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Abstract: This paper presents a numerical analysis of the influence of mechanical properties and the
thickness of viscoelastic materials on the transient dynamic behavior of free layer damping beams.
Specifically, the beams consist of cantilever metal sheets with surface viscoelastic treatment, and
two different configurations are analyzed: symmetric and asymmetric. The viscoelastic material is
characterized by a five-parameter fractional derivative model, which requires specific numerical
methods to solve for the transverse displacement of the free edge of the beam when a load is applied.
Concretely, a homogenized finite element formulation is performed to reduce computation time,
and the Newmark method is applied together with the Grünwald–Letnikov method to accomplish
the time discretization of the fractional derivative equations. Amplitudes and response time are
evaluated to study the transient dynamic behavior and results indicate that, in general, asymmetrical
configurations present more vibration attenuation than the symmetrical ones. Additionally, it is
deduced that a compromise between response time and amplitudes has to be reached, and in addition,
the most influential parameters have been determined to achieve greater vibration reduction.

Keywords: transient analysis; finite element method; unconstrained damping beam; viscoelastic
material; fractional derivative model

1. Introduction

Vibration reduction is a recurrent topic in mechanical engineering. Vibration generates
noise, unpleasant motions and dynamic stress that may cause the failure of a system, and
may result in energy losses and structure degradation [1].

Among the different approaches that can be employed to reduce structural vibration,
surface treatments are widely used by means of passive damping techniques [2–5]. Some of
the most frequently used here are free layer damping (FLD) and constrained layer damping
(CLD) configurations. It is known that CLD configurations provide better damping results
with respect to the mass-damping relation. Numerous studies have been carried out
employing CLD configurations. For example, in [6,7], a CLD beam is analyzed in order
to minimize the vibration energy in the frequency domain. In [8,9], an optimization in
the frequency domain is made to different parameters such as the density or thickness of
different viscoelastic materials applied in a CLD plate configuration in order to maximize
the modal loss factor and minimizing the displacement response. A new formulation to
reduce computation time, such as an homogenized formulation for plates with a thick
constrained viscoelastic core, is carried out in [10] in the frequency domain. However, FLD
configurations are still a common occurrence due to being easier to procure and they have
a lower economic value [11]. Therefore, this paper is focused on these configurations.

One way to mathematically characterize a viscoelastic material is with fractional
models, because they allow to reproduce the damping behavior with a reduced number of
parameters that, in addition, have a physical interpretation [12,13]. The definition and study
of fractional calculus and its applications can be found widely in literature, for example
in [13–17]. Several studies have been carried out using fractional derivative models in
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FLD applications. For example, in [11], a frequency domain study is made to an FLD plate
in order to study the resonant region. In [18] Lyapunov’s direct method for dynamical
systems with fractional damping is proposed. This is done in a single degree-of-freedom
system first, and it is then generalized for the finite-dimensional case. Similar methodology
is used in [19] in order to compare the dynamic behavior between a viscoelastic beam and
a viscous one. The application of a general homogenized formulation has been presented
in [20] for thick viscoelastic layered structures with the aim to reduce computation time.

There are numerous studies conducted in the time domain due to the importance of
knowing the dynamic transient behavior in engineering applications. An analysis of the
impact of the fractional derivative order in a viscoelastic material is done in [21] to study the
transient behavior of plates. A study in both the frequency and time domain is conducted to
beams, plates and shells in [22] to analyze the damping ratio under different configurations.
Additionally, in [23], a transient analysis is carried out on viscoelastic beams and plates
to study the effect of different boundary conditions and stiffness that those systems have
on the energy dissipation. An alternative formulation to the finite element analysis is
proposed in [24] to study the transient behavior of plates in order to get better results by
using a higher-order shear deformation theory (HSDT). Another alternative to the classical
approach of fractional calculus is presented in [25] with the goal to reduce computation
time when an analysis in the time domain is conducted. Due to the high computation
time that a transitory analysis can present, this new approach considers the stress of the
viscoelastic material not self-dependent and dependent only on the displacements of it,
reducing computation time. An alternative to the Runge–Kutta method that duplicates
the number of equations to solve is carried out in [26], where non-linear equations are
transformed into a fractional integro-differential equation in which the fractional operator
represents a variable stiffness. Other method to extend the Kirchhoff–Love thin plate
formulation into thick plates in a FLD configuration is presented in [27]. Additionally, a
homogenized formulation is presented in [28] for FLD beams in which an asymmetrical
and a symmetrical configuration is studied to reduce computation time.

All the mentioned studies are focused on the general behavior of a system modeled
by fractional derivatives, and do not analyze the impact that the different parameters
of the model have on the transient behavior of the system. The studies encountered in
the time domain have an emphasis on the formulation of the problem and finding new
resolution methods with the aim to reduce computation time, and they are not centered in
analyzing the viscoelastic material parameters. The studies addressed on an analysis of the
viscoelastic material are focused in analyzing some parameters such as the thickness of the
viscoelastic layer or the fractional order derivative of the model, but none analyze all the
parameters involved in the viscoelastic material model.

Thus, this article is carried out in order to get a better understanding of the viscoelastic
parameters present in fractional derivative models and its influence in the time domain.
Knowing which parameters are governing the transient behavior the most can prove to
be very beneficial in practical applications in order to prevent unsuspected mechanical
failures caused by vibrations. To that end, all parameters of a fractional derivative model
need to be analyzed and not only the fractional order derivative. In addition, the vis-
coelastic layer thickness is studied too in order to evaluate the effect that the amount of
viscoelastic material can have on the transient response and in vibration attenuation. For
that, a transient analysis is performed in a FLD cantilever beam. To reduce significantly
computation time, a homogenized formulation is carried out that allows to study a mul-
tilayered beam as if it was a homogeneous beam with equivalent properties, valid for
symmetrical and asymmetrical configurations [28]. The Grünwald–Letnikov method is
used to approximate the fractional derivatives, and the Newmark method is applied to
obtain the discretized transverse displacement of the free edge of the beam when a unitary
load is applied transversely on the same point.

Finally, two numerical applications are presented and discussed aimed at illustrating
the conclusions derived from the analysis.
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2. Homogenized Model for an FLD Beam
2.1. Homogenized Finite Element Formulation

In this section, the homogenized model used in the analysis of an FLD beam is
described for both asymmetrical and symmetrical configurations. These configurations
are illustrated in Figure 1. In this model, the constitutive law of the elastic material (•)e is
given by

σe(x, t) = Eeεe(x, t), (1)

and the constitutive law of the viscoelastic material (•)v represented by a fractional model
of five parameters is given by

σv(x, t) + τβDβσv(x, t) = Erεv(x, t) + EuταDαεv(x, t), (2)

where x is spatial variable along the length of the beam L, t is time, σ is stress, ε is strain, Ee

is the Young’s modulus of the elastic material, D(•) is the fractional derivative operator with
respect to time, α and β are the fractional parameters, 1 ≥ α ≥ β ≥ 0, τ is the relaxation
time, and Er and Eu are the relaxed and the unrelaxed moduli of the viscoelastic material,
respectively [16]. The deformations are small, and the Euler–Bernoulli hypothesis [29] is
considered, where the curvature of each layer is considered the same,

∂2ve(x, t)
∂x2 =

∂2vv(x, t)
∂x2 =

∂2v(x, t)
∂x2 , (3)

where v(x, t) is the transverse displacement field. This implies that the strain distribution
along the thickness is linear and the bending moments of both materials, Me(x, t) and
Mv(x, t), can be obtained by integrating the moment of the stress with respect to the
neutral axis for each material (more information about this topic can be found in any text
on dynamics of solids such as [30]), to obtain

Me(x, t) = Ee Ie
∂2v(x, t)

∂x2 (4)

and

(1 + τβDβ)Mv(x, t) = Er Iv

(
1 +

Eu

Er
ταDα

)
∂2v(x, t)

∂x2 , (5)

where I represents the cross-sectional second-order moment (also known as the inertia
moment of the cross-sectional area). This inertia moment is dependent on the width of the
beam b, the modulus of each material, the position of the neutral axis hN, the thickness of
the elastic layer he and the total thickness of the viscoelastic layer hv. The position of the
neutral axis is considered constant along time. For the asymmetrical configuration (see
Figure 1), due to the fact that beam is composed of two different materials, the position of
the neutral fiber depends not only on the geometry of the transverse section but also on the
material of each layer [28,31]. Taking this into account, for the asymmetrical configuration
this results in

hN =
1
2
(he + hv)Erhv

Eehe + Erhv
, (6)

Ie =
bh3

e
12

+ bheh2
N (7)

and

Iv =
bh3

v
12

+ bhv

(
he + hv

2
− hN

)2
, (8)

and for the symmetrical one, in
hN = 0, (9)

Ie =
bh3

e
12

(10)
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and

Iv = b
(he + hv)

3 − h3
e

12
. (11)

Figure 1. Elastic (
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The total flexural moment M(x, t), for both symmetrical and asymmetrical configura-
tions, is obtained by adding the individual contribution of each material,

M(x, t) = Me(x, t) + Mv(x, t). (12)

To be able to accomplish this addition, the operator
(

1 + τβDβ
)

has to be applied to
Equation (4). Thus, the resultant flexural moment yields

(
1 + τβDβ

)
M(x, t) =

[
Ee Ie

(
1 + τβDβ

)
+ Er Iv

(
1 +

Eu

Er
ταDα

)]
∂2v(x, t)

∂x2 . (13)

In order to get the transverse displacement field, the combination of Equation (13)
with the local equation of linear momentum [30] is required. This equation takes the
following form,

∂2M(x, t)
∂x2 + b(ρehe + ρvhv)

..
v(x, t) = f (x, t), (14)

where ρe and ρv are the density of the elastic and the viscoelastic materials, respectively,
..
v(x, t) is the acceleration field, and f (x, t) is the transverse force density. The operator(

1 + τβDβ
)

has to be applied on both sides of Equation (14), and Equation (13) has to be
differentiated twice. Following these steps, the final expression results in(

1 + τβDβ
)[

f (x, t)− b(ρehe + ρvhv)
..
v(x, t)

]
=

=
[

Ee Ie

(
1 + τβDβ

)
+ Er Iv

(
1 + Eu

Er
ταDα

)]
∂4v(x,t)

∂x4 .
(15)

This last equation does not have an analytical solution, and therefore numerical
resolution methods are required, which are presented next.

2.2. Numerical Integration

To obtain a finite element formulation, the weighted residual method is used (Galerkin
approximation [32]) on Equation (15) for a finite volume of length li, yielding

τβ(Me,i + Mv,i)Dβ ..
ui(t) + (Me,i + Mv,i)

..
ui(t) + τβKe,iDβui(t)+

+ Eu
Er

ταKv,iDαui(t) + (Ke,i + Kv,i)ui(t) = Fi(t) + τβDβFi(t),
(16)
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where, for the ith finite element, Me,i, Mv,i, Ke,i and Kv,i are the mass and stiffness matrices
for the elastic and viscoelastic layer, respectively,

..
ui(t) and ui(t) are the nodal acceleration

and displacement vectors and Fi(t) is the vector of the nodal external forces.
In Equation (16), the elementary mass matrices Me,i and Mv,i are defined as

M(•),i =

li∫
0

NT
i (x)bρ(•)h(•)Ni(x)dx, (17)

where the subscript (•) is e or v for the elastic and viscoelastic material, respectively, and ac-
cording to the elastic term of Equation (2), Ev = Er, Ni represents the interpolation function
matrix for the i-th element and (•)T denotes the transposition operator. The interpolation
functions considered are the classical used in finite element formulations [33]. Additionally,
from Equation (16) the elementary stiffness matrices Ke,i and Kv,i are defined as

K(•),i =

li∫
0

d2NT
i (x)

dx2 E(•) I(•)
d2Ni(x)

dx2 dx. (18)

The finite element that constitutes the elementary matrices is linear composed of 2
nodes, where the transverse displacement v(t) and the rotational θ(t) degrees of freedom
are defined in each node. Then, the elementary mass matrix for the i-th finite element is
defined by

M(•),i =
ρ(•)h(•)bli

420


156 22li 54 −13li
22li 4l2

i 13li −3l2
i

54 13li 156 −22li
−13li −3l2

i −22li 4l2
i

, (19)

and the elementary stiffness matrix by

K(•),i =
E(•) I(•)

l3
i


12 6li −12 6li
6li 4l2

i −6li 2l2
i

−12 −6li 12 −6li
6li 2l2

i −6li 4l2
i

, (20)

in which the subscript (•) is e or v for the elastic or viscoelastic material, respectively,
and according to the elastic term of Equation (2), Ev = Er. The assembly of the global
system yields

τβMDβ ..
u(t) + M

..
u(t) + τβKeDβu(t)+

+ Eu
Er

ταKvDαu(t) + Ku(t) = F(t) + τβDβF(t),
(21)

where M = Me + Mv and K = Ke + Kv are the global mass and stiffness matrices, Me, Mv,
Ke and Kv are the assembled matrices for each material, and u (t),

..
u (t) and F (t) are the

global nodal displacement, acceleration and external force vectors.
The M-K-F implicit formulation for direct integration of Equation (21) is presented

next [34]. The matrix equation of motion at the time tn+1 takes the form

τβMDβ ..
un+1 + M

..
un+1 + τβKeDβun+1+

+ Eu
Er

ταKvDαun+1 + Kun+1 = Fn+1 + τβDβFn+1,
(22)

where the displacement un+1 has to be solved. The Grünwald–Letnikov approach [13] is
used to approximate the fractional derivatives. This approach proposes that for any real
order α and for a finite time step ∆t, the fractional derivative can be approximated by

Dα f (t) ≈ 1
(∆t)α

n−1

∑
j=0

Aα,j+1 f (t− j∆t), (23)
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where n is the number of steps and the coefficients Aα,j+1 are the Grünwald–Letnikov
parameters of order α that have the following properties:

Aα,1 = 1 (24)

and
Aα,j+1 =

j− 1− α

j
Aα,j, (25)

which gives the ‘short-memory’ property of the fractional derivative operator. The defini-
tion of these parameters applied to the fractional derivatives of order α and β on Equation
(22) yields

DβFn+1 =
1

(∆t)β

n

∑
j=0

Aβ,j+1Fn+1−j, (26)

Dαun+1 =
1

(∆t)α

n

∑
j=0

Aα,j+1un+1−j, (27)

Dβun+1 =
1

(∆t)β

n

∑
j=0

Aβ,j+1un+1−j (28)

and

Dβ ..
un+1 =

1

(∆t)β

n

∑
j=0

Aβ,j+1
..
un+1−j. (29)

The M-K-F method transforms Equations (27)–(29) in

Dαun+1 =
un+1

(∆t)α +
1

(∆t)α

n

∑
j=1

Aα,j+1un+1−j, (30)

Dβun+1 =
un+1

(∆t)β
+

1

(∆t)β

n

∑
j=1

Aβ,j+1un+1−j (31)

and

Dβ ..
un+1 =

..
un+1

(∆t)β
+

1

(∆t)β

n

∑
j=1

Aβ,j+1
..
un+1−j, (32)

respectively. These definitions allow to transform Equation (22) in a second-order system
such as

M
..
un+1 + Kun+1 = Fn+1, (33)

where the equivalent mass matrix M is

M =
( τ

∆t

)β
M + M, (34)

the equivalent stiffness matrix K results

K =
Eu

Er

( τ

∆t

)α
Kv +

( τ

∆t

)β
Ke + K, (35)

and the equivalent force vector Fn+1 is given by

Fn+1 = Fn+1 +
(

τ
∆t
)β n

∑
j=0

Aβ,j+1Fn+1−j −
(

τ
∆t
)βM

n
∑

j=1
Aβ,j+1

..
un+1−j−

−
(

τ
∆t
)βKe

n
∑

j=1
Aβ,j+1un+1−j − Eu

Er

(
τ
∆t
)αKv

n
∑

j=1
Aα,j+1un+1−j.

(36)
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Equation (33) can be solved given the initial displacement u0 and the initial velocity
.
u0 using implicit numerical resolution methods such as Newmark method [33].

3. Description of the Model

In this section, the model used for the analysis is described. The study is carried
out in an FLD cantilever beam on which a static unitary load is transversely applied on
the free edge of the beam. The goal of the study is to analyze the influence that each
of the parameters of the viscoelastic material model (namely Er, Eu, α, β and τ) and the
thickness of the viscoelastic material hv have on the transverse displacement of the free
edge of the beam, in order to get a better understanding of the time response and the
amplitudes present during the vibration. The analysis is performed in an asymmetrical
and a symmetrical configuration as the ones illustrated in Figure 1.

The beam is modelled by means of 30 linear finite elements, the interpolation functions
used are cubic and the size of all the finite elements is the same, each one having 2 degrees
of freedom in each node: the transverse displacement v(t) and the rotation θ(t). The choice
of 30 finite elements to discretize the beam is considered enough due to the fact that in
Ref. [28] a validation of the model with that number of finite elements was carried out. The
elementary matrices used to assemble the system are the ones provided by Equations (19)
and (20). The simulation time is not fixed because different times are required for each
parameter. All studies have been performed in MATLAB, and the code generated to obtain
the transient response with the formulation exposed in this article has been elaborated by
the authors.

The dimensions of the beam and the properties of the elastic material are shown in
Table 1. These values are taken from Ref. [28], where a study of different FLD models is
carried out. The reference values of the density of the viscoelastic material ρv = 1429 kg/m3

and the thickness of the viscoelastic material hv = 1.52 mm are also taken from [28].

Table 1. Geometry of the beam and properties of the elastic material [28].

Parameter Value

L (mm) 180
b (mm) 9.85
he (mm) 1.05

ρe (kg/m 3
)

7782

Ee (GPa) 176.2

The reference values of the viscoelastic material are taken from Ref. [35], where Jones
carries out a characterization of different viscoelastic materials by means of a complex
modulus E* given by

E∗( fR) =
a1(1 + iη1) + b1(1 + iη2)(i fR)

βJ

1 + c1(i fR)
βJ

, (37)

where a1, b1 and c1 are model parameters, βJ is the fractional derivative order, fR is the
reduced frequency, η1 and η2 are the loss factors at low and high frequencies, respectively,
and i =

√
−1.

In order to make an equivalence between the parameters given by the model presented
in Equation (2) in the time domain with the model given by Jones in Equation (37) in the
frequency domain, the Fourier transform is applied on Equation (2), where

F [Dαεv(t)] = (iω)α ε̃v(ω) (38)

and
F
[
Dβσv(t)

]
= (iω)βσ̃v(ω), (39)
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where F represents the Fourier transform operator. The definitions of Equations (38) and (39)
applied on Equation (2) yield

E∗v(ω) =
σ̃(ω)

ε̃(ω)
=

Er + Eu(iωτ)α

1 + (iωτ)β
, (40)

where E∗v(ω) represents the ratio between the Fourier transform of σv(t) and ε(t), given by
σ̃v(ω) and ε̃(ω), respectively.

The model in Equation (37) used by Jones has 6 parameters. Taking into account that
the coefficients of Equation (2) have to be real in the time domain, η1 and η2 are considered
to be 0 on Equation (37), meaning that the damping is not taken into account at very low
frequencies and very high frequencies. With this, the model given by Jones in Equation
(37) results in a particular case of the model in Equation (2) when α = β = βJ. It is then
established the following relations between parameters: Er = a1, Eu = b1/c1, τ =c1

1/β/2π
and α = β = βJ.

The values considered as a reference for the study are taken from the mean values
of the experimental results obtained by Jones for free layer materials. These values are
gathered in the second column of Table 2.

Table 2. Reference value and interval of study for each parameter.

Parameter Reference
Interval

Minimum Maximum

Er (MPa) 386.5 338.2 434.9
Eu (GPa) 16.49 12.26 20.71

α 0.47 0.47 1
β 0.47 0 0.47

τ (ms) 1.205 0.660 1.750
hv (mm) 1.52 0.76 2.28

The study intervals are taken between the maximum and minimum value encountered
by Jones, and they can be consulted on Table 2. In each case, 11 values are studied
evenly distributed within the intervals. For the thickness hv, which is independent of the
parameters of the viscoelastic material, the range of the interval will be set to a variation of
±50% with respect to the reference value hv = 1.52 mm.

4. Numerical Analysis

First, the influence of each parameter of the viscoelastic material model on the dynamic
behavior of the beam is studied. Next, the influence of the thickness of the viscoelastic
layer is taken into account. Finally, two numerical examples are presented to illustrate the
conclusions of the analysis.

In each simulation, the displacement ratio A(t) between the transverse displacement
v(L, t) and the displacement of the stationary response v(L, ∞) is computed from Equation
(21) on the free edge of the beam. For that, the displacement of the stationary response
v(L, ∞) is previously calculated when there are no time dependent terms in Equation (21),
which results in

Ku∞ = F. (41)

Four variables are considered to characterize the transient response (see Figure 2):

• Amplitude ratio between the first relative maximum and the first relative minimum,
A1/A2. This parameter illustrates the initial intensity of the response. The higher this
value, the larger the system oscillates at first, and therefore, the lower the value, the
higher it is the attenuation of the vibration. This variable is important, for example, in
human comfort applications.
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• Amplitude ratio between the first relative maximum and the stationary response
(which is always normalized to 1), A1. The higher this amplitude, the lesser the
vibration attenuation present into the beam.

• Number of cycles N to reduce the vibration. This is considered when the difference
between a relative maximum and the consecutive relative minimum is the 5% of the
mean value between them, i.e., the next equation is satisfied,

A1N − A2N ≤ 0.05
A1N + A2N

2
. (42)

for practical applications, it is desired a low value in the number of cycles in order to
get a quicker vibration attenuation.

• Time ratio t2/t1: t2 is the time at which the system reaches the stationary value with
a tolerance of ±2.5% and t1 is the required time to perform the N cycles previously
mentioned. This ratio should be as low as possible in order to get a faster time
response.

Figure 2. Variables to analyze. The two discontinuous lines (
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4.1. Analysis of the Influence of the Viscoelastic Material Parameters

In this section, the four variables previously described are evaluated in order to
measure the influence that the material model parameters of Equation (40) have on the
transient response. The interval of study of each parameter can be found in Table 2.

4.1.1. Initial Amplitude Ratio Influence

The ratio between the amplitudes of the first relative maximum and minimum A1/A2
is studied in this section. The results obtained for both asymmetrical and symmetrical
configurations are illustrated in Figure 3.
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Figure 3. Viscoelastic material parameters influence on the ratio between the first relative maximum
and the first relative minimum A1/A2 for the asymmetrical (
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First, it can be noted that, in all cases, the asymmetrical configuration presents higher
damping according to the results observed for each parameter. In the asymmetrical configu-
ration, the neutral plane is further to the viscoelastic material and therefore it is subjected to
higher deformation compared to the symmetrical configuration, implying higher damping.

Moreover, the results indicate that Er has not any remarkable influence on the am-
plitude of the first oscillation. This is a consequence of Er being much lower in value
compared to Ee as seen in Table 1. Additionally, β and τ have the lowest influence on the
response, and α and Eu are the parameters that have the major influence on this ratio. In
addition, in general, a monotonous behavior occurs in which the ratio decreases with the
parameters except with α: ratio decreases first, and it reaches a minimum value at around
0.6 in both configurations, and then increases.
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Quantitatively, the reference values taken for each parameter indicate that this ratio
has a value of 2.25. If Eu increases, then the ratio is reduced in 19% in the asymmetrical
configuration and in 31% in the symmetrical one. Lastly, for β and τ the differences are
lower than 10% in both configurations; the symmetrical one is slightly the most affected.

4.1.2. First Maximum and Stationary Amplitude Ratio Influence

In this section, the ratio between the amplitude of the first maximum and the stationary
response A1 is computed. In Figure 4 the results obtained for asymmetrical and symmetrical
configurations are represented.

Figure 4. Viscoelastic material parameters influence on the ratio between the amplitude of the first
maximum and the stationary response A1 for the asymmetrical (

Mathematics 2021, 9, x FOR PEER REVIEW 14 of 27 
 

 

 
(e) 

Figure 4. Viscoelastic material parameters influence on the ratio between the amplitude of the first 
maximum and the stationary response 1A  for the asymmetrical (  ) and symmetrical 

  

A
1

) and symmetrical (

Mathematics 2021, 9, x FOR PEER REVIEW 15 of 27 
 

 

 (  ) configurations. In order: (a) Relaxed modulus rE ; (b) Unrelaxed modulus uE ; (c) Frac-
tional parameter  ; (d) Fractional parameter  ; (e) Relaxation time  . 

On the one hand, from Figure 4 it can be pointed out that, similarly to the previous 
parameter, the asymmetrical configuration presents more damping than the symmetrical 
one. Additionally, the relaxed modulus rE  does not modify this ratio through the inter-
val, and uE ,   and   present similar trends. On the contrary, the first maximum 1A  
increases with   throughout the interval. 

From a quantitative point of view, in the asymmetrical configuration there is an in-
crease of 15% in this ratio for   and a reduction of 22% for uE . In this last particular 
case, the amplitude 1A  is lower than 1. This means that the system does not reach the 
point of equilibrium when oscillating due to the viscoelastic behavior present in the beam. 
This effect is discussed later. 

4.1.3. Number of Cycles Influence 
The results of the number of cycles N  that the system fulfills to reduce the oscilla-

tions are illustrated in Figure 5. 

  
(a) (b) 

  
(c) (d) 

 
(e) 

N
 (c

yc
le

s)

N
 (c

yc
le

s)

N
 (c

yc
le

s)

N
 (c

yc
le

s)

N
 (c

yc
le

s)

)
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On the one hand, from Figure 4 it can be pointed out that, similarly to the previous
parameter, the asymmetrical configuration presents more damping than the symmetrical
one. Additionally, the relaxed modulus Er does not modify this ratio through the interval,
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and Eu, β and τ present similar trends. On the contrary, the first maximum A1 increases
with α throughout the interval.

From a quantitative point of view, in the asymmetrical configuration there is an
increase of 15% in this ratio for α and a reduction of 22% for Eu. In this last particular case,
the amplitude A1 is lower than 1. This means that the system does not reach the point of
equilibrium when oscillating due to the viscoelastic behavior present in the beam. This
effect is discussed later.

4.1.3. Number of Cycles Influence

The results of the number of cycles N that the system fulfills to reduce the oscillations
are illustrated in Figure 5.

Figure 5. Viscoelastic material parameters influence on the number of cycles N for the asymmetrical
(
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In relation to the differences between the symmetrical and asymmetrical configura-
tions, the same conclusion as in the previous cases can be drawn. In this case, the only
parameter that has a remarkable influence is the unrelaxed modulus Eu, in which N is
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reduced from 12 to 8 in the symmetrical configuration. A similar reduction is given in
the asymmetrical configuration, from 7 to 5. The influence of the other parameters is less
significant, the only remarkable behavior is the one of α; it can be observed a minimum
value of N at around the midpoint of the interval in the symmetrical configuration, the
reduction of the value is from 10 to 8.

4.1.4. Time Ratio Influence

The influence of the material parameters on the time ratio t2/t1 is shown in Figure 6.

Figure 6. Viscoelastic material parameters influence on the time ratio t2/t1 for the asymmetrical
(
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When analyzing this variable, in general the symmetrical configuration presents a
lower value in the time ratio, the only exception occurs when α is higher than 0.6 or β
is close to 0. In those cases, this variable is near to 1, meaning that both t2 and t1 are
practically the same. The reduction of the time ratio is more significant when increasing α
than when reducing β.

Same as with all the other studies Er does not have any impact in this variable.
Finally, τ and Eu present a similar trend through the interval, but from a quantitative

point of view the time ratio increases in 400% with Eu in the asymmetrical configuration,
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whereas a 190% is increased with τ. These high values on the time ratio mean that although
the system can reduce the vibration fast, it requires a lot more time to reach the stationary
state. This is due to the system having a dynamic point of equilibrium that changes over
time consequence of having a viscoelastic layer. This makes the beam to vibrate around
different values in contrast to the viscous behavior where the point of equilibrium does
not change over time. This effect can be observed in Figure 7 and it was discussed in other
studies, such as in Refs. [19,36].

Figure 7. Comparison between viscous and viscoelastic behaviors. Continuous line (α = 1) corre-
sponds to viscous response and dotted line (α = 0.5 ) to viscoelastic response. The line (
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4.2. Analysis of the Influence of the Viscoelastic Layer Thickness

After studying the influence of the material parameters, in this section, the thickness
of the viscoelastic layer is discussed. The analysis is carried out in the same way as in the
previous section. The interval of study can be found in Table 2 along with the viscoelastic
model parameters used which corresponds to the reference values. The results obtained
for each variable for both the asymmetrical and the symmetrical configurations are shown
in Figure 8.

According to the results obtained, the asymmetrical configuration has a higher vibra-
tion attenuation compared to the symmetrical configuration, and on the contrary the time
ratio is significantly higher when hv increases.

From a quantitative point of view, two remarkable facts can be derived. On the one
hand, the amplitude ratio of the initial oscillation is reduced in 30% and in 38% in the
asymmetrical and symmetrical configurations, respectively, and in both cases the reduction
takes an exponential form. On the other hand, the initial amplitude A1 is reduced in 41%
in the asymmetrical configuration, and at the end of the interval is lower than 1. Another
fact is that the number of cycles is significantly decreased when the amount of viscoelastic
material is higher. This variation has an exponential form and in both configurations the
number of cycles is reduced in 75% through the interval.

The results observed indicate that a compromise has to be reached when choosing the
amount of viscoelastic material: to increase thickness results in higher vibration attenuation,



Mathematics 2021, 9, 1731 15 of 18

but the response time increases exponentially because, as it has been previously discussed
and illustrated in Figure 7, the viscoelastic behavior is more patent.

Figure 8. Influence of the viscoelastic layer thickness hv of the asymmetrical (
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4.3. Examples of Parameter Combination

After the influence analysis, two numerical applications are presented next to better
illustrate the derived conclusions. In the previous sections, the effect that each parameter
has on the transient response has been studied and here, how the transient response is
altered when a combination of parameters are changed is studied. First, beginning with
the reference values of the viscoelastic model, some parameters are modified as shown
in Table 3 in order to reduce the time ratio. Then, from these parameters, the thickness of
the viscoelastic material is increased in 25% (hv = 1.9 mm) with the aim of reducing the
amplitudes. The asymmetrical configuration is chosen for these two numerical examples.

Table 3. Comparison between reference values and the ones of Examples 1 and 2.

Parameter Reference Values Example 1 Values Example 2 Values

Er (MPa) 386.6 386.6 386.6
Eu (GPa) 16.49 17.30 17.30

α (−) 0.47 0.682 0.682
β (−) 0.47 0.3 0.3

τ (ms) 1.2 1.4 1.4
hv (mm) 1.52 1.52 1.9

The response obtained for both examples are shown in Figure 9, and the results of the
analyzed variables are gathered in Table 4.



Mathematics 2021, 9, 1731 16 of 18

Figure 9. Comparison between reference values, Example 1 values and Example 2 values. The two
horizontal dashed lines (
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Table 4. Results comparison rounded to three significant figures.

Case A1/A2 A1 N t1 t2 t2/t1

Reference 2.24 1.10 6 0.195 s 7.01 s 36.0
Example 1 1.89 1.29 4 0.149 s 0.194 s 1.30
Example 2 1.41 1.05 3 0.100 s 0.329 s 3.29

Analyzing Example 1, the most notable change in the response is in relation with the
time ratio, which is reduced from 36 to 1.3. This value is higher in comparison to both
examples due to the fact that the system requires too much time to reach the stationary
state as seen in Figure 9. One downside of the proposed values is that the initial amplitude
A1 increases in 18%. Nevertheless, the amplitude ratio of the initial oscillation A1/A2 is
decreased in 16%. Moreover, the number of cycles N is reduced from 6 to 4.

With Example 2, the viscoelastic layer thickness has been increased in order to have a
lower result of A1, concretely it is reduced in 18% compared to Example 1. Nevertheless,
the time ratio increases from 1.30 to 3.29. This antagonism between A1 and t2/t1 has been
manifested in Section 4.2. This example illustrates that the vibration attenuation can be
potentially improved further.

Taking the model parameters and thickness of Example 2, all the 4 variables studied
present an improvement in its values in comparison with the reference values.

5. Conclusions

In this paper, the dynamic behavior of an FLD cantilever beam composed of a metallic
component with a viscoelastic surface treatment has been analyzed by means of numerical
methods. Specifically, the influence of the material parameters and the thickness of the
viscoelastic layer on the transient response have been studied in in two different config-
urations: asymmetrical and symmetrical. Taking into account that the material model is
represented by fractional derivatives, specific numerical methods have been performed in
a finite element framework.
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The results obtained have illustrated that in general an asymmetrical configuration
presents more vibration attenuation. In the asymmetrical configuration, the neutral fiber is
closer to the elastic material and therefore the viscoelastic material is put under more strain
compared to the symmetrical configuration.

The analysis performed can give a better understanding of the viscoelastic model
parameters, and it can be concluded that the dynamic behavior of a system with viscoelastic
surface treatments can be potentially optimized by choosing the adequate material in
practical engineering applications. To illustrate this, comparing the results obtained in
Example 2 to the ones obtained with the reference values, A1/A2 is reduced in 37%, A1 in
4.5%, N in 50% and t2/t1 in 90%.

One of the main advantages that this research provides is that it allows to get a better
understanding of the influence of each viscoelastic material model parameter. Knowing
the effect that each viscoelastic model parameter has on the transient response can prove to
be very beneficial in practical applications. The homogenized formulation employed for
the analysis provides another important factor to consider by reducing computation time
compared to using a plane or cubic finite element formulation due to the reduction on the
degrees of freedom required.

By contrast, the formulation used is not valid for all configurations. The Euler–
Bernoulli hypothesis is only correct for thin beams and cannot be employed to study thick
beams. In addition, the formulation performed cannot be used to study more complex
systems such as CLD beams or plates. Therefore, more research can be carried out to
expand the analysis to other configurations and to keep investigating the viscoelastic
properties of materials characterized by fractional derivative models.
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