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Abstract: Schistosomiasis is a parasitic disease caused by the schistosoma worm. A snail can act as
the intermediate host for the parasite. Snail-population control is considered to be an effective way to
control schistosomiasis spread. In this paper, we discuss the schistosomiasis model incorporating a
snail predator as a biological control agent. We prove that the solutions of the model are non-negative
and bounded. The existence condition of equilibrium points is investigated. We determine the
basic reproduction number when the predator goes to extinction and when the predator survives.
The local stability condition of disease-free equilibrium point is proved using linearization, and the
Lienard-Chipart and Routh-Hurwitz criteria. We use center-manifold theory to prove the local
stability condition of the endemic equilibrium points. Furthermore, we constructed a Lyapunov
function to investigate the global stability condition of the disease-free equilibrium points. To support
the analytical results, we presented some numerical simulation results. Our findings suggest that
a snail predator as a biological control agent can reduce schistosomiasis prevalence. Moreover, the
snail-predator birth rate plays an essential role in controlling schistosomiasis spread.

Keywords: schistosomiasis model; snail predator; biological control agent; stability analysis; basic
reproduction number

1. Introduction

Schistosomiasis is a parasitic disease caused by schistosoma-worm infection [1]. The
parasite has a complicated life cycle. Some types of snail can act as intermediate hosts,
while humans and mammals such as cows, pigs, and mice can serve as reservoir hosts [2].
Consequently, the parasite can infect mammals as a human substitute to complete its life
cycle. This is one of the several factors that make schistosomiasis very difficult to eradicate.
Controlling the snail population is the most effective way to control the spread of schistoso-
miasis. Some researchers recommended the use of molluscicides to manage the snail host
population [1,3,4]. However, molluscicides have some negative environmental effects [5].
Another method that can be used to manage the snail population is an intervention with
snail predators or competitors [6—8]. Sokolow et al. [7] stated that releasing river prawn,
which is a snail predator, into a water contact site can reduce the snail population and
schistosomiasis transmission.

Mathematical modeling is used to study the dynamics of the spread of the disease.
The first mathematical model that is related to schistosomiasis is discussed in [9]. Schisto-
somiasis models considering parasite density in the environment are discussed in [10-14].
The authors divided the parasite into two compartments, i.e., miracidiae and cercariae,
which can infect snails and humans or mammals, respectively. In 2009, Chiyaka et al. [10]
investigated the host-parasite dynamics of schistosomiasis. They proposed a schistosomi-
asis model that consists of six first-order differential equations. They found that control
interventions that target transmission to humans are more effective than control strategies
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that aim the transmission to snails are. Gao et al. [11] developed a schistosomiasis model
to investigate some control strategies, i.e., health education, cercaria control, snail control,
and drug treatment. They found that killing snails is the most effective method to manage
schistosomiasis spread. Nur et al. [13] proposed a schistosomiasis model incorporating
health education and molluscicide intervention. They found that the most effective way to
control schistosomiasis prevalence is molluscicide intervention. Moreover, schistosomiasis
cannot be eradicated if the only intervention is health education [13]. Diaby et al. [15]
proposed a schistosomiasis model with biological control, i.e., competitor-resistant snails.
They found that competitor-resistant snails can be used to manage the spread of schisto-
somiasis. Okamoto et al. [16,17] proposed mathematical models of vectorborne diseases.
They found that biological control agents that can be used to control vectorborne diseases
are natural predators, natural competitors, or parasites of the vector. Schistosomiasis is a
waterborne disease. Hence, we study the dynamics of the spread of schistosomiasis when
a snail predator is used as a biological control agent of snails. Different from the model
discussed in [10-13,15-17], we propose a schistosomiasis model with a biological control
agent of snails, namely, a snail predator.

2. Mathematical Preliminaries

In this section, we present a theorem that can be used to investigate the existence of
backward and forward bifurcation. The theorem is very useful, especially in epidemic
models. Theorem 1 can be used to investigate the local stability condition of endemic
equilibrium [10,11,18]. The proof of Theorem 1 can be found in [19].

Theorem 1. (Castillo-Chavez and Song [19]) Consider the following general system of ordinary
differential equations with a parameter w.

i _ f(F,w), f:R'xR-RY,  feC(R"xR), )

where 0 is an equilibrium for System (1), such that f(0,w) = 0 for all w. Assume

Al: JM = D,f(0,0) = (%(0,0)) is the linearization matrix of (1) around equilibrium 0, and
]
w is evaluated at 0. Zero is a simple eigenvalue of MO, and the other eigenvalues of | M have
a negative real part.
A2: Matrix M has a right eigenvector ¥ and a left eigenvector W corresponding to the zero
eigenvalue. Let f be the kth component of f and

n
A=Y wkvivjasz(o’o)

kij=1 oxidxj !
n 2
9 £ (0,0
B :kz W0 B{é{,-(aw)‘
=1

The dynamics of System (1) around 0 is totally determined by the signs of A and B.

(i) A>0,B>0. When w < 0with |w| < 1, 0 is asymptotically stable, and there is a
positive unstable equilibrium. When w > 0 with |w| < 1, 0 is unstable, and there is a
negative asymptotically stable equilibrium,

(i) A <0,B<0. When w < 0with |w| < 1, 0 is unstable. When w > 0 with |w| < 1,
0 is asymptotically stable, and there is a positive unstable equilibrium;

(iii) A > 0,B < 0. When w < 0 with |w| < 1, 0 is unstable, and there is a negative
asymptotically stable equilibrium. When w > 0 with |w| < 1, 0 is stable and a positive
unstable equilibrium appears;

(iv) A <0,B > 0. When w changes from negative to positive, O changes its stability from
stable to unstable. Correspondingly, a negative unstable equilibrium becomes positive
and asymptotically stable.
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On the basis of Theorem 1, forward bifurcation occurs at w = 0if A < 0and B > 0.
Moreover, backward bifurcation occurs at w = 0if A > 0and B > 0.

3. Model Formulation and Basic Properties
3.1. Model Formulation

On the basis of the life cycle of schistosoma worms [2,20,21], it is clear that there
is a latent period. Hence, the human population is divided into three compartments,
i.e., susceptible humans (S;,), exposed humans (E,), and infectious humans (I;,). In this
model, we assumed that there was no latent period in snail population. Thus, the snail
population was only divided into two compartments, i.e., susceptible snails (S,) and
infectious snails (I,). We only consider two stages of schistosoma-worm development,
i.e., the cercaria and miracidia stages. Therefore, the parasite is divided into two com-
partments, i.e., miracidiae (M) and cercariae (C). On the basis of the epidemiology of
schistosomiasis [20-22], miracidiae can infect snails and cercariae can infect humans. It
was assumed that there was only one type of snail predator in the environment, and the
intermediate host (snail) was the only food for the predator. A reduction in parasites in
the environment due to direct interaction with humans and snails was neglected because
infectious humans can excrete large amounts of eggs that can hatch and release miracidiae,
while infectious snails can excrete large amounts of cercariae [20]. We assumed that there
was no recovery for infectious snails and no disease-related death in the snail and human
populations. The transition and interaction between compartments are shown in Figure 1.
The description of all parameters is given in Table 1.
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Figure 1. Compartment diagram.
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Table 1. Description of model parameters.

Parameter Description
I, Recruitment rate of humans
¢e Effectiveness of education in reducing contact between humans and cercariae
¢ Education coverage
Ben Cercaria infection rate on susceptible humans
Yis Recovery rate of infectious humans
Uy Natural death rate of humans
1/ %ei Latent period
I1, Recruitment rate of snails
Bmw Miracidia infection rate on susceptible snails
Uy Natural death rate of snails
Ur Molluscicide-related death rate of snails
¢ Predation rate
T Conversion rate
o Cercaria production rate
« Parasite-egg hatch rate
hy, Number of eggs per gram of stool
Sn Average weight of human stool per day
Hp Natural death rate of snail predators
Ue Natural death rate of cercariae
Um Natural death rate of miracidiae

On the basis of Figure 1, we constructed a schistosomiasis model as follows:

Zi% =TT, — (1 — ¢e) BenCSp + YisIy — 1nSh,
ﬁth = (1 — ¢e) BenCSp — (Vei + Hn)En,
T = Yeiln — (vis + tn) In,s

ditv =1, - ﬁvaSv - (,Mv + yr)Sy — §PSU, (2)
G = BuoMSs — (4o + pr) o — EPL,

?T\g/[: cly — uC,

E = Déhhghlh — "l/lmM,

d
where ¢ € [0,1), ¢, € [0,1) and the other parameters are positive.

3.2. Invariant Region

In this subsection, we prove that the solutions of System (2) with non-negative initial
value are non-negative and bounded.

Theorem 2. Solutions of System (2) are non-negative for all non-negative initial conditions.

Proof. We prove this theorem by using a similar method as that used in [18,23]. From
System (2), we have
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% = I+l >0,
4 =0,E;,>0,1,>0,54>0,1,>0,C>0,M>0,P>0

4k = (1- CS, >0

| E,=0,8,>0,1,0,5,>0,1,>0,C>0,M>0,P>0 (1= ¢ep)PenCSi 2 0,

%If = YeiEn 20,
1,=0,5,>0,E},>0,5,>0,I,>0,C>0,M>0,P>0

o = I, >0,
$,=0,5,>0,E;,>0,1,>0,I,>0,C>0,M>0,P>0

[%v = ,Bm'uMSv >0,
1,=0,5,>0,E;,>0,1;,>0,5,>0,C>0,M>0,P>0

% = 0l >0,
€=0,5,>0,E;,>0,1,>0,5,>0,I,>0,M>0,P>0

i = ahygnly >0,
M=0,5,>0,E,>0,1;,20,5,>0,1,>0,C>0,P>0

dpP )

| p=0,8,>0,E,>0,1,>0,5,>0,I,>0,C>0,M>0

On the basis of Lemma 2 in [24], Rio is an invariant region of System (2). Hence,
the solutions of System (2) with initial values in Rio remain in ]Rio. This completes
the proof. O

Theorem 3. Solutions of System (2) with non-negative initial value are bounded.
Proof. On the basis of the assumptions that are used when formulating the model, we have

Ny, =S, 4+ E;, + I, and N, = Sy, + I,. Here, N}, and N, are the total number of humans and
total number of snails, respectively. On the basis of System (2), we have

A= W mN
;;v = TII, — (o + ir)Ny — PNy, ©)
TI; = TNyP — p,P.

First, we prove that Nj, is bounded. It is clear that the solution of dﬁ” =11, — u Ny, is

Ny (t) = Iy + (Nh(O) - Hh)e—ﬂhf.
M Hn

It easy to see that 0 < Nj,(t) < % fort > 0if 0 < N,(0) < % Hence, Nj, is bounded.

tlim Ny(t) = H—: Now, let W = N, + P. We prove that W is bounded. The last two
—00
equations of (3) give

dW  _ dNp dpP

@ T o Tar

(ITy — (po + pr)Ny — EPNy) + (TN,P — ppP)
IT, — (¢ — 7)PNy — (N, + P)
IT, — uW,

4)

IANIA

where § > T and y = min{(py + #r), pp}. On the basis of Gronwall’s lemma, we obtain
W=N,+P < % Thus, N, and P are bounded. Now, we can show that C and M are

bounded. We proved that N, < %, which implies that [, < % Moreover, we have
1

Ny +P < %, which means that I, < % Hence, from System (2), we have

W - (TIU - FCC
S U& - C/
p He
M )
at = l’d’lhgh{]11 — }lmM
< ochhghy—;"’ — U M.
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According to Gronwall’s lemma, we obtain C < ‘;l;l[” and M < gy Thus, the

c Hnbm
solutions of System (2) are bounded. O

Therefore, System (2) is well-posed with invariant region @

_ . I, . Iy . Iy . ahy, g, T1
O = {(SuEnluSolo,C,MP)ERS :Ny < ltiNo+P< He ,C< e M< S

3.3. Equilibrium Points and Basic Reproduction Number
System (2) has four equilibrium points.

¢ Disease-free equilibrium point Ef.

1T IT
7,1/0/0/ ° ,0,0,0,0).
M Ho + pr

ES — ( z*/EZ*/Iu*/ S?;*/ IZ*,CH*,MM,PM) — (
Ej always exists in Rio.

. Endemic equilibrium point Ef.

E‘[f — (S;ll**, E;,Zl**, IZ**’ SZ**, IZ**, Cﬂ**, Ma**,()),

where
[ e — TLy (i tvis) (i +Yei ) e
h ((n+vei) (n+vis) = Yeivis) A= @e@) Ban I5™ +pn, (mn+vis) (M +ei e !
L — Iy (it vis) (L= ) Beno Ip ™
h (G +vei) (i +vis) = Yeivis) A—@e@) Ban I6™ +pp (mn+vis) (M +ei e !
JoxE — Iy Yei(1—@e@) Ben0 1™
h ((ntvei) (i Hvis) = Yeivis) A—@e@) B 15" +pp (mn+vis) (M +ei e !
[ - Iy, gaxx
v - HU+V7 v 4
e — (RE—1)pn (pn+Yei) (Vi) e m (Ho +pir)
v Bl Yei (1—edp)ahpgnBeno+((in+vei) (n+is) —VeiVis ) m (1—pe) Beno (o +pir) 7
Ak _ 0'15**
C = =
Mo — ahy @Iy Yei (1= e ) B0 15
o (G tvei) (n+vis) —YeiVis) (1= e®) Beno 1o ™ +pn (n+Yis ) (n+Yei ) i)’
Rﬂ _ Hth'Yei(1_‘P€¢)rgchaahhgkﬁmv

¢ () (- Yis ) Hetm (Ho+pr )2

It is clear that E{ exists in Rio if R§ > 1.

¢ Disease-free equilibrium point Eg.

0T — (Mo + pr) ip

II II
E§ = (Si" El 17, S, 137, €, M, P7) = (V—h,o,o,”—j,o,o,o,
h

Chp

ES exists in Rio if ( Lt q

Hotpir)ip
¢  Endemic equilibrium point Ei’ .

Eb _ (SZ**, EZ**’ I;;**, Sg**/ Izl;**/ Cb**l Mb**,Pb**),



Mathematics 2021, 9, 1858

7 of 25

where

[ T, (i +vis) (- Yei ) e

h ((n+vei) (pnt+vis) 7%1-7,-5)(17(])6(])),85;,015** Fun (un+vis) (Mp e ) e !
Ebex 10, (1 +7is) (1= pe) B 1™

h ((]"h +76i)(}‘h+7is) _'Tei'Yis)(l_qbﬂ(P)ﬁcho'Ig** +Vh (Vh +'7is)(yh +'7m')]4€ !
Ih** — Hh"/ei(l_‘l’dp)ﬁch‘ﬂs**

h ((}Uz""'ﬁi)(,uh""'Yis)_"fei'Yis)(1_4764)).6(}1015**+Vh(yh+'71's)(yh+'70i).uf !
Sg** — V?p o Izl;**/
[ — (RE—1) sy (i -vei) (Vi) pc i ((pro i) +6 PP

v Buno Tl Vei (1—ep)ahy g Ben+ (i +Yer) (n+7vis) = VeiYis) Hm (1—@ep) Beno ((po+pr) +GP**) 7

bxx
Cb** — Uifc ,
Mb = a1 11y 7ei (1= e ) B 015
pon ((Cpenvei) (e +vis) = Yei Yis) (1= e ) Ben0 18 + pn (i +vis) (i +Yei ) e)”
pber o t—(po+pir) ip
Chp
RV — Iy pYei (1= ¢e¢) Beno oy, 81 Bmo
¢ pn (pn+vei) (i +Yis e i T (pro+pr +GPP*)

. b . . 8 . b HUT
It is clear that E7 exists in RY ;) if R} > 1 and Gty = 1

The basic reproduction numbers are determined by using a next-generation matrix [25].
Here, we regard Ey,, I, I, C, and M as the infected compartments. Thus, we have

(1 = ¢e) B CSn (Yei + mn)En
0 (vis + #n)In — veiEn
F = BnoMS, , V= (Mo +ur+¢P)I,
0 ucC—oly
0 }lmM — Déhhghlh

F and V represent the new infection terms and transition terms, respectively. The Jacobian
matrices of ¥ and V at arbitrary equilibrium point (S,’;, 0,0,S3,0,0,0, P*) are, respectively,
given by

0 0 0 Ba(l—gep)S;, 0
0 0 O 0 0
F=10 0 O 0 BmoSy |,
0 0 0 0 0
0 0 O 0 0
and
Un + Yei 0 0 0 O
—Yei Hn + Vis 0 0 0
V= 0 0 o+ pur+¢P* 0 O
0 0 —0 e 0

0 —ahpgy, 0 0 pm
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The basic reproduction number is the spectral radius of FV 1.

ﬁch(1*¢@¢)sz0 .Bcll(17¢e47)sz O

0 O RGtpTeP) e
0 0 0 0 0
Fv-1 = BunoSpahngnYei BmoSyahngn BmoSy | . 6
(}‘Iz+’Yei)(th+'Yis)Vm (i) pm 0 0 Pm ©)
0 0 0 0 0
0 0 0 0 0
The characteristic polynomial of (6) is
P(A) = 23 <)\2 _ (1- ¢6¢)ﬁchszaﬁmv§;“hh8h%i )
((ﬂv + ,Ur) + €P*)}lcﬂm(ﬂh + ')’ei)(l"h + %is)
Thus, the spectral radius of FV ! is
P(PV*l) _ \/ (1- (PE(P),BchSZU,BmvS;’Xhhgh'Yei . @)
((po + pr) 4 P picpm (i + vei) (i + i)

By substituting Efj into (7), we obtain the basic reproduction number when the predator
becomes extinct.

R — (1 - 4’64’>,3chnh(7,3mvnv“hhgh%i
0= 2 . )
(o =+ tr ) pcpm (Hn + Yei) (B + Vi)

R4 > 0 and R? = (R%)?. In agreement with the existence condition of Ef, if RS > 1
then Ef exists in Rio. It is easy to see that R{j is completely independent from parameters
that are related to the snail predator. This makes sense because Ejj and E{ describe the
condition when the predator becomes extinct.

After substituting E} into (7), we obtain the basic reproduction number when the
predator survives, namely,

Rb — (1_476¢)/55hnh‘75mv}lp"‘hh8h%i
0 i (o) +EPY Ve (i +vei) (n+vis) T

(1=¢e@) Ben X1y 0 Buroptpahng e
o T— (117
i ((ﬂv+ur)+é‘<%w> ) et (neHvei) (i +7is) T

(1*‘PC‘P).Bchth’/g’mvll%“hhgh%i
o phc o (p~+Yei) (i +vis ) T2

R) > 0and R. = (R})2. In line with the existence condition of E!, if R} > 1 and

I, T b . . 8 bo:.: g .
(=™ > 1, then E] exists in R %o Rois independent to ¢. Furthermore, it is clear that

R} decreases as T increases. The higher the natural death rate of the snail predator is, the
higher R is.

4. Stability Analysis

In this section, we investigate the stability condition of all equilibrium points. The
Jacobian matrix of System (2) at Ej is
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S OO0 O OO

=

0 Yis 0 0 —(1=¢edp)BenSiy! 0 0
—(Yei+1n) 0 0 0 (1-¢ed) BenS* 0 0
Vei —(Yis+pn) 0 0 0 0 0
0 0 —(po+mr) 0 0 _,BmvS?;‘< _ng* (8)
0 0 0 o —He 0 0
0 ahygy, 0 0 0 —HUm 0
0 0 0 0 0 0 TS —p,
The eigenvalues of (8) are zeroes of L(A)
L(A) = [(A+D1)(A+D2)(A+D3)(A+Dy)(A+Ds) —Yeithy gy (1—pep) Ben S o B S5* |
X (A ) (A + (o + pr) ) (A = (TS5 — pp)) )
= [LiM)]A+ pn) (A + (4o + r) ) (A = (TST" = pp)),
where
Li(A) = AP+ LAY+ DA+ A% + A + 15,
5
ll = Z Dgl
g=1
5
1<g<h
5 10
I; = x DgDhDir ( )
1<g<h<i
5
I, = Y D¢D,DD;
1<g<..<j
Is = (,uh + 'Yei)(,uh + 'Yis)(?/‘v + VF)VCVM - 'Vei“hhgh(l - 4’e¢),3chspa,*a/3mv5?;*

= (1 - (RS)Z) (‘uh + 7ei)(luh + ')’is)(ﬂv + Vr)ycﬂm,

Dy =pp+%i >0,Dy =y +vis > 0,D3 = pp + 4y > 0,Dg = p > 0,and D5 = pyy,, > 0. Clearly,
l;fori =1,2,3,4,5 are elementary symmetric functions [26]. It is obvious that (8) has two

negative eigenvalues, i.e,, A\; = —py and Ay = —(pp + pir). Moreover, A3 = 755" — pp <0
if TSE* - anrm) < 1. The other eigenvalues are zeroes of L1(A). It is easy to see that

) - if pa a _ _ e TSGE Il
li>0fori=1,2,...,5if Rj < 1. If Rj = 1 then I5 = 0. Hence, if = Gt < land

R§ = 1 then one eigenvalue of J(E{) is zero. Following [27,28], we use a Routh-Hurwitz
array shown in Table 2 to determine the Hurwitz determinant.

Table 2. Routh-Hurwitz array associated with characteristic polynomial L; (A).

Column 1 Column 2 Column 3 Column 4

S 1 Ip Iy 0
A4 A :llzl l 131 . I5 0
A2 e = S T2 = 0 0

2 _ Topls—htp)
A 7(3,1) = T 15 0 0

1 _ reyrey) e
A ray) = 260 2D <r(3>,1) < 0 0 0
)\O 7’(5,1) = 15 0 O 0

The Hurwitz determinant of order-i (A;) is given by A; = 7’(1‘,1)Ai—1 fori =2,3,4,5.
Hence we obtain
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A = L,
By = (M)A
= hlhh -1,
Ay = I3l —13)~l (hls—15) Ay

hi—I;

= B(hh—1B)—h(hly—1I5),
_ (L=l —l (hla—I5)] 15[l (laly —13) — (I 14— I5)]
Ay = B(hilp—13) =1l (l11s—15) As
= L[(hlh —B) —L(hily—I5)] = Is[la(lly — 13) — (Ihily — I5)],
As = I5A,
= Is(4{(hlr = 3)l3 — (g — I5)] = I5[la(l2ly — I3) — (lilg — I5)]).

We prove this theorem by using the Liénard—Chipart criterion [29]. According to the
criterion, all roots of L1(A) have a negative real part if I1, Ay, I3, Ay, Is > 0. It is clear that
l; > 0 always holds for i = 1,3. Furthermore, I5 > 0 if R < 1. Now, we only need to check

A, and Ay. First, we set
Rg —_ RS]
V' Rt

RSl - ’)’ei“hhgh(l_¢€¢)ﬁchsﬁ*‘7ﬁmvszﬂ;*
R&, = D;DyD3D4Ds.

It is clear that Rj; > 0 and R{, > 0. Therefore, Rj < 1 implies Rj; < Rg,. We now
investigate A, and Ay.

where

N = Lil—13
= D1(D2+ D3+ Dy + Ds)(D1 + D2 + D3 + Dg + Ds)
+D2(D2 + D3 + Dy + Ds)(D3 + D4 + Ds)
+(D3 + Dy + D5)(D4 + D5) + D4(D4D5 + D5D5),
Ay = Ll(hl =) —Li(hily —15)] = 5[l (Il — I3) — (l11y — I5)]
= E+12RGRE, — Ry RG,
= E+ Rjy12RG, — R Ry
= E+ R?)l (12R62 — R?)l) .

Since D; > O fori = 1,2,3,4,5, it is clear that Ay > 0. We also proved that & >
0 (see Appendix A). Thus, Ay > 0 if Rj < 1. Therefore, on the basis of the Liénard—
Chipart criterion [29], all zeroes of L;(A) have a negative real part if R < 1. Hence, all

I, a:
R e < 1. Therefore, Ej is

< 1. If Rf > 1, then there is one sign change

eigenvalues of J(Efj) have a negative real part if Rj < 1 and

asymptotically stable if Rf < 1 and anr#r)

in the sequence of L;(A) coefficients. On the basis of Descartes’ sign rule [26], there is
exactly one positive real root if Rj > 1. Hence, Ej is unstable if Rj > 1.

Theorem 4. Disease-free equilibrium point E§ is asymptotically stable if R§ < 1 and o) (;Hly 7 < 1.If
14 v r
I,

a
R0 > 1or P e

> 1 then Ej is unstable.

Now, we present the local stability condition of Ef.

Theorem 5. Endemic equilibrium point E{ is asymptotically stable if R > 1 (near 1) and
TIl,
pp(pot+pir) 1

Proof. We use Theorem 1 to prove this theorem. Consider ., as bifurcation parameter.
We determine the bifurcation point when R = 1. The bifurcation point that is obtained

copr o M (ot pe) e ptm (i Eved) (i) _ px S .
is B, = (=g T, 0 Buo Tothp g yer When B, = B, the characteristic polynomial

(9) becomes
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LA) = LA A ) (A (po + 1) )(A = (TS5 = pp))A, (11)
where
Li(A) = A+ LA+ DA+ A+ 1y, (12)
It is clear that characteristic polynomial (11) has simple zero root (A; = 0) and two
negative roots, i.e.,, Ao = —py and A3 = —(po + pty). Moreover, Ay = TS* —pp < 0
if r’f:* _ anrﬂr) < 1. Using the Routh-Hurwitz array in Tabel 3, we determine the

conditions that guarantee that the other roots of (11) have a negative real part.

Table 3. Routh-Hurwitz array associated with characteristic polynomial (12).

Column 1 Column 2 Column 3 Column 4
A4 1 I Iy 0
A3 I I3 0 0
A2 ry = 15=h Iy 0 0
Al 1y = 7113;11114 0 0 0
A0 Iy 0 0 0

l1,r1,72,14 > 0 (see Appendix B). Hence, on the basis of the Routh-Hurwitz crite-

rion [27], all roots of (12) have a negative real part. These results imply that, if Wﬂim <1,
then J(E{, B%,) has one zero eigenvalue, and the other eigenvalues have a negative real
I,

part. Thus, Assumption Al in Theorem 1 is satisfied if ——2—
Hp(Ho+pr)

< 1. The right eigenvector

of ] (E§, B%,) corresponding to a zero eigenvalue is

(71‘5'761'_ (Ph +Yei ) (Vh""%s))(l 47647) :hsa*

a Vh(}‘h"'f)/m)(,uh""%q)
Ul 7¢9¢)ﬁch h 06
a
©2 11 B SEo8
1%
3 (Vh+7zs)(]’lh+7€r) * gary,
- Ui —Bmo Sy w8 Yei(1—Pe) By, Sp
U= el T Centvis) (i) (p ﬁw);;;nu ’
Z .Bmv v “hhgh'}’er(l (PL’(P)ﬁch
Vg (P’h+71c)(ylt+');€l)(ﬂerVr)}‘m
e Ug
7 * L
g ahygnvei(1—Pe) By Sy v
8 (]"h'i'r}’is)(yh""’)/u)‘um
0

where v¢ is arbitrarily positive. It is clear that v{ < 0 and v§ < 0. The left eigenvector of
J (E&, B%,,), corresponding to a zero eigenvalue is

0
wil 'Ymahhgha/smzs w6
wg (Vh+715)(]411+761 le‘i’}lr
a 8o Bmo Sy W
w3 (Vh‘i")/zs)(,”v‘i’ﬂr)ﬂm
u—;HT . Wy o 0
wg - owg ’
e Hotpr
a
: e
w7 BmoSy TWe
wg pm (po+pur)

0
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where w? is determined, such that w®.v% = 1. It is straightforward to show that w? > 0. Let

x1=5, , xa=E, , x3=1I

7 x4:SU/
x5:I'U s x6:C ’ x7:M s XSZP/
_dsy __ dE, _d _ds
AR S A %
fSZTf ’ f6:ﬁ 7 f7:W ’ fs—ﬂ'

Now, we compute A and B that are defined in Theorem 1. It is clear that the only
nonzero terms of A and B are

ng%Ug 32f2 (ESI :h) _ ( Vei“hhghalgmvséz;*wg )
0x10¢ (4 vis) (i + Yei) (o =+ Hr) tim
y ((%s%i — (in =+ Yei) (i + 7is) ) (1 — Pep) Z‘hSZ*UE’>Uaﬁ* <0
i (i + Yei) (Hn + Vi) ofch =

ategor L) _( shigiopmsiTh )
dx60y (i + vis) (n =+ Yei) (o + pr) i

< o ( (YisYei — (pn + %i)(#h;r%s))(l — Pe¢p) thZ*vz)ﬁjh <,
h

a..a u82f5(E8/ :h) _( (ng )<_ﬁmvsg*’xhhg}z'}’ei(l_¢e¢) :ﬁff”%)
W5v,07 =

0x40x7 Ho + pr (A vis) (i + Yei) (o =+ r) fim
y (Déhhgh’rei(l — ¢e) Z‘hSZ*%)ﬁmv <0
(e =+ Yis) (Hu + Yei) fm ’

o a 29 S5(EG Biy) _( owg )(—ﬁmvsi*“hhgwei(l—¢e¢) Z‘hSZ*vZ>
w5070y =

0x70x4 Ho + pr (tn =+ vis) (n + vei) (Ho + Hr) i
ahpghyei(1— ¢edp) Z‘hSZ*f%)
X <0,
( (‘uh + '7is)(yh + '761‘).”"1 ,Bmv

II
v > 0.
Hn

gvg a2f2 (Eg’ zh) — ( ’YEiahhghU.Bmvs‘Z*wg )
0x60B¢h (tn + vis) (it + vei) (fo + e )t
Hence, we obtain

82f2(E” B* ) aZf (E“ B* )
0Pch a a0’ J2\"0"Pch
9x10xg +wy vy

aZfz(Ea ﬁ* )
a 0/Fch
W% “oveopa

7y 1
= Wy U1 Vg

B =

2 a g 2 a gk
iyl 9 f5<E0’/Sch) e 9 fS(EO"Bch)
9xg0x| 5%4%7 9x40x7 5%7%4 dx70xy

<0,

According to Theorem 1, forward bifurcation occurs at R} = 1. Consequently, endemic

equilibrium point Ef, which exists when Rjj > 1, is asymptotically stable if Rj > 1 (near 1)
and —Te_ <1 O
Hp (Ho+ir)

Theorem 6. Disease-free equilibrium point Ej is globally asymptotically stable if Rf < 1 and

THU 1
Hp(Ho+pr) <
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Proof. Consider the following Lyapunov function:

Z —2Z1 (Sh Sa* Sa* In SZ* ) +22Eh+Z3Ih+Z4 (Sv Sa* S"* ln Sﬂx >+Z5IU+Z(,P+Z7C+ZSM/

where P B S8 sl
71 = 7 = moOy XMp&hYei g myoy XMp8h =z :1
V22 Gt v Guncbris) =3 Fn (i) “ ; 5o
Z6 = T 27 = ﬂvaﬂr’ zg = ”;;m
The derivative of Z with respect to ¢t is
dz ds dE dl, ds dl aM
iz _ (1—5) o 4z 4 2, h+z4(1 SU) A5 4 758le 4 74P 4 7,dC | 7o dM

— (s, - 54 Zgw@wsﬁf@%#ﬁ&f%ﬂ
(T 1) p g ((Rg)R - 1) Letpiec,

Hp
ax dZ a s8¢ 711,
Sy < " always holds. It is obvious that 7% < 0if Rj < 1 and TR T T RS 1.
‘% = Oifandonlyif S, = S5*, P =0,C =0,S, = 57", I, = 0,and I, = 0. Hence, the largest

invariant set in {(Sh, E,, I, Sv, I,,C,M,P) ‘% = 0} is a singleton set {Ef }. Thus [30], E§
is globally asymptotically stable if Rj < 1 and % <1 0O

Now, we determine the local stability condition of Eg. The Jacobian matrix of System
(2) at E} is

—Hh 0 Vis 0 0 —(1=¢e¢) BenSh? 0 0
0 —(YeitHn) 0 0 0 (1—ed)BenSE* 0 0
0 ')’ei 7(71’5‘“’[}1) 0 0 0 0 0 b
0 0 0 —(po+pr+EPP) 0 0 —BumoSE* —CSYF
Eb — v v 13
JE)=1 0 0 0 oy 4PV 0 Brosl 0 13
0 0 0 0 o _— 0 0
0 0 ahygn 0 0 0 . 0
0 0 0 TPb* TPb* 0 0 0
The eigenvalues of (13) are the solutions of H(A) = 0.
H(A) = (A + ) Hi(A), (14)
where
Hi(A) = A7+ A% 4+ hoAS + haA* + iy A3 + hsA? + hgA + hy,
hy = (4o +pr+EP") +q1,
hy = TPYESY + (o + pr + EPP )1 + g2,
hs = TPYESTqy + (pto + sy + PP )2 + g3,
hy = TPYESE g0 + (o + pr + EPY) g3 + g4,

hs = TPb*CSQ*WS + (Vv + pr + @Pb*)% + (P‘h + "/ei)(yh + 'Yis)VC,um(]/lv + pr + (:Pb*)
—Yeitthpgp (1 — Qbe(rb)ﬁchsz*‘fﬁmvS?bJ*
= TPh*é‘SZ*% + (}40 + pr + CPb*)lM

+ (1 - (RS)Z) (po + pr + EPY) (i + Yei) (i + Yis) Heims
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he = TP™ESh gy + (o + pr + EPY) (i + vei) (n =+ is ) e ttm (po + pir + EPP%)
—(po + pr + Cpb*)'Yei“hhgh(l - 4’€¢)ﬁchsz*‘7ﬁmvsz*
= TPPeshega + (1= (RD)?) (o + iy + EPY )y + Yei) (s + Yis bk,
hy = TP"ESE (po + pr + EP™) (i + ei) (n + Vis) Hethm
—Yeitthyg (1 — pe) BenSy TP* &S5 0 Bn S
= (1= (REY2) (o = pr =+ EPY*) o+ ) (i + i chm TPV ESEY,

5
qa = ZDg/
g=1
5
qz - Z DgDhr
1<g<h
5
43 = L DgDyD,
1<g<h<i
5
qa = Z ‘DgDth'D]‘.
1<g<..<j

Dy = yup + Yei, D2 = yup + 7vis, D3 = o + pr + CPb*, Dy = y¢, and D5 = . It is clear
that (13) has one negative eigenvalue, i.e.,, Ay = —py,. The other eigenvalues are zeros
of Hy(A). If R} = 1, then hi; = 0. Hence, if R} = 1, one eigenvalue of J(E}) is zero. In
the following, we apply a Routh-Hurwitz array shown in Table 4 to investigate the local
stability condition of EJ.

Table 4. Routh-Hurwitz array associated to characteristic polynomial Hy (A).

Column 1 Column 2 Column 3 Column 4 Column 5
A7 1 hy hy he 0
A6 hl h3 h5 h7 0
A5 ky = Mha—hs k, — Mha=hs ko = Meli=h7 0 0
! kyha—hyk ? kyhs—hyk ’ g
/\4 k4 — K 3k1 142 k5 — M 5k1 11K3 h7 O O
A3 ke — koka—kiks ko — kaka—kihy 0 0 0
6 ks 7 K1
A2 kg = W hy 0 0 0
O 0 0 0 0
A0 hy 0 0 0 0

It is clear that #; > 0. On the basis of the Routh—Hurwitz criterion [27,28], all roots
of Hy(A) have a negative real part if the other entries in Column 1 are also positive. kj
is always positive. It is obvious that h; > 0 if Rg < 1. Hence, all roots of H(A) have a
negative real part, which implies that ES is asymptotically stable if ky > 0, kg > 0, kg > 0,
kg > 0, and R(b) < 1. Notice that h7 < 0if R(b) > 1. Hence, Eg is unstable if Rg > 1.

Theorem 7. Disease-free equilibrium point EY) is asymptotically stable if ky > 0, ks > 0, kg > 0,
kg > 0, and RS <L Ing > 1, then Eg is unstable.

Now, we investigate the local stability condition of Ei’. We use the method that is
presented in [19] to study the stability condition of EY. Consider B, as a bifurcation
parameter. We determine the bifurcation point that is equivalent to R} = 1. We ob-

pn (o 1+ EP" Vi pom (i +Yed) (B tis) T
(1=¢e) BanIlnompahy gy yei

tain B;,, = . If Buw = B0, characteristic polynomial

(14) becomes
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H(A) = MA + pup)Hi1 (M), (15)
where
Hy(A) = AS+ M A% + HHA% + WGAS + HAZ + hiA + By, (16)
and
h/l = (ﬂv+ﬂr+§Pb*) +CI1/
Wy = TPYESL* & (py + py + EPY )G 4 qo,
Wy = tP"ESh g1 + (o + pr + EPY) g2 + g3,
Wy = TP"ESh 4 (po + pr + EPP)g3 + g4,
= TPYESYas+ (o + pr + EPY)as,
h, = TP'*gShrq.

It is clear that characteristic polynomial (15) has one zero root and one negative root,
ie, A; = 0and A = —py. Using the Routh-Hurwitz array in Table 5, we determine the
conditions that guarantee that the other roots of (15) have a negative real part.

Table 5. Routh-Hurwitz array associated to characteristic polynomial (16).

Column 1 Column 2 Column 3 Column 4 Column 5
A4 kz; = }’1}27/_}’3 kzy = hlhﬁ/—h5 " 0 .
/ 1 / , 1 ,
N kz = % ey = (2l 0 . .
)\2 kZS = W h/6 0 0 0
M ke = 0 0 0 0
A0 hy, 0 0 0 0

On the basis of the Routh—-Hurwitz criterion [27], all roots of (16) have a negative
real part if h}, kzy, kz3, kzs, kze, hfy > 0. We recognize that K}, kzy, hy > 0. These results

imply that if kz3, kzs,kzg > 0, then | (ES, ﬁ;;w) has one zero eigenvalue, and the other
eigenvalues have a negative real part. Hence, Assumption Al in Theorem 1 is satisfied if

kz3,kzs,kzg > 0. The right eigenvector of | (ES, ‘B;‘m,) corresponding to zero eigenvalue is

('Yis')/ei - (Vh +7ei) (]’lh +7i5))(1_¢f¢)ﬂch SZ*Uﬁfnszb}*v?

i (- Yei) (i +vis ) e (o + pr+EPP)
'Ull; (1747347)‘[';0},52*0"3:;12)52*0?
ob (Vh+%f);4c(uvb+ﬂr+§1’b*) ,
% 'Yei(17¢€¢)ﬁchsh*‘7ﬁﬁzvsv*v7
U3 (ntvis) (v e (1ot pr +GPP)
7;?7 o 'Z)Z o - ;va g*vl;
of Gt ) '
b BrwSy U7
06 (}lv+ﬂr+§Pb*)
U? Uﬁﬁlvsg*vl;
ob pe (po+pr+GPP*)
3 b
U7

0
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where v} is arbitrarily positive. It is clear that v} < 0 and v} < 0. The left eigenvector of

](ES, ﬁ;*m,) corresponding to a zero eigenvalue is

0
w% 7Bi“hhgh.5:nv52*wl5l
w? (p+7is) (i e ) o
5 “hhghﬁ:nvsv*ws
Wy (n+vis) pom
=T | wh 0
b — 4|
w = b = b ’
Ws Ws
wg (1=Pet) Ben 4™ Yeithn g Proo Sb wh
wh pe(nt+vis) (HntYei ) pm
7 * qbx,.b
b Pmyov Ws
’LUS Hm
0

where wg is calculated, such that w?.0? = 1. It is straightforward to show that wg > 0. Now,

we set
x1=5, , x=E , x3=1I, , x34=25,
x5:I‘U ’ x6:C ’ X7:M ’ XS:P,
_ds, _dE, I, _ds
fl—Tti , fz—ﬁ , fS—W p f4—?g/

__dI, __dC _ dM _
f5_7f s f6_dt ’ f7—ﬁ s fS_W

Thus, the only nonzero terms of A and B that are described in Theorem 1 are

2 b p* " "
wgvl{vg 0 f2 (EO’ 'Bmv) _ 'Yei“hhghﬁmvsg wg
dx10x6 (Vh + 'Yis)(ﬂh + 'Yei)ym

8 (Visvei — (n + vei) (n + 7is)) (1 — Pe) BenSo* 0B S5 05
(i + Yei) (n + vis) e (po + pr + GPP*)

OBrwSe b
<0,
: <Vc(ﬂv+74r+€1’b*) et

wW>00
27671 9xe0xy (Hn + vis) (Hn + Yei ) im po + pr + EPb*)

oo [ Qrisvei = (ont7e) (i +7is)) (1= 9e) Ben S}y 0B S50 By < 0
1 (it er) (et Vi) e (pro+ pr & PP¥) ch = %

2 b px
bob ba fz(Emﬁmv) _( 'yeiahhghﬁf,wsg*wg )( U‘Bfnng*vl; )
pe(

2 b px " «
wbvbvba fs (Eo’ﬁ”“’) _ b —BrwSh b obB <0
5Y4%7 ax4ax7 5 (}lv+}lr+€Pb*) 7Pmv ’
2 b px N %
wbvbvba fs (Eo’ﬁmv) _ bt —BrwSh0h B <0
5¢7Y%4 aX7BX4 547 (ﬂv+ﬂr+gpb*) mo ’
2 b px
b b f5(E0’ ”“’) _ bvbdl > 0.

Ug—————— = W
57 ax7aﬁmv 57T
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Hence, we obtain

b p 2 (B Bio) .

G )) 245 (EG biro) 245 (Eg piro)

— bbb OS2\ EoPo) bbb 0Pmv) bbb oo

A = w5 o 20601 axgar;  TWsUaY7 angar, - TWsU7YE T away, o <O
_ b 35 (Eg Bio)

B = w5177 9%:9Bmo > 0.

According to Theorem 1, forward bifurcation occurs at Rg = 1. Consequently, endemic
equilibrium point E} that exists when R} > 1 is asymptotically stable if kz3, kzs, kzs > 0,
and RS > 1 (close to 1).

Theorem 8. Endemic equilibrium point E? is asymptotically stable if kzz > 0, kz5 > 0, kzg > 0,
and RS > 1 (close to 1).

Now, we present the global stability condition of Ej.
Theorem 9. Disease-free equilibrium point Ej is globally asymptotically stable if R§ < 1.

Proof. Consider a Lyapunov function as follows:

Q = q (sh A A Si};) + 32En + g3l + g4 (sv — b — Sb*In 55,7) +q51y
+q6(P = PP = P In (5. ) + g7C + gsM,
where
_ ,Bmvs “hhgh')’er _ /gmvsg*“hhgh _ _
N =92 = ) 1)’ BT Gt vis) 7 s =05 =1,
_ ¢ _ (1*4’84’)5chSz*lgmvsfz*“hhgh%i _ ,Bmvs
96 = 7/ 7 st (v GFrs) 718 Hm

The time derivative of Q is

T = %( % )dfth s gtras s (1) Gpras s (155 ) 0S5+
— _‘71hﬂh (Sh _ 52*) 4 qg’:is I, (Sh _ SZ*) _ q4(u§:rm) (Sv _gbs
+((RE2 = 1) (o + iy + EPY) L, + ugP*SY (2~ (%i +5))-
Arithmetic mean is always greater than the geometric mean. Hence, (2 - (% + S%)) <
0 always holds. It is clear that (2 - (% + 555’?*)) = 0if S, = S4*. Furthermore, S, < S}* al-

ways holds. Thus, it is obvious that % < OifR(b) <1 @ = Oifand onlyif S, = Sg*, Sy = sbx,
I = 0,and I, = 0. Hence, the largest invariant set in {(Sh, Ey 1,8, 1,,C, M, P)|dQ = 0} is
a singleton set {ES } Thus [30], Ej is globally asymptotically stable if R} < 1. O

We proved the global stability condition of the disease-free equilibrium points, E
and E}, by formulating suitable Lyapunov functions. Since we have difficulty in finding
a suitable Lyapunov function for the endemic equilibrium point, we only investigate the
local stability condition of the endemic equilibrium points (E{ and Ei’ ). When the local
stability condition of the endemic equilibrium point is met, the endemic equilibrium point
is asymptotically stable, but may only attract a very small part of the state space. Therefore,
studying the size of the basin of attraction of the endemic equilibrium point is relevant [31].
However, we do not discuss the basin of attraction of the endemic equilibrium point in this
article. A method for numerical estimates of the size and shape of the basin of attraction,
as well as the systems’ return time to the attractor can be seen in [31,32].
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5. Numerical Simulations

To verify and support the previous qualitative-analysis results, we performed some
numerical simulations using the parameter values presented in Table 6. Those parameter
values were taken from the literature if available. Otherwise, they are given as assumptions.

Table 6. Parameter values.

Symbol Parameter value Units Source
IT, %@1% humanx day~! Assumed
¢e 0.9 Assumed

¢ 0.9 Assumed
Tis 057 day~! [13]
Hn 565565 day~! [13]
Vei o7 day ™! [13]
IT, 1 snail x day’l [12]
to 0.033 day~! [12]
Hr 0.0001 day~! Estimated
¢ 0.01 predator ! x day~! Assumed
o 600 cercariae x snail~1x day_1 [20]
4 0.01 miracidia X egg_1 [12]
hy, 513 eggx gram_1 [12]
Sn 160 gramx human 1 x day_1 [12]
Hp 3651—X2 day ! Estimated
He 1 day ! [12]
Hom 2 day ! [12]

Numerical simulations were performed by varying B, Bmo, and T. Here, we present
the numerical-simulation results with initial values of S;(0) = 900, E,(0) = 0, I(0) = 100,
S,(0) = 100, I,(0) = 10, P(0) = 50, C(0) = 100, M(0) = 100.

5.1. Predator Becomes Extinct

_ 0.0004
365 -

= 0.22054 < 1; thus, the existence condition of the equilibrium

In this subsection, we show the numerical results using T = 0.00001 and v

Here, we have — e
(Ho+pr)1p

points says that the predator goes extinct. We can also show basic reproduction number
R{ = 1 corresponds to the critical value of cercaria infection rate on susceptible humans, i.e.,

o = 471859 x 107, If we set B, = 1.71859 x 1077 < B, then we obtain Rjj = 0.60350 <
1. On the basis of Theorems 4 and 6, disease-free equilibrium point (E§) is asymptotically
stable. This situation was confirmed by our simulation shown in Figure 2a where I, I,,, and
P were convergent to zero. For the second simulation, we set B, = 4.71859 x 10 > B
which led to Rf = 3.16227 > 1. Theorem 5 states that endemic equilibrium point (Ef) is
asymptotically stable. The stability of (Ef) is clearly shown in Figure 2b, namely, I, and I
converge to a positive equilibrium, whereas P goes to zero. To more clearly see the effect
of the cercaria infection rate on humans, we performed numerical simulations by varying
By from 2.35929 x 10~7 to 7.07789 x 107, which corresponds to R{ between 0.70710 to
1.22474. Figure 2c indicates the occurrence of forward bifurcation driven by R{j or B,. If
R{ < 1, then Ejj is asymptotically stable, while E{ does not exist. Conversely, if Rj > 1,
then Ef is unstable, and there appears Ef, which is asymptotically stable. Bifurcation point
R{ = 1is achieved when B, = B, = 4.71859 x 10~7.
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Figure 2. Dynamics of Iy, I, P for (a) B, = 1.71859 x 1077 that corresponds to (R§ < 1), and
(b) B, = 4.71859 x 1070 that corresponds to (R > 1). (a,b) Reducing cercaria infection rate on
humans by limiting the number of contacts between susceptible humans and contaminated areas
or by using self-protective gear when entering contaminated areas can decrease schistosomiasis
prevalence. (c¢) Forward bifurcation diagram of System (2) in the case of the snail predator becoming
extinct, showing that schistosomiasis is eradicated if Rf < 1, but it becomes endemic if Rf > 1.

5.2. Predator Survives

We next performed numerical simulations using T = 0.0001 and B, = 1.914 x 10>,

which implies that % = 2.20543 > 1. On the basis of the existence condition

of the equilibrium points, the predator survives. In this case, the basic reproduction
number is unity (Rg = 1) if the miracidia transmission rate on snails reaches its crit-
ical value, i.e., B, = 1.31409 x 10~7. Hence, if we set Bmo = 0.31409 x 1077 < Biros
we obtain kj = 2.43742 > 0, ky = 0.37218 > 0, k¢ = 0.01988 > 0, kg = 0.00045 > O,
ko =3.1x107° > 0, and RS = 0.48889 < 1. On the basis of Theorems 7 and 9, disease-
free equilibrium point (ES) is asymptotically stable. This behavior was confirmed by our
simulation, where the numerical solution was convergent to (Ej); see Figure 3a. On the
other hand, if we take B, = 4.31409 x 1077 > B0, such that RS = 1.81188 > 1, then
Theorem 8 shows that endemic equilibrium (Ei’ ) is asymptotically stable. The stability of
(EY) is confirmed by Figure 3b, which shows that the numerical solution converges to (E?).
When the predator goes extinct, schistosomiasis prevalence is higher than that when the
predator survives. This means that the existence of a snail predator in the environment can
reduce schistosomiasis prevalence.
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Figure 3. Dynamics of I, I, P for (a) By = 0.31409 x 10~7, which corresponds to Rg < 1; and
(b) v = 4.31409 x 10~7, which corresponds to Rg > 1. (a,b) Reducing miracidia transmission rate
on snails by improving irrigation facilities (e.g., lining canals with cement) can reduce schistosomiasis
prevalence. (c) Forward bifurcation diagram of System (2) in the case of snail predator surviving,
showing that schistosomiasis is eradicated if Rg < 1, but it becomes endemic if Rg > 1.

Figure 3a,b indicate that there is an exchange of stability between the disease-free equi-
librium point and the disease endemic equilibrium point when the miracidia transmission
rate on snails is changed from B, = 0.31409 x 1077 < B}, to B = 4.31409 x 10~7 > B
To more clearly see the effect of B0, we plotted in Figure 3c the steady state of I; against R}.
RE between 0.70710 to 1.22474 corresponding to 5, from 0.65704 x 1077 t0 1.97114 x 10~7;
Rg = 1 is obtained when By = B, = 1.31409 x 10~7. Figure 3c shows that System (2)
experiences forward bifurcation. Thus, E} is asymptotically stable, and E? does not exist
when R} < 1. If R} > 1, E} becomes unstable, and EY exists and it is asymptotically stable.

5.3. Impact of Snail Predator as Biological Control Agent

We now investigate the impact of a snail predator as biological control agent. Here, we
study the effect of predation rate ({) by using parameter values as in Table 6: T = 0.0001,
Ben = 0.1and By = 4.31409 x 10~7. According to [33], the predation rate is the proportion
of prey killed per predator per time. It suggests that the predation rate is related to the
effectiveness of the predator in hunting and killing snails. In this simulation, the basic
reproduction number does not depend on the predation rate and is given by R} = 18.11886.
Figure 4 shows that all numerical solutions using ¢ = 0.1, = 0.15, and { = 0.3 are
convergent to the same endemic equilibrium point. However, detailed observation shows
that the schistosomiasis prevalence in the beginning of the intervention decreased as
predation rate (§) increased. Several studies that are related to satiation-based predation
models show that the predation rate is related to the gut capacity of the predator [34].
Hence, we should use snail predators that can effectively hunt and kill snails, and have
high gut capacity.
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Figure 4. Dynamics of I, I,, C, M for ¢ = 0.1,0.15, 0.3, showing that the effectiveness of predators
in hunting and killing snails plays an important role in reducing schistosomiasis prevalence at the
beginning of intervention.

We next investigate the influence of conversion rate T by performing simulations
using the same parameter values as those in Figure 4, but with varying T and fixed
¢ = 0.01. According to [35], the conversion rate is related to the efficiency in turning
predation into new predators. It implies that the conversion rate is related to the birth
rate of snail predator. By choosing T = 0.0001, T = 0.00015, and T = 0.0003, we get
the basic reproduction number (R}) = 18.118869, (R}) = 12.07924, (R}) = 6.03962,
respectively. Hence, the basic reproduction number decreases as T increases. The dynamics
of I, I, C, and M for T = 0.0001,0.00015, and 0.0003 is shown in Figure 5. Values of the
steady state of I, I, C, and M were smaller for larger values of 7. Thus, schistosomiasis
prevalence decreases as T increases. So, the snail-predator birth rate plays an essential role
in controlling schistosomiasis spread. Figures 4 and 5 show that using a natural predator of
snails as a biological control agent can decrease schistosomiasis prevalence. These results
are in line with the results in [7].
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Figure 5. Cont.
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Figure 5. Dynamics of Iy, I,, C, M for T = 0.0001, 0.00015, 0.0003, showing that the conversion rate
of the snail predator that is related to its birth rate plays an essential role in reducing schistosomia-
sis prevalence.

6. Conclusions

In this work, a deterministic schistosomiasis model incorporating a snail predator
as a biological control agent was discussed. The existence and stability conditions of
all equilibrium points were investigated. Our findings suggest that a snail predator as
a biological control agent can reduce the prevalence of schistosomiasis. Moreover, our
results showed that the snail-predator birth rate plays an important role in controlling
schistosomiasis spread. Despite the contributions of our work, it has some limitations. Due
to the lack of data related to the parameters of our model, we only chose parameter values
by considering the results of qualitative analysis, i.e., the existence and stability conditions
of the equilibrium points. For further research, sensitivity and cost-effectiveness analysis
of the interventions discussed in our proposed model will be considered.
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E = mnDi[D; + (’73 + Ds)D3 + (D3Dy + 173D5) Dy + D3D4Ds]

where

+D3[(D3 +2D3 (113 + Ds)) 111772173)
+DiD3[n; D3 + 4’7%D3 +2(111 + Ds)(Dy + 171)11D3 + (14 + 3D4Ds5) 53 D3 + 75
+D3D; [7 D3 + 2m1aD3 + ('74 +3D4Ds)y?D3 + 2175D3 + 11176
+Dj3 [11D4D5D5 + 2111 D4Ds D3 + 5D% + 11176 D3 + 73R, |

D3 [1m213(y3 + D5) D3]
+D3D3[111D3 + 413D3 + 2(111 + Da) (11 + D5)1D% + (14 + 3D4Ds) 53 D3 + 115
+D2D2 [272D5 + 2(111 4 D4) (11 + Ds )1 D3 + 2(174 + 2D4Ds) 177 D3]
+D1D3[18 D3 + 2171776]
+D2D; [111174D5 + (174 + 3D4Ds )2 D3]
+D2D; [(3y5 + DiDs + 2D3D2 +2D2D3 + DyD# + RS, ) D]
+D2D, [11 (316 + D3D2 + D?D3 + R? )D3 +117]
+D% [D4D5'7% D3 + ’75D§ + 2'71'76D§ ¥ 1705 + Ry 1n117a]
+D1D3 [’hD + 1m14D3 4+ 2D4Dsn3 D3 + D2D5771]
JFD1D3 [ D4 + 2171174D + (774 + 3D4D5)1’]1D + 2775D3 + 771’76}
+D1D3 [’71'74D + (174 + 3D4Ds)3 D3 + 13 D3]
+D1D5 11316 + D3DZ + D3D3 + R ) D3 + 1y7]
+D1D,[2D4Dsy3D5 + 2;7513 +m (3;76 + D3D2 + D3D3 + R§,) D3]
+DyD,[(2D$D2 + 2D3D2 + 7R4, (D3 + DZ))D3 + R (171 + D5)(171 + Dy)m1]
+Dy [D§D2 DA + 773 + R?n(m 1 Ds) (1 + Da)i Ds + 2R, D4 D513
+D3 D4 Dsiyi213 + D3 [DaDsiy (D3 + 11 D3 + 115D3) + min6Ds + 73R, |
+D3[DaDsti D + 175D3 + 251176 D3 + 17705 + Ry 11174
+D; [D3D2y1 D3 + mneD3 + 177D3 + +R% (11 + Ds) (1 + D4)11D3 + 2R D4Dsy? ]
+72R4 D3 + Ro1171174D3 + 3R, Dy Dsy? D3 + R D3D2yy,

m = Dy+Ds,

2 = D3+ Ds,

13 = D3+ Dy,

Ny = D + 3D4D5 + DS’

s = D4D5 +4D3D?% +4D3D2 + D4D2 + RY;,

e = D3D2 + D2D3 + 2R01,

o= D4D3 + D3D4 +4R% (D3 4+ D) + 7R%, D4Ds,
s = (3175 + DgD5 + 2D2D§ +2D2D3 + D4DE + R%)).

Itis clear that & > 0 because D; > 0 fori =1,2,3,4,5.

Appendix B

On the basis of (10), /; > 0 and 4 > 0. When we derived Theorem 4, we proved that
ANy = 111b — I3 > 0. Hence, 1 = % > 0. We also can show thatr, > 0.

r» = (01D3 + {3D3 + (20304) D3 + (31D + 202D% + 5D3 + (»03041) D3

+(g3D5 + C5D3 + C186D5 + 02030al7) D2 + 020304 (D3 + (1 D3 + {7D3 + D1D,D3),

where
{1 = D1+ D4+ Ds,
(o = D4y + Ds,
{3 = D1+ Ds,
04 = D1+ Dy,

{5 = D?(Dy 4+ 4Dy +4Ds) + D3(4D; + Dy 4+ 4D5) + D2(4Dy + 4Dy + Ds) + 7D; D4Ds,
{6 = 2D3Dy +2D3Ds + 2D D3 4 3Dy D4Ds + 2D, D% + 2D3Ds + 2D, D3,
{7 = D102 + D4Ds.

Itis clear that r, > O since D; > 0 fori =1,2,3,4,5.
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