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Abstract: In this paper, a nonlinear differential braking control method is developed to avoid
collision during lane change under driver torque. The lateral dynamics consist of lateral offset error
and yaw error dynamics and can be interpreted as a semi-strict feedback form. In the differential
braking control problem under the driver torque, a matching condition does not satisfy, and the
system is not in the form of, the strict feedback form. Thus, a general backstepping control method
cannot be applied. To overcome this problem, the proposed method is designed via the combination
of the sliding mode control and backstepping. Two sliding surfaces are designed for differential
braking control. One of the surfaces is designed considering the lateral offset error, and the other
sliding surface is designed using the combination of the yaw and yaw rate errors as the virtual input
of the lateral offset error dynamics. A brake steer force input is developed to regulate the two sliding
surfaces using a backstepping procedure under the driver torque. Integral action and a super twisting
algorithm are used in the lateral controller to ensure the robustness of the system. The proposed
method, which is designed via the combination of the sliding mode control and backstepping, can
improve the lateral control performance using differential braking. The proposed method is validated
through simulations.

Keywords: differential braking; backstepping control

1. Introduction

More than 90% of accidents on highways are caused by human error [1,2]. Particularly,
in the case of fatal vehicular accidents, the collision between vehicles occurs during lane
change [3]. Various systems that provide a prior warning to the driver attempting to change
a lane under the risk of collision have been developed to avoid such accidents. Additionally,
several methods for risk assessment have been investigated [4-8]. Jula et al. [4] studied
the kinematics of vehicles involved in a lane changing/merging maneuver and provided
conditions under which lane changing /merging crashes can be avoided. Collision risks are
estimated as stochastic variables and are predicted for a short period ahead by using hidden
Markov models and Gaussian processes [5]. A method that propagates the known error
covariance matrix of the current pose of the ego vehicle by considering local approximations
of the predicted trajectory was proposed in [6]. In [7], a collision risk assessment algorithm
was developed via lane-based probabilistic motion prediction of surrounding vehicles. A
situational assessment based on Stochastic model and Gaussian distributions was designed
for intelligent vehicles [8]. These systems cannot actively help a driver to avoid a collision.
Therefore, systems that utilize steering torque and provide active assistance to avoid
collisions have been developed [9-11] for power steering systems. Integrated steering and
differential braking methods were developed for emergency collision avoidance [12-14].
However, the steering interaction between the driver and the controller was not considered
in these methods. The torque imposed by the controller in the power steering systems can
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lead to discomfort while driving and result in negative effects such as overlapped steering
torque imposed by the driver and the controller [15].

Alternatively, lateral position control methods were proposed. These use differential
brake forces for steering intervention [15-19]. In [16], the usefulness of a brake steer system
that uses differential brake forces for steering intervention was studied. A surface sliding
controller with a weighted combination of yaw rate, nominal yaw rate error, and lateral
offset error (or sideslip angle) was proposed [17,18]. A blind spot intervention (BSI) system
was developed by Infinity [19]. The BSI system uses selective brake application to steer
the car back to the center of the lane and avoids collision if a vehicle is present in the
blind spot or vice versa. A hierarchical lane-keeping assistance control algorithm for a
vehicle was proposed in [15]. The lateral dynamics where the brake steer force is the system
input are not in the form of the strict feedback system. Therefore, the backstepping control
scheme cannot be applied to lateral dynamics with the brake steer force input [20-22].
Hence, the weighted combination of the lateral offset error (or sideslip angle) and the
yaw rate error is widely used as the sliding surface for the sliding mode control [17,18].
However, the simultaneous regulation of the yaw rate error and lateral offset error cannot
be guaranteed by using the sliding surface used in the previous studies. Furthermore,
in the differential braking control problem under the driver torque, matching condition
does not satisfy and the system is not in the form of the strict feedback system. Thus,
general backstepping control method cannot be applied. Therefore, it is crucial to design a
control method for the regulation of both the yaw rate error and the lateral offset error.

In this study, a nonlinear differential braking control method is developed to avoid
collision during lane change under driver torque. The lateral dynamics consist of lateral
offset error and yaw error dynamics and can be interpreted as a semi-strict feedback form.
Two sliding surfaces are designed for differential braking control. One of the sliding surface
surfaces is designed in terms of the lateral offset error, and the other sliding surface is
designed using the combination of the yaw and yaw rate errors as the virtual input of
the lateral offset error dynamics. The brake steer force input is developed to regulate two
sliding surfaces using the backstepping procedure under the driver torque. The proposed
method designed via the combination of the sliding mode control and the backstepping
can improve the lateral control performance using differential braking. Integral action
and super twisting algorithm are used in the lateral controller to ensure robustness of the
system. The performance of the proposed method is validated through simulations.

2. Vehicle Lateral Dynamics Modeling

The detailed dynamics of a vehicle including longitudinal and lateral dynamics can be
described using mechanical model that naturally has a minimum of six degrees of freedom
(DOF) [23-25]. The bicycle model as shown in Figure 1 is used for lateral vehicle dynamics.
The lateral position error, lateral position error at the lookahead distance point, heading
angle, and reference trajectory are described in Figure 2. In Figures 1 and 2, {XYZ} is a
inertial coordinate frame, {xyz} is a local coordinate frame, x is a longitudinal position of
the origin of the {xyz} coordinate to the front fixed point, y is a lateral position of the origin
of the {xyz} coordinate to the rotation center ‘O’ along the lateral axis, V is a velocity at c.g.
of vehicle, x = V; is a longitudinal velocity at c.g. of vehicle, y = V), is a lateral velocity at
c.g. of vehicle, I, is a yaw moment of inertia of vehicle, / f and /, are longitudinal distances
from c.g. to front and rear tires, respectively, ¢ is a yaw, heading, angle of vehicle in global
axis, B is a vehicle slip angle at c.g. of vehicle, ay and a, are slip angles at front and rear
wheel tires, respectively, ¢ is a steering angle, F, s and Fy, are lateral tire forces on front and
rear tires, respectively, R is a turning radius of vehicle or radius of road, L is a look-ahead
distance from c.g. to look-ahead point, ey is a lateral offset error with respect to reference,
and ey is a yaw angle error with respect to road.
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Figure 1. Bicycle model diagram of lateral vehicle dynamics.
ty Reference trajectory
g ¢
Figure 2. Lateral position and velocity errors at the look-ahead distance point.
We define the error states e for the lateral control as
€ Y—VYa
¢ L
e = 2| Y—Yd 1)
e = 0w
e4 ¥ —Ya

where e; is the lateral offset error, es is the yaw error, y is the lateral offset, v is the desired
lateral offset, i is the yaw, and 1, is the desired yaw. The basic lateral model is described
in terms of the lateral offset at the vehicle’s center of gravity and convert it in terms of the
lateral offset at the look-ahead distance. The error dynamics in terms of the state vector are
then obtained as

0 1 0 0 0 0 0

. |0 ax ax an 0 bs> buo |

é = 0 0 0 1 e+ 0 Fys + 0 o+ 0 Py 2)
0 agp a4z amy bry bss [

where F, ¢ and F,, are longitudinal tire forces at front left and right tire, respectively,
Fys = Fyp1 — Fyr is a brake steer force and a control input, m is a total mass of vehicle, w; is a
width of the vehicle, C, % and C,, are cornering stiffness of front and rear tires, respectively,

2Cyf + 2Car

axp = v a3 = —axnVy,

2Culy=2Culy  2Cyly = 2Cuk
mvy ’ 42 Isz ’

a4
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ag3 = —agpVy, g = J} v ,
zvVXx
w 2C 2C, ¢l
bry = ﬁf bsy = n:f, bsy = %
Z Z
o2 2Ol Gl
w2 — Iz Vx X7 wd = Iz Vx

The detailed mathematical modeling for (2) is discussed in [24,25]. We rewrite the
error dynamics (2) as

é1 =€
by =anper + a3es + apsey + bl + buoipy 3)

é3 =€y
6y =aypey + ay3e3 + agaes + bsad + bypapg + bpaFps.

If both § and ¢, are zero without the input Fy, the equilibrium pointis e = [a, 0, 0, 0]T
where 4 is a constant. If § and/or 1 are not zero, ez of the equilibrium point cannot be zero
for the compensation of § and/or i, in é;. On a straight road, the desired yaw rate ¢, is
zero. When the drive tries to change the lane, the steering wheel angle § becomes nonzero
so that e3 cannot be zero although e; is kept to be zero by the control input Fy;. The aim of
the controller design is to determine the brake steer force F, such that

}Ln(}o e1(t) =0. 4)
when the driver changes a lane under the collision risk.The steering angle ¢ that is acti-
vated as the disturbance in the differential braking system is in both e, and ¢4 dynamics.
Furthermore, the error dynamics (3) is not in the form of the strict feedback system. Thus,
general nonlinear control methods such as the sliding model control, the backstepping
control cannot be used for the error dynamics (3). To overcome this problem, the proposed
method is designed via the combination of the sliding mode control and the backstepping.

3. Control Strategy for Collision Avoidance
3.1. Structure of the Collision Avoidance System

The overall architecture of the side crash avoidance system is depicted in Figure 3.
The algorithm consists of the following three parts. (1) The driver’s lane change intention
and the vehicle status are checked via sensor fusion [26,27], and the collision risk is
determined and the presence of a vehicle in the blind spot is checked [6,28]. (2) If the
driver’s lane change intention is detected under the collision risk with a vehicle in the
target lane or with a vehicle in the blind spot, the system warns the driver about the
collision risk and the lateral control system is turned on. (3) The differential braking
input calculated to ensure regulation of the lateral offset error, lateral offset error rate,
yaw, and yaw rate by the differential braking control method maintains the vehicle on
the original lane. In this paper, we focus on the design of the differential braking control
method to maintain the vehicle on the original lane.
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Lateral control algorithm for collision
avoidance during lane change
Vehicle
Lane Mode
Vehicle change decision
sensor i i
N |ntept.|on
decision
Warning Differential | —»
Camera | Sensor - ESC
—> o b On/Off | braking
fusion
control o
Radar gb
Risk Lateral v (A
™ | control 7
assessment
On/Off

Figure 3. Architecture of the collision avoidance system.

3.2. Strategy of Lateral Control for Collision Avoidance

A strategy of the lateral control to avoid collision with a vehicle in the target lane is
shown in Figure 4. The driver starts to change the lane at ¢y. At 1, the risk assessment
predicts a collision, and the system warns the driver about the collision risk. Addition-
ally, the brake steer force is generated by the control algorithm to prevent lane change.
The driver tries to return to the original lane at t,. If the lateral offset error e;, yaw error
e3, and steering wheel angle J are considerably small, the differential braking control
is released.

bject vehicle Target
()

= )

L i |
f | |
System 4 b | :
On - o : '
Off’ — f | >
I :to :tl :tz :t3

Figure 4. Strategy of the lateral control for the avoidance of the side crash.

4. Differential Braking Control Algorithm Design for Lateral Control
To eliminate steady-state error, integrator error ¢ is defined as

t
eo :/0 e1dT. 5)
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Thus, the error dynamics (3) can be written as

é() =e1
é] =€
¢y =apper + azes + apsey + b + byoipy (6)
é3 =e3

¢y =agey + ay3e3 + agaes + bsad + bypatpy + braFpg.

The error dynamics (6) consist of lateral offset error dynamics and yaw error dynamics
and it can be interpreted as a semi-strict feedback form as follows:
6y =eq
€1 =ep
éy =fa(ea) + gh ey + bs2d + bunthy
¢y =f(e) + gubraFys + g4 d

@)

where e, = [e3, es]T, d = [6, 94]7, fae2) = amer, g2 = [a23, a24]T, gu = bra, fo(e) =

€3 T .
, 84 = [bsa, bypa]'. In (6), the lateral offset d
L4262 —|—1143eg] Q4 = [bsa, bya]” . In (6), the lateral offset error dynamics are
€y =e1
é1 =6 (8)

éy =aney + axzes + apsey + brd + byt

Considering lateral offset error dynamics (8), the term ay3e3 + ap4e4 can be regarded
as the virtual input. Two sliding surfaces s; and s, are designed for the controller design.
The sliding surface s; is designed in terms of the lateral offset error as

S1 = 0peg + 0161 + € 9)

where the coefficients ¢ and 07 are chosen such that the polynomial s? + o5 + op is
Hurwitz. For the virtual input of the lateral offset error dynamics (8), the sliding surface s
is defined as

Sy = ap3e3 + ax4ey. (10)
Then, the lateral offset error dynamics (8) become

6o =eq
é1 =€ (11)
6y =aper + ) + bspd + buotpy.

From (8) and (9), we obtain $; as
$1 =0per + o1ex + axep + sy + bspd + bwzl/'Jd. (12)

For the convergence of the sliding surface s; to the zero, the reference of s; is
designed as

Spd = — 0pe1 — 01ex — axney — bsrd — bypipg — kysy. (13)
Equation (12) thus becomes

$1 = —kis1+ 2o (14)
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where z; is the tracking error for s, as zp = s» — sp4. The derivative of z; with respect to
time is
2y =Sy — $p4
=ap3eq + A24€4 — Sy (15)
=ap3ey + a4 (aser + as3e3 + agaes + bssd + byatpy) + azabraFys — $o4.

The input is designed as

1
u=— [a3es + arg(ager + aszes + agsey)]
a24bry
(16)
- [a24 (D540 + bopapa) — $2a + P1(22) — P2(22)]
A240F4
where ¢1(z2) = kz1|z2] %sgn(zz), $2(z2) = —kzsgn(zz), ky and ks are positive constant.

Theorem 1. Suppose the error dynamics (3) with the control law (13) and (16). The lateral offset
error ey converges to zero and the yaw error ez is bounded. With § = {5 = 0, the yaw error e3
converges to zero.

Proof. Step 1: From (14),
S$1 = —kslsl + 2. (17)
The energy function V; is defined as

1
Vi zis%. (18)

Then, V; is obtained as
Vi = —kgss + 2281. (19)

In (17), z2 and s1 are regarded as the input and the output, respectively. Then, (19) can
be rewritten as

z 51 =Vi+ k515% . (20)
input output >0

From (20), the relationship between s; and z; is strictly output passive [29] and

81 = —kgs151 is zero-state observable. Therefore, 51 system is input-to-state stable. With
control law (16), the dynamics of z; and ¢, are
1

Zy = —ky1|22|2sgn(z2) + ¢

. (21)
$2 = — kzsgn(zz).

With the definition of the vector { = [¢1 {2]T = [|z2] %sgn(zz), ¢2]T, ¢ dynamics are

£ = At @)

_1 1
where A; = [ Zkk21 (2)] and |1] = |zz\%. With k;; > 0 and kz» > 0, A is Hurwitz. The
—Rz2

Lyapunov candidate function V; is defined as

V;=7"pg (23)
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where P is positive definite. The derivative of { with respect to time is given by

_1
1]

where Q; is positive definite such that ACTP§ + P;A; = —Qq. Thus, the origin { = 0 is finite
time stable. Consequently z, converges to zero in finite time.
Step 2: With z; = 0, s7 in (17) is obtained as

v, = 7TQ:¢ (24)

$1 = —kslsl. (25)

Then, with the definition of s7 (9), (11) can be rewritten as

€y =eq
é1 =ep (26)
ey = — 0pgeg — 0161 + S1.

Equation (26) can then be rewritten as
éu = Agea + Bgsl (27)

0 1 . . .
where ¢, = [eg, e1]T, As = o o | B, = [0, 1]T. Because A, is Hurwitz, e, is
—bto —uU1
bounded-input bounded output (BIBO) stable. With the convergence of s; to zero, eg and
ej converge to zeros. Furthermore, e; = —opey — 01 + s1 also converges to zero.

Step 3: With z, =0,
S72 = Sp4. (28)
From (3), (10), and (28), we obtain

é3 —€4

(29)
axeq = — axe; + §.

where ¢ = —ope; — 1ep — agpen — bspd — byptpy — k1s1. As e, e, and e, converge to zeros,
¢ is bounded in the transient response. § and 1, are also bounded. Thus a positive constant
Cmax exists such that {max = sup, ¢(t). Equation (29) is thus simplified as

. a3 4
3 =——e3+ —. 30
3 1002 T s (30)
From (30), we have
a3 1
lea(t)| < exp( ——=t |[e3(0) + —Cmax (31)
a4 a4

eo, €1, €2 converge to zeros. For a straight load, i, is zero. With § = 0, ¢ converges to zero,
then, e3 converges to zero. Consequently, e4 also converges to zero. [J

The block diagram of the proposed method is shown in Figure 5. The sliding surfaces
(9) and (10) are calculated by using the error feedback. Then the control input (16) is
obtained, then is applied to the lateral error dynamics (3).
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Figure 5. Block diagram of the proposed method.

52 (10)
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5. Simulation Results

The proposed method was tested via a simulation. Simulations were performed using
the vehicle dynamic software CarSim and Matlab/Simulink as shown in Figure 6. The
S-function coded in C language was used for implementing the proposed control method.
The vehicle dynamics were performed using CarSim, which allows high-order vehicle
dynamics including yaw, roll, and pitch motions. The camera data were obtained using
CarSim data and the lane polynomial f7 (x) defined as a third order polynomial function
of the longitudinal distance, x [30]

fo(x) =co+cp-x4cp-x®+cz3-x° (32)

where ¢y is the lateral offset, c; is the head angle, c; is the curvature, and cj3 is the curvature
rate. From cg and ¢, the lateral offset and yaw errors are obtained. The parameters used in
the simulation were the nominal values of a test vehicle. The control parameters for (9),
(10), and (16) are listed in Table 1.

Vehicle Motion Data ‘—l
Controller

Camera Data Brake steer force

CarSim

Mechanical Simulation

(a)Overall simulation structure that consists of CarSim vehicle model

Brake steer force - - O Vehicle Motion Data
G)—— > = Ego Inf.

In1 I outt
Rate Transttion

CarSim S-Function1 CarSim_data
Vehicle Code: i_s
state
Camera Data
»( 2
Out2
co E Camera
Lane Camera f——>F>—» \:| 1.CO0: Position[m]
01 2.C1:Heading angle (tan(angle))[rad] \:I
> 3.C2: Cunature[1/m]
E 4. C3: Curvature derivative[1/m*2]
c3
Camera Lane camera torque

(b)Vehicle part. The output of lane camera is lane coefficients; cy denotes
the lateral lane center offset at c.g., c; denotes the in-lane heading slop, the
heading angle error at c.g., c; denotes curvature/2 at s = 0 and c3 denotes
the curvature-rate/6

Figure 6. Vehicle and camera models used in the simulations.
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Table 1. Control Parameters used in (9), (10), and (16).
Parameter Value Parameter Value
09 1,000,000 o] 200
03 50 0y 0
kq 1 ko 1

K 0.1

5.1. Straight Road

In these simulations, the straight road was used. For the straight road, the test scenario
demonstrated in Figure 4 was used. The test scenario is as follows: (1) at 0 s, the driver
attempts lane change; (2) at 1 s, there is a collision risk with the object vehicle in the target
lane; (3) the differential braking control system is activated to avoid the collision risk at 1 s;
and (4) the differential braking control system operates to move the vehicle to the center of
the original lane. The speed of the vehicle was 80 km/h on a straight road. The simulation
results are shown in Figures 7-10. The steering wheel angle increased which signifies that
the driver attempted lane change. Thus, the errors increased for the lane change. At 1s,
the system warned the driver about the collision risk and the lateral control system was
turned on. Since the driver detected collision risk at 1 s, the steering wheel angle decreased
after 1 s. The differential braking control system was activated to avoid the collision risk
at 1s. The differential braking control input was applied to the system for regulating
the lateral offset error with the steering angle compensation. Thus, after 1 s of it starting,
the errors were reduced by the differential braking input, although § was positive. At
6 s, since the steering angle and lateral offset error are considerably small, the differential
braking control system was turned off. The sliding surface s; and the surface tracking error
zp are shown in Figure 10. It was observed that both s; and z; converged to zero. Figure 11
shows the vehicle trajectory of the proposed method. The dash-line represented the lane of
the ego vehicle. We see that the proposed method maintained the vehicle on the original
lane under the steering angle for the lane change.

0.4
0.3 1
5 0.2 q
e
< 0.1 1
0
01 . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10
Time [second]
(a)Steering wheel angle &
5000 b
z
3 of
w
-5000 8
. . . . . . . .
0 1 2 3 4 5 6 7 8 9 10

Time [second]
(b)Brake steer force Fy,

Figure 7. Steering angle and Brake steer force.
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Figure 8. System operation index.

0.4
02f .
E
= 0
Q
02f 1
04 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
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(a)Lateral offset error e

0.5 1
0.5 1

Time [second]

e, [m/s]
o

(b)Derivative of the lateral offset error e;

0.4

0.2

-0.2

e, [rad]

0.4 I I I I I I I I I
6 7 8 9 10

Time [second]

(=}
[N}
w
I
o

(c)Yaw error e3

05 ,
- /L/\ 7
_1 1 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10
Time [second]

e, [rad/s]
o

(d)Yaw rate error e,

Figure 9. Lateral offset and yaw errors.
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(b)Surface tracking error z;

Figure 10. Sliding surface s; and surface tracking error z;.

2 T T T T T T T T T

y [m]
Y

Figure 11. Vehicle trajectory of the proposed method.
5.2. Curved Road

To validate the performance of the proposed method, the comparison between the
proposed method and the proportional-integral (PI) control method was tested for the
curved road. The curved road as shown in Figure 12 was used for the simulation. Two
vehicles drove on the curved road side by side. It was impossible that the ego vehicle
changes the lane change. Despite collision risk, the driver tried the lane change on the
curved road at 6 s and 11 s as shown in Figure 13, twice times, thus, the differential braking
control system operated for the collision avoidance from 6 s and 13 s. Figure 14 shows the
lateral offset errors for the PI control and the proposed methods. The lateral offset errors
of both methods increased due to the steering angle for the lane change at 6 s and 11 s,
but they decreased by the differential braking inputs. Although the lateral offset error of
the PI control decreased, but it was relatively larger than that of the proposed method
because the steering angle cannot be rejected by the PI control method. On the other hand
the lateral offset error of the proposed method was small because the steering angle was
able to be rejected by the proposed method. Furthermore, the lateral offset error of the
proposed method converged to zero rapidly. Figure 15 shows the vehicle trajectory of the
proposed method. The dash-line represented the lane of the ego vehicle. The proposed
method maintained the vehicle on the original lane under the steering angle for the lane
change on the curved road.
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Figure 12. Curved Road.

0.2 T T

0.1 4

d[rad]

Time [second]

Figure 13. Steering angle.

0.2

01r 1

e, [m]

01F 1

-0.2 ! !
0 5 10 15

Time [second]

(a)Lateral offset error of the PI control method e;

0.2

01f 1

e, Iml

-0.2 ! !
0 5 10 15

Time [second]

(b)Lateral offset error of the proposed method e;

Figure 14. Lateral offset errors for the PI control and the proposed methods.
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X [m]

Figure 15. Vehicle trajectory of the proposed method.

6. Conclusions

A nonlinear differential braking control method to avoid collision of vehicles during
lane change was proposed. The differential braking controller was designed based on
sliding mode control and backstepping control schemes. Thus, the convergence of the
lateral offset to zero under the steering angle can be guaranteed. The stability proof was
mathematically proven using Lyapunov theory. The differential braking control system
was designed to operate until the steering angle and lateral offset error were considerably
small. The simulation results verified that regulation of the yaw rate and lateral position
was improved by the proposed method for both straight and curved road. It was observed
that the lateral control performance using differential braking under the driver torque was
improved by the proposed method. In future work, we will aim to experimentally validate
the performance of the proposed method using a test vehicle.
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