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Abstract

:

Longevity risk is a major concern for governments around the world as they have to address social benefits, whether in the form of pensions, healthcare, or caring for dependents and providing long-term care, and so forth, which directly impact countries’ budgets. This paper uses a single entropy index to measure this type of risk. This methodology is clearly different from the one traditionally used in the literature, which is nearly entirely based on measuring the evolution of mathematical life expectancy. The authors used the longest-living populations in the world, Japan and Spain, to create a database in order to analyse the virtue of the indicator. The aim was to establish whether the longevity of those populations is accelerating or decelerating, compared by sex, and whether that occurs at the same intensity at different stages of a person’s life in each case. If the indicator showed differences in intensity, it would be a benchmark for the insurance and financial industry, providing it with information to market different products.
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1. Introduction


During recent decades studying and researching longevity risk, we have found periods when the survival of people progressed slowly and periods with spectacular advances in longevity, as has been the case in developed countries in recent decades. This longevity acceleration has created huge problems in the majority of countries, as well as for insurers, the Social Security system, pension funds, and so forth.



Many authors have published papers on this subject, and the majority have used indicators such as the mathematical life expectancy. Those results have been reflected on a survival curve. The curve shows that the further to the right it evolves, and depending on the person’s age, the longer the longevity of the population. However, this attractive way of presenting the obtained results is not the most appropriate from a quantitative point of view.



Our index is different and possibly more abstract and objective. On the one hand, this allows us to provide the longevity evolution results using a different methodology and, on the other hand, to compare the longevity evolution between two different countries with such long lifespans as Japan and Spain.



Even though this index, as such, is used objectively, our approach will closely connect its size to the real risk situation of a population. Thus, the results obtained will allow us to affirm whether the level of longevity risk of a country is accelerating or decelerating, and, furthermore, if that acceleration or deceleration is uniform for the whole life timeline of an individual or if it differs between certain age brackets. This is a clear difference with respect to the life expectancy indicator.



The methodology to show the advance of longevity applied in this paper has not been used in the field of demographics but has in the information field. In general, the entropy index applied in this paper is a method to measure divergences between targets, capital flows, and information differences. The life expectancy indicator does not measure such divergences.



In the literature, entropy has been used as a method to measure information distribution or analyse differences or heterogeneity when measuring the health difference between two territories or two populations in which the differences regarding income level are more than significant. It has also been used to assess the evolution of different monetary flows, different environmental conditions, nutrition levels and so forth. Therefore, we contribute the use of a different indicator to the mathematical life expectancy, which has the ability to show the divergence or not between two distributions. To the best of our knowledge, the way in which it has been applied has not been previously used to measure the difference in the survival improvement between two different countries. Furthermore, we contribute the possibility of determining whether the improvement to longevity is distributed in a more or less uniform way or whether it shows different intensities depending on the age range considered. Furthermore, we want to make it clear that the presentation of this evidence has the appeal that it can be used by the insurance industry, among others, given that the results obtained directly influence the price of the insurance product marketed.




2. Literature Review


Given the explosive impact of the evolution of longevity worldwide, there are many papers that have sought to study and quantify its impact as far as possible [1,2]. There are studies in the literature focused exclusively on the Japanese population, given its great advances in survival [3]. Those studies focus on general mortality, where the future population survival trend is estimated, taking total gross data into consideration and without distinguishing by sex.



We have also found longevity risk studies focused on Netherlands [4] and Nordic countries, Norway or Sweden [5]. The survival studies in the last of those countries are highly productive as extensive historical information is available on the mortality of the general population.



The majority of papers use the Lee–Carter model (readers interested in the characteristics of that model will find further information in the References section [6,7,8,9,10]) to perform future mortality estimates. The validity of the model is proven and accepted in the literature and is widely used to perform survival forecasts based on historical data. In that regard, we should note that there are other models in the literature for the same purpose, i.e., studying the improvement to mortality rates, albeit along different paths [11,12,13,14].



We have also used this methodology in different papers presented at conferences and in publications. However, we have always applied the aforementioned model to estimate different parameters, which leads to the possibility of determining the mathematical life expectancy. Yet, there are very few papers focused on the study of the acceleration or deceleration of improvements in mortality. The use of entropy is progress on the preceding studies given that what is determined is not whether survival advances, which is obvious and is contrasted, but rather whether its advance gains in intensity, remains steady, or if it decreases. The prognosis changes completely in any of those situations.



The methodology used in this paper to determine the advance in longevity does not come from the field of demographics. Its origins lie in the information field, where it has been widely used as a method to measure divergences between targets, flows of quantities, types of information, etc. The analysis of differences or of heterogeneities serves as information when measuring the difference regarding the income level in a population considered as different monetary flows, differences in nutrition levels, differences in educational levels, etc. Consequently, when turning to the demographic field, we need information specific to the evolution of different flows that can be compared for a single reference period. This methodology, unlike the classical one, allows to measure the speed of the improvement to survival and even its acceleration, should that be the case, be researched. Furthermore, whether that improvement is uniform, whether it is evolving in the same direction, or whether it differs by age groups can be established.



The first studies that applied entropy used information indicators [15,16], but its indexes were based on data related to information in general. The first studies into the use of entropy to measure the differences between populations focused on different criteria, including race and sex.



More recently, studies where the entropy concept is linked to the study of the rectangularization of human survival [13,17,18] have been presented. They argue that improvements in mortality have been mainly due to advances in older ages. Those aspects differ from our findings. New contributions have recently been made to the study of the progress of rectangularization in the field of biometrics [19,20].



Once the problem in question has been put into context, the existing literature reviewed and the objective specified, this research paper is structured as follows: the next point describes the methodology used to achieve the objectives, along with the database established to be used; the results obtained are shown in the fifth point and the sixth, presents the most important evidence and conclusions. The paper ends with references we have considered appropriate to underpin and channel our paper.




3. Research Objectives


Starting from the above premises, we seek to use the entropy indicator to measure the improvement in mortality as an alternative to life expectancy, survival curve, or rectangularization.



Furthermore, we seek to ascertain whether this indicator is able to capture the divergence between two distributions of improved longevity for the chosen populations in the study, Japanese and Spanish, as they represent two countries with current low mortality and proven longevity.




4. Materials and Methods


As already mentioned in the above section, this paper uses a new method to measure survival entropy measurement for two populations, which are Spain and Japan. They were mainly chosen for their spectacular progress in improving survival compared in global terms in the last thirty years.



We carefully selected the information sources to conduct our study. Given that we were going to apply the tool to measure the longevity risk, we decided to proceed in two stages: the first involved adequately setting up the baseline database, and the second, transforming the entropy formula to be used in our calculations.



We obtained the values for the entropy indexes using the gross values of the death rates, which are publicly and freely available from the Human Mortality Database (hereinafter HMD) [21]. Their origin is due to the first-rate work of the Department of Demography at the University of California, Berkeley, and the Max Planck Institute for Demographic Research in Rostock. That database provides the recent gross data for both countries and for both sexes. Using these data sources guarantees that information is obtained from the same source and under the same conditions for both countries. Thus, we believe that it guarantees that the entropy measurement provides the differences in improvement, if they exist, between countries, for the same sex, solely due to acceleration or deceleration.



However, given that the data range does not match the source of origin, we have limited that range to the same age brackets and calendar time. On the other hand, the gross data published by the HMD for the longest-living ages do not provide results that can be considered adequate for the years that they represent. We noted that same gross rates are non-existent in real life for some ages or present a value over one, which is unacceptable from the statistical point of view. Therefore, we proceeded to eliminate the data over the age of 105 years old and perform a smoothing, as will be explained later. This whole process to analyse gross data from the HMD, and prior to their use, had been performed in some of our previous research work. It required a preliminary in-depth study, such as establishing a longevity index that could be used by the different insurance and financial entities in order to guarantee the cover of their private pension provisions, life insurance, retirement annuities, inter alia, for its clients. Such an index is known as a longevity index [7,8,9].



Therefore, the preparation of our database complies with the guidelines defined in the Technical Document known as Life Metrics [22], which establishes precise criteria for a study forecasting the survival of a cohort of people to be considered valid. In our opinion, very few studies take this publication into account. Suffice to say that its compliance requires a painstaking debugging of the database prior to applying a survival model.



Following the guidelines of the aforementioned document and using the Lee–Carter model [10], we have managed to set up a database with adequate regularity in the evolution of improvement to mortality rates during the calendar years.



In order to perform the comparison between countries in the most similar conditions as possible, we chose the calendar year period from 1960 to 2018, when we observed the most notable improvement in the second part of the past century. As regards the age range, we chose the total lifecycle span of a person, from age zero until the final age that a member of the collective can reach, which we denote by the letter w. However, we pay special attention to the age ranges under and over 65 years old in order for our finding to be useful for the insurance industry.



The baseline database has been smoothed using the following model that, essentially, consists of applying an equation as follows:


  f ( x , t ) =  m  x , t   = exp (  a x  +  b x  ∗  k t  +  ε  x , t   )  



(1)




where (the numerical values of those parameters are not present in this work in order to simplify the presentation but are available on request from the lead researcher. See [8] for some results for a study on the longevity of a population):




	
mx,t: represents the central death rates obtained as the quotient between the number of deaths for each individual age and for each calendar year and the number of years of exposure to risk by the individuals and years in question.



	
ax: represents the average value, in logarithmic terms, of the way mortality behaves according to age. This variable does not depend on the calendar time.



	
bx: represents the speed of the improvement according to age. This variable does not depend on the calendar time.



	
kt: represents the evolution of the improvement according to the calendar year.



	
εx,t: represents the error variable.








We used an R package for stochastic mortality modeling called StMoMo [23]. That statistical software has provided us with the values of the parameters shown graphically below.



For the case of the Spanish population, the values of the ax parameter according to the age of the individual are those shown in Figure 1:



The graph on the left is for the male population and that on the right for the female population. The value for the ax parameter can be seen to comply with two fundamental requirements for all ages. On the one hand, it is within the upper (red line) and lower (gray line) limits of the values given by the gross mortality rate logarithm. The upper limit is for the first calendar year of our database (1960), and the lower limit is for the last calendar year (2018). On the other hand, its evolution is much more regular, complying with one of the objectives set by us when establishing the baseline database to determine the entropy index.



For the case of the Japanese population, the values of the ax parameter according to the age of the individual are shown in Figure 2:



In a similar way to the case of the Spanish population, the parameter for the Japanese population behaves within the established margins and also regularly.



Figure 3 below shows the behavior of the age parameter bx and of the time parameter kt. In the interest of simplification, we only show the result obtained for the Spanish male population where the regular behavior of parameter bx, obtained by applying the Lee–Carter model [10]. Please note that we obtained similar behaviors of that parameter for the other populations studied, i.e., the Japanese and Spanish female population and the Japanese male population.



The time parameter kt likewise shows a regular evolution with a clear trend to improving survival, as can be seen by its downward line. This trend is similar to the other cohorts studied.



We have thus smoothed the gross baseline data, which were obtained directly from the HMD database. The data thus constituted form the baseline database and are used to establish the entropy measurement.



The methodology that we want to explore is based on the entropy measurement provided by the following expression:


   H x  = −     ∫  x w     ln   l   t    ∗ l  t    d t     ∫  x w  l  t    d t     0   ≤ x   ≤   w  



(2)







In the formula defined by Keyfitz [15], Hx represents the entropy at specific age x. On the other hand, l(t) represents the survival function and w the final age of the mortality table.



The problem we come across is that, in practice, the baseline values to be used for the calculation are provided discretely. This is the case in the publications provided worldwide by the HMD. However, there are biometric relations in the field of demographics in order to use continuous values. For example, by adjusting a biometric function that better represents the evolution of a survival curve created using the data published by HMD. We have opted to take the data directly from HMD, which we smooth using the Lee–Carter model [10], and transform the previous formula given from continuous to discrete form:


   H x  = −     Σ  x w     ln   l  x   l x     Σ  x w  l x     0   ≤ x   ≤   w  



(3)







On the other hand, the baseline data correspond to the gross central mortality rates and must be transformed into gross annual rates and, therefore, into the survival function l(x). All these relations can be found in any actuarial biometric manual.



It is obvious that, if the function l(x) represents the survival curve in the continuous field, the area representing the lower part of the curve is higher than the values that the summation operator provides, but those values are reduced to negligible amounts when the intervals are monthly, instead of annual periods, which is how they are presented in the HMD publications. This partition does not present any difficulty, as it can be performed using any of the methods in the actuarial biometric manuals. The minus sign in the formula is necessary to obtain positive values for the entropy measurement.



Other approximate formulas can be used to measure entropy and can be deduced from the contributions of different authors [17,24,25], based on the definition of entropy in Keyfitz’s publication [15]. Another interesting contribution [12,25], as it incorporates the valuation interest rate, along with the instantaneous rate of mortality, can also be consulted. Logically, the size of the entropy measurements not only varies, in this case, according to the improvement to mortality but also to the discount interest rate applicable on the insurance product market or that authorized by the General Insurance Directorate.




5. Results


Proceeding as described in Section 4 on the methodology used in the study and applying the above Formula (3) to the male populations of Japan and Spain, we obtain the results shown in the following Table 1:



The entropy measurement can be seen to increase with age, slowly at first and at greater intensity from middle age. The difference between the two populations is not significant, except from middle age such as at 50 years old.



As has already been mentioned, the entropy measurement allows us to determine the improvement percentage to mathematical life expectancy. When calculating entropy at age zero, we note how its value has gradually fallen with the passing of time, meaning life expectancy at the origin of life has improved. This can be interpreted as that the number of elderly survivals has been increasing, and, consequently, so has the longevity of the population.



Figure 4 compares both countries, Japan and Spain, to show the advance in longevity.



Even though the entropy measurement for young ages does not provide notable information on the improvement to mortality among the countries being studied, that measurement shows greater acceleration in the Japanese population for older ages, with the distribution of the acceleration being regular in both countries.



If we analyse the results for women, we obtain Table 2:



The similarity of the entropy measurement between those two populations for the under-50 s is surprising. In the same way, as for the male collective, entropy increases with the specific age of the individual, and this accelerates to a greater extent among the Japanese female population, with the distribution of the acceleration being regular in both countries.



We should note that, in this case, unlike the male population, the entropy measurement shows a greater gap between both countries for older ages, but the acceleration is smaller than in the case of men.



Figure 5 on entropy with respect to age, compared by countries, provides a benchmark for the difference in the number of survivals, particularly when older. Given that the entropy values are lower in the Japanese population, we can interpret it as the relative difference in the survival probability favorable to the Japanese population and, therefore, to life expectancy.



When this curve is analyzed in greater detail, it can be seen that, roughly speaking, the evolution of this curve has a certain similarity with the reverse evolution of the mathematical life expectancy, in general, and for certain broad age groups. Choosing an adjustment function frequently used in statistical regressions suffices to corroborate it.



This behavior of entropy had caused some researchers to claim that there is a clear reverse relationship between entropy and mathematical life expectancy [26]. We chose the values set out in Table 2 to check this claim. We contrasted them with the values of the mathematical life expectancy emerging from the database that we constructed to apply entropy.



The adjustment formula that fits the aforementioned conditions, i.e., the entropy curve, is as follows:


  H  x  = a + b    1  E  x      + c      1  E  x       2   



(4)







The following values of the parameters in Table 3 are obtained by applying ordinary least squares:



It can be seen that the adjustment measured by the R2 presents an excellent result. Therefore, the relationship between the entropy and the reverse of the mathematical life expectancy is justified.



Additionally, we present Figure 6 below, showing the adjustment performed based on the results presented in Table 3:



It can be seen at a glance that the two curves practically overlap in both countries. However, a more precise analysis reveals that they differ by a very small amount in the early ages.



We checked that the evolution of the entropy measurement according to the ages of the individual does not present ambiguities. Its evolution is regular and clearly shows some differences between cohorts more clearly than the survival curve. We then embarked on establishing whether this regular behavior likewise presents over the calendar years.



We chose three sufficiently representative ages, 40, 65, and 90 years old, in order to simplify the reasoning. The first is the age on entering maturity and the usual age for contracting general insurance such as life and traffic. The second, the age, which marks the start of many status changes, such as the end of the working life and moving from receiving a salary to collecting social benefits and the usual age for contracting retirement income. The last represents the fourth age population when reverse mortgage, dependency, long-term care insurance, among others, are taken out.



5.1. Detailed Analysis of the Results Obtained for the Male Populations


We provide the following Figure 7, Figure 8 and Figure 9 for the comparative analysis for the male case:



Measuring mortality using entropy, using the Keyfitz indicator [15], is quite different when we compare it by calendar years instead of by people’s ages. The first thing that we note is that its progression is different for each of the ages selected. Furthermore, the evolution of the measurements differs for each population. It therefore seems obvious that the entropy index allows the differences in the improvements of mortality reflected in its acceleration or deceleration processes to be clearly perceived.



In the case of Japan, the process steadily decreased and at a quiet regular intensity, even though at a greater intensity in the initial calendar years with the intensity reducing toward the end of the last century, before increasing in intensity, although more slowly than in the first part of the selected period. However, the opposite occurs in the case of the Spanish population. The intensity fell over the initial years of the period and even managed to increase.



This shows that there was a clear difference in the behaviour in the improvement to mortality rates behaved clearly different in each of the countries. We checked it using the entropy index, which allows us to perceive a clear acceleration in the first third of the period and a deceleration in the second. We also find that the entropy is lower, practically for the years in the whole period in the case of Japan.



Something similar occurs for the 65-year-old, but with less intensity. Even in the case of Spain, there is a steady downward trend for the whole selected period, except in the central section. This means that the difference between the entropies is lower than what occurs at 40. We also find an interesting behavior, and that is that the entropy in the case of Spanish men is lower than that for Japanese men. The acceleration or deceleration process is very clear in the Japanese population.



However, the entropy measurement clearly changes at 90. The first thing found is that, even though the baseline gross data has been smoothed, the entropy measurement is jagged for those very old ages. Furthermore, the entropy in the case of Japan is much higher than the Spanish one until nearly halfway through the period. The size of the entropies of both populations swaps from then onwards. The entropy for the year 2000 drops with greater intensity. Therefore, the measurement we apply here is a suitable indicator of the acceleration of the improvement by the Japanese population in the first part of the period, before both populations then align again in the last years.




5.2. Detailed Analysis of the Results Obtained for the Female Populations


Focusing our study on the comparative analysis for the female case, the results obtained are those presented in the following Figure 10, Figure 11 and Figure 12:



The first observation we should make is that the entropy measurement does not significantly differ for a Japanese female population aged 40 with respect to a Spanish female population of the same age. The downward intensity in the first part of the period is clear, slows down in the central sector, and gently accelerates in more recent years. Therefore, the entropy in both populations has evolved in a very similar way in terms of size and intensity, particularly in this century.



Even though the entropy in both populations at 65 also runs parallel, the acceleration toward improvement is greater. Above all, in the case of the Japanese population.



At the age of 90, the jagged measurement already mentioned for the male population can also be clearly perceived in the case of women. As regards the size of the index and its evolution, we find that the evolution of the entropy is much higher in the Japanese population in the first 15 years of the period. They both then level out around 1975, and the entropy of the Japanese population is then lower than the Spanish one, with the gap remaining to the present, even though reducing very slowly. As regards its size, we find that its value is clearly higher, initially in the case of the Japanese population, to cross with the Spanish case in around 1975 and remain below until the present. The conclusion is therefore clear. The Japanese population showed greater improvement during the whole period considered.



The following Table 4 and Table 5 are the summary of the results from Section 5.1 and Section 5.2 and that were displayed graphically for clearer understanding.



As regards the age of 40, the indicator shows that Japan begins with a magnitude higher than the one for Spain, as the result of higher mortality. It drops over time and stays under the values for Spain, indicating a greater acceleration of mortality. The Spanish population shows a clear deceleration between 1980 and 1990.



The indicator for the age of 65 shows that the mortality of the Japanese population is clearly higher, at the start of the period, but from 1970 onwards, it falls below the figure for Spain and remains so to the present. That means that the drop in mortality in the population of Japan accelerated faster than that of Spain until roughly 1980. From then onwards, it decelerates to close to Spain’s evolution of the improved mortality.



The indicator for age 90 shows that Japanese mortality is clearly higher than the rate for Spain in the first years of the study period. After 1980, the indexes cross and remain at a similar level until roughly 1995. During that time period, mortality continues to improve for both populations. From that date onwards, both improvements evolve, almost in parallel, in general, even though the entropy index for Japan remains under the Spanish one.



We can conclude by pointing out that it is not possible to speak of the sustainability of the longevity acceleration for any of the male populations studied.



For age 40, the indicator shows that the mortality for the population of Japan is initially slightly higher than that of Spain but drops after a few years, without the difference being significant. This indicates that there is greater acceleration in the improvement to mortality for the Japanese collective. From roughly 1995 onwards, the difference between the two populations is not significant.



For age 65, the indicator shows that the mortality of the Japanese population is higher. From 1970, it drops under the Spanish indicator and remains steady to the present. That means that the drop in mortality in the population of Japan accelerated faster than that of Spain until roughly 2005. In the following years, there is a greater deceleration in the Japanese population, without that even coming near in any case.



The indicator for age 90 shows that the mortality of the Japanese population is clearly higher than the Spanish in the first years of the study period. Shortly after 1970, the indexes cross and remain at a similar level until roughly 1982. This indicates that the acceleration of the improvement in Japan is clearly greater than that of Spain. From then onwards, i.e., 1982, improvement accelerates in the case of the Japanese population until 2005, approximately, which is when Japan’s improvement decelerates.



Given everything relating to the last table, sustainability of the longevity acceleration can neither be claimed for the female population.



According to this indicator, everything seems to point to that the deceleration was greater in the case of women than of men in the last two decades. It also shows that the index is greater at older ages, which is consistent with greater mortality. In general, it also clearly shows a smaller magnitude for more recent dates. This behavior is consistent with lower mortality and is even inverse to the mathematical life expectancy, as justified in the Formula (4).





6. Discussion, Managerial Implications, Limitations, and Future Lines of Research


The present article is relevant because it shows another type of indicator of the improvement of mortality rate and, therefore, of the aging of a country. The entropy indicator is different from the classical one, which is based on the life expectancy to “measure” the progress of the aging of a country’s population.



The previous research mostly focused on absolute measures, such as the increase in the number of years of life, while our research provides results relating to the intensity of the improvement in mortality, not only in the number of years of progress but also in the intensity in which it is progressing and whether this intensity is increasing or decreasing, i.e., whether the improvement in mortality is accelerating or decelerating. This, in turn, makes it possible to compare the evolution between two different countries. Having stressed the importance of our contribution, we believe that this paper fills a gap in the existing literature.



An important advantage that we find when applying the entropy indicator is that it allows us to measure the effects of a change in the mortality rates, reducing it to an index that is consistent with a single figure.



Given the results obtained, we believe that the entropy measurement is a suitable tool to analyse improvement to mortality and determine where longevity accelerates or decelerates.



On the one hand, we find interesting evidence when studying the behavior of entropy during the selected calendar period, as can be seen in Figure 7, Figure 8, Figure 9, Figure 10, Figure 11 and Figure 12. When the trend is downwards, it represents an improvement in mortality and, therefore, survival increases, and vice versa. Furthermore, the intensity of the trend shows whether it is the product of acceleration or deceleration.



On the other hand, we observe significant differences between countries and sex using the entropy indicator. We find that the acceleration of improvement in the male population (Figure 7, Figure 8 and Figure 9) is greater in the Japanese case, above all in the initial years of the period than in the Spanish population. In the Spanish case, the improvement is more regular with an entropy higher than the Japanese one, practically throughout the period. The exception is the 90-year-old population and for the first 20 years. Regarding the female population (Figure 10, Figure 11 and Figure 12), we find that the evolution is similar in both populations, even though there is mainly a slightly inferior entropy in the case of Japan.



In turn, taking into account the results obtained during the study, and bearing in mind the trigger question included in the title of our paper, we conclude that it cannot be claimed that the acceleration of longevity is sustainable, at least in recent decades, for such representative populations as Japan and Spain. This implies that the acceleration of longevity has not been maintained more recently.



All the conclusions previously mentioned are of particular interest as they provide information on the evolution of the improvement to the mortality rate, its acceleration or deceleration, in age ranges in which the insurance industry and financial institutions market their products. For ages under 65, the marketing is mainly focused on life insurance or mortgages. In the case of ages around 65, it is focused on products related to retirement income or pension plans, and for older ages, the products are mainly reverse mortgages, dependency, and, in general, long-term care insurance.



We therefore consider that this paper provides the managers of those entities with a valuable tool when making management present and future decisions. The entropy index makes it possible to find out whether the mortality rate is increasing at a higher rate than that foreseen in the life tables commonly used by insurance companies, pension funds, or financial institutions. It therefore enables these companies to adjust their life tables, and consequently, adjust their mathematical provisions in accordance with the risk obligations contracted. We believe that this is the correct way to maintain their mandatory mathematical provisions at all times, in the amount corresponding to the obligations contracted with their clients, ensuring them the guaranteed annuities toward the future.



From a business managerial point of view, the innovative results obtained in this research imply a “wake-up call” to the heads of pension fund managers, insurance and financial companies, and pension and welfare institutions about the lack of foresight they have shown when designing and offering private pension plans, retirement plans, or life insurance policies, among others, in the face of progress in mortality improvement.



Regarding the limitation of the article, we note that the research results were limited for several aspects:



As we described above, we research the entropy indicator taking into account only the mortality improvement. That is, considering the overall variation of the mortality rate as a whole, including all the effects of the different factors influencing the mortality rate at the same time. A disaggregated analysis of the causes of death would include the incidence of each of them, such as cancer, cardiovascular disease, diabetes, Alzheimer’s, or pneumonia, among others. The inclusion of all these factors has several advantages, but it also has some disadvantages. The main advantage is that it would improve the accuracy of the results, but on the other hand, achieving this would imply a high monetary and time cost due to the great difficulty and complexity of processing the data and the corresponding calculations. However, it represents one of our future research directions.



The inclusion of other important factors that influence the economy of a country in the entropy index, such as the economy itself, different social aspects, health, etc., would enrich the meaning and the representation of the results obtained. However, from our humble point of view, there would possibly be specific indicators in the existing literature regarding the economic field more appropriate to use than the entropy index, which we used from a demographic point of view. Nevertheless, we believe that it may represent another interesting research line toward the future.



Another limitation may be not to have included alternative countries in the present research. An example of those could be the case of Sweden, a country with a wide experience and breadth of information about mortality. Similarly, it would be interesting to research the mortality in the United Kingdom for its deep and historical studies in the field, or about the mortality in the United States of America because they represent a very different population scenario in terms of lifestyle, habits, or economic evolution, among others, which could provide interesting information about the evolution of mortality improvement creating a new additional research direction.



Finally, we propose the use of this tool when updating mortality tables, for example, for completed each calendar decade. This way of proceeding would avoid the lag in the case of those tables, as was the case decades ago, with pension funds, many of which went bankrupt due to failing to foresee the advance in longevity in due time. The updating at the end of each calendar decade of this indicator is part of the next study in our research line development.
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Figure 1. (a) Values of the ax parameter according to the age for the Spanish male population and gross values of the mortality rates of the extreme calendar years; (b) values of the ax parameter according to the age of the Spanish female population and gross values of the mortality rates of the extreme calendar years. Source: authors. 
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Figure 2. (a) Values of the ax parameter according to the age for the Japanese male population and gross values of the mortality rates of the extreme calendar years; (b) values of the ax parameter according to the age for the Japanese female population and gross values of the mortality rates of the extreme calendar years. Source: authors. 
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Figure 3. (a) Age parameter bx for the Spanish population; (b) time parameter kt for the Spanish population. Source: authors. 
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Figure 4. Japan vs. Spain entropy measurements for the male population according to the age of the individual. Source: authors. 
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Figure 5. Japan vs. Spain entropy measurements for the female population according to the age of the individual. Source: authors. 






Figure 5. Japan vs. Spain entropy measurements for the female population according to the age of the individual. Source: authors.
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Figure 6. (a) Adjustment for the case of Spain; (b) adjustment for the case of Japan. Source: authors. 
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Figure 7. Entropy evolution for the male population at 40 over calendar years. Source: authors. 
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Figure 8. Entropy evolution for the male population at 65 over calendar years. Source: authors. 
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Figure 9. Entropy evolution for the male population at 90 over calendar years. Source: authors. 
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Figure 10. Entropy evolution of the female population at 40 over calendar years. Source: authors. 






Figure 10. Entropy evolution of the female population at 40 over calendar years. Source: authors.
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Figure 11. Entropy evolution of the female population at 65 over calendar years. Source: authors. 
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Figure 12. Entropy evolution of the female population at 90 over calendar years. Source: authors. 






Figure 12. Entropy evolution of the female population at 90 over calendar years. Source: authors.
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Table 1. Keyfitz entropy measurement [15] for the male population for each specific age.
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	Age
	Japan
	Spain





	5
	0.126
	0.130



	10
	0.135
	0.138



	15
	0.145
	0.149



	20
	0.156
	0.160



	25
	0.169
	0.174



	30
	0.185
	0.190



	35
	0.203
	0.210



	40
	0.226
	0.234



	45
	0.253
	0.263



	50
	0.288
	0.301



	55
	0.332
	0.349



	60
	0.391
	0.412



	65
	0.469
	0.496



	70
	0.578
	0.610



	75
	0.733
	0.773



	80
	0.967
	1.023



	85
	1.352
	1.432



	90
	2.012
	2.135







Source: authors’ calculation.
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Table 2. Keyfitz entropy measurement [15] for the female population for each specific age.






Table 2. Keyfitz entropy measurement [15] for the female population for each specific age.





	Age
	Japan
	Spain



	5
	0.102
	0.101



	10
	0.108
	0.108



	15
	0.115
	0.115



	20
	0.123
	0.123



	25
	0.133
	0.133



	30
	0.144
	0.144



	35
	0.157
	0.158



	40
	0.172
	0.174



	45
	0.191
	0.193



	50
	0.214
	0.217



	55
	0.242
	0.248



	60
	0.278
	0.287



	65
	0.325
	0.339



	70
	0.390
	0.411



	75
	0.482
	0.517



	80
	0.624
	0.686



	85
	0.857
	0.977



	90
	1.271
	1.514







Source: authors’ calculation.
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Table 3. Values of the parameters of Formula (4).
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	a
	b
	c
	R2





	Spain
	0.024133
	8.376782
	39.59566
	0.99985



	Japan
	0.028789
	7.829319
	37.86558
	0.99972







Source: authors’ calculation.
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Table 4. Entropy values for the male population for Japan and Spain, for three specific ages: 40, 65, and 90 years old, and for different calendar dates.
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Men (Age 40)




	

	
1960

	
1970

	
1980

	
1990

	
2000

	
2010

	
2018




	
Japan

	
0.405

	
0.343

	
0.295

	
0.272

	
0.265

	
0.244

	
0.226




	
Spain

	
0.398

	
0.363

	
0.325

	
0.322

	
0.291

	
0.254

	
0.238




	
Men (Age 65)




	

	
1960

	
1970

	
1980

	
1990

	
2000

	
2010

	
2018




	
Japan

	
0.955

	
0.826

	
0.676

	
0.605

	
0.573

	
0.512

	
0.469




	
Spain

	
0.881

	
0.817

	
0.734

	
0.700

	
0.628

	
0.539

	
0.503




	
Men (Age 90)




	

	
1960

	
1970

	
1980

	
1990

	
2000

	
2010

	
2018




	
Japan

	
4.898

	
4.370

	
3.513

	
2.952

	
2.522

	
2.257

	
2.012




	
Spain

	
3.968

	
3.655

	
3.293

	
3.001

	
2.676

	
2.286

	
2.094








Source: authors’ calculation.
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Table 5. Entropy values for the female population for Japan and Spain, for three specific ages: 40, 65, and 90 years old, and for different calendar dates.






Table 5. Entropy values for the female population for Japan and Spain, for three specific ages: 40, 65, and 90 years old, and for different calendar dates.





	
Women (Age 40)




	

	
1960

	
1970

	
1980

	
1990

	
2000

	
2010

	
2018




	
Japan

	
0.340

	
0.273

	
0.227

	
0.205

	
0.198

	
0.182

	
0.172




	
Spain

	
0.326

	
0.279

	
0.237

	
0.217

	
0.197

	
0.180

	
0.174




	
Women (Age 65)




	

	
1960

	
1970

	
1980

	
1990

	
2000

	
2010

	
2018




	
Japan

	
0.736

	
0.607

	
0.486

	
0.418

	
0.386

	
0.347

	
0.325




	
Spain

	
0.682

	
0.594

	
0.502

	
0.446

	
0.397

	
0.353

	
0.339




	
Women (Age 90)




	

	
1960

	
1970

	
1980

	
1990

	
2000

	
2010

	
2018




	
Japan

	
3.789

	
3.311

	
2.628

	
2.063

	
1.605

	
1.381

	
1.271




	
Spain

	
3.283

	
3.007

	
2.552

	
2.230

	
1.926

	
1.616

	
1.514








Source: authors’ calculation.
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