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Abstract: We introduce and study a new type of soliton with a potential Reeb vector field on
Riemannian manifolds with an almost paracontact structure corresponding to an almost paracomplex
structure. The special cases of para-Einstein-like, para-Sasaki-like and having a torse-forming Reeb
vector field were considered. It was proved a necessary and sufficient condition for the manifold to
admit a para-Ricci-like soliton, which is the structure that is para-Einstein-like. Explicit examples are
provided in support of the proven statements.
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1. Introduction

The concept of Ricci solitons was introduced in 1982 by R. S. Hamilton [1] as a special
self-similar solution of the Ricci flow equation; it plays an important role in understanding
its singularities. In other words, Ricci solitons represent a generalization of Einstein metrics
on a Riemannian manifold, being generalized fixed points of the Ricci flow, considered a
dynamical system. A detailed study on Riemannian Ricci solitons can be found in [2].

The study of Ricci solitons in contact Riemannian geometry began in 2008 by R.
Sharma [3]. After that, the investigation of the geometric characteristics of Ricci solitons
has continued on different types of almost contact metric manifolds (see [4-8]). The notion
of the #-Ricci soliton, introduced by J. T. Cho and M. Kimura [9], is a generalization of the
concept of the Ricci soliton. Investigations on #-Ricci solitons were made in [10-12], but in
the context of paracontact geometry.

Recently, various geometers have extensively studied the pseudo-Riemannian proper-
ties of Ricci solitons as their generalizations. This interest is based on the growing interest
of theoretical physicists in Ricci solitons and their relation with string theory. For further
references on pseudo-Riemannian Ricci solitons, see [13-17].

The object of our focus is the geometry of Riemannian manifolds with an almost
paracontact structure corresponding to an almost paracomplex structure. This type of
structure here we call, briefly, a I1-structure, and these manifolds Riemannian 11-manifolds.
In these manifolds, the induced almost product structure on the paracontact distribution
is traceless, and the restriction on the paracontact distribution of the almost paracontact
structure is an almost paracomplex structure. In [18], these manifolds are introduced and
classified. Their investigation is continued in [19,20].

In the present paper, due to the presence of two associated metrics, we introduce and
study our generalization of the Ricci soliton compatible with the manifold structure, called
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the para-Ricci-like soliton. We characterize it in terms of some important types of manifolds
under consideration—para-Einstein-like, para-Sasaki-like and having a torse-forming Reeb
vector field. We provide two examples in support of the proven statements.

2. The Main Results

Theorem 1. Let (M, ¢, &, 1,8) bea (2n + 1)-dimensional para-Sasaki-like Riemannian IT-manifold.
Leta, b, c, A, u, v be constants satisfying the following conditions:

a+A=0, b+u+1=0, c+v—1=0. 1)

Then, (M, $,&,1,g) admits a para-Ricci-like soliton with potential & and constants (A, u,v),
where A + u +v = 2n, if and only if it is para-Einstein-like with constants (a,b,c), where
a+b+c=-2n.

In particular, we obtain the following:

(i) (M, ¢,¢,1,8) admits an n-Ricci soliton with potential & and constants (A,0,2n — A) if and
only if (M, ¢,&,1,8) is para-Einstein-like with constants (—A, —1,A —2n +1).

(i) (M, ¢,¢,n,8) admits a shrinking Ricci soliton with potential & and constants (2n,0,0) if
and only if (M, ¢,&,1,g) is para-Einstein-like with constants (—2n, —1,1).

(iii) (M, ¢,¢,1,8) is n-Einstein with constants (a,0, —2n — a) if and only if (M, $,&,1,8)
admits a para-Ricci-like soliton with potential & and constants (—a, —1,a +2n +1).

(iv) (M, ¢,¢,n,8) is Einstein with constants (2n,0,0) if and only if (M, ¢, ¢, n,8) admits a
para-Ricci-like soliton with potential & and constants (2n, —1,1).

Theorem 2. Let (M, ¢, ¢, 17,8) be a Riemannian T1-manifold and ¢ be torse-forming with function
f. Then, (M, ¢, ¢, n,8) admits a para-Ricci-like soliton with potential & and constants (A, u,v)
if and only if (M, ¢, ¢, 1, 8) is para-Einstein-like with constants (a, b, c) satisfying the following
conditions:

a+A+f=0, b+u=0, c+v—f=0, ()

where f is a constant.
In particular, we have the following:

(i (M, ¢,¢1, g) admits an y-Ricci soliton with potential & and constants (A,0,v) if and only if
(M, ¢,&,1,8) is y-Einstein with constants (a,0,c), wherea +c¢ = —A — v.

(i) (M, ¢,¢,n,8) admits a Ricci soliton with potential & and constants (A,0,0) if and only if
(M, ¢,&,1,8) is y-Einstein with constants (—A — f,0, f).
(M, ¢,¢,1,8) is Einstein with constants (a,0,0) if and only if (M, ¢,&,14,8) admits an

n-Ricci soliton with potential ¢ and constants (—a — f,0, f).

(iii)

3. Riemannian I'T-Manifolds

Let (M, ¢,¢,1,8) be a Riemannian I1-manifold, namely, M is a differentiable odd-
dimensional manifold, equipped with a Riemannian metric g and an almost paracontact
structure (¢, ¢, 1), i.e., ¢ is a (1,1)-tensor field, ¢ is the characteristic vector field and 7 is its
dual 1-form, which satisfy the following:

P;=0, ¢*=I-nai nop=0 n(@)=1, 3)
trg =0,  glpx,¢y) =g(x,y) —n(x)ny),

where [ is the identity transformation on TM ([19,21]). Consequently, we obtain the
following equations:
8(px,y) = g(x, ¢y), g(x,&) =n(x), @
8(6,¢) =1, 1(Vxg) =0,

where V denotes the Levi-Civita connection of g. Here and further, x, y, z, w stand for
arbitrary vector fields from X(M) or vectors in TM at a fixed point of M.
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The associated metric § of g on (M, ¢, ¢, 17,g) is determined by the equality §(x,y) =
g(x,¢y) + n(x)y(y). Therefore, § is an indefinite metric of signature (n + 1, n), which is
compatible with (M, ¢, ¢, 1, ) in the same way as g.

The Riemannian I'T-manifolds are classified in [18]. This classification contains eleven
basic classes, F1, F», ..., F11, and it is made with respect to the (0,3)-tensor F determined
by the following:

F(x,y,2) = g((Vx9)y, z). ®)

The following basic properties of F are valid:

F(x,y,z) = F(x,2,y)
= —F(x, ¢y, ¢z) + n(y)F(x, ¢, z) +1(2)F(x,¥,¢), 6)
(Van)y = (Vi y) = —F(x, ¢y, ).

The intersection of the basic classes is denoted by JFy, which is the special class
determined by the condition F = 0.
The one-forms associated with F (also known as Lee forms) are defined by the follow-
ing: B B
0 =g'F(eiej,-), 0" =g"Flei,pej,-), w=F(5E, ), @)
where (g’j ) is the inverse matrix of (gij) of ¢ with respect to a basis {¢;¢;} (i =1,2,...,2n)
of T,M, p € M.

3.1. Para-Sasaki-Like Manifolds

In [22], the class of para-Sasaki-like spaces is defined in the set of Riemannian I1-
manifolds obtained from a specific cone construction. The considered para-Sasaki-like
spaces are determined by the following:

(Vxp)y = —g(x,y)& —n(y)x + 21 (x)n(y)¢, ®)
= —g(¢x, py)& — n(y)¢p?x.

Remark 1. The Riemannian I1-manifolds of para-Sasaki-like type form a subclass of the basic class
F4 from [18] and their Lee forms are 0 = —2ny and 6* = w = 0.

In [22], the truthfulness of the following identities is proved by the following:

Vil = ¢x, (Van)(y) = g(x, ¢y),
R(x,y)¢ = —n(y)x+n(x)y, R(Ey)E= ¢y, ©)
p(x, &) = —2nn(x), p(E, &) = —2n,

where R and p denote the curvature tensor and the Ricci tensor, respectively.

3.2. Para-Einstein-Like Manifolds

Definition 1. A Riemannian I1-manifold (M, ¢, ¢, 1,g) is said to be para-Einstein-like with
constants (a, b, c) if its Ricci tensor p satisfies the following:

p=ag+bi+cn®my. (10)

In particular, the manifold is known to be called an #-Einstein manifold and an Einstein
manifold when b = 0 and b = ¢ = 0, respectively.
Using (10), we obtain the corresponding scalar curvature as follows:

T=02n+1)a+b+c. (11)

Remark 2. The Reeb vector field & of a para-Einstein-like manifold (M, ¢, &, 1, Q) is an eigenvector
of the Ricci operator Q = p%, i.e., g(Qx,y) = p(x,vy), corresponding to the eigenvalue a + b+ c.
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Proposition 1. The Ricci tensor p of a para-Einstein-like manifold (M, ¢, &, 1, ) has the follow-
ing properties:

p(px, py) = p(x,y) — (a+b+c)n(x)n(y),
p(¢px,y) = p(x, ¢y), p(¢x,&) =0, (12)
p(x,8) =(a+b+c)n(x), p(G¢)=a+b+c,

(pr) (%Z) - bg((VX(P)y/Z) (13)

+ (b + {8V, y)n(z) +8(VxG, 2)n(y) }-

Proof. We confirm the validity of the proposition by applying (3) and (4) in (10). O

Proposition 2. Let (M, $,&,1,8) be a (2n + 1)-dimensional Riemannian I1-manifold, which is
para-Sasaki-like and para-Einstein-like with constants (a, b, c). Then, we have the following:

a+b+c=-2n, T=2n(a—1), (14)

(Vip)(y,2) = (b +c){g(x, ¢y)n(z) + g(x, ¢2)(y) } (15)
— b{g(¢px, py)n(z) + g(Px, ¢z)5(y)},

a=-2n—5.(divip)(&), b=—75(divp)() 16)

= L {(divp) (@) + (div* p) (2)},

where div and div* stand for the divergence with respect to g and §, respectively.

Proof. Using (11) and the last equalities of (9) and (12), we obtain (14). The next expression
(15) follows from (8) and (13). We obtain the assertions in (16) by taking the traces over x

and y in (15) with respect to both metrics, using §'/ = ¢{<gik +¢ig. O

Corollary 1. Let (M, ¢, &, 1,8) be a para-Sasaki-like para-Einstein-like manifold with constants

(a,b,c). Then:

(i) A necessary and sufficient condition (M, ¢,{, 1, g) to be scalar-flat is a = 1.

(ii) A necessary and sufficient condition (M, ¢, &,11,8) to be Ricci-symmetric is to be an Einstein
manifold.

(iii) The Ricci tensor of (M, ¢, &, 1, ) is n-parallel and parallel along &.

(iv) A necessary and sufficient condition (M, ¢, , 1, ) to be y-Einstein is div Q € ker 7.

(v) A necessary and sufficient condition (M, ¢, &, 1, g) to be Einstein is div Q, div* Q € kery.

Proof. It is easy to check the validity of (i) and (ii), bearing in mind (14) and (15), re-
spectively. The truthfulness of (iii) comes from (Vp)|ier;, = 0 and Vgp = 0, which are
corollaries of (15). Similarly, we obtain that (iv) and (v) are valid, using the value of b in
(16) and the identities (Vyp)(y,z) = ((VxQ)y, z) and (divp)(z) = g(divQ,z). O

Moreover, using (14), we obtain that each Einstein para-Sasaki-like (M, ¢, ¢, 77, ) has
a scalar curvature T = —2n(2n +1).

3.3. Riemannian I1-Manifolds with a Torse-Forming Reeb Vector Field

It is known that a vector field ¢ is called torse-forming if V¢ = f x + a(x)¢ is valid for
a smooth function f and a one-form « on the manifold. The one-form « on a Riemannian
IT-manifold (M, ¢,¢,7,g) is determined by & = — f 7, taking into account the last equality
in (4). Then, we have the following equivalent equalities:

Vil =f¢*x,  (Van)(y) = f3(¢x, py). (17)

In the further investigations, we omit the trivial case when f = 0.
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Proposition 3. Each (M, ¢, &, 1, ) with torse-forming & belongs to the class F1 & F, & F3 &
Fs5 ® Fg ® Fr9. Moreover, among the basic classes, only F5 can contain such a manifold.

Proof. Taking into account (6) and (7), equalities (17) imply 6*(¢) = —2n f and (&) =
w = 0. Therefore, bearing in mind the components of F in the basic classes F;, given in [19],
we obtain the statement. [

As a result of the latter proposition, a manifold (M, ¢, ¢, 7,g) € Fs with torse-forming
¢ is determined by the following;:

(Vxp)y = —f{g(x, ¢y)¢ +n(y)px}. (18)

Proposition 4. The Reeb vector field { of each para-Sasaki-like manifold (M, ¢, ¢, n,8) is not
torse-forming.

Proof. Taking into account Remark 1 and Proposition 3, we prove the assertion. [

Corollary 2. Let a Riemannian I1-manifold (M, ¢, ¢, 1, g) with torse-forming ¢ be para-Einstein-
like. Then, a necessary and sufficient condition (M, ¢, &, 1, ) to be Ricci-symmetric is to be an
Einstein manifold.

Proof. Similar to (ii) of Corollary 1, we obtain the statement, using (13) and (17). O

4. Proofs of Theorem 1 and Theorem 2

A Ricci soliton is a pseudo-Riemannian manifold (M, g), which admits a smooth
non-zero vector field v on M such that the following holds [1]:

p=—53Log—Ag,

where £ stands for the Lie derivative and A is a constant. In particular, a Ricci soliton with
negative, zero or positive A is called shrinking, steady or expanding, respectively [23].

The authors of [9] made a generalization of the Ricci soliton on an almost contact metric
manifold (M, ¢, ¢, 7, g) called an #-Ricci soliton determined by p = — %ng —Ag—Vvn®1,
where v is also a constant.

Due to the presence of two associated metrics on almost contact B-metric manifolds, a
subsequent generalization of the Ricci soliton and the #-Ricci soliton is presented in [17],
called a Ricci-like soliton. Here, we introduce our generalization in terms of Riemannian
IT-manifolds as follows.

Definition 2. A Riemannian IT-manifold (M, $,&,1,g) is called a para-Ricci-like soliton with
potential vector field & and constants (A, u,v) if its Ricci tensor p satisfies the following:

p=—3Leg—Ag—pug—vn®i. (19)

Taking into account (19) and

(£e8) (x,y) = 8(Val,y) +8(x, V), (20)

we obtain the scalar curvature
T=—divi— (2n+ 1A —pu—v.

Proposition 5. Let (M, ¢, ¢, 1, 8) be a para-Einstein-like manifold with constants (a,b, c), and
let (M, ¢, ¢, n,8) admit a para-Ricci-like soliton with potential & and constants (A, u,v). Then, we
have the following:

(i) a+b+c=-A—pu—v;
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(i) V&g =0,ie., is geodesic;
(iii) (V(:(P)C =0, Véﬂ =0, w=0;
(@) (Vep)(y,2) = bg((Ved)y, 2).

Proof. By virtue of (10), (19) and (20), we obtain the following;:

(V8 y) +8(Vy& x) = =2{(a+A)g(x,y) + (b + n)g(x, ¢y)
+ (b +c+u+v)n(x)ny)}-

By substituting y for ¢ in the latter equality, we prove the truthfulness of (i) and (ii).
The validity of (iii) comes from (5)-(7). Finally, (13) and V¢ = O yield (iv). O

Corollary 3. Let (M, ¢, &, 17,8) be a para-Einstein-like manifold with constants (a,b, c), and let
(M, ¢, &, 1, ) admit a para-Ricci-like soliton with potential § and constants (A, u,v). Then, we
have the following:

(i) (M, ¢,¢, n,8) does not belong to F1q or to a direct sum of F11 with other basic classes.

(i) A necessary and sufficient condition for the Ricci tensor of (M, ¢, ¢, 17,8) to be parallel along
¢ is for (M, ¢, &, 1, ) not to belong to Fyq or to a direct sum of F1g with other basic classes.

(iii) A necessary and sufficient condition for the Ricci tensor of (M, ¢, ¢, 17,8) to be parallel along
& is for (M, ¢, &,1,8) to be n-Einstein.

Proof. The characterization of the basic classes JF; by the components of F, given in [19],
and the assertions (iii) and (iv) in Proposition 5, complete the proof of the corollary. [

Using the expression of V¢ from (9) in (20) and (19), we obtain that (19) takes the
following form:

p=-Ag—(1+pwg+{1-v)p®mn, (21)

which coincides with (10) under conditions (1) in Theorem A. The equalitya+b+c = —2n
comes from (14), whereas A + y + v = 2n is a result of (21) for p(x, ) and the corresponding
formula from (9). Therefore, the main assertion in Theorem 1 is proved.

We obtain the truthfulness of the assertions (i), (ii), (iii) and (iv) in Theorem A as
corollaries of the main statement for the cases y = 0,y =v =0,b =0and b =c =0,
respectively. This completes the proof of Theorem 1.

Now, we focus our considerations on Theorem 2. Let ¢ on a Riemannian IT-manifold
(M, ¢, ¢, 1, g) be torse-forming with function f, and let (M, ¢, ¢, 17, g) admit a para-Ricci-like
soliton with potential ¢ and constants (A, p, v). Taking into account (17), (19) and (20), we
obtain the form of the Ricci tensor of (M, ¢, ¢, 77, g) as follows:

p=—A+flg—ug—w-finey.

Bearing in mind (10), the latter identity shows that a necessary and sufficient condition
for (M, ¢, ¢, 1, g) to be para-Einstein-like is for f to be a constant. Then, the main statements
(2) in Theorem B are valid.

Vice versa, let (M, ¢, ¢, 17, ) have a torse-forming vector field ¢ with function f and let
(M, ¢, ¢, 17, g) be para-Einstein-like with constants (a,b, ¢). Applying (17) and (10) in (20)
and (19) for (A, 4, v), we have that (19) is satisfied if and only if (2) holds. This is true when
f is a constant.

We obtain the truthfulness of the assertions (i), (i) and (iii) in Theorem B as corollaries
of the main statement for thecases b = 4 =0, b =y =v =0andb =c = pu =0,
respectively. This completes the proof of Theorem 2.
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5. Some Consequences of the Main Theorems

Proposition 6. Let (M, ¢, ¢, 1, g) be a para-Einstein-like manifold with constants (a,b, c), and
let (M, ¢, &, 1,8) admit a para-Ricci-like soliton with potential & and constants (A, u,v). Then f is
determined by the following:

foef-tthre ARV gy @)

Proof. Using the form of V¢ in (17), we obtain the following:

R(x, )¢ = f{n(x)y—nly)x},  p(x,&) = —2nfy(x). (23)

We have that —2nf? = a + b + ¢ from (23) and (12). This result and (i) of Proposition 5
imply (22). O

Corollary 4. The ¢-sections « = span{x, { } of a Riemannian IT-manifold (M, ¢, ¢, n,g) witha
torse-forming potential & and constant f have constant negative sectional curvatures k(a) = — f2.

Proof. The form of the curvature tensor R in (23) completes the proof of the corollary. [

Corollary 5. A necessary and sufficient condition for (M, ¢, &, 1, g) to be an Einstein manifold
with a negative scalar curvature T is for (M, ¢, &, 1, g) to admit an y-Ricci soliton with potential &
and constants (A = —t/(2n+1) — f,u = 0,v = f), where f is the constant for the torse-forming
vector field & and f = e\/—7/(2n(2n + 1)), e = £1.

Proof. The expression of T in (11) for an Einstein manifold, Proposition 6 and assertion (iii)
of Theorem 2 complete the proof of this corollary. [

By virtue of Proposition 3, we conclude the following.

Proposition 7. Let (M, $,&,1,8) € F5\ Fo be a para-Einstein-like manifold with constants

(a,b,c), and let (M, ¢,&,1,8) admit a para-Ricci-like soliton with potential ¢ and constants

(A, u,v). Then, we have the following:

(i) A necessary and sufficient condition for (M, ¢, &, 1, g) to be Ricci-symmetric is for (M, ¢, ¢,
11,8) to be an Einstein manifold.

(i)  The Ricci tensor of (M, ¢, G, 1, 8) is -parallel and parallel along .

Proof. Taking into account (13), (17), (18) and (2), we obtain the following:

(Vep)(y,2) = (a+ A1) {—(b+c){g(Px, py)n(2) + g(¢px, pz)1(y)}
+ b{g(x, ¢y)n(2z) + g(x, p2)11(y)} }.

Using the latter result and following the proof for (ii) and (iii) in Corollary 1, we
establish the truthfulness of the statements. [

6. Examples
6.1. Example 1

In [22], a 5-dimensional Lie group G is considered with a basis of left-invariant vector
fields {ep, ..., es} and the corresponding Lie algebra is determined for p,q € R as follows:

leo, e1] = pex — e3 + qeu, leo, 2] = —pe1 — qez — ey, (24)
leo,e3] = —e1 + gex + pes, [eo, es) = —qe; — ex — pes.
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In the same paper, G is equipped with an invariant Riemannian I'T-structure (¢,¢&,7,¢)
as follows:

g(eo,e0) = gle1,e1) = glez, e2) = g(es, e3) = gles, ea) =1,
g(ei,e]') =0, i,j€{0,1,...,4}, i #], (25)
C = €p, 4)61 = €3, 4762 = €4, 4)63 = €1, 4)64 = €.

It is proved that the constructed manifold (G, ¢, , 17, g) is a para-Sasaki-like manifold.
Taking into account (24) and (25), we compute the components R;jy; = R(e;, ej, e, ey) of
the curvature tensor and the components p;; = p(e;, ¢j) of the Ricci tensor. The non-zero
of them are determined by the following equalities and their well-known symmetries
and antisymmetries:

Ro110 = Ro220 = Rozzo = Roago = —1, (26)
R1234 = R1432 = Ryz31 = Roaan =1, poo = —4.

Therefore, using (10), we establish that the constructed manifold is 77-Einstein with the
following constants:
(a,b,c) = (0,0,—4). (27)

Now, we check whether (G, ¢, ¢, 1, g) admits a Ricci-like soliton with potential . By
virtue of (25) and (20), we obtain the components (£:g) = (L¢8) (ei e;), and the non-zero
of them are the following;:

(£e8)13 = (£28)ps = (£8)31 = (£e8)yp =2 (28)

Afterwards, using (25), (26) and (28), we obtain that (19) is satisfied for the following:
(A, u,v)=(0,—-1,5). (29)

Therefore, the manifold (G, ¢, ¢, 1, g) admits a para-Ricci-like soliton with potential ¢.

Remark 3. The constructed five-dimensional para-Sasaki-like manifold (G, ¢, , 1, §) is y-Einstein
with constants given in (27) and (G, ¢, ¢, 11, g) admits a para-Ricci-like soliton with potential ¢ and
constants determined in (29). Moreover, these constants satisfy (1); therefore, this example supports
the assertion (iii) of Theorem 1.

6.2. Example 2

In [20], an example of a three-dimensional Riemannian II-manifold belonging to the
basic class J5 is considered. The constructed manifold is denoted by (L,¢,¢&1,8), where L
is a Lie group with a basis {eg, e1, e } of left invariant vector fields. The corresponding Lie
algebra and the Riemannian Il-structure are defined by the following:

leo, e1] = peq, leo, e2] = pey, le1,e2] =0, pEeR,
¢peg =0, Pe1 = e, Pper = ey, ¢ = e,
n(eo) =1,  nler) =n(e) =0, (30)

g(eo,e0) = gler,e1) = glez,e2) =1,
g(e()/el) = g(EO,Ez) = g(61162) =0.

In the same paper, it is obtained that (L, $,,7,g) is Einstein with the following
constants:
(a,b,c) = (—2p%,0,0). (31)

Moreover, it is easy to check that ¢ is a torse-forming vector field with the following
constant:

f=-r (32)
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By virtue of (30) and (20), we obtain that the components (Lg g) ” and the non-zero of
them are the following;:

(Lég)n = (Lég)zz = —2p. (33)
After that, using (30) and (33), we have that (19) is satisfied for the following:

(A u,v) = (p+2p%,0,—p). (34)

Therefore, the manifold (L, ¢,{,7,¢) admits a para-Ricci-like soliton with torse-
forming potential C.

Remark 4. The constructed three-dimensional Riemannian I1-manifold (L, ¢,¢,n,g) is Einstein
with constants given in (31), and (L, $,&,1,) admits an n-Ricci soliton with potential § and
constants determined in (32) and (34). Moreover, these constants satisfy (2); therefore, this example
supports the assertion (iii) of Theorem 2.
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