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Abstract: This manuscript studies a double fractional extended p-dimensional coupled Gross-
Pitaevskii-type system. This system consists of two parabolic partial differential equations with equal
interaction constants, coupling terms, and spatial derivatives of the Riesz type. Associated with
the mathematical model, there are energy and non-negative mass functions which are conserved
throughout time. Motivated by this fact, we propose a finite-difference discretization of the double
fractional Gross—Pitaevskii system which inherits the energy and mass conservation properties. As
the continuous model, the mass is a non-negative constant and the solutions are bounded under
suitable numerical parameter assumptions. We prove rigorously the existence of solutions for any
set of initial conditions. As in the continuous system, the discretization has a discrete Hamiltonian
associated. The method is implicit, multi-consistent, stable and quadratically convergent. Finally, we
implemented the scheme computationally to confirm the validity of the mass and energy conservation
properties, obtaining satisfactory results.

Keywords: fractional Gross-Pitaevskii system; Riesz space-fractional derivatives; linearly implicit
model; conservation of energy; conservation of mass; stability and convergence analysis
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1. Introduction

Fractional calculus emerged as a generalization of conventional calculus. The classical
differential and integral operators proposed by Leibniz more than three centuries ago have
been extended to the fractional scenario in various different forms. In the way, various
applications have been proposed to within mathematics, such as Cauchy problems with
Caputo Hadamard fractional derivatives [1], the synchronization for a class of fractional-
order hyperchaotic systems [2], the inequality estimates for the boundedness of multilinear
singular and fractional integral operators [3], the analysis of unstructured-mesh Galerkin
finite element method for the two-dimensional multi-term time-space fractional Bloch—
Torrey equations on irregular convex domains [4], and the design of numerically efficient
and conservative model for a Riesz space-fractional Klein-Gordon-Zakharov system [5],
among various other interesting problems [6].

It is worth pointing out that each fractional operator is fully characterized by its own
special kernel, and they can be used in a range of particular problems. In this respect, the
analysis on the uniqueness of solutions for fractional-order differential equations may be
carried out through the use of integral inequalities of fractional order, which obviously
depend on the type of operator. The literature provides accounts of many applications po-
tential applications, such as the periodic orbit analysis for the delayed Filippov systems [7],
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the bifurcation of limit cycles at infinity in piecewise polynomial systems [8], and the
number and stability of limit cycles for planar piecewise linear systems of node—saddle
type [9]. Indeed, these inequalities are often used in the theory of applied mathematics and
differential equations. More well-known applications of integral inequalities are found in
applied sciences, such as statistical problems, transform theory, numerical quadrature, and
probability [10,11].

In the last few years, many researchers have established various types of integral
inequalities by employing different approaches. For example, there are reports on some
new inequalities for (k, s)-fractional integrals [12], certain weighted integral inequalities
involving the fractional hypergeometric operators [13], and some generalized integral
inequalities for Hadamard fractional integrals [14]. Moreover, those results provide direct
applications to other areas of mathematics, such as conformable fractional integral inequal-
ities [15], including those of the Hermite-Hadamard type [16]. Furthermore, there are
reports in the literature on integral inequalities for a fractional operator of a function with
respect to another function with nonsingular kernel [17] and Hermite-Hadamard-type
inequalities for Riemann-Liouville fractional integrals [18].

Let p € Nand T € R*. Define the set I, = {1,...,n}, for each n € N, and let
I, = I, U{0}. Suppose that a;,b; € R satisfy a; < b;, for each i € I,,. Throughout this work,
welet Q) = Hf;l(ai, b;) CR?P and Q1 = Q x (0,T) C RPF!, and we assume that the sets
Q and Qr represent, respectively, the minimum closed sets containing Q and Qr under
the standard topology of RP*!, and let 9Q be the boundary of Q). Moreover, we assume
that the functions ¥, : Qr — (C and ¢, : Qr — C are sufficiently smooth. In general,
if p : Qr — C is any function, then we extend its domain to all of R? x [0, T] by letting
¥(x,t) =0, for each (x,t) € (RP\ Q) x [0, T].

Definition 1 (Podlubny [19]). Suppose that  : Qr — C, let « € R satisfy a € (—1,00), and
let n € 7 be such that the following hold: n — 1 < a < n. The partial derivative in the sense of
Riesz of the function y with respect to x; of order w at (x,t) € Qr is

arx¢ ( ) —1 / llJ X1+, Xj— 1,6 Xig1s- ..,xp,t)dg' (1)

,t
9| x;|* X 2cos ()T (n — a) Ox}' | — ¢t

Here, x = (x1,x2,..., Xp) € Q. Ifa = n € NU {0}, then the Riesz partial derivative of 1 of
order a with respect to x; coincides with the classical partial derivative of  of order n. The Riesz
fractional Laplacian and gradient operators of order w are defined, respectively, by

P A
Aalp(x,t)zw, Y(xt) € O, %)
i=1 1
@ _ ([ "P(x,t) *P(x, 1) 9"Y(x, 1)
vyl = (GHED 00D, s ) ¥neor @)

For the remainder, D, B11, B12, B22 € RT U {0}, A € Rand V : Q — R. Suppose that
a1,ap € (1,2], and let ¢; : Q — C and ¢, : QO — C be two functions which physically
describe initial profiles for 1 and ,, respectively. The purpose of this work is to investigate
a Riesz space-fractional two-coupled Gross—Pitaevskii system in dimensionless form, which
is given by the p-dimensional initial-boundary-value problem

aal/f = {—; AM 4V (x) + D+ B |1 > + /312|¢’2|1 Y1+ APy, V(xt) € Qr,
aiz _ [_; A 4V (x) + Bral1 [P + Bazy2] }1,02 + Ay, V(x,t) € Qr, @
{ ¥1(x,0) = ¢1(x), VxeQ,
such that ¢ ¥,(x,0) = ¢2(x), Vx € O,
Pilxt) = 1lJz(x t) =0, V(x,t) €3 x(0,T).
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This system is particularly interesting due to the fact that it has quantities which are
conserved through time, one of them being the energy function. More precisely, the total
energy at time t € [0, T] is provided as

A Y T o 2 2 2
Et) = /[z§<a|xi|m Pt g wz) + V() (191 + [92) + DIy

Q

©)
Jr%ﬁ11|lli1|4 + %,322|1P2\4 + Bralwr P2l + 24 Re(lpllpz)} dx.

Definition 2. For each z € C, Z represents the complex conjugate of z. Let Ly Q) denote the set
of all functions f : (0 — C with the property that, for each t € [0, T}, the function f(-,t) : Q3 — C

belongs to Ly(QY). For each pair f,g € Ly »(Q)), the inner product of f and g is the function of t
defined by

(f,8)e = [ Flxgle Bz, vEe(0,T] ©

In addition, if u = (uq,u,...,up) and v = (v1,0y,...,vp) are vector functions such that
Ui, v; € Lyp(Q) for each i € Iy, then we set (u,v)x = (u1,01)x + (U2, 02)x + ... + (Up, Vp)sx.
Let || fllx2 = \/{f, f), for each f € Ly»(Q). In similar fashion, we can define the space Ly, ,(Q2).

If f € Ly,p(Q), then let

1/p
1fllep = (/Q|f(x,t)|dx) , Vte[o,T). @)
The next result summarizes the property of conservation of energy satisfied by (4).

Theorem 1 (Energy conservation). The energy function (5) can be rewritten alternatively as

g0 =3 ([, + o], ) + (VoL InP + 1), + Dl o

1 1
+5Bullilia+ 5B2l2lxs + Brllvryall, + 2ARe(yy, o).,
foreach t € (0, T). Moreover, if 1 and y satisfy (4), then the function E(t) is a constant.

Proof. The proof of this result was given by Serna-Reyes and Macfas-Diaz [20]. O

The energy density of the system (4) is defined as the function in the integrand of the
expression of £(t). More precisely, the energy density of the physical model (4) is given by
the function H (¢, ) = H(x,t), where, for each (x,t) € Qr,

1 4 atx]/zlpl
H(x,t) = 2§<|a|xi|a1/2

aﬂéz/Zle
9x;|n2/2

| |

2
) + V() (91 + [92*) + Dl o

3Bl + 3 Boltalt + Brolga Pyl + 22 Re(917).

On the other hand, the total mass of the continuous system (4) at the time f is defined
as M(t) = Mq(t) + My(t), for each t € (0,T). Here, we let M;(t) = ||l/J1HJZC’2 and
My(t) = Hl[)z“iz, foreach t € (0,T).

Theorem 2 (Mass conservation). If {1 and y; are solutions of (4), then the function M(t) is
non-negative and constant. Moreover, if A = 0, then the functions M1 (t) and My(t) are also
non-negative and constant.
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Proof. Beforehand, recall that the square-root operator of —/\* is the operator 17*/2, for
each a« € Ll,Z]. This means that (— A% u,0), = (v*/?u,*/?v),, for any functions
u,v € H>(Qr). Notice now that the following identities hold:

/0 . d
i( B p) =iglwelEs Ve O.7) Ve, 10)
X

(= A% i, i), = |72

((V+ D)1, 1), = (V+D, Iy

(Vi o), = (V. I9al) . Vte (0,T), (13)

<([311|1/J1|2 + Bl )y 1) = <f511|1111|2 + Bialpal?, |lIJ1|2>x/ vte (0,T), (14)
<([512|1P1|2 + Blp2*) ¢, 1P2>x = <,312|1P1|2 + Byl |IIJ2|2>X, vte (0,T).  (15)

2
) Vte (0,T),Vk € Ip, (11)
X

’

2> , Yte (0,T), (12)

These inner products are real numbers, except the first one which is purely imaginary.
On both sides of the first equation of (4), obtain the inner product with 1; and take the
imaginary parts. In addition, calculate the inner product on both sides of the second
differential equation of (4) with ¢, and take also the imaginary parts on both sides. Then,

dM;(t) T

T = AIm (g, ¢o)y, V€ (0,T), (16)
d/\/dli(t) = AIm(yy, o)y, Vt € (0,T). (17)

Notice that the individual masses M (t) and M (t) are constant when the internal
atomic Josephson junction is equal to zero, as mentioned in the conclusion of this result.
Moreover, if we add these two identities, it readily follows that

AM(1)
dt

= A ( (g1, 92)x + ($1,92)7 ) = 2A Im(Re(p1, 92)2) =0, Vi€ (0,T).  (18)

Conclude that the total mass of the system is conserved throughout time, as desired. [

We introduce the function of mass density of the continuous fractional model (4) as
R(¢1,¢2) = R(x,t) = Rq(x,t) + Ra(x,t), for each (x,t) € Qr. In these expressions,
R1(x,t) = [a(x,t)|> and Ra(x, t) = |pa(x, t)|?, for each (x,t) € Qr. It is obvious that

g@:%%mmm vt € [0,T], (19)
M@:/R@WLmeﬂ. (20)
Ja
The following is an easy consequence of Theorem 2.

Corollary 1 (Boundedness). If 1 and 1, are solutions of the (4), then there exists a constant
My > 0 such that max{||¢1 |3, 2|13} < Mo, foreacht € (0,T). O

In the present work, we design a finite-difference method to solve the system (4), in
such way that the main structural properties of the solutions of that continuous system are
also satisfied in the discrete domain. More precisely, we design a numerical method which
is able of preserving the discrete energy and mass of the system, and such that the solutions
satisfy similar boundedness properties. The scheme is thoroughly analyzed for consistency,
stability, and consistency, and we illustrate these features through some computer simu-
lations. As it turns out, the proposed numerical model has an easy implementation, as
shown by the code in Appendix A.
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2. Numerical Model

In the following, we propose a linearly-implicit numerical method to approximate the
solutions of the fractional system (4), along with the energy and mass functions. To that
end, the concept of fractional centered differences is of utmost importance.

Definition 3 (Ortigueira [21]). Let f : R — R be any function, h > 0, and « > —1. The
fractional-order centered difference of f of order a at x is defined as

AN f(x) = k ; gV f(x—kn), VxeR, 1)
where .
(@) _ (-)T(a+1) Vk € Z. (22)

S TTE—k+ 1T +k+1)

Lemma 1 (Wang et al. [22]). Let 0 < o < 2and a # 1. Then,

g >0, (23)

gV =¢" <0, vk#o, (24)

Y g =o. (25)
k=—o0

Lemma 2 (Wang et al. [22]). Let 0 < « <2and « # 1. If f : R — R has integrable derivatives
up to order 5, then, for almost all x,
A 9 f(x)

2
= e o). (26)

Next, we present the discrete notation used to approximate the solutions of the
fractional problem (4). We let h;, T € R, for each i € I,. Moreover, we assume that
N = T/t and M; = (b; — a;)/h; are natural numbers, for each i € I, and fix uniform
partitions of [a;, b;] and [0, T] given, respectively, by

Xjj, = a; + jihl’, Vi e Ip, \V/]l S TMi’ 27)
th =nt, Vn€ly. (28)

Let ] = [1I_, Im,—1 and ] = [T/_, Iy, and let 9] represent the boundary of the mesh J.

Define x; = (x1j,, ..., Xp,j,), for each multi-index j = (ji, ..., jy) € J. The symbol (u},v})

denotes a numerical estimate to (1 (x;, tn), P2(x;j, tn)), for each (j,n) € J x Iy.

Definition 4. Define the following, for w = u,vand « € (0,1) U (1,2], (j,n) € J X Iny_1:

n+1 n
wi= Y (29)
He i 5 ’
n—+1 n—1
x =+ w:
Wgn = 0 "%
Wt —
St =L T 31
tw] = (31)
w{’l-‘rl _ wn—l
Wt = LT (32)

] 2T
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and
5("‘)w [ hlx Z g] kw Xjyre s Xied,ji_qr Xijr Xig1jiyqr e .Xp/]‘p, tn). (33)
Moreover, for the sake of convenience, we agree that
Al = 68wl + 58w L+ swl, V(m) €] x In-, (34)
vl = (8w, 6% wl, . .,5§j>w7), V(j,n) € ] x In_1. (35)

The finite-difference method to approximate the solution of (4) on Q) is the discrete
system with initial-boundary conditions

1 2
i‘st(l)“? = (‘2 N +Vi+D+ [311‘%" + B12

2
(1)
vj )yt uj + Avj,

2
uf )#El) P A,

1 2
iét(l)v? = (—2 A,(Zaz) +V;i + ﬁzz’vn’ + P12

N ") (36)
?_Vt ¢1(x]) vie],
such that ¢ o9 = (! >vj = (), Vjie], )
1,[? = ’U;fl = Ol V(],n) 6 a] X IN,

where (j,n) € J x Iny_1. Notice that this scheme is an implicit three- step method. Moreover

the approximations at the time t( are provided by the initial data u = ¢1(x;) and v

¢2(x;), for each j € J. On the other hand, the discrete model requires knowledge of f1ct1t10us

approximations at the time t_1. To avoid this shortcoming, notice that the initial conditions
1 _

yg )u? = ¢1(x;) and yt = ¢2(x;) show that u] =2¢1(x}) — u]l and v; 1= 2¢(xj) — vl

]
respectively, for each j E ] Substltutmg these identities into the recursive difference

equations of (36) when n = 0, we obtain the explicit formulas

1 &
”]1 = ¢1(xj) — iTKZ A;(I ) +Vj+ D+ B |1 (xj)‘z + /312!4’2(95]')’2) P1(x;)
AP (x))], Vi€,

(37)

and
1w
v} = ¢2(xj) — iTK—Z A,ﬁ ) +V; + [322|<P2(Xj)|2 + 512I<P1(xj)|2> $2(x;)
+Ag1(xj)], Vi€

For the sake of convenience, the stencil of the scheme (36) is provided in Figure 1.

We study the existence and uniqueness of solutions of the finite-difference method
(36). To that end, we require some additional nomenclature and technical results. To start
with, weleth = (hy,..., hy) and h, = Hle h;, and fix the spatial mesh {xj}]-ef C RP. Let
V;, be the complex vector space of all grid functions which vanish at the boundary of the
mesh. For any w € Vj, and j € ], convey that w; = w(x;).

(38)

Definition 5. Define the product (-,-) : V, x V;, — C and the norm || - ||; : V;, — R by

(u,0) = he Y uiv;, Yu,v €V, (39)
jel

fullh = he ) lujl, Vu,v€ V. (40)
jel

The Euclidean norm induced by the inner product (-, -) is denoted by || - ||2.
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t
O
@)
tht1 X X 0 X X X X X X X O
ty ® @)
th—1 e 6 -0 6 6 0606 -0 O O
@)
@)
@)
[ a [ e )
X X Xji-1  Xj41 XM -2 XMy

Figure 1. Stencil of the numerical model (36) at the time ¢, in one spatial dimension. The black circles
denote the known solutions at the times t,,_; and t,. Meanwhile, the crosses represent the unknown
approximations at the time #,,, 1. For the sake of convenience, we agree that x;, = xy,.

In the following, we represent the solutions of the finite-difference method (36) by
(u",v")N_, where we agree that u" = (u;?)]-e] and v" = (0;7)]-.5], for each n € I. We use
the following lemma to prove that solutions of (36) exist.

Lemma 3 (Browder fixed-point theorem [23]). Let (H, (-,-)) be a finite-dimensional inner-
product space, let || - || : H — H be the norm induced by the inner product, and suppose that
g+ H — H is continuous. Assume that there exists p > 0 such that Re(g(z),z) > 0, for all
z € H with ||z|| = B. Then, there is z* € H, such that g(z*) = 0and ||z*|| < B.

Theorem 3 (Solubility). For any set of initial conditions, the discrete system (36) is solvable.

Proof. The proof requires mathematical induction. Notice that the approximations at the
times ¢y and t; are provided by the initial profiles and the explicit systems (37) and (38),
respectively. Thus, let us suppose that the numerical solutions of the discrete model (36) at
the times n — 1 and 1 are known, for some 1 € Iy_1. Rearranging the recursive equations
of the method, we can readily check that the following equations hold:

1 1, . 1 1 .
i — +n{—2 Al +vj+D+/sH|u7|2+ﬁu|vy|2] Dl idcol =0, (41)

and
1 1. 1 1 .
yg )v;l — v} it [—2 A;l'h) +V; + ,312|u7|2 + ,322|U;1|2] ;4§ )v? +idtuf =0, (42)

for each j € J. Define the function G : Vj, X V;, — V;, x V, by G(17,v) = (G1(n), G2(v)), for
each (17,v) € V}, x V, where the functions Gy, Gy : V;, — V), are defined by

1. 1 .
(Gal)y = =™ e =5 A4V, + D+ pula -+ pulef | af +ideolf, 49

i
1 1 .
[Go(v)]j = v — o} yir [2 A}(l'”) +Vi+ ﬁlzluﬂz + ﬁzz|v}1|2] vl +idTug, (44)

for each 7 € Vy,, v € V), j € ]. After some calculations, we readily reach that

Re(G1(7), 1) = |l]|* = Re(u"~", ) + Re(iAT(v", 1)), Vip € V), (45)
Re(Go(v),v) = |[v||* = Re(v" 1, v) + Re(irT(u",v)), Vv € V). (46)
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Using now the Cauchy-Schwarz inequality and bounding from below, it is easy to
check that the following hold:

Re(G(n,v), (1,v)) > || (g, )| = K", 0" 1), (g, v)) | + [Az] - [{(@", u"), (1, )]

47
> o) (17,01 = 1, ") = Al o, w) ). “

Ifwelet = ||(u"~1, 0" V)| + At||(v", u")| + 1 in the previous lemma, it follows that
there exists ("1, 0" 1) € V), x V), which satisfies the discrete system (36). The conclusion
of this result readily follows now by induction. [

3. Structural Properties

The present section is devoted to showing that the discrete model (36) satisfies physical
properties which are similar to those satisfied by the continuous system (4). More precisely,
we propose numerical energy and mass functional associated to the scheme (36) which are
conserved conditionally. Various technical lemmas are required to that end.

Lemma 4 (Macias-Dfaz [24]). For eachi € I, and k € I, there exists a unique positive operator
“"/2 : Vi, = V) such that (—63%u,v) = <(5f§f/2u, (5“"/ v), for each u,v € V.

Lemma 5. The following equations hold, for each n € In_1:

Re(i0Mu", 260 umy = 0, (48)
Re(Vuur, 260 umy = 5,(V, yt|u”*1|2>, (49)
Re(Dpu, 26 ") = Doyl |u" =" |, (50)
Re (B Pufu, 261 ) = 3pnade(ju" P, [u"12), (51)
Re(Blo" Pl u", 26 u")y = 1Bra (0" 2, o1 [u" ). (52)

Proof. To establish (48), notice that the following identities trivially hold:
Re<i(5t(1)u”,2(5t(1)u”> = Re (21||5§1)u”||§) = 0. (53)

To prove the identity (49), observe that
Re<Vy§1)u”, 2§fl)u”>
2
L Re(<V, u”“’ > +2iIm<Vu”*1,u”+1> - <V,
2T

54)

_1 T e L on2\\ _ /v L 2 ~1]? (

L[ ) (4o

2
= 5t<V,]/lt Mn_1’ >,

which establishes the second identity. We prove now the formula in part (51). To that end,
notice that

Re<ﬁ11|u"\2y£1)u”,2§fl)u">
_Bn n|2 n+1‘ n2,n-1_ n+1\ _ [ n2
= Re( ( |u"|, |u +21Im<|u ["u", u > [u"|”,

()

u”1‘2>> (55)
un—1‘2>):| _ .82115t<|un|2’ un—1‘2>.

n+1

u
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Finally, we must point out that the proofs for the identities (50) and (52) are similar to
the proofs of (49) and (51), respectively, and, for that reason, we omit them here. [

Lemma 6. The following equations hold, for each n € In_p and k € I:
(o2, 80 [ ) + (Ju 2,8V [0 [2) = 8 (" 2, 10" ) + (jo" 1 [ ), (56)
1 1 _
Re(— 508 g, 26V u") = Somullo™ w13, (57)
Re((v", 261 umy + (u",26M0m)) = 6 Re((u™ 1, 0") + (0", u")). (58)

Proof. Applying distributivity of the inner product and rearranging terms,
(o200t ) + (2,67 o )
= ([ = (o e[+ (e o)
<|un|2’ vn_l’z» %)
S e !

whence the first identity readily follows. To prove the second identity, we use once again
the distributivity of the inner product and Lemma 4 to see that

Re< — %(5;&?‘”;{5”;{”, 25fl)u”>

_ 417 Re<(5x‘f"/2)u”“ i 53((?k/2>un71,5)(c?‘k/2)un+1 _ 5}({?‘k/2)un*1>

1 2 2 2 2) g
= L e it 2 g2

s,
! 2

n—1

u"1 v

(60)

which readily establishes the identity. Finally, using again distributivity and rearranging
terms conveniently,

Re(<v”,25t(1)u”> + <u”,25t(1)v">)
_ %Re(<unlvn+1> _ <Un/un71> n <vn’un+l> _ <un’vn71>) ©1)
= J; Re(<u"*1,v”> + <v”*1,u”>).

This last chain of identities readily establishes the last property of the lemma. O

The next theorem proves the existence of energy-like invariants for (36).
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Theorem 4 (Energy conservation). Let (u",0")N_, be a solution of (36), and define
®1/2) 1’42/2 " 2 n|2 n|2
E" 2y (Hv u" 2>+<V,Vt(|u [+ |0"] )>
2 2
+Dl/lt||un”2+ ﬁ11<|un|2, un-&-l‘ >_|_ '8222<|Z)n|2, Un+l’ >
(62)

+ % (<|un2, 0n+1’2> + <|Un|2,
+ ARe(<u”,v”+1> + <v”,u”+1>),

foreachn € Iy_q. Then, 6;E" =0, foreachn € In_1.

ef)

Proof. Denote the left-hand sides of the two difference equations in (36) by @ and ®”
respectively, for each j € J and n € Iy_1, and define ©" = (O7);j, ®" = (

(IDJV-‘)]-EJ. Using
that (1"

v”)ifzo is a solution of (36), calculating the inner product of ®" with 2(551)

u™ and
of ®" with 2‘5t( )v", using the identities above and collecting terms, we reach

0= Re<i5(1)u”,25(l)u"> = Re(0", 26 u")
_5{ " va/z) e 1” —|—<V it 1‘ >+Dyt||u”1||%

+52n<|un|z, n- ‘> ﬁ12<|v|lun_1’2>} (63)

120 Re<v",5f”u">, Vi e In_y.
In similar fashion, notice that the following hold, for each n € Iy_1:

0= Re(ief 0", 26{ 0" ) = Re(@",20{10")
_ 1 (2/2)_n—1]|? n-1|? B2z n)2
_ét[zytuvh v H2+ V,ut|v ‘ +5 [0"|7,
B12 n2 | n-1|? n s(1) n
+5° [u"], v ‘ +2/\Re<u ,0, v >
Adding these two last identities, we readily obtain that 6;E"~! = 0, for each n € Iy_;
The conclusion of this result is readily reached now using mathematical induction. O
Motivated by this result, the quantities E" are called the discrete total energy of the

system (36) at the time t,, for each n € Iy_1. In addition, we define the discrete energy
density of the system (36) as

o1 ]2> (64)

n
H}' = H(uj,0})

2 2 2 2 2
-3 x( o e ) v+ e )+ o
65
LBl n—l—l‘ +!322 o z)n+1‘2 )
2 Uj 0] j
+@ u'l 07.’“‘24— o[’ u“l’ —i—)\Re( w4 oty ”“)
2 %% il 1% i Y i)

for each (j,n) € | x Iny_1.
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Lemma 7. The following equations hold, for each n € In_p and k € Iy:
Im(— 1 ( )yg )t 2;4(1) " =0, (66)
Im(V;{El)u”,Zygl)u”> =0, (67)
Im(DyE )t 2;4(1) " =0, (68)
Tm (B u” \% w2y =0, (69)
Tm (Brz|o" 2y u", 2 uy = 0, (70)
tm io V2 uy = du|un 13, (71)
Im((o" z;ﬁ” "+ (w2 o") = T Im (WL 0" + (0" L) (72)

Proof. Identity (a) readily follows from the fact that

(= 3o gt 2ty = — T 8, 73)

which obviously yields zero. On the other hand, applying distributivity of the inner

product on both factors, we obtain
1% o 1 ntl —1?
ittt =

im i, 22" 7) = (|
o) 3w e )]

T2
= S| 3,
which establishes Property (f). Finally, notice that distributivity also yields
Im(<v",2y§l)u"> + <u",2y£1)v”>) = T Im(<u”71,v"> + <v”71,u”>>, (75)

which shows the validity of (g). The proofs of Properties (b)—(e) are similar to that of (a).
For that reason, we omit the proofs of the remaining identities. [J

n+1

Theorem 5 (Mass conservation). If (u",v")N_, is a solution of (36), then 6;M" = 0 for each
n € In_p, where

M" = yt(Hu”H% + Hv”||%) - ATIm(<u”,v”+1> + <v”,u"+1>), Vnely_y,  (76)

is the discrete total mass of the system at the time t,,. The discrete individual discrete masses as
the quantities

M} = yt||u"||% - ATIm(u”,v”H), Vn e In_1, (77)
Mj = yt||vn||% — ATIm(U”,u”H), Vn e Iy_1, (78)

and they are conserved if A = 0.
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Proof. Let ®" and " be as in the proof of Theorem 4, for each n € Iy_». Calculating the
(1) (1)

inner product of ®" and ®" with 2u,”’u" and 2y, ' v", respectively, using the identities in
the previous lemma. Collecting terms, we note that

Sepuellu™ I3 = Im<15(1) u" 2#5 Jun >:Im<®”,2y§1)u”>
1 (a
= Im< (‘2 Al Ly LDy gt + ﬁulv”z) uMun Av”,ZyEl)u”> (79)
= 2)\Im<v”,y£1)u”>,
and

oupr[o" 3 = 1m(i6Vo", 231 "'0" ) = Im(@", 2p1{"0")
=Im —7A(’X2) +V+,B |U”|2—|—IB |un‘2 (l)vn—FAMn ) (l)Un (80)
N 2 h 2 12 nut s ‘ut
= 2AIm<M",y£1)U">,

for each n € In_,. Observe that, indeed, the individual discrete masses are conserved if
A = 0. On the other hand, adding the last two identities, we readily check that

SM'L =4 [,ut(Hu”_lH% + ||v”_1||%> - ATIm(<u"‘1,v”> + <v”_1,u”>)}
= Sepuy (||u”’1 15+ ||o" 1 ||%> —2A Im<v”,‘u§1)u”> —2A Im<u”,y£1)v”> (81)
=0,
for each n € Iy_p, which is what we wanted to prove. O

After this last result, we refer to the quantities M" as the total mass of the discrete
model (36) at the time t;, for each n € In_1. Moreover, we define the density of mass at the
point (xj, t,) as the number

Ry = R}, o) = (g + [0 P) — Aeim (w4 s, @

for each (j,n) € J x Iy_1. It is worth noticing that the quantities E” and M" in the last
theorems are clearly the discrete counterparts of the total energy and the total mass of
associated to the continuous system (36), respectively.

Corollary 2 (Mass non-negativity). Let (u",0")\_, be a solution of (36), and suppose that
|A|T < 1. Then, the quantities M™" are non-negative and constant.

Proof. It only remains to prove that the quantities M" are non-negative. Using Young's
inequality, we obtain that

1
M > g (13 + 110" 18) = ST (1" 1B + o™ 13 + 0" 1 + 1™+ 3)

(83)
= (1= [Alme (1B + 0"]13) = o,

for each n € Iy_1. This obviously completes the proof. [

The proof of the following result is similar to that of Corollary 2.

Corollary 3 (Boundedness). Suppose that (u",v")N_ is a solution of (36), and that 119 € R*
satisfies |A|T < 179 < 1. Then, max{||u"|]3, HU”HZ} <2(1—19) 'M°, foreachn € Ty, O
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4. Numerical Properties

To start with, we introduce the continuous functional

L1(1,¢2) = iaa% - {—; A LV (x) + D+ Bry [ |* + ,312|1P2|2} P1 — Ay, (84)
Lo(1,¢2) = iaa% - {—; A% 1V (x) + ol + 13121P1|2] P2 — Ay, (85)

for each (x,t) € Qr, and the next discrete functions, for each (j,n) € | x Iy_1:

1
Ly (uf, vf) = iét(l)u;l + 5 A,(f 2 ‘ugl)u” — ]‘ugl)u” Dygl)u?

(86)
n 2 (1 n n () " A "
— B[y = oo [t e,
and
Lz(u]/U ) = 15( )U —I— A(lxz) ‘uE )t —Viu (1)vr;
(87)
ul 1) _n n
_'822 ) — Pr2|y; ,ug)v — Auj.
Using this nomenclature, we agree that
L(P1(x, 1), ¥2(x, 1)) = (L1(P1(x,t), ¥a(x, 1)), Lo (P1(x, 1), Ya(x, 1)), (88)

L(¢1(xj tn), Y2(xj,tn)) = (La(1(xj, tn), Y2(xj, tn)), Lo (1 (xj tn), $2(xj, 80))),  (89)

for each (x,t) € Qrand (j,n) € J x Iy_1.

Theorem 6 (Consistency). If i1, ¢ € Ci:f(m), then there exist constants C,C’,C" > 0 which
are independent of h and T, such that, for each (j,n) € | x In_1, the following hold:

|L<¢1<xj,tn>,¢z<xj,tn>>—c<¢1<x],tn wz x],tn <@+ n), oo
[H 1 (3 1), 9257 10) = M x],tH% D)@+, o

(
R (), t0), 2(xj, 1)) = R (x50, 1), 92(35 8, 1))| < ' ©2)

Proof. Use Taylor’s theorem, Lemma 2 and the conditions of regularity, there are constants
Ci, Cokir Cak, Cs1 € R which are independent of hand 7, fori € I, k € L and Il € I3,
such that the next hold, for each (j, n) € J x Iy_1:

i ) — O ()| < Coi?, ©3)

0 5 t) = S (1) < Cani(2 B, 09

VG ey ) = V) (3, 1) | < Capt?, (95)

[ o) |1 s ) = [ G ) P ()| < Can 7, (96)
"¢1(xjrtn)|2}‘£1)¢2(xjrtn |1 (xj, tn) 9o (x itn)| < CapT?, 97)
‘lll)z(xjrfn)|2ﬂ§1)¢2(xjrfn |92(xj, t) |92 (x), ta) | < Can7?. (98)

The first inequality of the conclusion follows from the triangle inequality. The proof of
the second inequality is similar. Finally, to prove the last inequality, observe firstly that the
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regularity conditions on ¢ and ¥, assure that there exist constants Cs;, Cs € R which are
independent of h and T, for k € I, such that

’Ht\lPk(xjr ta) |* = [k (x, fn+%)|2’ < G512, (99)
’/\TIm(lPl(x]‘, tn)¢2(Xj, tn+1) — l,bz(x]', fn)l,l)l (X]', l’n+1)> ’ < Cyt. (100)

The third inequality of this result readily follows now assuming that T < 1, using the
triangle inequality, and letting C” be a suitable constant in terms of Cs1, C57 and Co. O

Lemma 8 (Ferreira [25]). Let (w™)N_ and (0™)N_ be arrays of non-negative numbers for which
there exists Co > 0 with the property that the following hold:

m
W™t <" 4 Cor Y W™, Vm € Iy_g. (101)
n=0

Ifn € Ty, then w" < %", O

To prove stability, take two solutions of our scheme (36) associated to two sets of
initial data. In notation, we assume that (1, v) represents a solution for (36), and that (7, 9)
solves the discrete problem but with initial profiles described by functions ¢, ¢, : QO — C.
Concretely, the following discrete initial-boundary-value problem holds:

1
iof it} = —2 A Vit + Vi Va4 D! + B “uDar
4 g lan <1>~,1+A~
Pr2|T}| py ;] + AT,
" 1 . " %, (1) | (1) .
(St(l)v;q -5 A}(Z“Z) Sl)v? ygl)v}q + ﬁzzlv]’f e i+ B ] ygl)v? +Aaf,  (102)

1(xj)/ v] S I/
Z(Xj)/ V] € ]/
720, V(],Tl) Ea]XTN,

Il
Q. B

+
such that {

for each (j,n) € J x Iy_1.

| R <

Lemma?9. Lefe = (e"){fzo and { = (g") o be sequences in Vy. If m € In_q then
v 3 dm (e 4+ (L] = Im( (€, £7) + (g7, — (2 — (e, (103)
n=1

Proof. After substituting the definition of the operator ¢; at the left-hand side of the
identity (103) and performing algebraic operations, we obtain that

m

Y 6 Im[(e”_l,C”> + (@”_l,enﬂ

n=1
— Z Im[ Cn—H + <€n,€n+1> _ <€n—1lgn> _ <€n—1,€n>} (104)
= 1m[<e G A (g (0,2 — (2 €.

Observe that most of the terms inside the sums cancel out. The conclusion readily
follows now. [
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Lemma 10. Let (u,v) and (ii, 9) be solutions of (36) and (102), respectively, and let us define
e =u" —i" and {"" = " — 0", for each n € Iy. For each (j,n) € ] X Iy_1, define

2
Pl = (/311‘14}1‘ + P12

n
Yj

T (T R 1 AT A

2 2
)Vgl)U? - (522’5}1‘ + P12

2 2
+ B2 )yﬁl)ﬁ;ﬁ. (106)

Q) = (Bl + prafs
There is a constant C > 0 which is independent of h and T, such that, for each (j,n) €
]X IN*]/

max{|P7] QU1 < C(lef 1|+ e+ 12 + gl +1g ). aon)

Proof. It is straightforward. O

Theorem 7 (Stability). Assume that (u,v) and (i, 0) are solutions of the problems (36) and (102),
respectively, and define €" = u" — " and {" = v" — 3", for each n € Iy. Assume that the
condition

A +4C" +1)T <1 (108)

is satisfied. Then, there exists a constant C' > 0 which is independent of T and h, such that

(reac)

e (€13 + 1213) < w113 + 112°13) , Vnely.  (109)

Proof. Obviously, the next problem is satisfied, for each (j,n) € J x Iy_1:

1 v +D + P+

io el = 2 A e+ Vi e+ Dyl 4 P4 Ag,
. 1 +

isy g7 = 2 w2 G v Qe

- L= 110
€]Q = ¢1(x;) — g (xj), Vje I (10)
such that C}) = ¢2(xj) — P2(x;), Vi€,
el =71=0, V(j,n) € 9] x Iy,

where P]” and Q;? are as in Lemma 10. Then, there is C’ > 0 independent of & and t, with
the property that, for each n € Iy_1,
max{[|P" |3, | Q"[3}

_ _ (111)
< (™13 + e |13 + e B + 2"~ 113 + g™ I3 + "+ 13)-

Obtain the inner product of the first vector Equation of (110) with 2;451) €" and calculate

the imaginary parts. Meanwhile, in the second equation, obtain the inner product with
2;{51) ¢" and calculate imaginary parts. By Theorem 5,

sV e = 2Im(P", uVem) + 24 Tm(g", uVe™), Vn € Iy_y, (112)
sV 123 = 21m(Q", V™) + 22 m(e”, 1wV, Wn e Iy 1. (113)
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It is readily checked then that that there exists C” > 0 independent of T and A,
such that

2 (1113 + 11"+13)

m
= 2}4t(||eo||% + HéOH%) +4t ) Im(P”,‘ugl)e@
n=1

+ 4t i Im(Q”,,ugl)é”) +27A i 5 Im[(e”71,§”> + (@”71,6””
n=1 n=1
< 2 (113 + 12°13) +2Ape (€™ 13 + 1187113 + 11€°3 + 12°13)
+7 21 (20P" 13 + e 13 + lle" I3 +21 Q" I3+ 1" I3+ 1" 1B) (114
< 201+ A7) ([1€°13 + 112°113)

m
+@C+1T ) (HG’HIE +emZ + Nl HIZ + 12" HIZ + 127113 + HC”“II%)

n=1

4C' +1
<2(1+ (4 + 25 ) (1008 + 1271B)

.

1
+4(4C' +1)7 Y e (Nl B+ 116"13) + (4C" + 1)ae (e [3 + 1" 113)
n=1

Subtract (4C’" + 1)t ([[e™ |3 + [|g™+1]|2). Then, (101) is satisfied, for each m €
In—1,using Cy =2(4C' + 1),

" = pi(lle" B+ 11" 13), Vm €Ty, (115)

4C"+1 _
o= (1 (S (I 10E), meTy e

The conclusion of this result is reached now using Lemma 8. [

The following result is now straightforward.
Corollary 4 (Uniqueness). For any initial data, the problem (36) has a unique solution. O

We establish next the convergence properties of our finite-difference scheme. To
that end, we assume that (11, §,) represents a pair of sufficiently smooth solutions of the
initial-value problem (4). As a consequence,

{ La(1(xj, tn), Y2 (xj, 1)) = G}, W(jn) € ] x I, 117

La(y1(xj tu), 2(xj, tn)) = &, V(jn) € ] x Iy.

Obviously, g;? and 5}7 represent here the local truncation errors.

Theorem 8 (Convergence). Let ¢y, § € Cgf (Qr), and let (1, o) solve (4). There is Cs > 0
independent of T and h, such that the numerical solution converges to that of the continuous
problem (4), whenever 2CsT < 1.
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Proof. Let (1, v) be the solution of problem (36). For the sake of convenience, let us define
77;7 = P1(xj, tn) — u? and 9}1 = Po(xj, tn) — v;l, for each n € Iy. Notice that (77, 0) satisfies

the problem
. 1
ioy = =5 A i £ Vit Dt PP ey 407
, 1
1551)6]’7 =3 A;l‘”) yil)e;? + ijﬁ”e;? +Qf + Anj + &7, (118)
0_ g0 _— T
such that { 17}1 _ 9}1 —0, V(j,n)ea xTy,

for each (j,n) € | x Iy_1. Here, for each (j,n) € J x Iy_1, we agree that

P = (Bl (v 1) 2+ Balipa (i, t) P ) e (3 )

e a2\, ()
— (ﬁll‘uj ‘ +ﬁ12 vj Hi uj’
and (1
Q1 = (Baalal ) P+ Bralp (s 10) )V ()
n 2 n 2 (1) n (120)
- (/322‘0]-‘ + Brz|u; >l‘t -

Using the regularity of ¢; and ¢ and Theorem 6, there exists a constant C > 0
independent of 7 and h, such that max{|¢}|, ||} < C(7* + ||1]3), for each (j,n) € ] x In.
As in the previous theorem, there is C; > 0 independent of & and 7, such that

max{ [P, 1Q]1} < Co(Jg ="+ I + g2+ 0374 1671+ ler+),  a2n)
for each (j,n) € | x Iy_1. This means that there is C; > 0, such that, for each n € Iy_1,

max{[|P"[|3, ]| Q" 12}

_ - (122)
§C2(||’7n HE+ " 5+ "5 + 116" 1|I§+HG”II%JrII@””H%)-

From here, it is easy to reach the formulas

SN 13 = 2T (P, wMy™y + 22 Tm (0", 1y + 2Tm (g7, wMyy,  (129)
sV "1 = 21m(Q", uVe") + 24 Tm (", utVe") + 21m (g, uVem),  (124)

for each n € Iy_1. Moreover, there exist C3,C4 > 0 independent of T and /, such that

4C, +1
(1= (++ 25 e (13 + omi3)

m—1 ) )
< 204G+ 1)t Y e (113 + 16" 3)
n=1
m

D (2||€”H§ + 208" 17+ Ny HE + Iy E + 0 HIE + H9"*1||§) (125)

n=1
2 212 5\ " 2 2
<o+ b2 +2(4Co+ 5 )7 X eI 13 + 16"1B)
n=1

E mjy|2 mjy|2
+ e (™13 + 16"15)-

+



Mathematics 2021, 9, 1765

18 of 31

Subtract Ty (||7™(|3 + [|6™(]3) from both ends of this inequalities, we notice now
that (101) is satisfied, for each m € Iy_1, letting Co = 2(4C2 + 3), "™ = pe (7" |13 + [16"113)
and p™ = C3(72 + ||h||3)?, for each m € Ty. Lemma 8 guarantees now that

pe (1" 13+ 1167 13) < Cs(22 + 1132, (i) € < T, (126)

where C5 = Cze“T. From this, it follows that ||7"[|2, [|0"[l2 < +/C5(7> + ||h||3), for each
(j,n) € ] x Iy, which implies that the solution of (36) converges to that of (4). [

5. Numerical Simulations

The present section is devoted to describe our computational implementation of
the finite-difference scheme (36), and to provide numerical simulations that illustrate the
capability of the scheme to preserve the energy and the mass of the system. Our description
of our implementation and the simulations are carried out in the one-dimensional case,
that is, when p = 1. Moreover, for simplification purposes, leta = a;, b = by, h = hy, and
M = M;. Throughout this section, we represent the approximations in vector form as

w" = (wo, w1, W, ..., wy) " € CMTL i e Ty, Vo = u,0. (127)

For computational purposes, we define next various matrices, all of them with sizes
equal to (J +1) x (J +1). To start with, we let A = I+ D;; + 7G(*1) — 7E!! and B! =
D — %TG(M) + TE}, for each n € Ty, where I, D and E!! are diagonal matrices defined
through their diagonal entries by the formulas

I = diag (1,0, 0,0,...,0, 1), (128)

D = diag (o,i +1[V(x1) + D], i+ t[V(x2) + D],..., it t[V(x;_1) + D],o), (129)

and
E} = diag (0, ur|uf P + Buafof 2 Bua|uf |2 + Buolo3l?, .., w50
130
'-~,[511\M?71|2+,512|U?,1|2,0>, Vn € Iy,
and for each « € (1, 2], we define
0 0 0 0 0 0
bbb b A
1 8 84 goa) 81 8]013 8]012
G =% & Y &Y g% s |- (131)
a &Y &Y s g 8
0 0 0 0 0 0

For each n € Iy, we also introduce the matrices A? =1+ D, + %TG("Q) — 7E! and
B! = D, — %TG(“Z) + TEZ, for each n € Iy, where the new matrices DF and E are
diagonal, and they are defined as

D = diag (0,1 TV ()it TV (x), it TV(x3),... i+ TV(xH),o), (132)

and
E} = diag (0, falo] [ + Paluf 2 Balod  + Prolud ..,

B (133)
oo Balo) P +,Blz\u’]_1|2,0), Vn € Ty,
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Observe that the approximations at the times f( of the discrete model are provided
exactly through the initial conditions in (36). Moreover, the approximations at the time
t; are provided explicitly through Formulas (37) and (38). Meanwhile, the recursive
equations of the discrete model can be alternatively expressed in terms of the nomenclature
introduced in this work as

Ay — By 42T A0", V€ Ty, 134)
Aot = Byt 427 Au", Wi € Tn_q,
where the (] + 1)-dimensional vectors u! and v} are given by
T -
i = (o, | ..,w;,l,o) , Vnely, (135)
T _
o = (0, v?,vg,vg,...,by_l,o) , Vnely. (136)

It is worth pointing out that our computer implementation in Appendix A is based on
the recursive system (134).

Example 1. In the following, we use the constants in Table 1. Meanwhile, the parameters ay and
ay change values between simulations, and V(x) = %xz, for each x € Q). On the other hand,
P1(x) = po(x) = ﬁ exp(—x2), for each x € Q. Throughout, we fix the computer parameters
T = 0.05 and hy = 0.1. In our simulations, we consider three cases for the differentiation orders nq
and oy, namely,

Casel. oy = 1.1and ap = 1.9.
Case2. a1 = 1.5and ap = 1.5.
Case3. a1 = 19and ar = 1.1.

Under these circumstances, Figures 2—4 provide the approximate solutions for the problem
(4), using the values of Cases 1-3, respectively. In each figure, the graphs provide the behavior of
the following , versus (x,t): (a) Re 1, (b) Re pa; (c) Imipy; (d) Tmapy; (e) [¢1]; () [4h2]. Figure 5
provides approximations for the energy functionals for these problems. More precisely, the left
column of that figure provides approximate graphs of the discrete energy density H versus (x,t),
while the graphs of the total energy & versus t are shown on the right column. We used Case 1
(top row), Case 2 (middle row) and Case 3 (bottom row). Obuviously, the total energy of the system
is approximately constant, as expected from the theoretical results. Finally, Figure 6 provides a
similar analysis for the mass functionals of the mathematical model (4). The results show that the
mass is approximately constant in all the cases, in agreement with the theoretical results proved in
this manuscript.

Example 2. Next, we illustrate computationally the rate of convergence of (36). To that end, we use
the values in Table 1 and the other parameters in the previous examples. Take a temporal period equal
to 0.5 and set « = ay = 1.5. The exact solution of the problem is approximated letting T = 1 x 107>
and h = hy = 0.005. Define e, ;,(x;) = ¢1(xj,tn) — u]N and T p(xj) = Pa(xj tn) — Z)]N,
for each j € ]. For convenience, define €rj, = (eru(xj))jcy and {op = (Con(x)))jey. Let
Hen = (€xn, Cop). Notice that

174113 = llezullz + 1Gnll3- (137)

Introduce the convergence rates

pon =t
T,

2) (138)

2
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and

||77r2h||2)
0.1, = lo — ). 139
h gZ( a2 (139)

Table 2 summarizes our computational investigation on the convergence of the scheme. The
simulations show that (36) is quadratically convergent, as predicted by Theorem 8.

Table 1. Table of the parameter values employed in the numerical simulations of this work.

4 a; by T B B12 B22 A D
1 -5 5 10 1.5 0.5 1.5 0.5 2

Table 2. Table of absolute errors in the Euclidean norm and (a) temporal and (b) spatial rates of convergence for various
values of the parameters T and /. The experiment corresponds to that described in Example 2.

(a) Temporal study of convergence

0.04 h=0.02 h=0.01
T lenll2 Ot llenll2 Ot lleznll2 O
0.02/20 1.2783 x 1072 - 34758 x 1073 - 8.8854 x 104 —
0.02/21 3.5439 x 1073 1.8508 9.2893 x 104 1.9037 2.2993 x 10~ 1.9502
0.02/22 9.5353 x 10~* 1.8940 2.5436 x 104 1.8687 5.8602 x 107> 1.9722
0.02/23 2.4988 x 10~* 1.9320 6.6350 x 107> 1.9387 1.4386 x 10~° 2.0263
0.02/24 6.7002 x 107> 1.8990 1.7215 x 10~° 1.9464 3.7194 x 107° 1.9515
(b) Spatial study of convergence
T=0.02 T =0.01 T = 0.005
h lenll2 T llenll2 T llenll2 O
0.08 4.6852 x 1072 - 1.3239 x 1072 - 3.5547 x 1073 -
0.04 1.2783 x 102 1.8739 3.5439 x 1073 1.9003 9.5353 x 104 1.8984
0.02 3.4758 x 1073 1.8508 9.2893 x 104 1.9316 2.5436 x 107* 1.9064
0.01 8.8854 x 10~% 1.9958 2.2993 x 10~4 2.0143 5.8602 x 10> 2.1178
0.005 2.4345 x 104 1.8678 6.6720 x 107> 1.7850 1.6445 x 10~° 1.8333

Before closing this section, it is important to point out that the extension of the
Gross-Pitaevskii system to the fractional scenario (4) was proposed as a natural general-
ization of the classical Bose-Einstein condensates. Within that context and to the best of
our knowledge, the theory of fractional operators has not found a solid justification via
experimentation. However, the mathematical and numerical investigation of fractional ex-
tensions of this system is a difficult problem whose interest circumscribed to mathematical
and numerical areas. Nevertheless, the authors hope that some potential applications of
the present work will surface in the near future using some well-known applications of
fractional derivatives (see Appendix B), and that the mathematical and numerical ideas
developed in this work will lead to propose and analyze new computational methods for
other physically relevant systems.
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Re(¢(z, 1))
Re(ta(x, 1))

Im(3(z,t))
Im(¢s(z, 1))

0.6

[¢a (2, 1)

Figure 2. Approximate solutions for the problem (4) using the parameters in Table 1, and the computational time-steps

h=0.1and T = 0.05 for the finite-difference method (36). We used V(x) = }x2, and initial data ¢;(x) = ¢2(x) =
ﬁ exp(—x2). The graphs provide the behavior of (a) Rep;, (b) Re o, (c) Im 1, (d) Im 4y, (e) |¢1], and (f) |¢»], versus

(x,t). In these simulations, we used a; = 1.1 and ap = 1.9.
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Re(¢(z, 1))
Re(ta(x, 1))

Im(3(z,t))

Im(32(, t))

[¢a (2, 1)

Figure 3. Approximate solutions for the problem (4) using the parameters in Table 1, and the computational time-steps

h=0.1and T = 0.05 for the finite-difference method (36). We used V(x) = }x2, and initial data ¢;(x) = ¢2(x) =
1

Tr exp(—x2). The graphs provide the behavior of (a) Rep;, (b) Re o, (c) Im 1, (d) Im 4y, (e) |¢1], and (f) |¢»], versus
(x, t). In these simulations, we used a7 = ap = 1.5.
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Re(¢(z, 1))
Re(ta(x, 1))

Im(3(z,t))
Im(¢s(z, 1))

[¢a (2, 1)

Figure 4. Approximate solutions for the problem (4) using the parameters in Table 1, and the computational time-steps

h=0.1and T = 0.05 for the finite-difference method (36). We used V(x) = }x2, and initial data ¢;(x) = ¢2(x) =
ﬁ exp(—x2). The graphs provide the behavior of (a) Rep;, (b) Re o, (c) Im 1, (d) Im 4y, (e) |¢1], and (f) |¢»], versus

(x,t). In these simulations, we used a#; = 1.9 and a = 1.1.
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0 2 4 6 8 10
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Figure 5. Approximate solutions for the problem (4) using the parameters in Table 1, and the computational time-steps
h=0.1and T = 0.05 for the finite-difference method (36). We used V(x) = }x2, and initial data ¢;(x) = ¢2(x) =
ﬁ exp(—x2). (left column) Approximate graphs of the discrete energy density H versus (x, t). (right column) Graphs of
the total energy & versus t. Weused a1 = 1.1 and ap = 1.9 (a,b), #y = 1.5and ay = 1.5 (¢,d), and a3 = 1.9 and ap = 1.1 (e/f).
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Figure 6. Approximate solutions for the problem (4) using the parameters in Table 1, and the computational time-steps
h=0.1and T = 0.05 for the finite-difference method (36). We used V(x) = }x2, and initial data ¢;(x) = ¢2(x) =
ﬁ exp(—x2). (left column) Approximate graphs of the discrete mass density R versus (x, t). (right column) Graphs of the
total mass M versus t. We used a1 = 1.1 and ap = 1.9 (a,b), 1 = 1.5 and ap = 1.5 (¢,d), and a7 = 1.9 and ap = 1.1 (e f).

6. Conclusions

In this work, we study a finite-difference method for the coupled system of
Gross-Pitaevskii equations with space-fractional derivatives in the Riesz sense. We prove
the existence of solutions of our discretization for any set of initial conditions using a
complex fixed-point theorem. Inspired by the existence of invariants in the continuous
system, we show that some discrete forms of energy and mass functions are constant in
time. As its continuous counterpart, we also prove the non-negativity of the mass function
and the uniform boundedness of the approximations by imposing suitable numerical con-
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straints. We present a rigorous numerical analysis for the method, obtaining a second order
of consistency in space and time for the solutions. Moreover, we show that the discrete
energy and mass densities are consistent approximations of the continuous functionals.
We also provide conditions to guarantee the stability and the uniqueness of the numerical
solutions, and we prove the convergence of the system. The theoretical results show that
the method is quadratically convergent. It is worth pointing out that analyses of stability
and convergence were carried out using a discrete version of Gronwall’s inequality. A
Matlab implementation of the numerical model is provided in the Appendix of this work,
and we used to produce approximations to the solutions of our continuous model. The
results show that the energy and mass are approximately constant, in agreement with the
theoretical results derived in this work, and improving computationally efforts already
reported [20,26].

It is worth pointing out that there are already some reports by these same authors
on the design of numerical methods to solve double Gross-Pitaevskii-type systems with
fractional diffusion, most notably the papers by Serna-Reyes et al. [26] and Serna-Reyes
and Macias-Diaz [20]. In both works, the same system of fractional partial differential
equations is investigated using a finite-difference methodology, the fractional derivatives
are of the Riesz type, and they are discretized using fractional-order centered differences.
To start with, the proofs for the existence of solutions of the numerical model are more
complicated in the case of the published papers [20,26]. Indeed, the arguments in those
cases require using some fixed-point theorem in view of the nonlinear nature of those
works. Meanwhile, in the present work, the existence of solutions is readily established
using matrix arguments. This is due to the linear nature of the numerical solved. Moreover,
the uniqueness in the present case is derived at the same time as the existence. In terms of
conservation of energy, all the numerical models are capable of preserving this quantity
except [26]. All the numerical models have a consistency of the second order in both space
and time, and they are all stable and quadratically convergent in both space and time, for
sufficiently small values of the computer parameters. Finally, in terms of implementation,
the present numerical methodology is easy to implement computationally, in view that the
code only requires solving a couple of linear systems at each time steps. On the other hand,
the finite-difference schemes reported in [20,26] are harder to code. This is again due to
the nonlinear nature of the numerical models. Since the solution functions are complex-
valued, implementations of Newton’s method are useless in this point. To overcome this
shortcoming, those methods were implemented using a recursive approach.

After the completion of this work, various avenues of research remain open in the
investigation of fractional systems with associated energy functions. It is worth recalling
that there are already various reports available in the literature on energy-conserving
methods for a wide family of mathematical models and their fractional extensions [27,28].
Those fractional extensions have been mainly established for the case of Riesz space-
fractional mathematical models [29]. Unfortunately, the property of energy conservation
has not been studied in depth for Caputo time-fractional hyperbolic systems. There are very
few reports in the literature which address this topic [30]. In fact, only some few reports for
the parabolic case have shown some success in preserving the dissipation of free energy in
those systems [31]. To this day, this problem remains open, and its solution is one of the
avenues of research that should be tackled after the successful completion of so many on
energy-conserving methods for space-fractional partial differential equations. In particular,
the authors of this work are interested in developing dissipation-preserving methods for
time-space-fractional extensions of the model investigated in the present manuscript, using
Caputo fractional operators in time and Riesz fractional derivatives in space.
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Appendix A. Matlab Code

The following is a Matlab implementation of the finite-difference method (36), using
the vector representation (134) for the recursive equations. It is important to point out here
that we chose to provide a Matlab implementation of the numerical model in view that
scientists are more familiarized with this computer language rather than with C/C++ or
Fortran. However, the translation of this code to those programming languages is relatively
straightforward for programmers with minimal knowledge of C/C++ or Fortran.

function [X,Y,phil,phi2,H,R,t,Energy,Mass]=gp

function H=fracmatrix(M,alpha,h)

g=zeros (1,M);

g(1)=gamma (alpha+1) /gamma (0.5*xalpha+1) “2/h~alpha;
for 1=1:M-1
g(1l+1)=(1-(alpha+1)/(0.5%alpha+1l))*g(l);
end

H=zeros (M, M) ;

for 1=1:M

for m=1:M

H(1,m)=g(abs(1l-m)+1);

end

end

end

al=-5;
bl1=5;
T=10;

alphal=1.9
alpha2=1.1
betall=1.5;
betal2=0.5
beta22=1.5
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tau=0.05;
h=0.1;

x=al:h:b1l;
t=0:tau:T;
M=length(x);
N=length(t);

Hal=fracmatrix (M, alphal, h);
Ha2=fracmatrix (M, alpha2,h);
Ha3=fracmatrix(M,0.5%alphal ,h);
Had4=fracmatrix(M,0.5%alpha2,h);

V=0.5.%x."2;

ul=exp(-x.72)./sqrt(pi);
vi=exp(-x."2)./sqrt(pi);

u2=ul+li.*tau.*(-0.5.*%ul*Hal-V.*ul-D.*ul-lambda.*vil...
-(betall.*abs(ul) . 2+betal2.*xabs(v1l)."2) .%ul);
v2=vi+li.*tau.*(-0.5.*v1*Ha2-V.*vl-lambda.*ul...
-(betal2.*abs(ul) . 2+beta22.*xabs(vl) . 2) .xv1l);

Al=diag(li-tau.*V-tau.*D) -0.5.%tau.*Hal;
A2=diag(li+tau.*V+tau.*D)+0.5.%tau.*Hal;
Bli=diag(li-tau.*V) -0.5.*xtau.*Ha2;
B2=diag(li+tau.*V)+0.5.*tau.*Ha2;

Energy=zeros(size(t));
Mass=zeros (size(t));

[X,Y]=meshgrid(x,t);
phil=zeros(size(X));
phi2=zeros(size(X));
H=zeros (size (X)) ;
R=zeros(size (X)) ;
phil (1,:)=ul;

phil (2,:)=u2;
phi2(1,:)=v1;
phi2(2,:)=v2;

H(1,:)=0.25.*%(abs(ul*Ha3) ."2+abs(u2*Ha3) .~ 2+abs(vi*Had) . 2+abs (v2x*
Ha4) .~2)

+0.5.%V.*(abs(ul) . 2+abs(u2) . 2+abs(vl) . 2+abs(v2)."2)

+0.5.*%D.*(abs(ul) . 2+abs(u2).72)+0.5.*betall.*xabs(ul) .~2.*abs(u2)."2

+0.5.%beta22.%abs(vl) . 2.*xabs(v2)."2
+0.5.%betal2.*(abs(ul) .~ 2.*%abs(v2) . 2+abs(vl) .~ 2.*xabs(u2).°2)
+lambda.*real (ul.*conj(v2)+vl.*xconj(u2));
R(1,:)=abs(ul)."2+abs(u2) . 2+abs(vl) . 2+abs(v2)."2
-lambda.*tau.*imag(ul.*conj(v2)+vl.*xconj(u2));

Energy (1) =h*sum (H(1,:));

Mass (1)=h*sum(R(1,:));

for n=3:N

a=tau.*(betall.*abs(u2) . 2+betal2.*abs(v2)."2);
b=tau.*(betal2.*abs(u2) . 2+beta22.*xabs(v2)."2);

u3=linsolve (Al'-diag(a), (A2'+diag(a))*ul' + 2.xlambda.*tau.*v2' )';
v3=linsolve (B1'-diag(b), (B2'+diag(b))*vl' + 2.*xlambda.*tau.*u2' )';
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ul=u2;
u2=u3;
vi=v2;
v2=v3;

phil(n,:)=u3;
phi2(n,:)=v3;

H(n-1,:)=0.25.*x(abs(ul*Ha3) .~ 2+abs (u2*Ha3) . 2+abs(vi*Had) .~ 2+abs (v2%*
Ha4) .~2)

+0.5.%V.*(abs(ul) .~ 2+abs(u2) . 2+abs(vl) . 2+abs(v2)."2)

+0.5.*%D.*(abs(ul) .~ 2+abs(u2).72)+0.5.*betall.*xabs(ul) .~2.*abs(u2)."2

+0.5.%beta22.%abs(vl) .~ 2.*xabs(v2) .72
+0.5.%betal2.*(abs(ul) . 2.*%abs(v2) . 2+abs(vl) .~ 2.*abs(u2)."2)
+lambda.*real (ul.*conj(v2)+vl.*xconj(u2));
R(n-1,:)=abs(ul) . ~2+abs(u2) . 2+abs(vl) . 2+abs(v2)."2
-lambda.*tau.*imag(ul.*conj (v2)+vl.*conj(u2));
Energy(n-1)=h*sum(H(n-1,:));
Mass(n-1)=h*sum(R(1,:));
end

Energy (N)=Energy (N-1) ;
Mass (N)=Mass (N-1) ;
H(N,:)=H(N-1,:);
R(N,:)=R(N-1,:);
end

Appendix B. Fractional Calculus

It is important to recall that Riesz space-fractional operators have been derived mathe-
matically from physical systems with long-range interactions. Indeed, it has been estab-
lished thoroughly that (parabolic or hyperbolic) partial differential equations with Riesz
diffusion are obtained as the continuum limit of some particle systems with long-range
interactions. This continuum-limit process involves the application of several operators,
like Fourier series transform, the limit when the distance between consecutive particles
goes to zero along with the inverse Fourier transform [32,33].

More precisely, suppose that s is a real number in the set {1,2} and allow a > 0. We
restrict our attention to the one-dimensional case and consider an array of particles on
a straight line whose motion equations are described by the coupled system of ordinary
differential equations

du,
dts

(t) = L(u(t)) + F(un(t)), VteR*,VneZ. (A1)

In this context, u, is a function that stands for the displacement of the nth particle with
respect to the equilibrium point and F denotes the nonlinear interaction of the oscillators
with some external force: Meanwhile, we use & to denote the distance existing between two
consecutive oscillators. Moreover, a general form for the interaction function I, is fixed as

I(u(t)) = i J(n,m)[un(t) —um(t)], VteR",VnelZ, (A2)

m#n
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where | € £2(Z) is such that J(n,m) = J(n —m) = J(m — n) for each pair m,n € Z. For
the sake of convenience, we introduce the function

W)= Y ), VheR, (A3)

n#0

and assume that the following is satisfied:

T ]uc(k) _]tx(o)
Ay = IEILI’(I) g e R\ {0}. (A4)
On both ends of (A1), apply the Fourier series transform. Next, take the limit # — 0
and obtain finally the inverse Fourier transform. In such way, the following fractional
partial differential equation is reached:
o°u o*u
= (x,t) = h*Ay=——(x,t) — F t) = t) e RxR". A
(0 I A () ~ Flu(x, ) =0, ¥(x,0) € Rx (A5)
Here, the fractional derivative of order « is understood in the sense of Riesz [32]. It is
worth pointing out here that more details on these derivations are provided in [34].
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