSTs
use varied strategies to generate or reformulate mathematical problems but experience
difficulties posing mathematically as well as pedagogically sound problems. This warrants
further support and education for teachers. In general, this literature review suggests
that teachers’ problem-posing ability is closely related to their diagnostic competence and
that there is a need to further investigate teachers’ competence in posing and calibrating
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assessment items to better support teachers. Thus, our expectation is that the approach in
this study will contribute to improving teacher education programs.

3. Methods
3.1. Participants and Context

The participants in this study were 57 undergraduate PSTs enrolled in three sections
of a required elementary mathematics methods course in a midwestern university in the
United States. Participation in the study was voluntary, and there was no excluded par-
ticipant. The first two authors of this article were the instructors of these sections. They
shared key course activities and assignments. Declining to participate was made available
for all students, while students who took part in research did not receive extra course
credit, and the study began after students’ course grades had been posted. Participants
had successfully completed two mathematics content courses focusing on number theory
and geometry prior to this methods course. For most participants, this was their last or
second-to-last semester before beginning their one-semester student teaching experience.
PSTs were required to have some field experiences throughout the program at local schools
for participatory observation and limited levels of instruction under the supervision of
cooperating teachers. For this methods course, the PSTs were required to develop an assess-
ment and conduct a one-on-one interview with a student in the field. At the time of data
collection, the PSTs had reviewed fraction-related Common Core State Standards [11,50]
for various grades and had explored fraction progressions across grades 3–5. Before devel-
oping their own assessment items, PSTs examined existing sample assessment items in the
standardized assessments that aligned with CCSS [11,50].

3.2. Tasks and Data Collection

The data were collected from a multi-phased course assignment that asked PSTs
to develop a diagnostic assessment for a fourth-grade student, conduct a one-on-one
assessment interview, and reflect upon the results. As shown in Figure 2, the entire project
occurred in five phases throughout a semester. Out of this multi-phased process, the scope
of the present study is limited to the data collected in Phases 2 and 3, which, for each
PST, contained three sets of tasks with three tiered questions each and anticipated student
confusion. The PSTs completed this assignment (see Appendix A) within and outside of
class time.
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This assignment (as the instrument in this study) was intended to develop PSTs’ skills
at eliciting and interpreting individual students’ thinking, which is considered to be a high-
leverage practice [43] in which teachers must be competent in assessing student thinking or
else they might face significant obstacles in their efforts to teach effectively [51]. This study
designed this assignment to create the opportunity for the participants to experience the
task design as an integral part of assessment practices with varying degrees of authenticity
throughout the process, from practicing with peers in a university classroom to conducting
an interview with a fourth-grade student in a field setting. In the development of the
instrument, we intentionally focused on fractions because they are considered to be high-
leverage content in elementary curriculum [45,52]. More specifically, the study required
the PSTs to use specific representations (area and linear models) in the first two question
sets and left open the representation option for the last question set to see how they utilize
various representation modes in posing questions. The task also required the PSTs to
present tiered questions—a core, less-challenging, and more-challenging question each—to
identify their strategies in eliciting and interpreting different students’ thinking.

In Phase 2, each PST independently developed three sets of assessment items. In writ-
ten planning documents, PSTs identified related standards and anticipated student confu-
sion/difficulties and solution strategies. In this process, PSTs were allowed to search for
references and sources to design their assessment items (e.g., curriculum standards document,
sample standardized assessment items). The assignment required the PSTs to incorporate
specific representations, content, and skills in each set of questions. Table 1 shows the required
components and target standards for each question set.

Table 1. Required components and target standards for each question set.

Question Set Relevant Standards Required Representation

1
Understand a fraction 1/b as the quantity formed by 1 part when a whole is
partitioned into b equal parts; understand a fraction a/b as the quantity formed by
a pieces of 1/b.

Area model

2 Understand a fraction as a number on the number line; represent fractions on a
number line diagram. Number line

3 Explain the equivalence of fractions in special cases and compare fractions by
reasoning about their size. Not specified

The first set of tasks aimed at assessing students’ understanding of fraction concepts
using the area model, and the second set used the number line representation. The third set
asked students to compare fractions. Each set of tasks also consisted of three tired questions,
which are (1) a core question, (2) a less challenging question, and (3) a more challenging
question, to calibrate the level of questions according to the individual students. PSTs were
not required to provide justifications other than presenting tiered problems. However,
some PSTs chose to provide written justifications in the planning document. The PSTs also
prepared follow-up prompts to effectively elicit students’ thinking. In Phase 3, the PSTs
conducted a rehearsal with peers to try out their plans and finalize the assessment items.

This study utilized two main data sources, which were written or drawn in the
planning document: (a) student confusion/difficulties as anticipated by PSTs and (b) three
sets of tasks (9 questions) that each PST designed.

3.3. Data Analysis

As an exploratory empirical study, this study aimed to find trends within the data
and reflect on their meaning [53]. Instead of formal hypothesis testing, we performed
inductive content analysis by using data-driven open coding [54,55]. To do so, all work
samples (n = 82) from the PSTs (i.e., three tiered questions each PST developed in each
set of tasks) were collected for analysis. We analyzed tasks (n = 57) only when tiered
questions aligned with mathematical content and representation. Excluded tasks included
those that did not present all three-tiered tasks and those that did not incorporate required
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components (i.e., relevant standards, required representation, see Table 1). The tasks
were analyzed the way PSTs differentiated the questions’ level of difficulty (e.g., from the
core to the less challenging question and from the core to the more challenging question).
In particular, we analyzed the aspects PSTs maintained or modified in the three sets of
questions. Initially, the researchers independently reviewed the three sets of tasks from each
PST to identify recurring themes and intentions. Later, the research team jointly compared
coding structures, reconciled differences, and refined the independently identified themes.
Once we identified the themes for coding, two research assistants jointly coded the data
using the coding scheme so that the discussion on coding discrepancies could be resolved
immediately. Upon completion of coding, we identified the frequencies of coded themes. In
the results section, we used selected examples of posed problems to illustrate the common
themes identified.

4. Findings

In reporting results, we described the overall patterns evident across question sets and
explained the PST’s differentiation strategies used in each set. Additionally, we reported
frequencies to show the distribution of PST strategies. As each PST’s work reveals multiple
aspects and strategies, we coded our analysis concerning one piece of a PST’s work into
multiple categories, resulting in some categories totaling more than 100%.

4.1. PSTs’ Anticipation of Student Difficulties

Three student difficulty themes emerged across all three questions (see Table 2):
difficulties in (a) understanding basic concepts related to fractions (e.g., equal partitioning,
recognizing a fraction as a number), (b) knowing and applying rules/algorithms, and
(c) understanding equivalent fractions. Notably, Question 2 (about the use of the number
line representation) had fewer expected difficulties in the basic concept. In Question 3
(comparing fractions), PSTs largely anticipated students’ confusion with the rules associated
with comparing fractions. Other themes did not appear across all three questions but still
are worth mentioning. First, PSTs did not anticipate any representation-related issues for
Question 3 where the use of representation was not specified. Second, PSTs anticipated
some student difficulties in Questions 2 and 3 when improper fractions or mixed numbers
were used or the size of fractions increased. Third, no one anticipated such difficulties for
Question 1. Fourth, PSTs did not anticipate that directions or question formats would cause
difficulties in Questions 1 and 2.

Table 2. Student difficulties to address in assessment (as reported by PSTs).

Questions (Frequency: Percentage of PSTs Who Mentioned the Anticipated Difficulty)
Question 1 Question 2 Question 3

Understanding
basic concepts

related to fractions

• Equal partitioning (61%)
• Recognizing a fraction as a

number that shows portions
of a whole (e.g., treating a
fraction as two whole
numbers) (19%)

• Equal partitioning (2%)
• Recognizing a fraction as a

number that shows portions
of a whole (e.g., treating a
fraction as two whole
numbers) (9%)

• Comparing only numerators
or denominators without
considering the relationship
between the numerator and
the denominator (47%)

• Recognizing a fraction as a
number that shows portions
of a whole (e.g., treating a
fraction as two whole
numbers) (12%)
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Table 2. Cont.

Questions (Frequency: Percentage of PSTs Who Mentioned the Anticipated Difficulty)
Question 1 Question 2 Question 3

Rules/Algorithms

• Knowing the
rules/algorithms (e.g.,
simplification) (33%)

• Knowing the rules (how to
simplify, how to find
common denominators, how
to convert fractions to
decimals) (12%)

• Knowing comparison rules;
not knowing how to find
common denominators; not
knowing how to convert
fractions to decimals (29%)

• Overgeneralizing the
comparison rules (e.g., the
bigger denominator, the
smaller the part) (35%)

Equivalent
Fractions

• Recognizing equivalent
fractions (5%)

• Recognizing equivalent
fractions; recognizing whole
numbers as equivalent
fractions (9%)

• Recognizing equivalent
fractions (16%)

Representation-
related Issues

• Recognizing
numerator/denominator
based on the given
representation (39%)

• When atypical
representations are used
(e.g., atypical shapes are
used as the part of the whole;
atypical arrangements of
parts are used such as
non-congruent or
non-continuous parts) (35%)

• Knowing how to use multiple
representations (2%)

• Being unfamiliar with
number line representation
(general) (39%)

• Recognizing
numerator/denominator
based on the given
representation

• Determining the
denominator (recognizing
the whole) (30%)

• When atypical number lines
are presented (e.g., not
starting with zero, not
showing all labels are
shown) (14%)

• Attending to tick marks
rather than space between
tick marks (12%)

Types of Fractions
• Using improper fractions or

mixed numbers (30%)

• Comparing unlike
denominators (7%)

• Using improper fractions or
mixed numbers (4%)

• When bigger numbers are
used (2%)

Benchmark
Fractions

• Unable to recognize
benchmark fractions on the
number line (2%)

• Unable to use benchmark
fractions for comparison (5%)

Other
• Understanding

directions (9%)
• Format of the question

(multiple choice) (2%)

4.2. Unaltered Aspect of Assessment

When asked to adjust a core question to be more or less challenging to diagnose individ-
ual students’ thinking, some PSTs either made minor changes or chose not to change.

Aspects commonly unaltered in the modifications of the three question sets. Table 3
shows the aspects PSTs retained when proposing questions at adjusted levels of difficulty.
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Table 3. How PSTs maintained assessment items.

Main Category Subcategory From Core to Easier From Core to Harder
Q#1 Q#2 Q#3 Q#1 Q#2 Q#3

Direction of
the question

Exactly the
same directions

24
(42%)

28
(49%)

38
(67%)

19
(33%)

19
(33%)

36
(63%)

Minor revisions with no
substantial changes

28
(49%)

24
(42%)

16
(28%)

32
(56%)

29
(51%)

16
(28%)

Type/format of
the task

Multiple choices 2
(4%)

12
(21%)

1
(2%)

1
(2%)

6
(11%)

2
(4%)

Short answer questions 35
(61%)

29
(51%)

39
(68%)

28
(49%)

32
(56%)

37
(65%)

Ask for explanations 4
(8%)

1
(2%)

10
(18%)

10
(18%)

1
(2%)

11
(19%)

Type of fractions

Unit fraction 27
(47%)

10
(18%)

29
(51%)

15
(26%)

5
(9%)

10
(18%)

Proper (non-unit proper) 18
(32%)

14
(25%)

37
(65%)

23
(40%)

14
(25%)

37
(65%)

Improper fraction 0
(0%)

2
(4%)

0
(0%)

2
(4%)

7
(16%)

3
(5%)

Mixed numbers 0
(0%)

2
(4%)

0
(0%)

0
(0%)

9
(16%)

2
(4%)

Size of fractions
Same fraction value 13

(23%)
8

(14%)
4

(8%)
8

(14%)
8

(14%)
2

(4%)

Same-sized denominator 17
(30%)

17
(30%)

2
(4%)

13
(23%)

15
(26%)

5
(9%)

Context
Contextualized task 5

(9%)
1

(2%)
5

(9%)
7

(12%)
0

(0%)
3

(5%)

Decontextualized task 46
(81%)

52
(91%)

49
(86%)

47
(82%)

49
(86%)

51
(89%)

None None remains the same 0
(0%)

0
(0%)

0
(0%)

0
(0%)

2
(4%)

0
(0%)

A majority of PSTs did not make substantial changes in the categories of directions,
type/format of the question, and the use of contextualization when asked to modify the
questions. Overall, PSTs preferred to use short-answer questions and decontextualized
questions. There were only two cases in which most of the aspects were changed. Figure 3
shows some examples of how PSTs maintained components of questions.

In all examples (Figure 3), directions, types of question (i.e., short-answer questions),
and contextualization (i.e., asking context-free questions) remained. This suggests that
PSTs may believe that directions, types of questions, and contextualization were not critical
for making accurate diagnostic assessment items.

Retained aspects appeared in specific question sets. Although there were common
aspects PSTs tended to maintain across all three questions, some maintained aspects were
more specific to each question (see Table 4).

Aspects unaltered in specific questions. In Question 1, a majority of PSTs tended not to
change the whole from one whole shape (e.g., one square, one circle, one rectangle), and, in
some cases, PSTs used the exact same shapes. More PSTs retained the use of congruent parts,
where the size of the unit fraction was obvious, while fewer PSTs retained non-congruent
parts across differentiated questions. In Question 2, PSTs maintained the presentation of
number lines’ key components of numbers. In particular, most PSTs used number lines that
clearly labeled whole numbers across differentiated questions. For Question 3, in which
they were not required to use a specific representation, the majority of PSTs left it as a
symbol-only question.
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Table 4. Maintained aspects for Questions 1, 2, and 3.

Question Main Category Subcategory From Core to Easier From Core to Harder

Question 1

Defining the whole One geometric shape as a whole 30 (52%) 26 (46%)
Same shape as a whole 18 (32%) 13 (23%)

Arrangement of parts

Congruent parts (unit is evident) 26 (46%) 21(37%)
Non-congruent parts 3 (5%) 16 (28%)
Parts are continuous 8 (14%) 4 (7%)

Parts are discrete 8 (14%) 10 (18%)

Question 2
Number line

representation

Same number line 14 (25%) 10 (18%)
All whole numbers are labeled 44 (77%) 32 (56%)

Number line starts from 0 37 (65%) 24 (42%)

Question 3
Representation Symbolic only 49 (86%) 52 (91%)

Symbolic and pictorial 4 (7%) 1 (2%)

Denominators
Like denominators 7 (12%) 3 (5%)

Unlike denominators 34 (60%) 47 (82%)

4.3. Modification Strategies

This section summarizes modification strategies that led to substantial changes among
tiered assessment items. Of those substantial changes, PSTs made a wide range of modifications.

Modification strategies in three question sets. When PSTs attempted to adjust the
questions’ level of difficulty, they used several common strategies across all three questions
(see Table 5). The main categories in Tables 3 and 5 are similar, but details (i.e., subcategories)
are different. Whereas subcategories in Table 3 report retained aspects, subcategories in
Table 5 show modified aspects.
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Table 5. Modification strategies in three question sets.

Main Category Subcategory * From Core to Easier From Core to Harder
Q#1 Q#2 Q#3 Q#1 Q#2 Q#3

Type/format of the task
Multiple choices 1

(2%)
3

(5%)
0

(0%)
1

(2%)
0

(0%)
0

(0%)

Short-answer questions 11
(19%)

9
(16%)

3
(5%)

11
(19%)

11
(19%)

3
(5%)

Ask for explanations 0
(0%)

0
(0%)

0
(0%)

3
(5%)

1
(2%)

2
(4%)

Type of fractions

Unit fraction 12
(21%)

21
(37%)

12
(21%)

6
(11%)

2
(4%)

0
(0%)

Proper (non-unit proper) 4
(8%)

6
(11%)

4
(8%)

10
(18%)

2
(4%)

6
(11%)

Improper fraction 0
(0%)

0
(0%)

1
(2%)

0
(0%)

9
(16%)

7
(12%)

Mixed numbers 0
(0%)

0
(0%)

0
(0%)

1
(2%)

5
(9%)

4
(8%)

Size of fractions
Smaller denominators 23

(40%)
27

(47%)
30

(53%)
13

(23%)
13

(23%)
9

(16%)

Larger denominators 10
(18%)

4
(8%)

16
(28%)

23
(40%)

22
(39%)

32
(56%)

Context
Contextualized task 1

(2%)
0

(0%)
0

(0%)
0

(0%)
1

(2%)
0

(0%)

Decontextualized task 1
(2%)

2
(4%)

0
(0%)

0
(0%)

0
(0%)

0
(0%)

Representation Incorporating pre-made
(pre-cut) manipulatives

0
(0%)

0
(0%)

1
(2%)

1
(2%)

0
(0%)

0
(0%)

Openness Allowing student choices
(resulting in varied answers)

1
(2%)

1
(2%)

0
(0%)

4
(8%)

7
(12%)

2
(4%)

* Note: subcategories indicate the aspects that were absent in the core question but appeared in the modified questions (easier or harder).
For example, 2% of the PSTs initially did not use a multiple-choice question in Question Set 1 but changed it to a multiple-choice question
to make it easier.

To make questions less challenging, the PSTs changed fractions into unit fractions or
fractions with smaller denominators. To make questions more challenging, PSTs changed
the fractions into non-unit fractions or fractions with larger denominators. To modify
questions to be more difficult, the PSTs used relatively more open-ended tasks and pressed
for student explanations.

Although the “bigger the denominator, the harder the problem” strategy was popular
among PSTs when making questions more difficult, it is worthwhile to note that changing
the size of denominators did not seem to result in their intended difficulty. Figure 4 shows
cases where the adjusted size of denominators did not have much of an impact on the level
of difficulty.

In example 1, one PST justified his/her change by providing a written comment that
the larger denominator (6) would make the question more challenging than the smaller
denominator (2) had. In example 3, the PST used the “bigger the denominator, the harder
the problem” strategy as well, but we believe that the core question could have been made
more challenging still.

The PSTs used another general modification strategy using unit fractions or non-unit
proper fractions for less challenging questions and mixed numbers or improper fractions
for more challenging questions. In Question 1, it is notable that only one PST used a mixed
number to make a question more challenging, whereas all other PSTs used fractions less
than 1 when asked to use the area model of fractions. This may have to do with PSTs’
anticipation of students’ difficulties presented earlier. For Question 1, the PSTs did not
anticipate any difficulties due to the types of fractions used (e.g., improper fractions or
mixed numbers).
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Modification strategies in specific question sets. The PSTs used some question-specific
modification strategies, as shown in Table 6. The main categories in Tables 4 and 6 are similar,
but details (i.e., subcategories) are different. Whereas subcategories in Table 4 report retained
aspects, subcategories in Table 6 show modified aspects.

Table 6. Modification strategies in Questions 1, 2, and 3.

Question Main Category Subcategory *
(Changes from Core)

From Core
to Easier

From Core
to Harder

Question 1

Whole Using different shapes as a whole 18 (32%) 23 (40%)

Arrangement of parts

Congruent parts (unit is evident) 17 (30%) 4 (7%)
Non-congruent parts 3 (5%) 6 (11%)

Continuous parts 9 (16%) 1(2%)
Discrete parts 1(2%) 16 (28%)

Question 2
Number line

representation

All whole numbers are labeled 3 (5%) 0 (0%)
Some fractions are labeled 7 (12%) 3 (5%)

Nothing is labeled or segmented 2 (4%) 14 (25%)
All segments are presented 2 (4%) 0 (0%)
Number line starts from 0 10 (18%) 0 (0%)

Number line does not start from 0 4 (7%) 13 (23%)

Question 3 Denominators
Like denominators 8 (14%) 3 (5%)

Unlike denominators (two denominators are coprime) 17 (30%) 32 (56%)

* Note: subcategories indicate the aspects that are different from the core questions. For example, 32% of the PSTs used a different-shaped
whole in Question Set 1 to make an easier question than the core question.

In Question 1, PSTs used two major modification strategies using a simpler or more
complicated shape as a whole and differentiating the arrangement of parts. As shown in
Figure 5, a PST demonstrated these strategies. To make the question easier, the PSTs used
a rectangle as a whole and arranged all shaded parts continuously so that the numerator
could be easily identified. For the harder question, an atypical shape was used as the
whole, and the numerator parts were discrete. One observation to note here is that PSTs
defined the entire shape as the whole, whether it was typical or atypical so that shaded
part of the figure always represents a value less than 1. In the example in Figure 5, the
harder question still represented 2/6 of the whole. It was very rare for PSTs in Question 1
to create a composite figure representing an improper fraction or mixed number.
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For Question 2, a popular strategy PSTs used was adding or deleting key components
of the number line. To make a question harder, some PSTs presented an incomplete or
empty number line or a number line that does not show the location of zero (see Figure 6).
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For Question 3, PSTs utilized either like or unlike denominators. In particular, many
PSTs used two fractions—one fraction with a specific denominator and another that could
be easily simplified to have that same denominator. For their challenging questions, PSTs
presented a set of fractions with different denominators. Within this set of fractions, the
denominators were co-prime or such that a quick simplification could not make them the
same. A word of caution: just like the “bigger the denominator, the harder the problem”
strategy, the “unlike denominator makes the problem harder” strategy did not result in the
intended outcome, as shown in Table 7.

In these examples, despite PSTs’ intentions, it is unclear whether the questions labelled
“harder” are more challenging than the core. In example (a), it is not convincing that
comparing two unit fractions is more challenging than the presented core question. In
example (b), if students notice that both fractions are one part away from the whole, it
could be a much easier question than the presented core question. Examples (c–e) contain
one improper fraction and one proper fraction. This means that an easy comparison is
possible without further computations.
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Table 7. Cases where unlike denominators were used did not increase the level of difficulty in
Question 3.

Core Harder

(a) 1
8

2
16

1
6

1
5

(b) 3
4

5
8

5
6

7
8

(c) 1
2

2
4

9
8

11
12

(d) 4
8

2
4

8
4

5
9

(e) 3
4

12
16

7
3

6
9

As reflected in PSTs’ answer keys, some proposed an algorithm to find a common
denominator to compare fractions (e.g., to compare a/b and c/d, multiply each fraction by
the denominator of the other whether it is absolutely needed for comparison: ((a × d))/
((b × d)) ___ ((c × b))/((d × b))). The PST who developed example (b) presented the
following explanation for comparing 5/6 and 7/8:

The larger fraction is 7/8. In order for the fractions to be compared, a common
denominator has to be found. Looking at the denominators, 48 is a multiple of both 6 and
8. In this case, 5/6 cannot be multiplied by a factor of 6/6, and 7/8 cannot be multiplied
by 8/8 because that would still result in opposite denominators. Instead, 5/6 has to be
multiplied by 8/8 and 7/8 by 6/6 in order for there to be a common denominator of 48.
Once each fraction has been multiplied, 5/6 is now 40/48 and 7/8 is now 42/48. Looking
at the numerators, 42 is the larger of the two numbers, making it the larger fraction.

This may be linked with the PSTs’ anticipation of student difficulties. For Question 3, most
PSTs were concerned with knowing and using rules associated with comparing fractions.

5. Discussion

This study uncovered the PSTs’ collective thoughts on the design of diagnostic as-
sessments. In this section, we revisit the results from this study and address remaining
questions developed around several issues that would initiate further research and have
implications for teacher education programs.

5.1. Awareness of Varied Levels of Sophistication

Our results suggest that the PSTs were quite well versed in students’ cognitive difficul-
ties. There were various types of students’ errors, misconceptions, and confusion that PSTs
anticipated across three questions. These anticipated difficulties echo a concept Yang and
Ricks [8,35] called a difficult point. The variety of difficulty levels in our study suggests
that PSTs may understand the common errors or misconceptions fourth-grade students
may hold in relation to learning the main mathematical concepts/ideas about fractions.
We could call this the key point. Understanding key and difficult points was necessary
for PSTs to differentiate between levels of difficulty (i.e., the critical points) and correctly
diagnose students’ needs and provide support. This implies that as teacher educators
work to support PSTs to develop diagnostic competence, the hard work will lie in fostering
PSTs’ knowledge of key and difficult points concerning fractions to effectively differentiate
assessment items (i.e., maintaining or modifying) and devise instructional strategies that
help their students overcome the critical point of fractions.

Several researchers [9,10,37] raised concerns about PSTs’ diagnostic competence. Our
results tell us that, with appropriate training, PSTs (novice teachers) can develop from
their preparation programs as good problem posers. However, our results indicate that
all PSTs do not necessarily have the same level of understanding of the key point and the
difficult point, as shown in the varying sophistication of their responses. In particular, we
note that more than one-third of PSTs simply said that not knowing rules or algorithms
were the anticipated student difficulties for Questions 1 and 3. Although not knowing
rules or algorithms can be one of the difficulties, it does not tell us much about students’
mathematical understanding. Some students may be able to perform the algorithm by
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memorization without understanding, whereas others may not be able to perform the
algorithm even though they have a good understanding of the target concepts. Given this
situation, one immediate challenge for mathematics teacher educators is how to help PSTs
examine students’ learning trajectories or learning progressions to develop sophisticated
identification of the key point, the difficult point, and the critical point.

5.2. Consideration of Mathematical Aspects and Pedagogical Aspects

The strategies these PSTs used to modify the core questions into more and less chal-
lenging questions were mostly related to mathematical aspects of the questions. The PSTs
did not change the three questions significantly in terms of directions, type/format, or use
of contextualization. The PSTs were somewhat persistent in keeping questions short and
decontextualized. As a “modify” strategy, they resorted to methods such as “the bigger the
denominator, the harder the problem”, “no mark on the number line makes the question
harder”, and “unlike fractions make harder”, in Questions 1, 2, and 3, respectively. Liljedahl
and colleagues [46] argued that teachers should consider both pedagogical aspects and
mathematical aspects when designing or modifying tasks. The strategies the PSTs used
in modifying questions showed how the PSTs unevenly addressed those aspects of the
questions. More specifically, the PSTs attended more to mathematical aspects (e.g., by
changing the size of fractions) of the core questions and less to pedagogical aspects (e.g.,
changing the directions of questions). This may be different from the tendency Crespo
and Sinclair [41] reported about their PSTs’ problem-posing behavior. One conjecture ex-
plaining this discrepancy is that the PSTs in our study were asked to both pose and modify
questions. The modification process, however, may have led the PSTs to attend more to
the mathematical aspects of the questions. Our intent is not to debate pedagogy versus
mathematics here. It is only natural to assume beginning mathematics educators have
varied levels of mathematical knowledge and pedagogy. We also remain cautious about
what exactly the mathematical aspects predicate here, since the mathematics may range
from modifying a surface property of mathematical structure, carrying out procedures
seamlessly, to engaging in high-level thinking and reasoning about mathematics [56,57].
Although “the bigger the denominator, the harder the problem”, is only a surface property
that fails to capture the intrinsic mathematical property of the quotient (see [56] for differ-
ent reasoning types in mathematics), our results suggest that PSTs still view assessment
as consisting of mathematics and cognition of knowledge and skills. As such, teacher
educators need to provide PSTs with opportunities to understand assessments as various
tools capable of catering to the different ways students understand mathematics. Needless
to say, if teachers are expected to be effective mathematics problem posers and modifiers,
teacher educators must integrate problem posing and modifying into their instructional
activities to support PSTs in developing that diagnostic competence. That said, teacher
educators should scaffold PSTs’ learning so that they learn to pose and modify questions,
addressing the mathematical aspects including procedures, concepts, and mathematical
thinking and reasoning, as well as the dimensions outside of mathematical aspect too.

5.3. Calibration of Intended Difficulty

Some strategies used by PSTs to modify the core questions into harder questions did
not necessarily make the core questions harder as intended. It could be that the PSTs were
still developing their ability to apply the knowledge of students’ difficult point into their
modification of questions. It could also be that the PSTs needed to learn more about how
students develop their sense of fractions. Related to this, Crespo [40] found that PSTs
initially tend to lower problem difficulty so that it is easy for students to solve. They design
problems familiar to students at first. Later, they employ multiple strategies as they engage
in problem-posing practices. In posing and modifying questions, the PSTs in our study were
required to modify the core questions into both easier and harder questions. Borrowing
Crespo’s language [40], we posit that the PSTs in our study may have employed multiple
strategies as they were modifying existing questions. The significance of this finding is
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that our PSTs could use multiple strategies to modify questions, but the strategies they use
may not result in their intended level of difficulty. Many mathematics teachers, regardless
of experience, find existing mathematics assessment items to use in their classrooms (as
assessment resources are increasingly readily available, especially online). Teachers may
need to modify these items to meet their classroom contexts. Therefore, as PSTs learn to
modify questions, teacher educators should address the misuse of these strategies, which
was observed in our study.

5.4. Limitations of the Study

The scope of this study was the participants’ experiences of designing diagnostic assess-
ments in the domain of fractions. Although it was a deliberate choice—as it is considered a
high-leverage content area in the elementary curriculum—the topic itself might have been a
challenge for some PSTs. It is known as one of the more difficult areas of curriculum for many
students and teachers. Asking participants to work on one domain could be a limitation
of this study. We might have elicited different results if other mathematical domains were
included. In addition, PSTs developed their own core questions and adjusted difficulty
levels. As a result, some PSTs’ core questions were much harder or easier than others. Future
studies may investigate what kinds of strategies emerge when starting with the same core
questions in order to capture the level of sophistication in both task-general and task-specific
modification strategies.

6. Conclusions

To summarize, this study found (in response to the first research question: how do PSTs
anticipate student confusion/difficulties in solving fraction problems?) that the participants
were cognizant of students’ various cognitive difficulties including types of students’
errors, misconceptions, and confusion, but that they had a limited knowledge about the
specific nature or condition of student thinking and reasoning leading to misconception
and confusion. The study also found (in response to the second research question: what
strategies do PSTs use in designing diagnostic assessments to adjust the levels of assessment
tasks?) that the participants chose to revise the shapes of a whole and the parts, the labels
on the number line, the values of numerators and denominators, the type/directions of the
task, the type of fractions, and the task contexts. Lastly, this study found (in response to
the third research question: how do PSTs’ strategies differ depending on target concepts
or representations used in the tasks?) that the participants attended predominantly to the
procedural and arithmetical aspect of the task with numerators and denominators as well
as the mathematical aspect of the task to (de)composing the shapes of a whole and the parts
and representing fractions on a number line diagram. Further, the study found that the
participants were not as much attentive to the task for improving the directions, contexts,
and the problem type/format. Most importantly, the participants used multiple strategies
to modify questions, though, the strategies they used were not successful in achieving their
intended level of difficulty.

Although limited by its exploratory nature, the results of this study can contribute
to improving mathematics teacher education in which our design and results could be
incorporated into mathematics methods courses. This study can also contribute to the
literature as the results indicate PSTs’ diagnostic competence as unknown or inexperienced
(see [58]) can be discerned and characterized as consisting of distinctive domains such as
using, designing, or evaluating diagnostic assessment items. Further, this study shows
PSTs could benefit from hands-on activities of assessment design regarding how the key,
difficult, and critical points of a mathematical concept closely relate to each other. This
study also shows that teacher educators need to ensure PSTs have the opportunity to use
differentiated assessment items with diverse students. PSTs then need the opportunity to
analyze their efforts to differentiate assessment items to determine if they succeeded in
identifying students’ needs, thereby improving their learning. As such, teacher educators
should provide PSTs the opportunity to engage in problem posing activities, such as
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mathematical assessment projects, and provide them with the opportunity to discuss their
understanding of students’ difficulties with peers (see also [59]). Doing this consistently
will not only help increase the PSTs’ knowledge of key, difficult, and critical points of
fractions and other mathematical concepts in elementary school but will also encourage
PSTs to practice differentiating assessments. In the future, the study plans to tie in other
phases in the assessment curriculum (see Figure 2) so that we can gain clear insight into
PSTs’ learning to develop appropriate assessment practices in teacher education. To confirm
and expand the results from this exploratory study in the US context, future research on
PSTs’ diagnostic competence in other countries could investigate the cycle involved in
modifying assessment items and describe similarities and differences. Such cross-cultural
comparison has the potential [60] to add much to the international comparative studies
(e.g., [61] about comparing educational systems in Finland and Singapore) about PSTs’
diagnostic competence. PSTs can implement an assessment item on students, re-modify
the item, and then implement it again. In using authentic assessment data, we could learn
more about how PSTs in different cultures or education systems develop assessment skills,
make appropriate instructional decisions, and implement effective strategies.
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Appendix A

Directions for Math Assessment Planning Document
Assessment Items: Develop three sets of fraction-related questions.

(1) Question Set #1

• Target standard: understand a fraction 1/b as the quantity formed by 1 part
when a whole is partitioned into b equal parts; understand a fraction a/b as the
quantity formed by a pieces of 1/b.

• Required representation to include: Area model

(2) Question Set #2

• Target standard: understand a fraction as a number on the number line; represent
fractions on a number line diagram.

• Required representation to include: a number line model

(3) Question Set #3

• Target standard: explain the equivalence of fractions in special cases and compare
fractions by reasoning about their size.

• Representation to include: use any representation of your choice.

For each question set, be sure to include the following components:

(1) Present a core question.
(2) Anticipated confusion: list particular aspects of math content that may be potentially

confusing or misconstrued by the student.
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(3) Follow-up questions: refer to the mathematical goals and possible student confusion.
Thinking of various possible scenarios, list follow-up questions/prompts that will
either confirm students’ understanding or reveal students’ misconceptions.

(4) Differentiated questions: prepare at least one less challenging question (i.e., easier
than the core question) and one advanced question (i.e., harder than the core question)
for differentiation.

(5) Answer key: provide the answer key for core questions and follow-up questions
along with your explanations (your explanations should be appropriate for the target
grade level). A completed key should also show your note regarding correct concept
applications and appropriate pedagogies.

You may use this as a template. Make sure to fill in all required components.

Question Set #
Target Standard:
Core question:
Anticipated confusion:
Follow-up questions:
Differentiated questions
(a) An easier question:
(b) A harder question:
Answer key:
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