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1. Introduction

The g-calculus is classical calculus without the concept of limit. In recent years, g-
calculus has attracted great attention of scholars on account of its applications in the
research field of physics and mathematics as, for example, in the study of quantum groups,
g-deformed superalgebras, fractals and multifractal measures, optimal control problems
and in chaotic dynamical systems. The application of g-calculus involving g-derivatives and
g-integrals was initiated by Jackson [1,2]. Later, the g-derivative operator (or g-difference
operator) was used to investigate the geometry of g-starlike functions for the first time in [3].
Moreover, Aral [4] and Anastassiou and Gal [5,6] generalized some complex operators
which are known as the g-Picad and the g-Gauss—Weierstrass singular integral operators.
Recently, Srivastava et al. [7] have written a series of articles [8-10] in which they combined
the g-difference operator and the Janowski functions to define new function classes and
studied their useful properties from different viewpoints. In addition, we choose to
refer the interested reader to further developments on g-theory in [11-18]. In paricular,
in his recent survey-cum-expository review article, Srivastava [18] exposed the trivial
and inconsequential developments in the literature in which known g-results are being
routinely translated into the corresponding (p, g)-results by forcing an obviously redundant
or superfluous parameter p into the known g-results.

Let A, denote the class of p-valent analytic functions f(z) given by the following
Taylor-Maclaurin series expansion:

f(z) =2F + Z:O:laﬁnzp*” (reN)

in the open unit disk D = {z : |z| < 1}. For p = 1, we write A := A;. In the whole
paper, we let N, C and R be the sets of positive integers, complex numbers and real
numbers, respectively.

A function f(z) € A, is called to be a p-valent starlike function of order ¢ and is
written as f(z) € S;(0), if it satisfies the following inequality:

zf'(2)
Re(f(z)) >6 (056 <p) 1)
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forallz € D.
A function f(z) € Ay is known as a p-valent convex function of order ¢ and is denoted
by f(z) € Cp(9), if it meets the following condition:

Re (1 + Z]{,”((ZZ))> S5 (056 < p) )

forallz € D.
From (1) and (2), we have the following equivalence:

f(2) € Co(6) & Zf;” 55(6).

Definition 1. Let 0 < q < 1 and introduce the g-number [A], by

1—q’\

= (Ae©)
[A]q: .

n—

qu:1+q+q2++q”71 (/\ZI’ZEN)

k=0

Let [Alg - [A]g == [/\]3. In particular, when A = 0, we have [0]; = 0.

Definition 2 (See [1,2]). Let 0 < g < 1. Then the q-difference operator Dy of a function f(z) is
given by
z) — f(qz
F& ) Ly

f'(0) (z=0),
if f(0) exists.
One can observe from Definition 2 that
_ o flz) —f(z) _
ql_l)I{l_qu( ) —ql_l)I{l_ (q—l)Z —f(Z),
provided that f(z) is a differentiable function in a set of C. Furthermore, for f(z) = zP +

Y1 Ap+nzP ", one can see that

Dyf(z) = [plgz"™ 't Z [p +nlgapinzf ™" (z #0),

where . .
[plg = 1__qq =1+q+q +--+q"".

A function f(z) belonging to Ay is called to be a p-valent g-starlike function of order o and is
written as f(z) € S;, ,(0), if it meets the condition:

zD,f(z
Re< fqég )> So (050 < [ply) 3)

forallz € D.
A function f(z) belonging to Ay is referred to as a p-valent q-convex function of order o and
is written as f(z) € Cpy4(0), if it meets the condition:

Re( DDA

) 2o s <ipl) @
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forallz € D.
From (3) and (4), it is not difficult to verify that

£(2) € Cpglo) & ZD[‘LJ][:Z) € S} ,(0).

Definition 3. A function h(z), analytic in D with h(0) = 1, is called to belong to P[A, B}, if

1+ Az
1< <
h(z) < 15 B (-1=B < A1),
equivalently we can write
h(z) —1
3 iy <

For analytic functions h(z) and p(z) (z € D), the function p(z) is said to subordinate to the
function h(z) and written p(z) < h(z) (z € D) , if there exists an analytic function w(z)(z € D)
with w(0) = 0 and |w(z)| < 1so that p(z) = h(w(z)) (z € D). Suppose that h(z) is analytic
univalent in D, then the following equivalence holds true:

p(z) < h(z) (z€ D)<= p(0)=h(0) and p(D)C h(D).

In g-calculus concept, we now define the following subclasses of Ay in connection with the
g-difference operator Dj.

Definition 4. A function f(z) belonging to A, is called to bein 1, 4 (x, A, B), if it meets the condition

D D, (zD
! <qu&)—az ﬂzqf@”> JIrAz oAt 0Za<1, qe(01),

T—a\ [plaf(2) [pl3f(2) 1+ Bz’

or equivalently

2D, f(z) “qu(quf(z)) _ (1 B “)

2
o lipj‘q(fEZ) Dq(zDqf(2)) <t ©
. o z q z o z q z q z
(1-a)a-B ( P % ) >
We note that:
(1) For a = 0, we obtain S}, ,[A, B|, the family of p-valent g-starlike functions associated with
Janowski function;

(2) Fora =0, A=1and B = —1, weobtain S, ;, the family of p-valent g-starlike functions;

(3) Eor v=0,A=1,B=—1andq— 1—, we have Sy, the family of p-valent starlike func-
tions;
(4) Fora =0,A=1B=—-1,q— 1—andp =1, weobtain S*, the family of starlike functions.

A well-known question in GFT is to discuss the functional composed of combinations of
certain coefficients of functions. The class Ay is made up of functions of the form f(z) = z +
az% + a3z + - - - (z € D). The Fekete-Szego functional describes a specific relationship between
coefficient ay and as, i.e., |as — Aa3|, 0OSAS1. Fekete and Szego [19] found that |az — Aa3| is
bounded by 1+ 2exp(—A/(1—A)) for 0SA < 1and f(z) € Aq and the bound is sharp for every
A. In particular, if we let f(z) € Ay and A = 1, then |az — a3|<1. More recently, Srivastava et al.
researched the Fekete-Szego inequalities for several classes of q-convex and g-starlike functions
in [20].

Let Q) denote the family of functions of the form:

w(z) = wiz 4wz + w3z + - - -,

in D with |w(z)| < 1.
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To derive the main results, we recall the following lemmas.

Lemma 1 (References [21-23]). Let w(z) € Q. Then

—t (t=—-1)
s — td | max{1, |} = { 1 (—15t<1)
t (t21).
Fort > 1ort < —1, the equality occurs when w(z) = z or w(z) = ze'. For t € (—1,1),
the equality is true when w(z) = z2 or w(z) = z%e'. For t = —1, the equality occurs when
wls) = L osysn),
For t =1, the equality occurs when
w(z) = — 22 (ocy<r),
nz+1

These above upper bounds are best possible, and they could be further extended. For t € (—1,1):
jwy — twi| + (t+ D]y P<1 (€ (-1,0)),

and
|wy — tw%| +(1- t)|w1\2§1 (te(0,1)).

Lemma 2 (Reference [24]). Let w(z) € Q. Then for q1,q2 € R, we have the following sharp

estimates:
H(q1,92) > |q1w1wa + qows + ws),

where
1 (‘71/‘72) € DU Dy
|92 (91,92) € Ug_3Dx

1
2 1+ g1 )2
—(1+ —_— , € DguU D
H(q1,92) =
2 2 2

2 91— 4 g7 —4
- , € DijpUDq1 — {£2,1
3 <1ﬁ 4¢I2> <3(Q2 1)) (91,92) € D1pU D11 —{ }
%(| |- 1) [ et 1 ( )eD
3 q1 3( q1,492 12-

1—|q| +9q2)
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The above Dy, (k =1,2,--- ,12) are given as the following:

AS)
|

1
CESHAEATRES

>
|

1 4
(02) s 5II<2, 0+ nD® - (L4 D Sqest},

1
(91,92) W1|§§/ D= — 1},

S
|
I e N N

1 2
(12) s 1 25, 25— 30+ )}
(91,02) |22, 2213,
(12) 254, @2 554 ) |,

S 8 O
|

S
I

>
I

(1.92)  laa|24, @222 (lqa| — 1>},

2 4
(‘11/172)2*<|011|<2 —30+mDZRs 0+ q)’ - (1+Iq1|)},

< Iqll(lqul)
73 +2|q1| + 4

S
I

2
(71,42) + 1122, =3 (L + | q1])S42=

2|¢71|(1+\‘11|) 1
Dy = 2< g1 184, 2 Y << (8 +
10 {(171 72) : 2=|q1|=4 o 41 2l <= 2( 41)

2|q1|(1 + |q1]) 2|q1|(lg:] = 1)
D11 =< (91,92) : 91124, <o S ,
{ 4+ g7 +2|q1| 4+ g7 —2|q1]

2|q|(Jq:] = 1) -
Dy = gy |24, 2N — D) 1
12 {(‘11/42) 91124, -2 _3(|Ih| ) ¢-

Unless otherwise stated, we assume the entire paper that
—1=B < A=1,0=2a < landg € (0,1).

In this paper, we shall study some geometric properties of functions belonging to
Ip4(a, A, B) such as Fekete-Szeg6 inequality, necessary and sufficient conditions, distortion
and growth theorems, coefficient estimates, radii of convexity and starlikeness, closure
theorems and partial sums.

2. Main Results
Theorem 1. Let f(z) € Ap and

[p+14[ply — [P]é.

<a<
= [p+313-[pl2

If f(z) € Ipg(a, A, B) and p € C, then

—ua)(A— 2 —ua)(A— 2
\ap+2—ﬂaf,+1|§(1 )(Ez B)lrl; max{l, B+ a )(El B)[p]q( %—1) } (6)
and . AR
|“p+3\<( &l ) ]qH(ChILIz)/ @)
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where

En = [p+nlg([plg—alp+nlg) — 1= a)[pl; (n=1,23),
(1—a)(A—B)[pli(Er + E2)

‘71 = —-2B + E1E2 ’
%:y_<a—wm—3mﬁy
Eq
(—a)(A-B)pf(E +E2) [ (1-a)(A-B)[pl}
+ EE, d (—B+ E q).

Proof of Theorem 1. If f(z) € I, 4(«, A, B), by Definition 4, there is a function

w(z) = wiz+ w2 + w3 +--- €0,

such that
1 (zDgf(z) aqu(quf(z)) _ 1+ Aw(z)
1T—a\ [plgf(2) pif(2) 1+ Buw(z)’
Since
1 zDy f(z) B zDy(zDyf(2)) 4 E;
1—N<Whﬂw TR ) Ta R
E> Eq 5 5
Ql—@WE%“<1—MWﬁ%H>Z*
Es Eq 3
<(1 — oc)[p}%ap+3 A a)[p]gawr
Ei1+E
7(1 iz) [;]gaﬁlaﬁz) 23 + ..
and
ﬁ?%) =1+ (A—B)wiz + (A~ B)(w, — Buw?)z? + (A — B) (w3 — 2Bwywy + B*w})2® + - -,
we have
_ (1-a)(A-B)[plfw
Ap+1 = E ,
C W) (A — 2 Z V(A — 2
apy2 = £ )(122 2l wy + w? <—B+ a )(21 B)[p]q>],
- (1- a)<123— B)pl3 {w3 N (—23 (1w _Ezj;[f]g(a + Ez))w1w2+

Eq E1E

. ((1 a)(AB)[p}éﬂ }
Ey

[Bz ((1—a><A—B>[p]s)2+ (1= 2)(A ~ B)pI3(E: + Ea)

®)
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Therefore, we obtain

1—a)(A— B)[p]?
llp+2 _ ya§+l _ ( a)(Ez )[p]q {wz _ Vw%}, (9)

where

v=B+

(A-a)(A-BPB( E
Eq ’
By applying Lemmas 1 and 2 to (8) and (9), respectively, we obtain (6) and (7). Now
the proof of the Theorem is completed. O

)2
Corollary 1. Let f(z) € Ay and oyg%. Iff(z) € Ig(a, A, B) and p € R, then

1—a)(A—B)[p)? 1—a)(A—B)[p)2
( )(E2 )[pls <B+( )(El )[plg (17 ?)) (n<er)
— V(A — B)[p2
TR IS B “;‘2 Blrly (1 SH<or)
(1-a)(A-B)[p] (1-a)(A-B)[pl; / E
E, : ( Ey : <y}§ a 1)) (k202),
where
_-1-BE+ (- a)(4 - BFRE
! (1-a)(A— B)[pRE>
and
o [(1=B)E1+ (1 —a)(A - B)[p]7]Ex
? (1—a)(A—B)[pl2E,
Furthermore, let
o+ [ZBEi+(1-a)(A-B)[pIlEs
BT T T T A-0(A-B)[EE
If oy < u<os, then
2 (1-a)(A-B)pl

(1+B)+

o 2
1@p2 = pap il + A - B)[p]2E

(422 1) iyt =00

Ifos <y < oy, then

Eq

|api2 — pay | + i (1
P (1—a)(A = B)[plaE2

1—a)(A— B)[p)?
(1052 o LA =B

(1-a)(A-B)[p}

—B) + E

Ply < i
Theorem 2. Let ), Swa < 1. Additionally, let

f(z) =2 — Zzozl\ap+n|zp+” € Ap.
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Then the function f(z) belongs to I 4(«, A, B) if and only if
Yoy (L BY I+ plg(wln + ply = [plg) + (1= ) (1 + AP} ) lapal
=(1-a)(A=B)[plj. (10)

Proof of Theorem 2. Assuming that the inequality (10) holds true, we need to show the
inequality (5). Now we have

quf(z)_ qu(quf(z))_ _
IR

A (DG DD ()
(1-a)A B(mqf(z) YT )

[PlgzDyf (z) — azDy(2Dyf(2)) — (1 — &) [pl3f (2)
(1 —a)A[pl3f(2) — B([plgzDqf (2) — azDyq (2D, f (2)))
Yo ([ + plg(aln + plg — [plg) + (1 — &) [p]) lans pl2" 7
(A= B)(1—a)[plgzl — Xy (Bln + plg(aln + plg — [plg) + (1 — &) Alp]g)ans p|2" TP
Lo ([ + plg(aln + plg — [plg) + (1 — &) [p])lansp|2"
(A—=B)(1 = a)[plf — Loly (Bln + plg(a[n + plg — [plg) + (1 = ) Alp]3) |antp|2"

<1,

which shows that the function f(z) belongs to I, 4(a, A, B).
On the other hand, we let the function f(z) = z/ — Y37 [apn|2P ™" € I, 4(a, A, B).
Then from (5), one can see that

zDyf(z)  zDg(zDgf(z)) (4
W@t 1)

zD, f(z) 2Dy (zDq f (2))
(1-a)A-B ( L@ ) )

£ ([p + nlg(alp + nlg — [plg) + (1 = @) [p]2)[apsul2"
(1—a)(A = B)[plf — iy (Blp + nlg(alp + nlg — [plg) + (1 — @) A[pl§)apn|z"
<1. (11)

The inequality (11) is correct for z € D. By choosing z = Rez — 1, we obtain (10).
Thus, the Theorem is proved. O

Corollary 2. Let [p[i]f],, Sa <L Iff(z) =2 — L |apn|zP ™" € Ipq(a, A, B), then

. (4= B)(1-a)[pl
"= (14 B)[n+ ply(afn + ply — [ply) + (1 — )1+ A)[p]2

(n=12---).

The result is best possible for f(z) defined as

(A—B)(1—a)[pl;

flz) =2F - - -
(1+B)[n+ plg(afn +ply = [plg) + (1 + A) (1~ a)[p]

N

lPlg <
Theorem 3. Let ], =% < 1. If

fz) =20 =Y > |apulzP™ € Ip4(a, A, B),

then, for |z| =r < 1,
rP — Tlrp+1§|f(z)|§r7” + Pt
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where
(A—=B)(1—a)[pl7
(B+1)[1+ plg(all + plg — [plg) + (1 + A) (1 = a)[p]§

The bounds are best possible for f(z) given as

L (A—B)(1-a)[pl; 1+
) =2 B+ ply @l + ply— )+ A+ AP

T =

Proof of Theorem 3. Let
(o]
fz) =2 =Y " lapinlzP .

Then, by applying the triangle inequality, we have

f(2)] = ‘Z’” =Y lapn| 2T S 2P+ Y (gl [z

Since |z| = r < 1, we can see that 17" <rP*1, Thus, we have

If(2)| <P + r”*lzzozl |apin] (12)

and
|f(z)|2rP — rp+12n:1|ap+n|. (13)
Considering f(z) € I4(«, A, B), we know from Theorem 2 that

oy (4 BY o+ plg(wln + plg = [plg) + (1+ A) (L = )03 )l
<(A—B)(1—a)[p]2.

Since the sequence {(1 + B)[n + plg(a[n+ply — [plg) + (1+A)(1 —«) [p]fl} is increas-

ing regarding n (7>1), we have
(1 +B) L+ plg(alt +ply = [plg) + A+ A) 1 =) [pI2) oy Lo
<Yy (B4 D[+ ply(aln + plg = [ply) + 1+ A) (1 = ) [p]3 ) lan- |
Hence by transitivity we obtain
((B+ DL+ ply(alt +ply = [Plg) + 1+ A) A = @)[p)2) Loy lansp| (A= B)(1 =) ]2,
which implies that

£ < (A= B)(1—a)[p3
== B D[+ ply @[T+ ply — [plg) + (T+ A) (A =) [pl3

(14)

Substituting (14) into (12) and (13), we obtain the required results. The proof of
Theorem 3 is completed. [

_ _ 2
Theorem 4. Let [p[i]f]q§oc < 1and (1+A)[p]q([p;1+].h%[p]q) Pt g < AZL I f(z) =

2P — Yo |apin|2Pt" € I 4(a, A, B), then, for |z| = r < 1, we have
[plgr" ™" = wrP <IDgf(2) | S[plgr? " + ar?,

where
(A—B)(1—a)[pl3[1+ plg
(B+1)[1+plg(all +plg — [plg) + (1 + A) (1 —a)[p]F

Ty =
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The results are best possible for the following function

(A= B)(1-w)[p] o
(B D+ Pl + ply— [Ply) + (L A1)

Proof of Theorem 4. Let

flz) =2 -

f(z) =2F — Zzo:1|ap+n|zp+”.

Then, from Definition 2, we can write

qf( )=1p ]qu 1 Z?:1[P+n]q|ap+n‘zp+nil-

By applying the triangle inequality, we obtain

IDgf ()] = [[plg=" " = ooy [+ plglansp "7~ |SIplglzlP ™" + Loy In 4 plalanep e+

Furthermore, we have

|qu(z)|§7’p 1 rpz [n+ p] |‘1n+p| (15)
and
Daf @27 [plg = P Yy I + plglan-pl- (16)
Because of the function f(z) belonging to the class I,4(a, A, B), we find from
Theorem 2 that

(1+A4)1-a)[pl?
[n+plq

Yo ((B +)(aln+plg = [plg) + ) [+ plglantp|S(A — B)(1 - a)[p]7.

As we know that

[p+nlq

{(1+B)(a[P+”]q—[P]q)+ a )(1+A)[p]q}

is an increasing sequence regarding n (n=1), so

1+ A)(1—a)[p2
(1+ [1)1p];)[p}q>Zn_l["ﬂﬂ}qlanﬂal

(1+A)(1—a)[pl]
[n+plg

((B+1)(0<[1+P}q —[plg) +

<Zn 1( (B+1)(aln+plg— [plg) + )[n+p}q|an+p|.

Thus, by transitivity, we have

(1+A)(1—a)[p)3
(14 plq

<(B+1)(“[1+P]q_[?’]q)+ )Zn 1+ plglans | S(A = B) (1 —a)[p]7,

which implies that

(A—B)(1—-a)[pl3[1+ply

I o) e W s e o ey ey A

Now, by putting (17) in (15) and (16), we complete the proof of Theorem 4. [

Theorem 5. Let

<a<1 (—=1£B, < 0 < B1£1).
[p+1lq
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Additionally, let 056 < p. If

f(z) =2 =Y |apinlzP ™" € Ig(a, A, B),

then, for 0 < |z| < rq, f(z) is p-valent starlike function of order 6, where

o — mind inf (P*(5)(B1*Bz)<(B+1)[n+p]q(zx[n+p]q7[p}q)+(1+A)(17a)[p]é) i 1
b ((p—0)(By — By) +n(1—By))(A—B)(1—a)[p]? ’

n=1

Proof of Theorem 5. Let f(z) € Ipq(a, A, B). In order to prove f(z) € S;(J), we need to

show that o
z z
o ~ % 1+Biz

p—2~6 1+ Byz’

(0=6 < p,—1=B, < 0 < B1<1).

The subordination above is equivalent to | — By f’(z)if(,;ZB)lip&f('(le)_ BN | < 1. After some

calculations and simplifications, we obtain

SR

From the inequality (10), we can obviously find that

w (B4 + plo(aln + ply — [ply) + (1+ A)(1 — ) [p)3
Lo AR 2R Hansyl <1

Inequality (18) can be seen to be true if it satisfies the following inequality:

| n

220:1 (F — 521(95’1 ;)l(géz i— ZS — BZ) |ﬂp+n||Z

= (1+B)[p+n]q(“[P+”]q_[P]q)*‘(l_“)(l*‘A)[p]g?m |
n=1 (1—a)(A-B)[p]2 P

The above inequality indicates that

(p—8)(B1 = B2) (B+ 1)+ ply(aln + ply — [plg) + (1 + A) (1 — ) [p]2)
((p—0)(B1 — By) +n(1—B;))(A— B) (1 — ) [}

2" <

or

1

o (P DE B+ B+ ly(alp-+oly — [plg) + w1+ M)
: ((p = 8)(B1 — Ba) + (1~ B2)) (1 — ) (A~ B)[p]3 |

Let

r1 = min{ inf
n>1

(p—29)(B1— Bz)((B +1)[n+ plg(afn+plg— [plg) + 1+ A)(1 — “)[P]é) 0 1
((p—06)(B1 — By) +n(1—By))(A—B)(1—a)[p]2 Ay

then we obtain the required result. The proof of Theorem 5 is completed.
With the aid of the method in the proof of Theorem 5, we also obtain the following
theorems for the classes Cy(9), S}, ,(0) and Cp4(0), respectively. [
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Theorem 6. Let [p[i]f]qga <1, -1=By < 0 < B1S1and 056 < p. If

fz) =20 =Y > |apnl|zP™ € Ipg(a, A, B),

then, for 0 < |z| < 1, f(z) is p-valent convex function of order 6, where

1

] (P = OB = B (B Dl + ply(en + ply = [pla) + (1 AL [p) | "
* (n+p)(p = 9)(Br — By) + (1 - By)) (A — B) (1 — ) [p] ’

n>1

Theorem 7. Let [p[i]f]q Sa <1, -1=B; <0 < Bi=land 0=c < [ply. If

f@) =20 =Y lapial2P*" € Ipg(w, A, B),

then, for 0 < |z| < r3, f(z) is p-valent q-starlike function of order o, where

(Iplg — ) (B — BZ)((B +1)[n+plgafn+ply — [plg) + 1+ A)(1 - “)[Pﬁ) : 1
([n + plg(1 = B2) — [plg(1 = B1) — o(By — B2)) (A — B)(1 - a)[p[3 '

r3 = min{ inf
n=1

Theorem 8. Let [p[i]f]q Sa < 1,050 < [p]gand —1=By < 0 < By=1. If the function

flz)=2" =Y > lanip|z"P € Ipg(w, A, B),

then, for 0 < |z| < r4, f(z) is p-valent q-convex function of order o, where

n=1

] (1Pl =) (B B2) (B Dl ply(aln 4 ply — [pl) + 0L+ )0 - @)lp) |
o [+ ply(fn+ ply(1— B2) — [ply(1— B1) —o(Br — B2)) (A- B)(L —a)[plf |

Taking By = 1 and By = —1 in Theorems 5 to 8, we obtain the following corollaries,
respectively.

Corollary 3. Let 0=6 < p and [ﬁ]ﬁq <a < 1. If the function

f(Z) = Zp - Z:’:1|an+p|zn+p S Ip,q(ﬂ(, A, B),
then, for 0 < |z| < rs, f(z) is p-valent starlike function of order &, where

1

(p=8) ((B+ Dl +pla(aln +ply — [ply) + 1L+ )1 - w)pf) \ "
(A=B) (A —a)(n+p—0)[p]3 '

rs = ming inf
n=1

Corollary 4. Let 056 < p and %ga < 1. If the function

flz) =2 =Y > lanip|2"P € Ipg(a, A, B),
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then, for 0 < |z| < ¢, f(z) is p-valent convex function of order 6, where

r¢ = min< inf
n=1

p(p—8)((B+1)In+ ply(aln + ply — [ply) + 1+ A) A = )[p12) | ” )
(A=B)YT—a)(n+p)(n+p—0)ph ’

Corollary 5. Let 0=0 < [p], and [p[i]f]q <a < 1. If the function

f(Z) = Zp - Z;‘o:1|an+p|zn+p S Ip,q(l’(, A, B),

then, for 0 < |z| < ry, f(z) is p-valent g-starlike function of order o, where

([n+plg — o) (A= B)(1 —a)[pl3

n>1

in{ i f(qp]q_U)<(B+1)[”+Ph(“["+p]q—[p]q)+(1+A)(1—a)[p]5>>” 1
r7 = ming in ’

Corollary 6. Let 0=0 < [p], and [p[i]f]q <a < 1. If the function

f(Z) = Zp - Z:’:1|an+p|zn+p S Ip,q(ﬂ(, A, B),

then, for 0 < |z| < rg, f(z) is p-valent g-convex function of order o, where

rg = min{ inf
n=1

Pla(ply =) ((B+ Dl -+ plalaln+ plg — [ply) + L+ A -0l) \ "
[+ ply(fn + plg — o) (A= B)(1 ) ]} /

Next, we will study the ratio of a function

flz) =28 =} 7 apen 2Pt

to its sequence of partial sums given by

flz) =2F =Y > lapialzf™" (VzeD).

lPlg <
Theorem 9. Let o], =% < 1. If

f(z) =20 =Y > |apnl|zP™ € Ipg(a, A, B),

then

NCAVIE S
: (fk(z)) 1 Pr+1 (zeD) &)
and
fr(2) Pr+1 5
Re(J3) > 1, e 20)
where

~ (BED)[A+p+kg(afl+p+Ky—[plg
Pher1 = (A-B)(1-a)[p

Proof of Theorem 9. To prove (19), we set

Pron {f(z) _ ( 1 ﬂ _ 1 *er(l:ﬂ”wn\zn — Q1 Lk |Ap+nZ” _1 + w(z)
Az Pr+1 1-— }:’;:1|ap+n|z” 1—w(z)
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After some simplifications, we have

w(z) = i — Q1 s 1| 8pn 2"
2—-2y |“p+n |z" — (Pk+1ZZO:k+1 |ﬂp+n|zn
and -
()| i P11 apnl ‘
2=2) 0 qlapsn| = Qe lnpes [ap4nl
Thus, we find that |w(z)| < 1 if and only if

k IS
En:1|’1p+n| + (Pk+12n:k+1|”p+n‘ <L (22)
From (10) we have
Zn:1¢n|an+p| < 1.

It is not difficult to see that the sequence { ¢, } is increasing regarding n. Additionally,
we can see that ¢,21 (n = 1,2, - - ). Thus, we obtain

k k
Y lanipl + (Pk+1220:k+1‘a”+P‘§Zn:1¢"|a”+P| + Z;;.o:k+1‘/’"|””+ﬁ| =Y oy Pulansp| < 1.

Thus, the inequality (22) is true. This proves (19).
Next, in order to prove the inequality (20), we consider

(1+ Prt1) £E) e ] _ 1 Eaclpenlz” + e Ty ppalpenlz” 14 w(z)
T fz) 1+ grn 1= [apin]2” = w()

By simple calculating, we find that

(1+ §9k+1)220:k+1 |”n+p|zn
2+ (@1 — DI par|ansplz" — 255 g |anyplz”

w(z) =

and .
(1 + @ry 1) Copr 1 [an+pl

2 — (Pry1 — 1)220:k+1|“n+p‘ - 22ﬁ:1|an+p|

Thus, we obtain |w(z)| < 1 if it satisfies the following condition:

A

|w(z)]

k
Zn:1|“p+n| + (Pk+12:10:k+1|“p+n‘ <L

The remaining part of the proof is similar to that of (19) and we omit it. Now we
complete The proof of Theorem 9. O

Pls <
Theorem 10. Let rESIP Sa <1 If

fi(z) =2F — Z:o:1|ap+n/j|zp+” € Iy4(a, A, B) (j=1,2),

then, for 0SAX1, the function
H)(z) = Afi(z) + (1 = A) fa(z) € Ipq(a, A, B).
Proof of Theorem 10. For 0SA <1, the function H, (z) can be written as follows:

Hi(z) = Mi(z) + (1 =M fa(z) =2 = Y7 (M

+ (1 - /\) ‘an+p,2|)zn+p‘
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For functions fi(z), f2(z) € Ip4(a, A, B), by Theorem 2, we obtain

Yoy (B D)+ ply(aln + plg = [plg) + 14+ A) 1 = )[p12) (Maws pal + (1= A)anp2)
= ALy (B D)+ plg(wln + ply = [plg) + (1 A) A = @)[p1} ) a1

+ (1= ((B+ 1)+ ply (aln+ plg = [ply) + (1 + A) (1 = ) [p]2) an-p2]

SAMA = B)(1-a)[pl2+ (A - B)(1 - a)(1 - A)[p]?
= (A= B)(1—a)[pl2

This indicates that the function H, (z) belongs to I, 4(«, A, B). Now we complete the proof
of Theorem 10. [

Corollary 7. Let I [Ply Jr]l] <a < land

f](z) =zF — Z:):l|ap+n,j|z”+” € I4(a, A, B) G=12---,0.

Then F(z) = Z}zlAjf]-(z) (Aj20and Z}:V\j = 1) also belongs to I, 4(«, A, B).

Theorem 11. Let [[i]q} Sa < 1 If fi(z) = 2P — X0l ql@pgn j|zP " belongs to Ipq(a, A, B)
(j =1,2), then Qu(z) = (L-mh( )2(l+m)f2(z) (—1=m=1) also belongs to I 4(ax, A, B).

Proof of Theorem 11. Theorem 11 is proved using the similar arguments as in Theorem 10. [J
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