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Abstract: In this paper, effective oscillation criteria for third-order delay differential equations of
the form, (rz (r1y’ )/> /(t) +¢q(t)y(t(t)) = 0 ensuring that any nonoscillatory solution tends to zero
asymptotically, are established. The results become sharp when applied to a Euler-type delay
differential equation and, to the best of our knowledge, improve all existing results from the literature.
Examples are provided to illustrate the importance of the main results.
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1. Introduction

In this article, we consider linear third-order delay differential equations of the form

/

((ny)") () + gy (x() =0,

where r1, 13,94, T € C(Z,R), T = [tg,) C R, ty > 0is a fixed constant such that r; > 0,
rp >0, g > 0 does not vanish eventually, 7(¢) < t, and lim;_,c T(t) = 0.
For any solution y of (1), we denote the ith quasi-derivative of y as L;y, that is,

t>t, 1)

i
Loy=y, Liy=ny, Ly=rn (rly’)/, Lyy = (rz (rly’)/) onZT

and assume that

o dt
—— =00, i=1,2. 2
), @ @

By a solution of Equation (1), we mean a nontrivial function y with the property
Liy € C}([Ty, ), R) fori =0,1,2 and a certain T, > to, which satisfies (1) on [T}, o). Our
attention is restricted to proper solutions of (1), which exist on some half-line [T, o) and
satisfy the condition

sup{|x(s)|:t <s <o} >0 foranyt>T,.

The oscillatory nature of the solutions is understood in the usual way, that is, a proper
solution is termed oscillatory or nonoscillatory according to whether it does or does not
have infinitely many zeros.

Following classical results of Kondrat’ev and Kiguradze, see, e.g., [1], we say that
Equation (1) has property A if any solution y of (1) is either oscillatory or tends to zero as
t — co. By a proper modification of the well-known result of Kiguradze [1] (Lemma 1), one
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can easily classify the possible nonoscillatory solutions of (1). As a matter of fact, assuming
(2) shows that (1) has only two types of nonoscillatory, positive solutions

yE Ny = y(t) >0, Lly(t) <0, Lzy(t) >0,
yeN, <= y(t)>0, Lyy(t)>0, Lyy(t) >0,

for t large enough, see, e.g., [2] (Lemma 2) or [3] (Lemma 1). Solutions belonging to the
class V) are called Kneser solutions. Clearly, (1) has property A if N; = @ and any Kneser
solution of (1) tends to zero asymptotically.

The oscillation theory of third-order differential equations with variable coefficients
has been attracting considerable attention over the last decades, which is evidenced by
a large number of published studies in the area, most of which have been collected and
presented in the monographs [4,5].

In particular, various criteria for property A of (1) have been presented in the literature,
see [3,6—17] and the references cited therein. The methodology in these articles has been
mainly based on the use of the so-called Riccati technique or suitable comparison principles
with lower-order delay differential inequalities. In [3], the authors point out that the proofs
essentially use the estimates relating a solution y € N, of (1) with its first and second
quasi-derivatives and “despite the differences in the proofs of the cited works, the resulting criteria
have in common that their strength depends on the sharpness of these estimates”. Here, it is
worth noting that in order to test the strength of the oscillation criteria derived by different
methods, Euler-type differential equations are mostly used.

For our comparison purposes, let us consider a particular case of (1)—the third-order
Euler differential equation with proportional delay of the form

(7' ©)') + a7y =, )

where T € (0,1],90 > 0, < 1,and ¢ < 1. Itis easy to verify by a direct substitution that (3)
has a nonoscillatory solution y = # belonging to the class N, when y € (1 —a,2 —a — 1)
is a root of the characteristic equation

c(4) = 4o,
where
c(p)=pp+a-1)2-—p—a—y)t" @)
or equivalently, if
go <max{c(p):1—a<pu<2—a—7} (5)

For a special case of (3) withaw = v = 0 and T = 1, i.e,, for the linear third-order Euler
differential equation

y"(5)+ By(t) =0, ®)
condition (5) for the existence of a solution from the class N, reduces to

‘70Smax{#(#—l)(Z—ﬂ)¢1<ﬂ<2}=3\26,

which is sharp in the sense that if

2
q0 > 33
then ANy = @.

We stress that there is no result so far in the literature on the property A of (1), which
would be sharp for (3). The main purpose of the paper is to positively answer this open
problem. Following the direction initiated in [3], we present new asymptotic properties
of solutions belonging to the class N;. Our approach differs from that applied in [3] and
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allows us to relax the assumption of the monotonicity of the delay function 7(t), which
is generally required in previous works. As a consequence, we establish efficient criteria
for detecting property A for Equation (1), which are unimprovable in the sense that they
give a necessary and sufficient condition for the delay Euler Equation (3) to have property
A. Our motivation comes from the recent papers [18-20], where a similar technique leads
to obtaining sharp oscillation results for second-order half-linear differential equations
with deviating arguments. Such an idea was successfully adopted for the third-order
Equation (1) with ry = r, = 1in a recent work [21]. However, it turns out that the general
functions r; require a carefully modified the approach.

The organization of the paper is as follows. In Section 2, we introduce the basic
notations and assumptions. In Section 3, we state the main results of the paper. In particular,
we present a single condition criteria for property A of (1) in case when the functions rq
and ry are of the same type (see Definition 1 and condition (15) below). In Section 4, we
illustrate the importance of the main results by means of a couple of examples.

2. Preliminaries

In this section, we will introduce a set of assumptions and notation used in the paper.
To start with, we define

't ds
Ri(t :/ i1
0= 7

Rio(t) = [ 2B,

o 11(8)

and
. Ryp(t)
b I Rl
B = litrg(i)?fRz(t)Rlz(T(t))q(t)rz(t),
1-Ba
Rﬁ*(t) t Ry " (s)

T 2 to  ri(s)
ki := htn_1>g1f Rz (D) for B, € (0,1).

@)

As the limit inferior triple A4, B+, and k. is defined on an extended range of real
R U {o0}, in our proofs, we will rather make use of real constants A < A, f < B, and
k < k. defined by (C),, (C)g, and (C)y, respectively, for the particular cases that can occur
depending on the delay function 7.
(C), Since Ry is increasing and 7(t) < ¢, clearly A, > 1. Then, for

(@ A=1lifA, =1;

(b) any A € (1, A,)if A, € (1,00);

(c) any A € (1, 00) arbitrarily large if A, = oo,

there exists t, > tg such that

Rip(t)
W > A, >ty (8)

(C)p For any B € (0, B), there exists tg > tg such that
Ro(t)Rip(7(1))g(t)r2(t) = B, t > tp. )

(C)x For B« € (0,1), it follows from the increasing nature of R; that k., > 1. Then, for
(@ k=1ifk,=1;
(b) anyk e (1,ks)if ke € (1,00);
(c)  anyk € (1,00) arbitrarily large if k. = oo,
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there exists t;, > tg, such that

RI7P
RE(H) fj S ds

Ria(t)
For our purposes, we also need to define, for B, € (0,1), A, € [1,00), k, € [1,00) the
following sequence { B, },—o (as far as it exists):

,BO - ,B*/

By — Boky_q AL/ Knt neN (11)
n (1 _ ‘Bnil) ’ ’

>k t>h (10)

where k,, satisfies

1-Bn
R/Sn(t) t Ry (S)ds

T 2 to r1(s)
k, = htrgg}f Rua (1) ’

n € Np. (12)

Clearly, B,,+1 existsif B; < 1and k; € [1,00) fori =0,1,...,n. In such a case, we have

ﬁl kOAifl/h

= >1
Bo 1-Bo
and
Rﬁo(t) ¢ Réfﬁo(s)ds Rﬁl(t) ; R;—ﬁo—(ﬁl—ﬁo)(s) ds
.. 2 to  ri(s) .. 2 to r1(s)
k1 = liminf = liminf
t—00 Ria(t) t—o0 Ria(t)
1-Bg
RE () [ Bt ds
> liminf 0 1 = ko,
t—o0 Rip ()
ie.,
k1 > ko.
By induction on #, it is easy to show that
Pt _y 1, (13)
Bn
where
1—-1/kq
fg = oA
1-Bo
1/k,_1-1/k (14)
0 | "(1—-PBn_1) neN
" kn—l(l - ,Bn) ’
with

kn > knfl-

It is useful to note that there are two situations when the impact of the delay would
not influence the value of B, in the sequence (11): Ay =1ork; =1,i=0,1,...,n. Below,
we point out that the second one cannot occur in a particular case, when coefficients rq and
1o are of the same type, e.g., either r; = e®! or r; = % and likewise. With this aim, we use a
concept of asymptotically similar functions.
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Definition 1. We say that the functions f and g are asymptotically similar (f ~ g) if there exists

a positive constant ¢ such that
lim & =/.
t—o0 g(t)
As a special case of (1), we will consider the case when
7’1R1 ~ 7’2R2. (15)
Lemma 1. Assume (15). Then, forany c € (0,1),
c
R > Ry (H)R 1
1(t) 2 7 Ri(t)Ra() (16)
eventually.
Proof. It follows from (15) that for any € > 0, we have
(17)

n(BR (1)
nOR( <

eventually. Integrating the identity

(RiRa) (1) = s Ra(t) + e Ra()

from ty to t and using (17), we obtain

1
Ri(0)Ra(1) = Ri(to)Ralto) = Rua(t) + [ 5 Ri(s)ds < (14 -+ €)Rua(t).
0

O

By virtue of (2), we conclude that (16) holds.

Now, we give an interesting property of the sequence {f,} under the similarity
assumption (15).
Lemma 2. Let (15) hold, B > O0and B; < 1,i =0,1,...,n. Then,

k, > Put +1>1, néeN,.

— 1+

Proof. Using I'Hospital’s rule, it is easily seen that

. Ry P
Rg (t) t); 2r](s)(S)d.S

fen = htrgg}f Rua(t)
n—1 1 t Rliﬁn(s) Bn Rliﬁn(t)
 BeRY T O Sy s TR () R
> lim inf Ry (1) (19
ri(t)
t Ry Py

1’1 t ft ”1(5 +1

= By liminf e
t—o0 Tz(t) R, ﬁn()

Taking into account the fact that R; is increasing and (16) holds, we have, for any ¢ € (0,1)

f R, B ()ds
Tl(t) 71(5) > V](t) Rlz(t) > ¢ V4 S0
ra(t) Rg‘ﬁn(t) Ton(t) Ry(f) T 1+
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The proof is complete. [

Corollary 1. Letry =1, B« > 0and p; < 1,i=0,1,...,n. Then,

2
2- B,

Proof. It is simple to compute the limit (18) when rq = r2; hence, we omit the details. O

k, = >1, n €N

For the sake of convenience, we assume here that all functional inequalities hold
eventually, that is, they are satisfied for all t that are large enough. As usual and without
loss of generality, we can assume from now on that nonoscillatory solutions of (1) are
eventually positive.

3. Main Results
3.1. Nonexistence of Solutions from the Class N

In this section, we give a series of lemmas about the asymptotic properties of solutions
belonging to the class A;, which will play a crucial role in proving our main oscillation
results stated in Section 3.3.

Lemma 3. Assume B+ > 0 and let y be an eventually positive solution of (1) belonging to the
class Ny. Then, for a t that is sufficiently large:

(i) lim¢eo Lyy(t) = limy—seo L1y (t) /Ro(t) = limi 00 y(t)/Ryp(t) = 0;
(ii) L1y > RpLoy and Lyy/ Ry is decreasing;
(iii) y > (Rya/Ry)Lyy and y/ Ry, is decreasing.

Proof. Lety € NV, and choose t; > t such that y(7(t)) > 0 and B satisfies (9) for t > t;.
(i) Since Lyy is a positive decreasing function, clearly

. e
lim Loy(t) = ¢ > 0.

If £ > 0, then Lyy(t) > ¢ > 0 and so for any ¢ € (0,1), we have

t u . .
y(t) > g/tl rlgu)/t Ld.SdLl > gRu(t), g = gg.

, T2(8)

Using this in (1), we have

Lay(t) = q(t)y(T(t)) = ERua(T(1))q(t).

Integrating from t; to ¢, we obtain

Ry (t)
Ra(t1)

which is a contradiction. Hence, ¢ = 0. Applying 'Hospital’s rule, we see that (i) holds.
(ii) Again, using the fact that L,y is positive and decreasing, it follows that

— 00 ast — oo,

Lay(t) > € [ Rua(e(e))a(s)ds = pE [ s = piln

Lay(t) = Liy(n) + [ Lay(s)ds
1 ;o
> Liy(t1) + Lay(t) /t1 mds

1
= Liy(t1) + Lay(£)Ro(t) — Loy(t) (/to @ds
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In view of (i), there is a t, > 1, such that

t
Liy(t1) > Loy(t) / ' ds, t>t.

ty 12 (S)

Thus,
Liy(t) > Layy(H)Ra(t), t>t

and consequently,

<0/ tZtZr

L\ Lay(ORa(t) — Luy(h)
(%) =" R0

which proves (ii).
(iii) In view of the fact that L1/ R is a decreasing function tending to zero, we have

) =yt)+ [ R = e + 5 [

= y(e2) + S R - T [ K2 M i

for t > t3 for some t3 > t,. Therefore,

(y)’(t) _ Liy(HRua(t) —y(H)Ra(t)
Riz R%, (t)r1 (1)

which proves (iii). The proof is complete. [

<O/ t2t3/

The next lemma provides some additional properties of solutions from the class N.

Lemma 4. Assume B, > 0 and let y be an eventually positive solution of (1) belonging to Ny.
Then, for k defined by (10) and for a t that is sufficiently large:

(a0) (1—PB«)L1y > RoLpy and Lly/R;ﬁ* decrease;

(bo) limyeo Liy(t)/Ry P () = 0;

(co) y > k(Rqy2/Rp)Lyy and y/R%ék decreases.

Proof. Lety € N, with y(7(t)) > 0 satisfy the conclusion of Lemma 3 for t > t; > t and
choose fixed but arbitrarily large B € (B+«/(1+ B«), Bx) and k < k, satisfying (9) and (10),
respectively, for t > t;.

Since 8
— > B,
—-B
there exist constants ¢; € (0,1) and ¢; > 0 such that
c
: fﬁ > B+ ca. (19)

(ag) Define the function

2(t) := Liy(t) — Ra(t) Lay (1), (20)
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which is clearly positive by (ii). Differentiating z and using (1) and (9), we see that

Z/(t) = (Ly(t) — Ro(t)Loy(t))’
= —Ra(t)L3y(t)
= Ro(t)q(ty(z(t)) (21)
y(z(t))
= ﬁrz(t)Rlz(T(f))
By virtue of (iii), we have

r2(t)Ria(t) — ﬁrz(f)Rz(f)

for t > t, for some tp > t;. Integrating from t, to t and using the fact that L1y/R; is
decreasing and tends to zero asymptotically (see (i) and (ii)), there exists t3 > t, such that

z(t) > z(t) + B ! Mds > 2(ty) +ﬁL1y(t) /t-t 1

Jty 12(s)Ra(s) Ro(t) Ji, 12(s) 22)
= 2(tp) + BLiy(t) — 5LR12y((tt)) /toz ris)ds > BLiy(t), >t
Then,
(1—B)L1y(t) > Ro(t)Lay(t)
and
L \' ) _ Lay(HRa(t) = (1= B)Liy())Ra(1)
<Réﬁ> (t) R Omalt) <0, t>ts (23)

It follows directly from (23) and the fact that L,y is increasing that f < 1. Using this
in (22) and taking (19) into account, we find that there is 4 > t3 such that

Ly(t) t 1
> ds
= Ry F(t) /t3 ra(s)R5 (s)
B Liy(t) - -
- H%Rél’g(t) (R 70 =Ry (1))
> 1Ciﬁ'8L1y(t)
(B +c2)L1y(t), >ty

\%

V

which implies
(1 =B )Lay(t) > (1 = B —c2)Lay(t) > Ro(t) Lay(t)

(L”/> () < 0. (24)

R;_ﬁ*_c2

and

The conclusion of this is in the following.
(bp) Clearly, (24) also implies that L1y / R;_ﬁ * — 0ast — oo, since otherwise

S0 L) s e
PRl RLP)

which is a contradiction.



Mathematics 2021, 9, 1675 9of 18

(co) Using the fact that by (ag) and (bg), L1y / Ri_ﬁ * is a decreasing function tending
to zero, we have
t R;’g*(s) Lyy(s)
W) RP(s)
1 B.
Liy(t) /*R (5) 4
>y(ty) +
WH 2 e n®
Ly %, Ry ™
R;_ﬁ*(t) o T1(s)
17 *
Liy(t) /t Ry P(s)
1 B, §
(t) o 71(s)

>k 12( )Lly(t), t>ts >ty

Ra(t)

y(t) = y(ts) + ds

_ $) 4o L) s Ry (s)
= y(t) + s— )/ L —ds

R () o 1)

>

Therefore,

<0, t>ts.

(y)'(t) _ KLyy()Ria(t) — y(DRa(t)

RIJ¥ KR (1) (1)
The proof is complete. [
Corollary 2. Assume B, > 1. Then, N = @
Proof. This follows directly from (ag) and the fact that L,y is positive. O
Corollary 3. Assume B, > 0and A, = oo. Then, Ny = @
Proof. Lety € N, with y(7(t)) > 0 satisfy conclusions of Lemma 4 for t > t; for some

t; > to and choose fixed but arbitrarily large B < B, k < ki and A < A,, satisfying (9), (10)
and (8), respectively, for t > t1. Using (cp) and the definition of A in (21), we have

, y((t))
SO ORI ()R, ()
¢ 1
= BR%yﬁ("z t)r2

Integrating the latter inequality from t; to f and using that L1y/R; as a decreasing
function tending to zero, we obtain

z(t) > BRAYVEL iy (1), > 1, (26)

ie.,

(1 — ,Bk/\l_l/k> Lly(f) > Rz(t)Lzy(f), t >t >ty

Since A can be arbitrarily large, we can set A > (1/kB)*/ (k1) which contradicts the
positivity of Lyy. The proof is complete. [
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Corollary 4. Assume B, > 0and k, = co. Then, Ny = @.

Proof. Using the fact that k can be arbitrarily large, the proof follows the lines of Corollary 3,
and so we omitit. [J

In what follows, we can assume without loss of generality that S, ks, A« are well
defined, and B, € (0,1), ki € [1,00), and A, € [1,0). Now, we will show how the results
from Lemma 4 can be improved iteratively.

Lemma 5. Assume B, > 0 and let y be an eventually positive solution of (1) belonging to
Na. Then, for any n € Ny, By, and ky, defined by (11) and (12), respectively, and for a t that is
sufficiently large:

(a,) (1—Bu)L1y > RyLyy and L1y/R;_ﬁ” decrease;

(bn) limy oo Liy(t) /Ry P" (1) = 0;

(cn) y > enkn(R12/Ro)L1y and y/Rg(S”k") is decreasing for any €, € (0,1).

Proof. Lety € N, with y(7(¢)) > 0 satisfy the conclusion of Lemma 3 for t > t; > t; and
choose fixed but arbitrarily large p < B« and k < k, satisfying (9) and (10), respectively,
for t > t;. We will proceed by induction on n. For n = 0, the conclusion follows from
Lemma 4 with ¢y = k/k.. Next, assume that (a;)—(c;;) hold forn > 1fort > t, > t;. We
need to show that they each hold for n + 1.

(ap+1) Using (c,) in (21), we obtain

, y(x(t)
Z (t) 2 nBrz(t)Rié(snkn)(T(t))Riz_l/(Snkn) (T(t))
y(t) 1
= Rié(enkn)(t) rz(t)lel/(Snkn)(T(t))

Rl—kn/sn (t)
> BenknpiiTe ) R v
1

Ra(Ora(n) Y

Z ‘BgnknAl_l/(gnkn)
Integrating the above inequality from ¢, to t and using (a,;) and (by,),

_ o Liy(s)
_ 1-1/(enkn) 1y
z(t) = z(tn) + BenknA y Rz(s)rz(s)ds

t
Zz(tn)+‘B£nknA1*1/(€nkn)L11]{(;)/ : L
Ry ™" Tt Ry (s)ra(s)

enky A1/ Enkn) Ly (t B, B,

gt (BP0 - R a)
" 2

‘Bgnkn)\lfl/(enkn)

(27)
> z(ty) +

Liy(t) = pPni1liy(t), t>1t, >ty

1—Bn
where
Al—l/(knfn) ( )
=g, —— € (0,1
]’l ‘B* n A}(il/k”
and
li =1.
m p=1
en—1

B— P
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Choose y such that

1 1
> = ,
B T Byt Put 1+ Pulln— 1)

where /,, satisfies (14). Then,

(28)

HBn+1 > Bni1 _ Ban1

1_.14.Bn+1 (1+ﬁn(€n_1))(1_(1-&-ﬁin(%) 1_an

and there exist two constants ¢; € (0,1) and ¢, > 0 such that

¢l #Bn+1(1 — Bn)

> + ca.
1- .u,BnJrl ﬁn_H 2

In view of the definition (20) of z, we see that

(1= pPur1)L1y(t) > Lay(t)Ra(t)

/
Ll]/ /
2

Using the above monotonicity in (27), we find that there exists ), > ), that is suffi-
ciently large such that

and

_ t Lyy(s)
_ 1-1/(enkn) 1Y
z(t) = z(tn) + Benkn) . Ra(5)ra(s)

Benkn A 1 E8)  Lay(t) 1wyl
1—uPn+1 R;iyﬁﬂ‘f’l(t) (Rz (t) R2 (tn))

- Clﬁgnkn/\lfl/(enkn)

Liy(t
1- V‘Bn—&-l ly( )
1—Bn
=c nr1———Liy(t
P, YY)
> (Bua1 +2)Liy(t), t>t,.
Then,
(1= Bus1 —c2)L1y(t) > Ra(t)Lay(t) (29)
and )
_ My Y <o (30)
Ré*ﬁwrl*cz ’

from which the conclusion follows.
(by+1) Clearly, (30) also implies that Ly / R;_ﬁ "1 0ast — oo, since otherwise

1};1]/(2 _ f}ﬁy(t) R2(t) — 00 ast— oo, (31)
Ry "R () Ry ()

which is a contradiction.
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(cn+1) Using that by (aj,+1) and (by+1), L1y/ R;_ﬁ "1 is a decreasing function tending
to zero, we have, for any ¢,,1 € (0,1),

y ERVPs)  Lyy(s
o) =) + [, Rilﬁy"gl)<s>

Ly()_ Ry P (s) o
Ry Py Juy o ma(s)

1-8, n p1—B,
_ ey + Ly /fRz’“%s) o 0 _ " Ry P (s)
YORy Py S mls) Ry Py Jy o a(s)

17,3n+1
Liy(t) /t R, (s) Rya(t) "
> —_ > >t
RéflgﬂJrl (t) " 1’1(5) ds el £n+1kn+1 Rz(t) Ll}/(t)/ t jtl t?l+1 fel ti’l

and

( 7 )l(t) etk Ly (DR ™ () — y(HR) ™ (D Ry (1)
ensikni1 Ry (1) (1)
_ enpikni1Liy(H)Ria(t) — y(H)Ra(t)
R}é€n+]k”+1+l (t)7’1 (t)

< 0.

The proof is complete. [
Corollary 5. Assume that B; < 1fori=0,1,...,n—1and B, > 1. Then, N, = @.

In view of the above corollary and (13), the sequence {B, } defined by (11) is increasing
and bounded from the above, i.e., there exists a limit

nlijf(}oﬁn =pre(0,1)

satisfying the equation

1-1/k
BukeA, T
= (32)
By 1= F;
where s
.Bf t R, f(s)
ks = liminf 2 2 o Zrl(s) ds
f t—o0 R12(t)

Then, the following crucial result on the nonexistence of N-type solutions is immediate.
Lemma 6. Assume A, < oo and (32) does not possess a root on (0,1). Then, N = @.

Corollary 6. Assume A, < co. If

1/kf—1

ﬁ*>max{ﬁf(l_ﬁkf;)A* :o</3f<1}. (33)

then N = @.
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3.2. Convergence to Zero of Kneser Solutions

In this section, we state some results ensuring that any Kneser solution converges to
zero asymptotically. We start by pointing out the useful fact that

/too g(s)ds < oo (34)

0

is necessary for the existence of an unbounded nonoscillatory solution. For the reader’s
convenience, we state its one-line proof.

Lemma 7. Assume

/oo g(s)ds = oo. (35)

fo

Then, (1) has property A.

Proof. Assume, on the contrary, that y is a nonvanishing, nonoscillatory, positive solution
of (1),ie., y(t) > & > 0 for t > t;. Then, the integration of (1) from f; to t yields

t

Loy(t) = Lay(t2) —/t

2

g(s)y(t(s))ds < Loy(ta) — C/ttq(s)ds — —oc0 ast— oo, (36)

which contradicts the positivity of Lyy. O

Hence, we will assume (34). Next, we will distinguish between two cases:

/t:orzgu)/uooq(s)dsdu =00 (37)
and o 1 .
/to 7’2(14)/u g(s)dsdu < oo. (38)

Lemma 8. Assume either (37) or

[} 1 (o] 1 S
/to m/t m/s g(u)dudsdt = oo. (39)

If y is a Kneser solution of (1), then lim; ;o y(t) = 0.

Proof. Use y(t) € Ny and choose t; > t; such that y(7(t)) > 0 on [t1,00). Clearly, there
exists a finite number ¢ such that lim;_, y(f) = ¢ > 0. Assume that ¢ > 0. Then, there
exists t > t1 such that y(t(t)) > ¢ for t > t.

If (37) holds, then by integrating (1) from ¢ to co, we obtain

Lay(t) = [ q(s)u(r(s)ds 2 € [ g(s)ds

that is, :
(Ly(0) > =5 [ a(s)ds. (40)

Integrating (40) from f; to ¢, we obtain

~Ly(t) < —Lay() - [ £

ty 72(”)

/ g(s)dsdu — —o0 ast — oo,
u

which contradicts the positivity of —Ljy.
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If (39) holds, then integration of (40) from ¢ to oo gives

/ g [* 1 =
—y'(t) > W/t w/t g(s)ds du

and, consequently,

y(t) Sy(tz)—/tE;)/xoorz(lu)/twq(s)dsdudx%oo ast — oo, (41)

fh 11X
which contradicts the positivity of y. The proof is complete. [

Using the positivity of B« which we always require in our results for the nonexistence
of N-type solutions, it is possible to simplify condition (39) or even omit it when r1 and 7,
are of the same type. We will use this knowledge to formulate a single-condition criterion
for property A of (1) in Section 3.3.

Lemma 9. Use (38) and assume r{Ry ~ 1Ry and B > 0. Then, (39) holds.

Proof. By interchanging the order of integration, we rewrite (39) as follows:

w1 /OO L /‘ooq( )dudsdt

T

to 7’1 S
/ — Ry(s))dud s
to 7"]
OORQ(S) e
dd—/ / dud
to (s / s to 71(s) Js 9(u)dud s

= q(s)Ra(s)Rq (s )d37./t-oo q(s)Ryz(s)ds.

Ji

Using A and §, satisfying (8) and (9), for t > t; > to, we obtain

/t:orll(t)/twris)/:o g(u)dudsdt

/°° Ry(s)Rq(s) — RlZ(S)ds
ho ra(s )Rz( )Rlz( (s))

1
=pA h (7’2 Rlz 72(5)R2(5)>ds
. 1 Rl( )Rz(s) . s
B /t1 r2(s)Ra(s) ( Riz(s) 1>d '

On the other hand, by using ’'Hospital’s rule,

)+ =Ry (t
1iminf7R1(t)R2(t) > liminf n(t) A r2(t) 1)
t—o0 Rlz(t) t—o0 Ro(t)
r(t)
B r(H)Ry(t)
=1 +hrg(1xr)1f 7r2(t)R2(t) =1+/.
Therefore,
© 1 S | o S
— M®&>/4444f
Loawh ne k1w b T)R0)
s R(t)
—Ktlggoln<R(tl)> — 00 ast — oo,

In view of Lemma 8, the conclusion follows directly. [J
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Corollary 7. Let (38) and assume r1Rq ~ roRp and By > 0. If y is a Kneser solution of (1), then
lim 0 y(t) = 0.

3.3. Property A of (1)

Combining the results from previous two sections, we are prepared to state the main
results of this paper in three cases: for general functions r{ and r;, for the same-type
functions r; and r; satisfying (15), and for the same functions rq = r, respectively.
Theorem 1. Assume 3. > 0, A = oo, and either (37) or (39) holds. Then, (1) has property A.
Theorem 2. Assume A, < oo, (33), and either (37) or (39) holds. Then (1) has property A.
Theorem 3. Assume r1Ry ~ r2Rp. If Bsx > 0and Ay = oo, then (1) has property A.

Theorem 4. Assume 1Ry ~ r2Rp. If Ay < coand (33) hold, then (1) has property A.

Theorem 5. Assumer1 = rp. If B« > 0and Ay = oo, then (1) has property A.

Theorem 6. Assumer; = rp. If A < o0 and

_ _ Br/2
,3*>max{ﬁf(1 'Bf)(; P ZO<,Bf<1}, (42)

then (1) has property A.

4. Examples and Discussion

We illustrate the worth of the obtained results on the examples. Firstly and most
importantly, we show that that condition (5) is necessary and sufficient for property A of
the Euler equation (3).

Example 1. Let us consider the Euler Equation (3). Clearly, (15) holds and from straightforward
computation, we see that

-2
Ay = T'y+a ,

_ Qo> 7"
G - p—
[ Yy G g g,

Consequently, condition (33), which in view of Theorem 4 ensures that (3) has property A,
reduces to

90 > max{ (1= By) (2= Bs(1—7) =7 —a) (1 —7)Pr A0 0 < g <1}, (43)

If we set
p=2-Br(l—7)—7—ua
then (43) becomes
go >max{c(p):1—a<pu<2—a—17} (44)

where c(p) is defined by (4). Hence, condition (5) is not only sufficient, but also necessary for the
existence of an Ny-type solution and so (43) is sharp for (3) to have property A.
For example, set « = v = 0 and T = 0.35. By virtue of (44), we conclude that (5) has
property A, if
qo > 2.1327,
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which is depicted in Figure 1—see the orange line. We can also observe from Figure 1 (see the green
line) that if
go < max{c(p):pu <0} ~2.944,

then (5) has a couple of Kneser solutions tending to zero asymptotically.

/N

cu)
3?

Figure 1. Graph of ¢(y) fora = v = 0 and T = 0.35.

The remaining open problem stated below in Remark 2 is to prove a general criterion for the
nonexistence of Kneser solutions of (1), which would reduce to

qo > max{c(p) : p < 0}
when applied to the Euler equation (5).
Next, we consider the situation when 71 and r; are not of same type.
Example 2. Consider the third-order delay differential equation
'y (1) +q(t)y(tt) =0, Te€(0,1), t>1. (45)
It is easy to verify that

r(t)=1, r=e', Ri(t)~t, Ro(t)~e', Rip~e.

Then,
Ay = liminf Rz (t) — liminfe(l™ ) =
t—o0 Rlz(Tt) t—ro0
and
B = liminf Ry (£)Riz(7(£))g(t)ra(t) = lim infq(t)e™ > 0. (46)
—00 —00
Clearly, a positive B implies that the integral (37) is divergent, i.e.,
/ es/ g(u)duds = / q(s)(e® —e)ds = oo.
1 s 1
Hence, if (46) holds, all assumptions of Theorem 1 are satisfied and Equation (45) has prop-
erty A.

Finally, we illustrate the case with non-proportional delay argument.

Example 3. Consider the third-order delay differential equation

1
y”’(t)—l—t—zy(t—Zlnt):O, t>t—2Int>1. (47)
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It is easy to verify that
n(t) =n) =1 Ri()~t Ryt) ~f, Rip~

e Rpp(H) t* _
b= (e~ R T2

and
B = litrgg}fRz(t)Rlz(T(t))q(t)rz(t) = oo,

Hence, all assumptions of Theorem 6 are satisfied and Equation (47) has property A, that is,

any nonoscillatory solution tends to zero asymptotically. One such solution is y(t) = e .

Remark 1. In the paper, we suggested new oscillation criteria for property A of a class of general
third-order delay differential equations by employing a novel iterative technique. In a particular
case when the functions r; are of the same type, a single condition guarantees property A of
(1), see Theorems 3 and 4. We stress that our criteria remove a restrictive condition that T(t) is a
nondecreasing function, they are also applicable in the ordinary case T(t) = t and, most importantly,
they are sharp when applied to general third-order delay Euler-type differential equations, see
Example 1.

Remark 2. It is well-known, see, e.g. [3], that the delay argument can cause the oscillation of
all solutions of (1). Howeuver, the problem of obtaining conditions for the nonexistence of Kneser
solutions of (1) which would be sharp for the Euler equation (3) is nontrivial and we leave this
question open for future research. How to extend the sharp results of the paper to the class of neutral
third-order differential equations also remains open at the moment.
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