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Abstract: This year, we introduced the concept of infra soft topology as a new generalization of soft
topology. To complete our analysis of this space, we devote this paper to presenting the concepts of
infra soft connected and infra soft locally connected spaces. We provide some descriptions for infra
soft connectedness and elucidate that there is no relationship between an infra soft topological space
and its parametric infra topological spaces with respect to the property of infra soft connectedness. We
discuss the behaviors of infra soft connected and infra soft locally connected spaces under infra soft
homeomorphism maps and a finite product of soft spaces. We complete this manuscript by defining
a component of a soft point and establishing its main properties. We determine the conditions under
which the number of components is finite or countable, and we discuss under what conditions the
infra soft connected subsets are components.

Keywords: separated soft sets; infra soft connected space; infra soft locally connected space; compo-
nent; infra soft topology

1. Introduction

Nowadays, researchers deal with the complexities of modeling vague/uncertain
problems in different fields such as engineering, economics, medical science, computer
science and sociology on a daily basis. Since classical methods are not always successful
in addressing these types of problems, some novel approaches were proposed such as
fuzzy set, rough set and soft set. Soft set, the core idea of this manuscript, was introduced
by Molodtsov [1] in 1999. Since then, researchers have applied soft sets to different areas
including decision-making problems [2], medical science [3-6] and computer science [7].

Then, Maji with their co-authors [8] put forward the basic concepts of soft set theory.
They defined the operators of the intersection, union and difference between two soft sets
and a complement of a soft set. To remove the shortcomings observed in Maji et al.’s work,
some researchers and scholars reformulated some of their operators and presented some
new types. For example, Ali et al. [9] provided new kinds of these operators in a way that
enabled keeping some of the properties and results of crisp set theory in soft set theory.
Other contributions have been made to define several types of soft equality relations such
as those given in [10,11].

In 2011, Cagman et al. [12] and Shabir and Naz [13] hybridized soft sets and A general
topology to initiate the concept of soft topological spaces. They followed different methods
to define a soft topology. Cagman et al. defined a soft topology over an absolute soft set
and different sets of parameters. However, Shabir and Naz formulated a soft topology
over fixed sets of the universe and parameters. In this article, we followed the definition
of Shabir and Naz. Al-shami and Ko¢inac [14] discussed the interchangeable properties
between general topology and extended soft topology. Alcantud [15] constructed soft
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topologies from the bases of topologies, and Al-Ghour [16] explored the concept of w™-
paracompactness in soft topologies.

In several cases, we note that some of the conditions of a (soft) topology are dispensable
because the required properties of topological concepts are kept under some soft topology
extensions such as supra soft topology [17], soft bitopology [18] and infra soft topology [19].
In these extensions, we easily construct examples that show the interrelationships among
the topological concepts under study. These reasons motivated us to continuously research
within the frame of infra soft topology, which is one of the recent interesting developments
of soft topology.

Connectedness, local connectedness and components are among the most important
concepts in soft topologies. The authors of [20-22] explored these concepts and established
their main properties. Our contribution herein is the analysis of the properties of these
three concepts within the frame of infra soft topological spaces. We note the validity of
many properties of connected and locally connected spaces and components via infra soft
topological structures, which means we could study several topological concepts and reveal
the interrelationships among them in this frame, instead of classical and soft topologies.
Therefore, in this manuscript, we aimed to perform an exhaustive analysis of infra soft
topological structures.

We layout this manuscript as follows. In Section 2, we refer to some notions relating
to soft set theory and infra soft topology. In Section 3, we introduce the concept of infra
soft connected spaces and provide some of its characteristics. In Section 4, we present
the concept of infra soft locally connected spaces and establish their basic features. Their
components and main properties are explored in Section 5. Finally, we highlight the
achievements of this work and possible upcoming works in Section 6.

2. Preliminaries

In this section, we outline the necessary concepts and findings that are associated with
soft set theory and infra soft topology.

2.1. Soft Set Theory

Definition 1 ([1]). Let W be a set of parameters, U a universal set and 2" the power set of U.
A soft set over U is an ordered pair (0, W), where § : W — 24 is a crisp map. We express a soft
set as follows (6, W) = {(w,0(w)) : w € W and 6(w) € 24}.

A family of all soft sets over U under a set of parameters W is symbolized by S(Uyy).

Definition 2 ([9]). A soft set (6°,W) is called a complement of (0,V) provided that a map
0 : W — 24 is given by 6°(w) = U \ 8(w) for each w € W.

Definition 3 ([8]). If the image of each parameter of W under a map 0 : W — 24 is the universal
set U, then (6,WV) is called the absolute soft set over U. Its complement is called the null soft set.
The absolute and null soft sets are symbolized by U and P, respectively.

Definition 4 ([23-25]). If all components of a soft set are equal (resp. finite, countable), then we
called it a stable (resp. finite, countable) soft set. Otherwise, it is called unstable (resp. infinite,
uncountable).

Definition 5 ([26]). If the image of a one parameter, say w, under a map P : W — 24 is a
singleton set, say {u}, and the image of each parameter w' € W\ {w} is the empty set, then a soft
set (P, W) is called a soft point over U. It is briefly symbolized by PY.

Definition 6 ([13,24]). There are two non-belonging relations between an element u € U and a
soft set (6, VW) defined as follows:

@ u & (0,W)ifu & 0(w) for somew € W;
G) u & (0,W)ifu & 6(w) forallw € W.



Mathematics 2021, 9, 1759

30f13

Definition 7 ([9]). The intersection of two soft sets (0, V) and (¢, C) over U, symbolized by
(6, WN(E,C), is a soft set (A, D), where D = WNC # @, andamap A : D — 2U is given by
AMw) = 6(w) N &(w) for each w € D.

Definition 8 ([8]). The union of two soft sets (6, W) and (&, C) over U, symbolized by (6, W)U(¢E,C),
is a soft set (A, D), where D = W UC and amap A : D — 24 is given as follows:

w) : weWN\C

o(
A(w)—{ ¢(w) s welC\W
f(w)Ug(w) : weWnC

Definition 9 ([27]). A soft set (8, W) is a subset of a soft set (&, C), symbolized by (8, W) (&,C),
ifW C Cand 6(w) C &(w) forallw € W. The soft sets (6, W) and (&,C) are called soft equal if
each is a subset of the other.

Definition 10 ([28]). A family of soft sets is said to have the finite (resp. countable) intersection
property if the finite (resp. countable) intersection of any members of this family is non-null.

Definition 11 ([26]). The Cartesian product of (6, W) and (&,C), symbolized by (6 x {, W x C),
is defined as (6 x &)(w,w') = 6(w) x &(w') for each (w,w') € W x C.

Definition 12 ([4]). A soft map f, from S(Uyy) to S(Ve¢) is a pair of crisp maps f and @, where
f:U—=V,n:W —C. Let (6, M) and (&, N') be, respectively, subsets of S(Uyy) and S(V¢).
Then, the image of (6, M) and pre-image of (&, N') are given by the following.

(@) fo(0, M) = (f(0),C) is asoft set in S(V¢) such that:

_ Dwe ) f(()(w)) %
f(e)(w) —{ 7 WNM %) . (pfl(w)
foreach w € C.
(i) fga_l(é‘,/\/') = (f~1(&), W) is a soft set in S(Uyy) such that:

e - { FUER@)) t p(w) €N
f@ = { F ) e el

foreachw € W.

Definition 13 ([4]). A soft map f, : S(Uy) — S(V¢) is said to be injective (resp. surjective,
bijective) if both f and ¢ are injective (resp. surjective, bijective).

2.2. Infra Soft Topological Spaces

Definition 14 ([19]). A family Y of soft sets over U with VW as a parameters set is said to be an
infra soft topology on U if it is closed under finite intersection and ® is a member of Y.

The triple (U,Y, W) is called an infra soft topological space (briefly, ISTS). We called a
member of Y an infra soft open set and called its complement an infra soft closed set. We called
(U, Y, W) stable if all its infra soft open sets are stable.

Proposition 1 ([19]). Let (U, Y, W) be an ISTS. Then, the collection Yo, = {6(w) : (6, W) € Y}
forms an infra topology on U for each w € W.
We called Y+, a parametric infra topology.

Definition 15 ([19]).

(i) The intersection of all infra soft closed subsets of (A, Q), B) which contains a soft set (0, B) is
called the infra soft closure points of (6, B). It is denoted by CI(6, B).
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(ii) The union of all infra soft open subsets of (A, Q), B) which are contained in a soft set (6, B) is
called the infra soft interior points of (0, BB). It is denoted by Int(6, B).

Definition 16 ([28]). An ISTS (A, Q), B) is said to be infra soft compact (resp. infra soft Lindeldf)
provided that every infra soft open cover of A has a finite (resp. countable) sub-cover.

Definition 17 ([19]). Let (U,Y, W) be an ISTS and (6, V) be a non-null subset of U. Then,
Yo, = {0 W)NAW) : (A, W) € Y} is called an infra soft relative topology on (0, W) and
((8,W),Y (g,w), W) is called a subspace of (U, Y, W).

A property is called an infra soft hereditary (ISH) property if it passes from an infra
soft topological space to every subspace.

Theorem 1 ([19]). Let (Z,Yz, W) be a subspace of (U,Y,W). Then, (&, W) is an infra soft
closed subset of (Z,Y z, W) if there exists an infra soft closed subset (6, V) of (U, Y, W) such
that (&, W) = ZN(6, W).

Definition 18 ([19]). A soft mapping f, : (U, Y, W) — (Z,0,Y) is said to be infra soft continu-
ous provided that the pre-image of any infra soft open set is an infra soft open set.

A soft mapping f, : (U, Y, W) — (Z,6,Y) is said to be an infra soft homeomorphism
if it is bijective, infra soft continuous and infra soft open (the image of any infra soft open
set is an infra soft open set).

A property is called an infra soft topological property (briefly, IST property) if it is
preserved by any infra soft homeomorphism.

Proposition 2. Let {(Uy, Yi, Wy) : k € K} be a family of ISTSs. Then, Y = {ITrcx (6x, Wk) :
(6x, W) € 1} is an infra soft topology on A = T Trcx Uy under a set of parameters B = T Trcx Wk

We called Y given in proposition above a product of infra soft topologies, and (A, Y, B)
a product of infra soft spaces.

3. Infra Soft Connected Spaces

Through this section, we introduce and characterize the concept of infra soft connected
spaces. We demonstrate that the family of infra soft connected sets is closed under a union
operator provided that their intersection is non-null. Furthermore, we show that the
image of an infra soft connected set is preserved by injective infra soft continuous maps,
and prove that the finite product of infra soft connected spaces is infra soft connected.
With the aid of examples, we elucidate that there is no relationship between infra soft
topology and its parametric infra topologies with respect to possessing the property of
infra soft connectedness.

Definition 19. We called (6, W) and (A, W) two separated soft subsets of an ISTS (U, Y, W)
provided that (6, W)NCI(A, W) = ® and CI(6, W)N(A, W) = .

It is obvious that the two separated soft sets are disjoint; the next example clarifies
that the converse is incorrect.

Example 1. Let Y = {U, (0, W)CU : u; & (6,W)} be an infra soft topology on U =
{uy, up, uz, us} with W = {wy, wy} as a set of parameters. Now, the two soft sets (6,V) =
{(wy, {ur}), (wo, {ua})} and (A, W) = {(w1, {uz}), (wa, {u1})} are disjoint. On the other

hand, (6, W)NCI(A,W) = {(w1,{m}), (w2, @})} and CI(O, W)N(AW) = {(w1,2),
(wa,{u1})}. Hence, they are not separated.
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Definition 20. An ISTS (U,Y, W) is said to be infra soft disconnected if U can be expressed as a
union of two non-null separated soft sets, say, (6, W) and (A, ). Otherwise, (U, Y, V) is said to
be infra soft connected.

We called (6, W) and (A, W) disconnection soft sets of U.

An ISTS (U, Y, W) given in Example 1 is infra soft connected. In the following, we
present an example of an infra soft disconnected space.

Example 2. Let Y = {U, (0, W)CU : uy ¢ (6, W)} be an infra soft topology on U =
{uy, up, uz, us} with W = {wq,wy} as a set of parameters. Now, the two soft sets (0,)V) =
{(wy, {ur, uz}), (wo, {us, ug})} and (A, W) = { (w1, {us, us}), (wa, {u1,u2})} are separated
and their union is U. Hence, (U, Y, W) is infra soft disconnected.

Proposition 3. The next statements are identical:

G (U, Y, W) is infra soft connected;
(ii) Two non-null disjoint infra soft closed sets do not exist such that their union is U;
(iii) Two non-null disjoint infra soft open sets such that their union is U do not exist;

(iv) The only infra soft open and infra soft closed subsets are U and ®.

Proof. (i) = (ii): Consider (6, W) and (A, W) as infra soft closed sets such that
(6, W)N(A, W) = ®and (6, W)U(A, W) = U. Then, CL(6, W) = (6, W) and CL(A, W) =
(A, W). Therefore, (6, W) and (A, W) are separated soft sets. This contradicts (i), which
means that (ii) is true.

(ii) = (iii): Consider (U,W) and (A,)V) as infra soft open sets such that
(U,W)N(AW) = @ and (U, W)UA,W) = U. Then, (65, W) and (A, W) are infra
soft closed subsets. However, we obtain a contradiction with (i7). This means that (iii)
is true.

(iii) = (wvi): Consider (6,)V) as a proper non-null infra soft open and infra soft
closed set. Then, (6, W)((6¢, W) = ® and (6, W)U(6, W) = U. However, we obtain a
contradiction with (iii). This means that (iv) is true.

(iv) = (i): Suppose that there is an infra soft open and infra soft closed set (6, W).
Then, CI(6, W) = (6, W) and CI(6°, W) = (6°,W). Therefore, (6, W) and (6¢,)V) are sepa-
rated soft sets such that their union is Z/. Consequently, (U, Y, W) is infra soft disconnected.
Hence, we obtain the desired result. [

Proposition 4. Every extended infra soft topological space is infra soft disconnected.

Proof. Let (U, Y,V) be an extended infra soft topological space. Without loss of generality,
consider W = {wy, w; }. Now, the two soft sets (6, W) = {(w1,U), (w, D)} and (A, W) =
{(w1,D), (wa,U)} are non-null infra soft open such that (§, W)J(A, W) = U. According
to Proposition 3, (L~{ ,Y, W) is infra soft disconnected. O

Proposition 5. Let (U1, Y1, W1) and (Ua, Y2, Ws) be two ISTSs. Then:

@) If (U1,Y1, W) is infra soft connected such that Y, C Yy, then (Up, Y2, Wh) is infra soft
connected;

i) If (U, Y1, Wh) is infra soft disconnected such that Y1 C Yo, then (Uy, Yo, Wh) is infra soft
disconnected.

Proof. (i): Let (U4, Y1, W) be infra soft connected. According to Proposition 3, the only
infra soft clopen subsets of ZT{I are & and 271 . Since Y, C Y4, we obtain that ® and 272 are
the only infra soft clopen subsets of Zj{; Hence, (U, Y2, W) is infra soft connected.

(ii): Let (U1,Y1, W) be infra soft disconnected. Suppose that (U, Yo, W,) is infra soft
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connected. Then, the only infra soft clopen subsets of U, are ® and U,. This implies that ®
and U are the only infra soft clopen subsets of If; (because Y1 C Y5). This contradicts our
assumption. Hence, (U3, Y2, W) is infra soft disconnected. O

Definition 21. A subset (6, W) of (U, Y, W) is said to be infra soft disconnected if there exist two
non-null separated soft sets such that their union is (6,V). Otherwise, (6, W) is said to be infra
soft connected.

Proposition 6. Let ((V, W), Yy, W) bea subspace of (U, Y, W). Consider Cly, and Cly
are infra soft closure operators in ((V,W),Y W) and (U,Y, W), respectively. Then,

v,
Cly(6,W) = (V, W)NCly (8, W) for each (6, W) (v
w

Proof. Cly,(6, W) = N{(5, W) : ,
()\,W) (A5, W) € Y}

Corollary 1. A soft subset (V, W) of (U, Y, W) is infra soft connected if ((V, W), Y (y ), W)
is infra soft connected.

Proof. Let (6, W) and (A, W) be disconnection soft sets of (V, W). Then, the proof comes
from the fact that:

[(6, W)ﬂClu( )}U[( ,W)ﬂ Iy (6, W)] = @ if and only if

[(6,W)NCIy (A, W)]UI(A, WINCly (6, W)] =
O

Theorem 2. If (6, W) is an infra soft connected set such that (6, W)C (A, W)CCL(8, W), then
(A, W) is infra soft connected.

Proof. Let the given conditions be satisfied. Suppose that (A, W) is infra soft discon-
nected. Then, there are disconnection soft sets (B,V) and (6, W) of (A, V). That is,
(B,W)U(8, W) = (A, W). Since (6, W) (AW), (B, ) (6, W) and (5, W)N\(6, W) are
disjoint such that (6, W) = [(B, W)N(6, W)} (5, W)N(6, W)]. It follows from the infra
soft connectedness of (6, W) that (8, W)N(6, W) = @ or (4, W)NB, W) = . For exam-
ple, (B, W)ﬁ(G,W) ®. This means that (6, W) W); consequently, (6, W)C (B, W).
Therefore, (8, W)C (A, W)CCL(6, W)C(B°,W). Thus, ()\ W)N(B, W) = &; this is a con-
tradiction. Hence, (A, W) is infra soft connected. O

(@
Thus

Definition 22. The difference between infra soft closure points and infra soft interior points of a
subset (6, W) of (U,Y, W) is called infra soft boundary points. It is denoted by 1b(6, W).

Proposition 7. If (0, W) is a non-null proper subset of an infra soft connected space (U,Y, W),
then Ib(0,V) # ®.

Proof. Suppose that [b(6, W) = ®. Then, CI(§, W) = Int(§, W). By hypothesis U #
(6, W) # @, then (6, W) is an infra soft open and infra soft closed set. This is a contradiction
with the infra soft connectedness of (U, Y, W). Hence, Ib(6, W) # ®, as required. [

Lemma 1. Consider (6, W) and (A, W) as disconnection soft sets of (U, Y, W). If (5, W) is an
infra soft connected subset of (U, Y, W), then (8, W)C (5, W) or (A, W)C (5, W).

Proof. Since (6, W) and (A, V) are disconnection soft sets of (U, Y, W), (6, WIUAW) =
U and [(6, W)(\CL(A, W)]UICL(6, W)A(A, W)] = ®. So
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(6, W) = [(6,W)N6,MNULE WINRA, W)].

Note that (6, W)N(6, W))NCL((8, W)N(6, WNHIUL((6, W)N(A, W))NCI((6, W)N(A, W))]
Cl(s,W)NCI(6 W)] [(6, W)NCI(A, W)] = ®. Since (6, W) is infra soft connected, we

obtain either (6, W)N(6, W) = @ or (4, W)N(A, W) = @. This automatically implies that

(5, W)C(8, W) or (5, W)C (A, W), as required. L[]

Theorem 3. If (6, W) is a subset of (U, Y, W) such that for each P, Pé‘], (6, W), there is an
infra soft connected subset (B, V) of (6, W) containing PY, P”é,, then (0,V) is infra soft connected.
Proof. Let the given conditions be satisfied. Suppose that (6, V) is infra soft disconnected.
Then, there are disconnection soft sets (§, W) and (A, W) of (6, V). Therefore, there are two
soft points P¥, P;‘}Z such that P% € (§,V) and P;él, € (A, W). By hypothesis, there is an infra
soft connected set (8,)V) containing P}, P:); such that (B, W)C(6, W) = (5, W)U(A, W).
It comes from the above lemma that (8, W)C (8, W) or (8, W)C(A,W). This leads to
(6, W)N(A, W) # @. This is a contradiction because (8, ) and (A, W) are disconnection
soft sets of (6, W). Hence, (6, W) is infra soft connected. [J

Corollary 2. If (6, W) is a union of infra soft connected sets (B;, W) such that ((B;, W) # ®,
then (0,WV) is infra soft connected.

Proof. Let the given conditions be satisfied. Suppose that (6, W) is infra soft discon-
nected. Then, there are disconnection soft sets (6,V) and (A, W) of (6, W). By hypothesis
N(Bi, W) # @, there exists a soft point Py such that Py € (B;, V) for each i. Now, either

v € (6,W)or Py € (A, W). Say, P € (6,W). Then, [ (Bi, W)IN(6, W) # ®. It comes
from Theorem 3 that (B;, W)C (9, W) for each i. This means that (6, W)C (5, W). This is a
contradiction. Hence, (6, V) is infra soft connected. [

Proposition 8. The injective infra soft continuous image of an infra soft connected set is infra
soft connected.

Proof. Consider f, : (U, Y1, W1) — (U, Y2,V2) as an infra soft continuous map and
let (6, 1) be an infra soft connected subset of (41, Y1, W;). Suppose that f,(6, W) is
infra soft disconnected. Then, there are disjoint infra soft open sets (J, V) and (A, W)
such that f, (6, W1) = (9, W2)U(A, Ws). Now, qul (6, W,) and qul (A, W) are two disjoint
infra soft open subsets of (42, Y2, Wh). Since f, is injective, (6, W1) = f, L(fp(6,W1)) =
fo 15, W)U fo L(A,W),). This means that (8, W) is infra soft disconnected; a contradiction.
Hence, f, (6, W) is infra soft connected. [J

Corollary 3. The property of being an infra soft connected space is an IST property.
Theorem 4. The finite product of infra soft connected spaces is infra soft connected.

Proof. Let (U1, Y1, W1) and (Ua, Y2, Wh) be two infra soft connected spaces. Suppose that
Uy X Uy is infra soft disconnected. Then, there exist infra soft open subsets (5, Wy ) x (A, W5)
and (B, W) x (&, W) of Uy x U such that Uy x Uy = [(5, Wy) x (A, Wp)JU[(B, W) x
(&, Wa)] and [(6, W1) x (A, WL)IN[(B, W1) x (§, W2)] = ®. Now, Uy = (5, W1)U(B, W1),
Uy = (A, Wr)U(E, W) and (6, W1)N(B, W) = @ or (A, Wh)N (¢, W2) = ®. This implies
that (U, Y1, W) is infra soft disconnected or (U, Yo, W) is infra soft disconnected. This
contradicts the assumption. Hence, Uy x U is infra soft connected. [J

The next examples illustrate that the property of infra soft connected space does not
transmit from an ISTS to classical infra topological spaces and vice versa.



Mathematics 2021, 9, 1759

8 of 13

Example 3. The family Y = {®,U, (6, W) : k = 1,2,3,4} is an infra soft topology on U =
{uq, up, uz} with a set of parameters W = {wy, wy }, where:

(01, W) = { (w01, U), (w2, ) };

(92/ W) = {(wll ®)’ (Z()z,Z/{) };

(63, W) = {(w1,{m}), (w2, @)} and

(04, W) = {(w1, D), (w2, {u2}) }-

Obviously, (U,Y, W) is an infra soft disconnected. On the other hand, (U, Y, ) and (U, Yw,)

are infra connected.

Example 4. The family Y = {®,U, (0, W) : k = 1,2,3,4} is an infra soft topology on U =
{uy, up, uz} with a set of parameters VW = {wq, w, }, where:

(01, W) = {(w1, {ua}), (w2, {uz,u3})};

(02, W) = {(w1, {uz, u3}), (wo, {uz})};

(63, W) = {(w1,D), (wa, {ua})} and

(05, W) = {(w1, D), (w2, {u1})}.

Obviously, (U, Y, W) is infra soft connected. On the other hand, (U, Y, ) and (U, Yw,) are

infra disconnected.

Proposition 9. A stable ISTS (U, Y, W) is infra soft connected if (U, Y, ) is infra connected.
Proof. Straightforward. [

Remark 1. Note that the property of being an infra soft connected space is not preserved by a
subspace; i.e., it fails to be an ISH property. To validate this matter, take a subset (0,YV) =
{(w1,{u1}), (w2, {u1})} of an ISTS (U, Y, W) given in Example 4. Then, Y gy = {P, (6, V),
{(w1,{u1}), (w2, @)}, {(wy,D), (wp,{u1})}}. It is clear that {(wq,{u1}), (w2, @)} and
{(w1,D), (wo, {u1})} are disconnection infra soft sets of a subspace ((6, W), Y gy, V). Hence,
((0, W), Y (0,1, W) is infra soft disconnected in spite of (U, Y, W) being infra soft connected.

4. Infra Soft Locally Connected Spaces

This section is allocated to present the concept of infra soft locally connected spaces
and explore their main properties. We characterize it and show that the concepts of
infra soft connected and infra soft locally connected spaces are independent of each other.
Furthermore, we prove that the property of being an infra soft locally connected space is
an infra soft open hereditary and IST property. Finally, we show that the finite product of
infra soft locally connected spaces is also infra soft locally connected.

Definition 23. The two soft points are called connected in an ISTS (U,Y, W) if there exists an
infra soft connected subset containing them.

Proposition 10. If every two soft points in an ISTS (U, Y, W) are connected, then (U, Y, W) is
infra soft connected.

Proof. Let P} be a fixed soft point in an ISTS (i,Y,W). Then, for each soft point Py
different than Pj (P;, # Py if u # v or w # x), we have an infra soft connected set
(6vx, W) containing Py and PY. Since Py € o7 (00x, W), it follows from Corollary 2 that

Opvea(évx, W) = U is infra soft connected. [

Definition 24. An ISTS (U, Y, W) is said to be:

(i) Infra soft locally connected at P € U if for every infra soft neighborhood (6, W) of Py, there
exists an infra soft neighborhood (A, W)C (8, W) of P¥ such that every two soft points in
(A, W) are connected in (5, V).

(ii) Infra soft locally connected if it is infra soft locally connected at every soft point P in U.
Otherwise, it is said to be infra soft locally disconnected.
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The concepts of infra soft connectedness and infra soft locally connectedness are
independent from one another. The next two examples explain this fact.

Example 5. An ISTS (U,Y, W) given in Example 3 is an infra soft locally connected space,
but not infra soft connected.

Example 6. The topologist’s sine curve is an example of an infra soft connected space which is not
infra soft locally connected.

We recall that we called (6, VW) an infra soft connected neighborhood of a soft point
P} if it is infra soft connected and infra soft neighborhood of P;); i.e., there exists an infra
soft open set (A, W) such that P} € (A, W)C (6, W).

Theorem 5. An ISTS (U, Y, W) is infra soft locally connected at PY € U if every infra soft
neighborhood of P}, contains an infra soft connected neighborhood of it.

Proof. Necessity: Let (U,Y,WV) be infra soft locally connected at P} € U. Consider
(,YV) as an infra soft neighborhood of Pj. Then, there exists an infra soft neighbor-
hood (A, W)C (6, W) of P% such that every two soft points in (A, W) are connected in
(6,). For each soft point PY # PX in (A, W), there exists an infra soft connected set
(Box, W)C (8, V) containing P? and P%. Putting (&, W) = Opge(A,W)(,Bvx,W). Now,
(A, W) C (&W) c(eW); according to Corollary 2, (§,)V) is an infra soft connected neigh-
borhood of P. Thus, we obtain the desired result.

Sufficiency: It comes from Definition 24. [

We recall that an ISH property is called an infra soft open hereditary property if it
passes from an ISTS to every infra soft open subspace.

Theorem 6. The property of being an infra soft locally connected space is an infra soft open
hereditary property.

Proof. Let ((6,W),Y g,w), W) be an infra soft open subspace of an infra soft locally con-
nected space (U, Y, W). Let (A, W) be an infra soft neighborhood of Py in ((6, W), Y g ), W).
Then, there exists an infra soft open subset (§,)V) of (U,Y,W) such that
(6, W)N(6, W) (A, W). Since (6, W) is an infra soft open set, (6, W)(\(6, W) is an infra soft
opensetin (U,Y,W); consequently, (A, W) is an infra soft neighborhood of P} in (U, Y, W).
By hypothesis of the infra soft local connectedness of (i, Y, V) there exists an infra soft neigh-
borhood (B, W) of P% in (U, Y, W) such that every two soft points in (B, W) are connected
in (A, W). Now, (8, W)(A, W) is an infra soft neighborhood of P in ((8, W), Yo,w), W)
such that every two soft points of it are connected in (A, W). Hence, the proof is complete. []

Proposition 11. The property of being an infra soft locally connected space is an IST property.

Proof. Consider f, : (U1, Y1, W1) — (Up, Y2,V2) as an infra soft homomorphism map
such that (U;, Y1, W) is an infra soft locally connected space. Let (§, W,) be an infra
soft neighborhood of P? € U,. Then, fo L(PY) = PY is a soft point and fo 1(5,W,) is an
infra soft neighborhood of Pj,. By hypothesis of the infra soft locally connectedness of
(U1, Y1, W), there exists an infra soft connected neighborhood (A, Wy )C fo L(6, W) of PX.
It follows from Proposition 8 that f,(A, W) is an infra soft connected neighborhood of P}
such that f,(A, W) C (6, Wh). Thus, (Up, Y2, W>) is infra soft locally connected. Hence, we
obtain the desired result. O

Theorem 7. The finite product of infra soft locally connected spaces is infra soft locally connected.



Mathematics 2021, 9, 1759

10 of 13

Proof. Let (Uy,Y1, W) and (U, Y2, Ws) be two infra soft locally connected spaces. Let

(&, W1 x W,) be an infra soft neighborhood of a soft point P((ZL;Z)) in U; X Up. Now,

PU?) = Pt 5 PP and (& W x Wh) = (B, W1) x (5, W,), where (8, W) and (5, W»)

(w,x)
are, respectively, infra soft neighborhoods of soft points P, € Uy and PY € Uy. By hy-
pothesis of the infra soft locally connectedness of (141, Y1, W) and (Uy, Y2, Wh), there exist
infra soft connected neighborhoods (6,V;) and (A, W;) of soft points P} and P?, respec-
tively, such that (6, W;)C (B, Wy) and (A, W,)C (8, Ws). Tt follows from Theorem 4 that
(0, Wy) x (A, W2)Z(B, W) x (6, W) = (& W) x W3) is an infra soft connected neighbor-

hood of P((:;Zg in Uy x Up. Hence, Uy x Uy is infra soft locally connected. O

5. Components in the Frame of Infra Soft Topological Spaces

In this part, we explore the concept of components in the frame of ISTSs and elucidate
that the family of all components forms a partition for an ISTS. We show some properties
of components in soft topology that are invalid in infra soft topology. Furthermore, we
determine the conditions under which the number of components is finite or countable
as well as discuss under what conditions the infra soft connected subsets are components.
Finally, we investigate the image of the components under infra soft homomorphism maps.

Definition 25. A component of (U,Y, W) corresponding to P4 is the union of all infra soft
connected subsets of (6, W) which contain Pl. It is denoted by C(PY). That is:

C(PL) = U{(6, W)CU : P% € (5,W) and (6, W) is infra soft connected }.

Remark 2.

(i) According to Corollary 2, every component of a soft point is the largest infra soft connected set
containing this soft point;

(i) If (U, Y, W) is infra soft connected, then U is the only component of each soft point.

We present the next example to show the method of calculating a component of each
soft point.

Example 7. The family Y = {®,U, (6;, W) : k = 1,2,3,4,5} is an infra soft topology on
U = {uq, up, uz} with a set of parameters W = {wy, wy }, where:
(61, W) = {(w1,U), (w2, D) };

(02, W) = {(w1,D), (wo, U)};

(63, W) = {(w1,D), (wa, {u1}) };

(04, W) = {(w1, {u1,uz}), (wo, D) },and
(05, W) = { (w1, {us}), (w2, D)}

) is an infra soft disconnected space. Now, we have the following:

Obwiously, (U,Y
" (05, W), C(Py;) = (05, W) and C(Py;) = C(Py2) = C(Py) =

c(p) = (P
(62/ W)

Theorem 8. The family of all components of any ISTS forms a partition for it.

Proof. Consider {C(P%) : P! € U} as a family of all components of an ISTS (U, Y, W).
It is clear that i = (J{C(PY) : P! € U}. Suppose that there are two distinct soft points
P, P? such that C(P%)N\C(P?) # ®. According to Corollary 2, (6, W) = C(P%)UC(P?) is
an infra soft connected set. This contradicts that C(PY) and C(P?) are the largest infra soft
connected sets containing P and P?, respectively. Thus, C(P%)C(P?) = ®. Hence, we
obtain the desired result. O

The topological result reports that every closed component is one of the results that is
invalid in ISTS.
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Proposition 12. For any component C(PY) of an ISTS (U, Y, W) we have C(P%) = CI(C(P%)).

Proof. Since C(P!) is infra soft connected and C(P%)CCI(C(P%)), it follows from Theorem 2
that CI(C(P%)) is an infra soft connected set as well. However, C(P}) is the largest infra
soft connected set containing P%; however, C(P4) = CI(C(P%)). O

In Example 7, the component C(Py,!) = (64, W) corresponding to P! is an infra soft
open set because it is a member of Y. However, it is not an infra soft closed set because its
complement { (w1, {u3}), (wy,U)} is not infra soft open.

Theorem 9. If the components of an infra soft compact space are infra soft open, then the number
of them is finite.

Proof. Let (U,Y, W) be infra soft compact. Suppose that the number of components of
(U,Y, W) is infinite. Now, every component C;(P}) is infra soft open and {C;(P%) : P¥ €
U} forms a cover of . By hypothesis, i = Ui {Ci(P¥) : P% € U{}. This implies that there
are some members of the cover that have a non-null intersection; this is a contradiction.
Hence, (U, Y, W) has a finite number of components. [

Corollary 4. If the components of an infra soft Lindelof space are infra soft open, then the number
of them is countable.

Theorem 10. If an ISTS has a finite number of components which are infra soft closed, then they
are also infra soft open.

Proof. Consider (U, Y, W) as an ISTS with a finite number of components which are infra
soft closed. As we previously proved that the family of components forms a partition for
U. Since every component is infra soft closed, the union of any number of them is infra soft
closed. Since U;_,C;(P) is infra soft closed, then Cy (P%) is infra soft open. This completes
the proof. O

Theorem 11. If (6, W) is a non-null infra soft clopen and infra soft connected subset of (U, Y, V),
then (6,V) is a component.

Proof. Let the given condition be satisfied. Suppose that (J, ) is infra soft connected such
that (6, W)C (5, W). Now, (6, W) = (6, W)U[(6°, W)N (6, W)]. Since (6, W) is a non-null
infra soft clopen set, CI(6, W)N[(8°, W)N(6, W)] = @ and (6, W)NCI[(6¢, W)N (6, W)] =

®. Therefore, (6,WV) and (6, W) (5, W) are disconnection soft sets of (6, W). This
contradicts the assumption. Hence, (6, W) is a component. [

Proposition 13. The infra soft homeomorphism image of a component is also a component.

Proof. Consider f,, : (U, Y1, W1) — (U, Y2, W,) as an infra soft homeomorphism map
and let (6, ;) be a component of (U1, Y1, W;). Suppose that f, (6, ;) is not a compo-
nent of (Up, Yo, Wy). This means, according to Proposition 8, that there is an infra soft
connected subset (3, W5) of (Ua, Yo, W) such that f,(8, W;)C (8, Ws). Since f, is an infra
soft homeomorphism, (8, W;)C fo L(6,W,). Now, fo 1(6, W) is an infra soft connected
subset of (U, Y1, W1) which contradicts that (6, W) is a component. Hence, f,(6, W) is
a component. []

6. Concluding Remark and Further Work

In this work, we continue displaying and studying the essential ideas in the frame
of ISTSs. The main goal of this article was to define the concepts of infra soft connected
and infra soft locally connected spaces and components. We characterized them and
showed that the concepts of infra soft connected and infra soft locally connected spaces are
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independent of each other; we also determined the conditions under which the infra soft
connected subsets are components.

According the obtained results, many classical properties of these concepts are still
valid for infra soft topological structures. The benefit of this matter is to study and reveal
the interrelationships among these concepts in the frame of ISTSs instead of soft topologies
which means cancel unnecessary conditions of a soft topology.

On the other hand, we showed that a few properties of infra soft locally connected
spaces and components in soft topology are invalid in infra soft topology. For example,
(1) every component is infra soft closed; and (2) if an ISTS has a finite number of compo-
nents, then these components are infra soft clopen sets. Furthermore, we provide some
examples to confirm that there is no relationship between infra soft topology and its para-
metric infra topologies with respect to possessing the property of infra soft connectedness.

As a future work, we can intensively study the concepts of infra soft locally connected
spaces and components with respect to the ordinary points instead of soft points. In fact,
this new path will lead to initiate different types of these concepts due to the kinds of
belonging relations: partial or total. However, we anticipate that some properties of these
concepts will be lost in ISTSs. Furthermore, we are going to study different types of infra
soft connectedness such as infra soft hyperconnectedness, infra soft ultraconnectedness
and extremely infra soft disconnectedness.
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