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Abstract: We study three systems from the classification of cubic reversible systems given by Zotadek
in 1994. Using affine transformations and elimination algorithms from these three families the
six components of the center variety are derived and limit-cycle bifurcations in neighborhoods of
the components are investigated. The invariance of the systems with respect to the generalized
involutions introduced by Bastos, Buzzi and Torregrosa in 2021 is discussed. Computations are
performed using the computer algebra systems MATHEMATICA and SINGULAR.
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1. Introduction

One of the long-standing problems in the theory of polynomial differential equations
is the Poincaré center problem, which involves finding for which values of parameters
&pq, Bpq a given polynomial differential system of the form

n
ptq=2

n
y=x+ ) PBpxy’
p+q=2

)

has a center at the origin. A general approach to its study was proposed by Poincaré and
Lyapunov [1,2]; however, this relies on checking an infinite number of conditions, which is
difficult to verify in practice.

The problem has been studied for some fixed values of the degree n for more than a
century by many authors. The only family completely investigated is the quadratic one
(n = 2) [3-8]. Some partial results have been obtained for the cubic family (when in (1)
n = 3), see e.g., [9-16] and references given there; however, it appears that the center
problem for the cubic system is still far from resolved. Some partial classifications have also
been obtained for higher-degree families; in particular, for systems in the form of a linear
center perturbed by homogeneous polynomials of degree 4 and 5 [17,18].

By the Poincaré-Lyapunov theorem, the existence of a center at the origin of system
(1) is equivalent to the existence of an analytic first integral of the form

D(x,y) =x*+y*+ Y, ¢j—1,k—1xj3/k ()
jt+k>2
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in a neighborhood of the origin. For system (1), one can always find a function of the

form (2) such that
o od

b - . 2 2\k+1
¢ axx+8yy k;vk(x + ) ©)
where v} are polynomials in the coefficients &, B4 of polynomials P and Q, called the
focus quantities of the system (1). We denote the list of coefficients of the first equation of
(1) by & and the list of coefficients of the second equation by S, so the polynomials vy are
polynomials in the variables («, B), vy = vi(a, B), in the polynomial ring R|a, A].

Clearly, system (1), with fixed coefficients (a*, f*), has a first integral (2) and, therefore,
a center at the origin if and only if

ve(a®, ") =0 VkeN,
That is, (a*, B*) belongs to the variety V (V) of the ideal
V= <'01,Z)2,U3, .. >

The variety V(V) is called the center variety of system (1).

In studying the center problem for a given polynomial family of the form (1), one
usually computes a few first focus quantities v1(«, B),..., vm(a, B) of the system, then
finds the irreducible decomposition of the variety V(V;,) of the ideal

Vm = <U]/UZI 03,... Um>

and then for each component of the decomposition proves the existence of a local analytic
first integral. In some sense the center problem for system (1) will be solved if all possible
mechanisms of local integrability in systems (1) can be established, and algorithmic proce-
dures allowing the proving of integrability for systems corresponding to the components
of irreducible decomposition of the center variety would be proposed.

Up to now two main known mechanisms yielding integrability in polynomial sys-
tems are the Darboux integrability [19-24] and time reversibility [25-28]. In 1994, in the
renowned work [29], Zotadek presented a classification of reversible centers of a cubic
system. He gave 17 families of systems that are time reversible with respect to some rational
transformations, and such that among systems of the families there are some that have a
center. The reversible families of [29] contain systems with a center and systems that do
not have a center, so the relation of the classification to the center variety is not discussed
in [29].

This relation was investigated in [30,31], where the authors were looking for an
affine transformation

1[J(x,y): (—ao—kx,bl(ao—x) +;1(—bo+y)) (4)
ay a102
whose inverse is
¥(x,y) "t = (ap + ayx, by + byx + boy) 5)
which brings the systems from Zoladek’s families to the canonical forms
% =(1+ Gx)(y + Hx* + Dxy + Ry?), @
¥ =—x+ Ax* + 3Bxy + Cy* + Kx® + 3Lx*y + Mxy? + Ny
and
% =y(1+ Dx 4 Px*) + Hx*> + Qx> + *(G + Vx), )

¥ = — x4+ Ax? + 3Bxy + Cy* + Kx° + 3Lx*y + Mxy? + Ny°.
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However, for only 6 of 17 families of [29] has the study of [30,31] resulted in finding
center conditions in terms of polynomial equalities in the coefficients of (6) and (7); that is,
in finding components of the center variety (in this paper, speaking on the components of
the center variety, we do not mean the proper components; they can simply be algebraic sets
that are subsets of the center variety). For the other cases the conditions for the existence of
a center in (6) and (7) were given in terms of elimination ideals.

The authors of [30,31] also did not consider all systems from the classifications of [29]
that can be transformed to families (6) and (7). They only considered real systems trans-
formed to (6) and (7) by real transformations. However, we will see below that some
complex systems can be transformed to real systems (6) by complex affine transforma-
tions (4).

Recently, the following generalization of the notion of time reversibility has been
introduced in [32].

Definition 1. Let U C R" be an open set, ¢ : U — U be an involution of class C, X : U — R"
be a vector field of class C" and F : U — R be a continuous function. It is said that X is orbitally
@-reversible if

Dy-X = FXog.

The case F = —1 corresponds to the classical notion of time reversibility.

The authors of [32] showed that all 17 families of [29] are orbitally ¢-reversible and
found the corresponding involutions.

In this paper we consider the families of [29] that are related to system (6) with
R = N = 0; namely, the families denoted by CRS, CR? and CR%O in [29]. That is,

X =X(I+p+meX + (k+n)XY +mX>+qTX),

. 8
Y = —kXY? — IY + mX?Y — (nXY + p+qTX)2X + Y +¢), ®)
X=X(—(n+k)+ (I —m)XY — (I+p)XT), ©)
Y =nX + kY +nT + (m — ) X?Y + pX?T + mXYT + pXT?
and )
X =X(—k —2nT +2(1 — m)XY — IXT), 10)

Y =2kY 4+ nXT +nT? + (m — 1) X?Y +mXYT,

respectively (above T = x +y +c).

Using the tools of computational algebra and algorithms of the elimination theory,
we obtain from these three families six components of the center variety. For the obtained
components we discuss the existence of orbital ¢-reversibility and study bifurcations of
small limit-cycles from the center at the origin.

Actually, from theoretical point of view, it is straightforward to find systems from
families (8)-(10) that correspond to systems with a center at the origin in family (6) in an
algorithmic way: in each of systems (8)—(10) one performs substitution (5), equates the
coefficients of the corresponding terms in the obtained system and in system (6), and then
eliminates from the obtained polynomial system the variables [, p, m, ¢, k, n,q, ag, a1, by, b1, bp
using the elimination theorem [14,33]. However, the algorithm requires computation of
Groebner bases with respect to the lexicographic order and, therefore, it is extremely time-
and memory-consuming. For this reason, the direct application of this computational
approach is of limited use.

Our choice of the families mentioned above is due to the computational restrictions—the
study involves laborious computations, so we chose the cases that look simpler from the
computational point of view and where we were able to complete calculations using our
computational facilities. Some results of the performed computations are large polynomial
ideals that are not appropriate for the presentation in the paper due to their sizes, but we have
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made them available online at http:/ /www.camtp.uni-mb.si/camtp/barbara/ (accessed on 6
March 2021).

2. Preliminaries

To study the center problem it is often computationally efficient to work, instead
of real system (1), with its complexification obtained as follows. Using the substitution
X = x + iy, we obtain from system (1) the complex differential equation

X =iX+R(X,X).
Then, we adjoin to this equation its complex conjugate and obtain the system
X =iX+R(X,X), X=-iX+R(XX).

Now we denote X as a new variable Y and R as a new function obtaining the system
of two complex differential equations, which we can write in the form

n—1
=1
p+q a1

n—1
Y=—i(Y— Y bpXTYPth),
p+q=1

where X,Y € C, p > —1, g > 0, and in the case when b;, = ), the system has a real
preimage of the form (1).
For system (11) there is a function of the form

F(XY)=XY— Y 1 XY (12)
j+k>2
such that o oy
iy o1 or _ k+1
Y=o Xt oY kggk,k(a,b)(XY) ,

where 2 and b are parameters of the first and second equations in (11), respectively, and
Qxk(a, b) are polynomials of the ring Q[a, b], called the focus quantities of system (11). They
form the ideal B = (911, $22, £33---), called the Bautin ideal of system (11). Its variety V(1)
consists of all systems (11) admitting a local analytical first integral in a neighborhood of the
origin. As is mentioned above by the Poincaré-Lyapunov theorem, the local integrability
yields the existence of the center, so systems from V(B) that have a real preimage, have a
center at the origin. For the cubic complex system (system (11) with n = 3) using the algo-
rithm of ([14], Section 3.4), we have computed the first eight focus quantities g11, ..., gss
(available at http:/ /www.camtp.uni-mb.si/camtp /barbara/FocusQuantitiesCubic8 (ac-
cessed on 6 March 2021)). Clearly, using these it is straightforward to obtain the focus
quantities v of real systems (6) and (7).

We recall also a theorem related to parameterizations of affine varieties. Let fi, ..., fu, $1,
.., §n be polynomials of the ring k[t1, ..., t;], where k is an infinite field. Let W be the variety
of (g1,...,8n), and let F : k™ \ W — k" be the function defined by

fi(t1, e tm) fn(tl,...,tm)>
g1t e tm)” " gn(t, s tm) )

F(ty, oo ty) = (

The following statement is known as the rational implicitization theorem (see, for
instance, ref. [33] for a proof). It can be used to check if a polynomial parametrization
covers an affine variety.
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Theorem 1. Let k be an infinite field. Set ¢ = g1 - - - gn and consider the ideal

J = {f1 — 1X1, s fu — §uXn, 1 — gY) T K[y, t1, oos b, X1, e X1

and its m + 1st elimination ideal ], 1 = ] Nk[x1, ..., Xn]. Then V (], 41) is the smallest variety in
k™ containing F(k™ \ W).

3. Some Center Conditions

In this section we look for components of the center variety of system (6) (the center

conditions) associated to systems (8)—(10) and obtain the following result.

Theorem 2. (1) System (6) with N = R = 0 has a center at the origin if its parameters belong to
one of varieties Vi, = V(I) (k =1, ...,5), where the ideals I are defined as follows:

I =(A,D—-G,C+G,G?>+ M,3BC + 3L — CH),
L =(G*+M,D-G,C+G,L?>+ H?M,GL — HM,GH + L,3B + 2H,2A% + 18H? +
9K),
I3 = (H,CD+ D? - DG — M,3AB+3BC +3L,A+C+D,CK+3DK —2GK +CM +
DM),
I = (L,H,B,36DK — 45GK — 2AM — 16DM + 24GM, 3DG + 2M,2C + 2D + G),

(

Is = (2C+ D +2G,3B +2H,9DL — 8HM,4GH + 3L,3DG + 2M),
or the variety Vg, which is parametrized as follows:
M= fi, L:é, H:ﬁ, K:E, (13)
82 82 34

where

fi =BG(4A +2C — D +2G)2A - D,

f» =BG(4A +2C — D +2G),

f3=-3B(A+C+G),

fi=—G(RA+C+ G)(—108A%B2 + 12A3C — 162AB>C 4 16 A2C? — 54B*C?
—12A3D +27AB?D — 36A%CD + 27B*CD — 16 AC?D + 20A?D? 4 27ACD?
+4C?D* —11AD® — 6CD? +2D* + 12A3G — 162AB*G + 32A%CG — 108B*CG (14)
—36A%DG + 27B?DG — 32ACDG + 27AD?G + 8CD*G — 6D%G + 16 A2G?
— 54B2G? — 16ADG? + 4D2G?),

g =2A—D,

81 =(2A —D)*gy,

G4 =2AC + C? —4AD — 4D* — 4AG — 6CG + 4DG — 7G?

and all the above polynomials are defined on V(h), where h = —18AB?C + 4A2C? —
9B2C2 + 36 AB%D — 12A%CD + 27B*CD — 4AC?D + 8A2D? — 18B2D? + 12ACD? +
C?D? —8AD3® —3CD?+2D* —72AB?G +8A%CG — 54B*CG — 12A2DG + 45B%DG —
8ACDG + 12AD?G + 2CD?G — 3D3G + 4A?G? — 45B>G? — 4ADG? + D?G>.

Moreover, systems CR;g) correspond to systems from V(I ), systems CRéS) correspond to

systems from V(1) and V(Ip), systems CRélO) correspond to systems from Vg, from V(I3) N
V(hy), V(Iy) NV (hy) where

hy = 9B2C? + 4C* + 36B>CD + 16C3D + 27B>D? + 24C?D? + 16CD? + 4D* — 9B2CG — 8C3G+
9B2DG — 24C?DG — 24CD?*G — 8D3G — 18B*G? — 3C*G? — 6CDG? — 3D>G? + 5CG® + 5DG® +2G*, (15)

hy = —675G*K 4 405G*M — 720G*KM + 360G>M?* — 192K M? + 80M3 (16)

and points of the variety V(I5) for which
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=~ _(20A%D + 60AD? +45D3 — 24A%’G — 94ADG — 6D*G + 36 AG>
18(6G — 5D) ( + * N i (17)

— 52DG? +24G® + 180DH? — 216G H?)

K

and

100A2D? + 300AD? + 225D* — 160A2DG — 320AD*G — 120D%G + 64A%2G% — 16 ADG?+
—104D?G? 4+ 64AG® + 32DG3 + 16G* + 900D?*H? — 2160DGH? + 1296G*H? = 0.  (18)

(2) Systems corresponding to generic points of varieties V(I), ..., V(I5) and Vi are Darboux
integrable.

Proof. (1) (a) Consider first system (8). We look for a transformation (5) that brings it to
the canonical form (6). That is, we perform the substitution

(X, Y) = (ao 4+ ay1x,bg + b1x + bzy) (19)
and then we equate the transformed system with (6) obtaining that
R=N=0

and the other coefficients satisfy an algebraic system of 16 equations.
Solving the suitable equations for /,4; and b; we then obtain two cases:

(i) 2a9+c=0,
(ii) agbom — agbon — p — a%q — apboq — apcqg = 0.

Examining case (i), first we can express c and 7, then eliminating with Eliminate of
MATHEMATICA from the remaining equations ay, by, by, k, m, p, § we obtain the ideal

U = (A,3BC—CH+3L,—D —2C—G,2CG + G?> + C?,(C+ G)H, M + C?).

Computing with the routine radical of the compute algebra system SINGULAR [34]
the radical of U we obtain the ideal I given in the statement of the theorem.
Obviously (one also can use Theorem 1) a rational parametrization of V(1) is given by

3BG — GH

3 , M=—-G> (20)

A=0, C=-G, D=G, L=
Further computations show that for the coefficients of transformation (19) it holds:
a = a()G, bl = —Gbo. (21)

In case (ii) we first solve two of the remaining equations for p and n. Similarly as
above, eliminating ag, by, by, c, k, m, q from the remaining equations we obtain the ideal

(—2A? —18H? —9K,3B+2H,—D —2C — G,2CG + G*> +C?,(C+ G)H,L— CH,M+C?) (22)

whose radical is the prime ideal I, given in the statement of the theorem. A rational
parametrization of V(I,) is given by

1
C=-G, D=GgG, H:%B, K:—E(4A2+81B2), M= -G? L:%BG (23)
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and for this solution we find

_2Ab0G+9Bb2 . _{10(2A +3G)

20A+3G) © A @9

a1 = aoG, by =

(b) Consider now system (9). Applying transformation (19) and equating the obtained
system with (6) we can calculate k and then again we have two cases:
(1) Zﬂo +c= O,
(i) agbgl — agbgm — n + a%p —apbop — apcp = 0.
For (i), straightforward calculations yield p,n and A = R = N = 0. Now, the

elimination of ag, a1, by, ba, [, m, n gives an ideal having the same radical as I;. Using the
parametrization (20) we find that

a1 :aoG,
bo =ao(2G? — 2K — 3BGn +2GHn — Gsn)/(2G* 4+ 3BH — 2H? — 2K + Hs), 25)
by = — Gby,

by = — 4ayG*(H + Gn)/(2G? + 3BH — 2H? — 2K + Hs),

where s = (9B% — 12BH + 4H?2 + 8K)?.
For (ii) we calculate 1, p, by and get R = N = 0. After the elimination of ag, a1, by, b, I, m, ¢
we obtain ideal (22). Using the parametrization (23) of the variety of I5 we find that

a1 =ayG,
by =iG(2iA%by — 9ABbg + 27a9BG) / (A(2A 4 9iB + 6G)),

(26)
by =6G*(Aag — Aby + 3a9G)/ (A(2iA — 9B + 6iG)),
c=—ay(2A+3G)/A
or
a1 =apG,
by = — iG(—2iA%by — 9ABby 4 27a0BG)/(A(2A — 9iB + 6G)), )

by =6G*(Aag — Abg + 3a9G)/ (A(—2iA — 9B — 6iG)),
c=—a9(2A+3G)/A.

Thus, we see that in this case there is no real transformation of (9) to a system of the
form (6).

(c) Consider now system (10). In this case performing transformation (19) and equating
the corresponding terms we find k and / and then we have two possibilities:

(i) 2a0—by+c=0,
(ll) a1b0 + a%bobzm — a%bzi’l + ﬂobobzl’l — lloszi’l = 0.

Consider first case (i). Calculations give R = N = 0 and b;. From the remaining
equations we obtain the ideal V presented in Appendix A. For this case we were not able
to perform elimination with MATHEMATICA, so we used the computer algebra system
SINGULAR. Since it still was not possible to complete computations over the field of rational
numbers we carried them out in the ring

Z3003|A,B,C,D,G,H,K, L, M,w,c,ag,ay,by, n,m|

with the degree reverse lexicographic ordering. We first eliminated the variables a1, by, ag, c,
n,m, w from the ideal (V, 1 — waybyag). Then with the routine minAssGTZ [35] of SINGULAR
we computed the decomposition of the obtained ideal and found two components (out-
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put provided by Singular is presented at http://www.camtp.uni-mb.si/camtp/barbara/
idealVed (accessed on 6 March 2021)). Performing the rational reconstruction of the first
component with the algorithm of [35] we obtained the ideal 5 given in Appendix B.

Now taking from [3 polynomials generating the ideal I3 from the statement of the
theorem, we observe that the first eight focus quantities of system (6) vanish on V(I3).
Simple computations show that

V() = V() NV(h)

where h; is defined by (15). Thus, not all systems from V(I3) correspond to (10) but we
will see below that all systems from V(I3) have a center at the origin.

The second component of the decomposition after the rational reconstruction gives
a large ideal that we denote by Iy (ideal I is available at http:/ /www.camtp.uni-mb.si/
camtp/barbara/ideal6 (accessed on 6 March 2021)). Using eliminate of SINGULAR we
computed the ideal

T6 = <1 - ngg4/h/f1 - M/f2 - L821f3 - H32/f4 - Kg4> HQ[A/ B/C/ D/ G/ H/K/ L} (28)

where h, g2, 84, f1, f2, f3, fa are defined by (14) and then using the radical membership
test [14,33] checked that all polynomials from I vanish on the variety of Is and all polyno-
mials from Ig vanish on V(Ig). This means that

V(lg) =V(Is) = Vs (29)

and by Theorem 1 equality (28) means that (13) gives a rational parametrization of (29).

(ii) We solve suitable equations for ¢, by and a;. Then we observe that N = R = 0 and
the polynomial system is defined by the ideal W given in Appendix C. We compute the
center conditions with SINGULAR eliminating w, ag, a1, by, 1, m, by from the ideal

(W, 1 — wagbyn(2agm + 3n))

in the ring Q[A,B,C,D, G, H,K, L, M, w, ay, a1, by, n,m, by|. Then, computing the minimal
associate primes of the obtained ideal with the minAssGTZ we obtain the ideals Iy and I5
given in Appendix D.

We observe that if we take the first six polynomials from the generators of [; as the
generators of the ideal I from the statement of the theorem then the first 7 focus quantities
v; (defined by (3)) vanish on the variety V(I). In fact,

~

V(ly) = V(I4) NV (h),

where h; is defined by (16), but we will see below that all systems from V(I;) have a center
at the origin.

Similarly, we take certain polynomials from [5 such that the first seven focus quantities
vanish on their variety and form the ideal I5 of the statement of the theorem. Using the
parametrization of V(I5) given as

1 2 4 3
Cf—E(D—kZG), Bf—gH, Lf—gGH, Mf—EDG (30)
we compute the coefficients of (4) and the parameters /, k, ¢ of systems (10). Then using
the eliminate of SINGULAR we eliminate from the remaining polynomial the variables
m and n obtaining an ideal whose variety is defined by (17) and (18). This means that
systems from family (10) correspond to systems from V(I5) for which conditions (17) and
(18) are fulfilled.


http://www.camtp.uni-mb.si/camtp/barbara/idealVed
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(2) We now show that all obtained systems are Darboux integrable. The following
systems (31)—(36) correspond to the six components, presented in the statement of the
theorem, respectively:

% =(1+ Gx)(y + Hx* + Gxy),

§ = —x+ Kx® +3Bxy + G(3B — H)x%y — Gy* — G*xy?; (31)
¥ =(1+Gx)(y— %xz + Gxy),

. 21 2 2y.3 9BG » 2 2.2 2
J ==+ A — (447 +81B)x° + 3Bay + — x'y — Gy — Gy (32)

% =(1+ Gx)(y + Dxy),

(C+ D)(CD + D?* - DG)
C+3D-2G

+ Cy? 4 (CD + D? — DG)xy%; (33)

y=—x—(C+D)x*— x® + 3Bxy + 3BDx?y+

. 2M

x=(1+Gx)(y— ﬁxy),

. —135G2K + 72G?M — 72KM + 32M? , 5 . 4M —3G?
y=—x+ M X~ + Kx +Ty
% =(1+ Gx)(y + Hx* + Dxy),

2+ Mxy?; (34)

§=—x+ Ax* + Kx* — 2Hxy — 4GHx%y + %(fD —2G)y* %Dnyz; (35)
_ 3B(A+C+G) ,
¥ =(14 Gx)( —5i-p ¥ +y+ Dxy),

3BG(4A +2C — D +2G)
2A-D

§=—x+ Ax? + Kx® 4+ 3Bxy + ¥y +Cy* +G(C— D+ G)xy?, (36)

where for (36)

K=—G(A+C+ G)(108A2B% — 12A3C 4+ 162AB>C — 16 A2C? + 54B>C? + 12A%D+
—27AB?D 4 36A%CD — 27B?CD + 16 AC?D — 20A2D? — 27ACD? — 4C?D? + 11AD*+
+6CD3 —2D* — 12A3G + 162AB>G — 32A%CG + 108B>CG + 36 A2DG — 27B>*DG+
+32ACDG —27AD?G — 8CD?G + 6D3G — 16A%G? + 54B*G? 4+ 16 ADG? — 4D*G?)/
((2A — D)*(—2AC — C* +4AD +4D? + 4AG + 6CG — 4DG +7G?))

and A, B, C, D, G satisfy the equation

— 18AB*C + 4A?C? — 9B*C? 4+ 36 AB?D — 12A%CD + 27B*CD — 4AC?D + 8A%D? — 18B*D*+
+12ACD? + C?D? — 8AD® — 3CD® +2D* — 72ABG + 8A2CG — 54B*CG — 12A%DG + 45BDG+

—8ACDG + 12AD?G + 2CD*G — 3D°G + 4A2G? — 45B°G? — 4ADG? + D*G* =0. (37)

For each of these systems we have found a Darboux integral or an integrating factor
as presented below. All six systems have the invariant line 1 4+ Gx = 0 and consequently
the Darboux factor

Ly =1+ Gnx. (38)

Looking for other invariant curves we obtain the following.
System (31) has the Darboux integral

Y, =1L, L§3,
where

Ly =1/2(2 + 3BHx? — 2(H? 4 K)x? — Hyx* — 2Hy — vy — 2GHxy — Gyxy — 3B(1 + Gx)y),
L3 =1/2(2 4+ 3BHx? — 2(H? 4+ K)x? + Hyx? — 2Hy 4 vy — 2GHxy + Gyxy — 3B(1 + Gx)y),
_ 3B+2H+y

BBH2H+Y (3 _2H)? }
=5 amgy 7= (BB-2H? 48K

a3
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System (32) is Hamiltonian with the Hamiltonian function

1 A 1
Hy = ~x% — =x% 4 - (4A% 4 81B?)x*

3B, 3BG ,
2 3 ;2

XY Xy + %yz + Gxy? + %szzyz.
System (33) has the Darboux integral
Y3 = LiL,* L,
where

Ly =2C6 4 6D6 — 46G + 2C2%6x + 8CDdx + 6D?5x — 4C5Gx — 4DSGx + 2C2Dox* 4+ 4CD?*6x*+
+2D%6x? — 2CD6Gx* — 2D*6Gx? — 3BCSy — 9BDSy + 6BSGy + Cey + 3Dey — 2Gey+
— 3BCDéxy — 9BD?xy + 6BDOGxy + CDexy + 3D*exy — 2DGexy,
Ls =2C6 4 6D6 — 46G + 2C2%6x +8CDSx + 6D?6x — 4C5Gx — 4DSGx + 2C2Dox* 4+ 4CD*6x>+
4 2D35x* — 2CD3Gx? — 2D*6Gx* — 3BCéy — 9BDSy + 6BSGy — Cey — 3Dey + 2Gey+
— 3BCDéxy — 9BD?6xy + 6BDOGxy — CDexy — 3D%*exy + 2DGexy,
(C+3B6&)G (C —3BJ)G
2C+D)L’ 7 " 2(C+ D)’
€ =(9B2C +4C% +27B?D + 12C?D 4 12CD? + 4D® — 18B2G +

—12C2G — 24CDG — 12D*G + 8CG? + 8DG?)?2,

ay =— 6= (C+3D-2G)z,

7 =(9B*(C+3D —2G) +4(C+ D)(C+ D —2G)(C+ D — G))=.

System (34) has the Darboux integral

where

Le =1+ (4M)/(3G)x + (4M?(9G*(9K — 5M) + 5(9K — 4M)M))/ (9G?(3G*(9K — 5M)+
+5(3K — M)M))x? + (4KM3x3) /(3Gn) + (20M*y?) /(9G?1) + (20M*xy?) / (9Gyy),
N = —27G?K +15G*M — 15KM + 5M>.

System (35) has the Darboux integral

1
Y5 = [1L2,
where

1
= 3K—5AC — 1062
+9G?Kx? — 12G3Kx® + 60G*Hx?y + 30G*y? + 30DG*xy?).

Ly

—5AG — 10G? + 3K + 10AG%x + 20G3x — 6GKx — 15AG3x2+

It is not easy to find a Darboux integral or an integrating factor for system (36) since
we were not able to find a rational parametrization of the variety Vj. Solving Equation (37)
for C one can obtain a parametrization of V; involving radicals of polynomial functions.
However, computer algebra systems do not work efficiently with complicated expressions
involving radicals, so we were not able to solve arising systems and find invariant curves
with MATHEMATICA in this way. Instead, we use another approach. We first look for a
curve on Vg admitting a rational parametrization. As is well known, an algebraic curve
admits a rational parameterization if and only if it is of genus zero (see e.g., [36]). Using the
routine genus of the library normal.1ib [34] of the computer algebra system SINGULAR
we found that for
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the polynomial (37) defines a curve of genus zero. Then, with the routine paraPlaneCurve
of the library paraplanecurves.1ib [37] we obtained that the curve on the variety V; is
defined parametrically in the following way

44 —240,223,7255°

G=9, 7 31,255,8756 ' 4(11+5,060,475s°)(11 — 5,358,150s%)
D=3, p — 574,215,0755° — 88 B 40,516, 875s° ’ (39)
c=5 99,225s3 "’ 179,498,025s° — 176
M=99, ., _ 44+197,358, 52556 11,025s3

33,075s3 ’

In this, case except for the Darboux factor (38), the system has the Darboux factor
¢ =5+ 70x +297x* + 136,632, 8255°x — 66,1505y — 595, 350s°xy/,

with the cofactor
% = 13,230s%x + 119,070s%x? + 14y + 126xy (40)

yielding the integrating factor

= L0314,

By analogy with (40) we look for a quadratic Darboux factor

ik
Lg = 2 cjkx]y
j+k<2

with a cofactor of the form x = x1x + koY + k3x% + k4xy. Equating the coefficients of similar
monomials on both sides of
XLg =K Lg

we obtain an algebraic system. We look for a solution of the obtained system following the
pattern arising for the system with parameters (39) and find the coefficients

1

_ 2 2 _
K = (AT C)2A—D) (3ABC +3BC? 4+ 3ABG + 6BCG + 3BG? + 2Ax3 — Dx3),
Ko =C+G,
ks =CG + G?

and cji. Itis not possible to find 3 from the remaining equations. However, from the equation
le(Ll)/Ll + mok + dw(x,y) =0
where div(%, ) is the divergence of the vector field (36), we find that

ks = 3G

D
=1, my = =2 e D_24"

This means that system (36) has the cofactor

C+G
D —-2A

_3B(C+G)

D —7A x+ (C+G)y+3BG

x® 4+ (CG + Gy

and the integrating factor

_D_
C+G

.,
He = L1Lg ,
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where

1
Lg = 5 (=D*(C+ G)x* — 9B*(C + G)*x* + D*(2+ 2Gx + C*x* + G*x*+

2(D —24)?
+2Cx(1 + Gx)) + 4A%(2 4 C?x + G*x* 4+ Gx(2 — Dx) + Cx(2 — Dx +2Gx))+
+3BD(C + G)(3Bx® — 2(y + Gxy)) + 2A(2D?(C + G)x> — 2D(2 4 2Gx + C2x%+
+ G?x% +2Cx(1 + Gx)) +3B(C + G)(—3Bx2 +2(y + Gxy))))

with A, B,C, D, G satisfying Equation (37). Therefore, system (36) is Darboux integrable
and, hence, has a center at the origin. [

Remark 1. The ideal Iy was also found in [30]. The variety Vi is the same as the variety of the
ideal obtained after the elimination of t from the ideal J in [30].

Jo» = (3AB +3BC +3BG + 2AH — DH,2A3C + 5A%C? +4AC% + C* —2A3D — 5A2CD — 4AC?D — C3D+
2A3G +10A%CG + 12AC?G + 4C3G — 5A%2DG — 8ACDG — 3C2DG + 5A2G? + 12ACG? + 6C2G?—
4ADG? —3CDG? +4AG® +4CG® — DG® + G* —4A%’H? — 4ACH? — C?H? + 2ADH? + CDH?*—

4AGH? —2CGH? + DGH? — G?H? — 2A%K — 4ACK — 2C?K — 4AGK — 4CGK — 2G?K,

4AGH +2CGH — DGH +2G?*H + 3AL +3CL +3GL,CG — DG + G*> — M,

A2C? +2AC8 + C* —3A%2CD — 6AC?D — 3C°D 4+ 2A2D? + 4ACD? + 2C2D? + 2A%2CG+

6AC?2G +4C3G — 3A2DG — 12ACDG — 9C?DG +4AD?G + 4CD?G + A%2G? + 6ACG? + 6C2G*—

6ADG? —9CDG? +2D?*G? + 2AG® 4+ 4CG® — 3DG® + G* —2ACH? — C?H? + 4ADH? + 3CDH?—
2D?H? — 8AGH? — 6CGH? + 5DGH? — 5G?H?,1 — At — Ct — Gt).

To check this with eliminate of SINGULAR we eliminated ¢ from |, and then used the
radical membership test [14,33].

Remark 2. From the proof of the theorem we see that systems from family (8) (that is, CR) are
transformed to systems (31) or to systems (32) by a real transformation (4) (with the coefficients
defined by (21) and (24), respectively). Systems (31) also emerge from (9) ( CR?) via a real trans-
formation (4) (defined by (25)), whereas systems (32) are obtained from systems (9) with complex
parameters using complex transformation (4) (defined by (26)). In the case of system (10) (CRE®)
transformations to systems (33) and (36) are real, whereas systems (34) and (35) emerge from
systems (10) with complex coefficients via complex transformations.

Remark 3. For systems (8) and (9) similar calculations as above were performed in [30]; however,
the authors of [30] limited their consideration to the case 2ag + ¢ = 0.

4. Orbital Reversibility in Subfamilies of (6)
The following theorem is proved in [32].

Theorem 3. Consider an involution ¢ defined on an open set U C R? and denote the fixed points
of involution ¢ by Fix ¢. Let X be an orbitally ¢-reversible vector field such that Fix ¢ N U isa
smooth manifold of dimension 1 and p € Fix ¢ N U is an equilibrium point. The next properties
hold:

(1) IfF(p) = —landdet(DX(p)) > 0, then p is a center of X.
(2) IfF(p) = —1land det(DX(p)) < O, then p is a saddle of X.
(3) IfF(p) =1, then Fix ¢ N U is invariant under the flow of X.

In [32] the following statement is also proved.
Lemma 1. Let X' be an orbitally ¢-reversible vector field. If \ is a change of coordinates, then

the transformed vector field X = Dy - Xoyp™1 is an orbitally ¢-reversible vector field, with
@ = pogoy~ ! and F = Foy~! being the respective transformed involution and factor.
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We now discuss the orbital ¢-reversibility of the obtained families.

Proposition 1. Systems (31), (32) and (36) are orbitally ¢-reversible. For systems (31) and (36) the
curve Fix ¢ passes through the center at the origin. For systems (32) the curve Fix ¢ passes through a
saddle point and the systems have two centers.

Proof. To prove the proposition we use the results of [32] where involutions for reversible
systems of [29] were found. In particular, it was shown in [32] that both systems (8) and (9)

have the involution
Xy
p(ry) = (~x—e L),

xX+c

To all studied systems (6) we apply the change of coordinates (5).

Consider first system (31) (corresponding to V(I;)). In this case ¢ = —2ay. For
parametrization (20) of the variety V(I;) the values of transformation (5) are given by (21).
After straightforward computations we find that

P =1Mo@o -1 [ _ _M
p=1vogpoy —( T ) (41)

Then by Lemma 1 ¢ defined above there is an involution of system (31) with the
corresponding factor
Eo_ Gx+1

17 Gx—1

(it can be also checked by direct computations that (41) is indeed a @-involution of sys-
tem (31)). From (41) we see that Fix ¢ is the line x = 0.

Consider now system (32) (corresponding to V(I;)). Using (24) we find that the
systems from V(I) are orbitally @,-reversible with

F(xy) = —AA—(lchg f—xf)lcx
and N 3 — Ax 9B(2Ax —3) —2A%y(Gx +1)
P2(xy) = ( A ' 2A(A(Gx—1)-3G) ) (42)
In this case Fix ¢ is the line x = %, which goes through the saddle point
(%, %). Since the line of symmetry does not pass through the center O at the

origin, the singular point symmetric to O with respect to the line is also a center.
It was found in [32] that system (10) is orbitally ¢-reversible with respect to

the involution (5(x,1) )
x(a(x,y) +c+x )
= (a(x,y), (43)
¢ < (x,y) 2(5,7)
where a(x,y) is defined implicitly by the equation

a(x,y) + (x +)a(x,y) — xy = 0.

Therefore, according to Lemma 1, systems (36) are @-reversible with respect to the
involution

g=yogoyp . (44)
For involution (43) the fixed points are on the line y = x + ¢. The computations show
that this line is mapped by (5) to a line passing through the origin. [

Remark 4. Not all systems (33) correspond to systems (10), but only those whose coefficients
satisfy the condition hy = 0, where hy is the polynomial defined by (15). Therefore, by Lemma 1,
systems (33) whose coefficients satisfy the condition hy = 0 are p-reversible with respect to (44).



Mathematics 2021, 9, 1446

14 of 20

For systems (34) and (35) the situation is similar. However systems (34) and (35) correspond to
complex systems from family (10), so in this case involution (44) is complex.

5. Bifurcations of Limit Cycles

In this section we study limit cycles that bifurcate from the origin under small pertur-
bation of the centers of families given in Theorem 2.

Let V = V(I) be the variety of the ideal I = (f1, ..., fm) C k[x1, ..., x»] and let p be a
point from V. By T, = p + {v | J,(I)v = 0}, where ],(I) is the Jacobian of polynomials
fi, s fin, calculated at p, we denote the tangent space to V at p. Then dim(T,) = n —
rank(J,(I)). By definition p is a smooth point of V if dim(T,) = dim(V,).

Methods to obtain lower bounds for cyclicity using linear parts of focus quantities
were proposed in [38,39]. In order to obtain the precise bound for cyclicity in some cases,
they were further developed in [40].

As is mentioned in Section 2, the real polynomial system (1) is written in the complex
form as

n—1
X = i<X— Y apqxr’“xq), (45)
p+g=1
where a,, are complex parameters. Let gjx be the focus quantities of system (11). Denote
by gt the polynomials obtained after replacing by, with @, in g Then the center variety
of real system (45) is the variety V¥ of the ideal BR = (g%, ¢5,...). Let BE be the ideal
(g%, ..., g,lgc). The following statement is a slightly reformulated Theorem 2.1 of [40].

Theorem 4. Assume that for system (45) p € V® and rank J,(BY) = k. Then p lies on a
component of VI of codimension at least k and there are bifurcations of (45) that produce k — 1
limit cycles locally from the center corresponding to the parameter value p.

If, furthermore, p lies on a component C of VX of codimension k, then p is a smooth point of
the center variety, and the cyclicity of p at generic points of C is exactly k — 1.

Thus, in some cases, the cyclicity of a generic point of a proper component of the
center variety can be estimated if we know its dimension.

Proposition 2. Dimensions of varieties V;, i = 1,2,...,6 given in the statement of Theorem 2 are
4, 4,4, 2, 5and 4, respectively.

Proof. Consider the variety V5. Using Theorem 1 we first check that (30), or more precisely,

t
=ti= C=—- —ta=ps(ti,t2),
D_t1:}?1 tl)’ A—t4—p4(t4), Z 2 p7( 1 2)
G = ) = PZ(tZ), K= ts = PS(tS)/ L= —§t2t3 = Pg(tZI t3>, (46)

2
H=t3=p3(t3), B=—Zt3 = pe(ts), 3
3 M = —Shity = po(ti, t2)

is a parametrization of V(I5). Indeed, computing the fifth elimination ideal of the ideal

2 t 4 3
<D—f1,G—t2,H—t3,A—t4,K—t5,B—|—§t3,C—|— El +t2,L+§t2t3,M—|— §f1t2>

in the ring
@[tll t2/ t3/ t4/ t5/ A/ B/ C/ D/ G/ H/ K/ L/ M]

we obtain the ideal I5. Computing now the rank of the matrix

a(p1,p2,---,P9)
a(tl,. . .,t5)
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at randomly taken points t; = 2,f, = 1,t3 = 3,4 = 4, t5 = 12 we see that it is equal to five.
Therefore the dimension of the component is five.
The dimensions of the other components are computed similarly. [

In the next theorem we obtain estimations for the number of limit cycles bifurcating
from the center at the origin for the components V;, i = 1,...,6. Of course the number
depends on the perturbed family. We consider the perturbations inside family (6) with
R = N = 0, which we denote as A, the whole family (6) is denoted by B, and the complete
family of cubic systems with a center at the origin; that is, the family

2
X=i(X= Y apX'tX1), (47)
p+q=1

where a,, are complex parameters. We denote this family by C.
Theorem 5. (1) The lower bounds for the number of limit cycles for systems corresponding to the

generic points of the components V; (i =1, ...,5) of the center variety under small perturbations
in families A, B and C are given in the following table:

Vil Vo | V3| Vu| Vs
Al 3|2 | 4] 2|2
B| 4|3 |5 ]|3] 3
Ci6|3|6|3]|5

(2) There are systems from the component Vi for which perturbations in families A, B and C
yield 4, 5 and 6 limit cycles, respectively.

Proof. (1) Consider the component V5. By Proposition 2 its dimension is 5. To treat
the bifurcations inside the family A we substitute in the focus quantities v; of system (6)
R = N = 0. We first compute the Jacobian matrix of the polynomials vy, v, v3 with respect
to the variables A, B,C, D, G, H, K, L, M and then with the routine MatrixRank of MATH-
EMATICA we find that its rank on generic points of the surface (46) is 3. Computing the
Jacobian matrix of the polynomials vy, ...,v7 we observe that its rank is also equal to 3.
By Theorem 4 this means that two limit cycles can bifurcate from the origin after small
perturbations in family A.

When we do not impose in system (6) the condition N = R = 0 and compute the
Jacobian matrices with respect to the variables A, B,C, D, G, H,K, L, M, N, R, we obtain that
the rank of the Jacobian matrix of vy, ..., v4 on the generic points of V5 is 4 (and it remains
4 if we use more polynomials v;); that is, 3 limit cycles can bifurcate from the origin in the
case of perturbations inside family B.

To treat the family C we substitute in the focus quantities gy a10 = A19 + iB1g, bo1 =
AlO — iBlO/ apgr = AOl + iBOl/ blO = A01 - iB()l, .... Then we find that mnk](BgR) ==
rank] (BE) = 6 at generic points of V5. By Theorem 4 this means that five limit cycles can
bifurcate from the origin under small perturbations in the family C.

Since in all three cases the codimension of the component is greater than the rank of
the Jacobians, we cannot get a sharp bound for cyclicity using Theorem 4.

The number of limit-cycles bifurcating from the origin for the other components V;
(i=1,...,4)is determined similarly.

(2) For the component Vg the calculations become too difficult since we do not have a
rational parametrization of the component. For this reason, for the component Vs, we were
not able to compute the rank at generic points; however, we checked the rank on some
randomly chosen points of the component obtaining the estimations given in the statement
of the theorem. [
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6. Conclusions

Using three families of reversible systems of [29] we have found six components of
the center variety. We do not know if they are proper components of the variety, but it was
shown that all six families are Darboux integrable.

From the study we see that there is no one-to-one correspondence between the families
of [29] and the components of the center variety. In fact, systems of the same family of [29]
can correspond to different components of the center variety. Moreover, they not necessary
correspond to whole components, but in three cases of the obtained six, they correspond to
subcomponents of the Darboux integrable systems. In [29] only real systems were treated.
However, if we consider them as complex systems, then some of the systems correspond to
real systems (6) having a center via complex affine transformations. This indicates that to
better understand the phenomenon of time reversibility and its relation to integrability, it
is worthwhile to study it in a complex setting.

Checking the independence of focus quantities at the points of the obtained com-
ponents of the center variety, we gave some estimations for the number of limit-cycles
bifurcating from the center at the origin.

We also discussed the orbital ¢-reversibility of the obtained families. For systems CRE
and CR? it was shown in [32] that there are some systems in the families that are orbitally
g-reversible and have a center. Theorem 2 and Proposition 1 determine all systems in the
families CRS and CR? with such properties. The existence of centers in the family CRY,
was not discussed in [32].
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Appendix A

V = (2ay — agD — a9G + 2agbon, a2 — a3DG + 2agaybyn, —a3 — agby H + 2a3a1bym + 2apar bycm+
8a3b3mn + 4adb3cmn + 4a3b3n?, —a3 — a3byGH + 2a3a3bym + 2apa?bycm + 8a3a,b3mn+

4u%u1 b%cmn + 4a5a1b%n2, 2a1bym — M, —C + 2agbym + 2byn, f8u0a% + aob% - 4a%c + 8u8a1 bym+
12a(2)a1b2cm + dagaibycim + 16a8b%m2 + 16aéb§cm2 + 4agb§c2m2 + 4a(2)u1b2n+

4agarbyen + 16agbimn + 8a3b3cmn + 4a3ban®, —4a3 — 3agBby + 2apar bocm+

l6aéb§m2 + SaSb%cmz — 6apgaibyn + 16a3b§mn + 4a%b%cmn + 4u%b%n2, qu%f

351%sz - 4u%a%b2m — 2aou%b2cm + 16a‘éa1b%m2 + Sagulb%cmz - 6aoa%b2n—

4a3ayb2emn — 4dada bin?, —4agas — Aadbz — 2a3c — 12a3a3bym — 6a3a3byem +

24a8a1 b%m2 + ZSaéal b%cm2 + 8a(3)a1 b%czm2 + 32agbgm3 + 32a8b§cm3+

8u8bgc2m3 — 1Ou%a§b2n - 4u0u%bzcn + 4aéu1b%mn + 4u8a1b§cmn + 32a8bgm2n+

16a3b5cm?n — 4a3ay b2n? + 8adb3mn?, —agb, K — dagam—

Za%cm — SaSa%bzmz — 12a%a%bzcm2 — 4aoa%bzczm2 + 32a8a1b%m3+

32a3a1b%cm3 + 8u8u1b%02m3 - Zui’n — ZOu%a%bzmn - lZaoa%bzcmn - 16u8u1b%cm2n7
8a3a1b3cm®n — 8aga3byn? — 24ada; b3mn? — 16a3a;b2cmn? — 8a3a1b3n3)
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Appendix B

Iy = (KD* — GKD | GMD | M 4 KM CK 4 3DK —2GK + CM + DM, D2+ CD — GD — M,

BRGS _ MCE _ —DKGS 1CMG® — ZDMG® + B! 16MGY | paKGt 1 1B2MGH — §C2MGH+
2 D2MG* + %KMC# + ADK2G? — DCM2G? — $DM2G? — 88 DKMG® — MG 4

1B2M2G? — §C2M2G? + $D2M2G? — B KM2G? + L K2MG? + $B2KMG? — £, CM3G — §DM3G—
%DKMZG _ szz\g“ 4C2M3 + 4D2M3 SKM* + 81<2M2 +1 1B2KM2, 25K2G5 M26c" +

YKMG® + RDK2G* - gCM2G4 - gDMZG4 - gDKMG4 - % - 3B2K?G® — [B*M2G3+
BKM?G® — BK2MG® — BPKMG® — §DK3G? — CM3G? — 2DM3G? — 32 DKM?G*+

P DKEMG? — MG _ 1B2ABG — 2C2M3G + 2D MG — §KM3G + WK2M2G — 3 B2KM2G—
YK3MG — TB2K2MG + XM 4 2DMY 4 4pKMP — EDK2M? + LB2DKM? + 8DK3M + B2DK2M,

— =k MG4 + BDKG? + $CMG® + §DMG? — BKC 4 aMG* _ 3p2KG2 — 1B2MG? + 2C2MG2—
%DZMGZ %KMGZ + 8DK2G — §CM2G — $DM?G + B2DKG + }B2DMG — §DKMG + BM ¢
AWM | 1B2K M, BREE _ MCT 7DKG4 8CMG* — 8 DMG* + BKG _ 8MIG? | 3p2K G
1B2MG? — $C2MG® + ¢D?MG® + SKMG® + 2DK?G? — L CM?G? — 2DM?G? + B2 DMG?—
1DKMG? — 16M°C | 3B2M2G — 8C2M2G + §D2M2G — £KM2G + BK2MG + ] B2KMG+
SCM® | DM | 16 pKM? — 16 DK2M — 2B2DKM, MS* + B2DGB + DKG® + 2CMG® + 2DMG3 +
MG 4 1B2MG2 4 2C2MG? — 2D2MG? 4 ZKMG? + 2CM2G + 2DM?2G + BDMG + § DKMG+
My BMP L 2CMP_ 2DIMP | 4KMP MG3 — B2DG? — 1DKG? — 2CMG? — 2DMG? + B2D?G—
926 _ 1GMG — FCMG + MG — G 1 XE | IO L |y 4 S, O
§GMC? + 4M°C 4 B2MC + L G2MC + 2B2DG? — 8BM2 4 200M? | o pG2K 4 4DIM | 7 DG2 M+
BDM +2B>GM — ¥ D?GM — 16DKM | 32CKM G} _ CC* | pG3 4 p2G2 — 4D.G” 4 25K | 4MG
% + % + B2CG — B2DG 32DKG 20DMG 81\9/12 B2M — @ + 4D92M 8KM 4C4 4G9C3 +

B2C2? — 623c2 + 41\/;)62 + zc3c _ SGé\/IC _ % + G4 _ B2D? — B2G2 — chz + 4D G +4BZDG + 25G21<7
32DCK 4 32\ 4 DM —GZM — 20DGM _ M ,AB+CB+ 24H _ DH 4 ZGH +LH, A+C+D)

Appendix C

W = (—3D — 3G — 8agbym — 6byn, 8a3bobym3 — 27Hn — 24albobym*n — 36a3b,mn?, —9DG + 16a3b3m>+
24agb3mn, —32a3bob3m* — 81GHn + 48a3boblm>n + 144a3bm?n? + 144a bobgmznz + 216a3b3mn®, 4agbZm* —
24uébgm3n + 48a8b5m3n +81n2 + 36u3m2n2 - 144u8b0m2n2 + 14411%!7(2) 2 —C + 2agbym + 2byn,
—16a3bobym3 — 81Bn + 48a3bobom®n + 72a3bymn?, —8a3b3m> — 3M — 12a0b§mn, —8adb3boym>+

192a3bobym*n — 243 An* — 504a3bym3n? + 1224aibobym®n? + 216a3b3bym3n? — 1080abym?n3+
2376a3bobym?n3 — 432aZb3bym*n®, 128abob3m* — 243Ln — 192a3bob3m3n — 576a3b3m?n? — 576aZbobim*n®—
864a3b3mn®, —160a§b3b3m® + 720a3b3b3m>n — 729KKn? + 1440a§bim*n? + 1440a3bob3m*n* + 6480a3b3m3n—
2160agbob3m>n® — 2160a3b3b3m>n® + 6480agb3m>n* — 6480a3bobim*n*).

Appendix D

Iy = (L,H,2C 42D + G, B,36DK — 45GK — 2AM — 16 DM + 24GM, 3DG + 2M,24AD +12D? — 30AG
—45G? — 8M,48A% — 12D? + 6AG — 99G? + 216K — 56M, 135G2K + 6 AGM — 72G*M + 72KM — 32M?,
30AG? 445G + 16AM + 8DM + 8GM)

Is = (2C + D +2G,3B +2H,9DL — 8HM,4GH + 3L,3DG + 2M, 60A%D + 180AD? + 135D — 72A%G
+108AG? + 72G® + 540D H? + 270DK — 324GK + 486 HL + 188AM + 12DM + 104GM, 20A% — 135AD?
—135D° + 66 A2G — 84AG? — 56G® + 180AH? — 540D H? 4 90AK + 288GK — 918HL — 144AM — 36DM
—72GM, 486 A2L2 — 729 AGL? — 486G>L? + 4374H?L* — 240A2KM — 24AGKM + 48G*KM — 2160H?KM
+432AHLM + 224 A2 M? + 24ADM? — 144D> M? — 16 AGM? — 64G> M? — 288 H>M? + 2187KL?
—1080K>M — 25921 M + 1008KM? — 128 M3, 108 A2GL — 162AG?L — 108G*L — 80A2HM — 240ADHM
—180D?HM — 720H>M + 486GKL — 729HL? — 360HKM — 282ALM — 156GLM — 16HM?,12,150D?K?
+7776G2K2 — 6075AGL? + 24,300G2L2 + 240A2KM + 1080ADKM — 12,960D2KM — 840 AGKM
—6960G>KM — 10,800H2KM + 5400 AHLM — 200A2M? — 600 ADM? + 3600D>M? + 400AGM? + 1600G> M?
+28,800H>M? — 10,935KL? + 14, 040K> M + 40,500L> M — 13, 680K M? + 3200M?,4050D> HK + 1080AG>L
+540G3L + 80A2HM + 1860ADHM + 180D>*HM — 3600H> M — 1944GKL — 3645HL? + 4680HKM + 2010ALM
+1020GLM — 560HM?,240A2GK + 24AG?K — 48G®K — 360A2HL — 3240H°L — 224 A2GM + 16AG*M
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+64G3M — 960AH?M — 720DH?M + 1080GK? — 3240HKL — 945AL? + 1890GL? — 1008GKM — 288 HLM + 16 AM?
—96DM? + 128GM?,675D%K + 270AD*M + 16 A2GM + 136 AG2M + 64G>M — 720DH?M + 720DKM
—216GKM — 648HLM + 256 AM? — 96DM? + 128GM?,450AD?K + 288 AG?K + 144G°K — 540AD>M
—405D3M — 8A2GM — 308AG?M — 152G3M — 480AH?M — 1620DH?M — 405AL? + 1620GL? + 480AKM
—330DKM + 348GKM — 2466 HLM — 548 AM? — 132D M? — 184GM?,240A2H? + 720ADH? + 540D*H?
+2160H* + 120A2K + 12AGK — 24G2K + 2160H?K + 630AHL — 112A2M — 12ADM + 72D*M
+8AGM + 32G?M + 192H? M + 540K? + 94512 — 504KM + 64M?, 1440AG® + 720G* — 4050D?K — 2592G2K
—80A2M — 1860ADM — 180D M + 2680AGM + 1360G>M + 3600H> M + 364512 — 4680KM + 560M?, 2880 A2 G?
—720G* —12,150D2K + 5184G2K + 1360A2M — 780ADM + 3060D*>M + 520AGM — 80G>M + 25,200H> M
+25,515L2 — 6840KM + 2000M?, 3240AG?L? + 1620G*L? + 10,800DH2KM + 240A2HLM — 10,800H3LM
+4960AH? M? + 480DH?M? — 5832GKL? — 10,935HL3 + 14,040HKLM + 6030AL?> M + 3060GL2M
—1680HLM?,23,328G?K?L — 18,225AGL® + 72,900G2L? + 32,400DHK>M + 720A2KLM — 2520AGKLM
—20,880G*KLM — 32,400H2KLM + 16,200AHL* M + 2880 AHKM? — 34,560DHKM? — 600A2LM? + 1200AGLM?
+4800G?LM? + 86,400H?LM? — 1600AHM?> + 9600DHM?> — 32,805KL3 + 42, 120K>LM + 121,500L3 M — 41,040KLM?
+9600LM?>,7776 AG2KL + 3888G>KL + 10,800 ADHKM — 8640AG2LM — 4320G3LM — 12,960AH?LM — 160A% HM?
—13,440ADHM? — 10,080D? HM? — 40,320H3M? — 10,935AL3 + 43,740GL3 + 12,960AKLM + 10,368GKLM
—68,040HL> M — 8640HKM? — 15,360ALM? — 5280GLM? — 3200HM?,20,736G3K? + 72,900G3L? — 2304 AG>KM
—18,432G3KM + 54,000DH?KM + 2160A2 HLM — 45,360H LM + 64A>GM? + 1024 AG> M? + 4096G° M?
+27,360 AH?M? + 43,20DH? M? — 58,320GKL? — 54,675HL3 — 21,600DK*M + 34, 560GK* M + 10, 0440 HKLM
+21,870AL*M + 118,260GL>M — 1920 AKM? + 23,040DKM? — 33,792GKM? — 65,232HLM? + 1024AM® — 6144DM?
+8192GM?3,129,600DH?K>M + 2880A2 HKLM — 129, 600H3KLM + 64,800AH?L2M + 11,520 AH>KM?
—138,240D H2KM? — 2400A2 HLM? + 345,600H3 LM? — 6400AH?M? + 38,400DH?M? — 69,984GK?L2
—131,220HKL? + 54,675AL* — 218,700GL* + 168,480HK>LM + 7560AKL>M + 62, 640GKL>M + 48, 6000HL> M
—164, 160HKLM? — 3600AL*> M? — 14,400GL?>M? + 38,400HLM?, 32, 400DH3KM — 38,880H*LM + 12,960 AH3 M?
—7290AGL3 — 3645G>L> — 32,805H2 L% — 360A2KLM — 36 AGKLM + 72G*KLM + 35,640H>KLM + 16,200AHL> M
+336A2LM? — 24AGLM? — 96G2LM? — 5616 H2LM? + 32 AHM® — 192DHM? + 13,122KL3 — 1620K> LM
—9720L3M + 1512KLM? — 192LM3,32,400ADH?KM — 38,880AH3LM — 38,880ADH?M? — 29,160D? H> M?
—116,640H* M? — 17,496 AGKL? — 8748G2KL? — 32,805AHL3 + 38,880 AHKLM + 19,440 AGL>M + 9720G2L2M
—204,120H2L>M + 240A2KM? + 24 AGKM? — 48G?*KM? — 21,600H2KM? — 44,820 AHLM? — 224 A2 M — 24ADM?
+144D?M? + 16 AGM?® + 64G>M> — 9216 H>M> — 98,415L* — 23,328KL>M -+ 1080K2M? 4 13,770L> M2 — 1008K M
+128M*, 188,956, 800H3KL2M — 78,732,000AH?L3M — 1,728,000A2 HK? M? — 155,520, 000H3 K> M? — 10, 886, 400 AH>KLM?
—446,148,000H3 L2 M? + 3,052,800A2 HKM? + 172,800 ADHKM? + 160,185, 600H3 K M? 4 276,480 AG2 LM
+138,240G3LM?® + 5,184,000AH2LM?® — 1,323,520A> HM* + 332, 160 ADHM?* + 910,080D2 HM* — 40, 665, 600H> M*
+85,030, 560GK2L3 + 159,432,300 HKL* — 66,430, 125AL5 + 265,720,500GL° — 188,956, 800HK>L>M — 5,248,800AKL3 M
—7,3483,200GKL>M — 590,490, 000HL*M — 7,776, 000HK> M2 + 129,600 AK> LM? — 259,200GK2LM? + 16,7670,000HKL? M?
+1,093,500AL3 M? + 15,309, 000G L3 M? + 13,737, 600HK> M> — 21,600 AKLM?® + 63,936GKLM® — 3,203, 7120HL> M>
—5,771,520HKM* + 442,560 ALM* — 26,880GLM* + 624, 640HM?, 3,149, 280H*L*> M — 2,332,800H*KM? — 1,049, 760 AH3 LM?
+590,490AGL* + 295,245G2L* + 2,657,205H2L* + 46,656 AGKL?> M + 23,328G2KL?> M — 314, 9280 H2KL?> M
—1,312,200AHL3 M + 14, 400A2K2 M? + 1440 AGK?> M? — 2880G2K*M? + 129, 600H2 K2 M? — 25,920 AHKLM?
—38,880AGL?>M? — 19,440G? L2 M? + 69,9840H2 L2 M? — 26,880A2KM°> — 1440 ADKM? + 8640D2K M3
—384 AGKM? + 6528G2KM? — 103, 680H>KM?> + 21,600 AHLM? + 12,544 A2 M* + 1344 ADM* — 8064D> M*
—896AGM* — 3584G2 M* — 2304H> M* — 1,062, 882KL* + 787,320L* M + 64, 800K> M? + 155, 520K L? M?
—120,960K>M3 — 129, 600L> M3 + 64, 128KM* — 7168 M5, 116, 640 AH3L?> M — 86,400 AH3KM? + 349,920H*LM? + 103, 680AH3 M?
+77,760DH3 M3 + 52,488 AGKL?® + 26,244G?*KL3 + 98,415AHL* — 116,640 AHKL> M
—58,320AGL>M — 29,160G?*L3M + 612,360H2L3M — 720A2KLM? — 72AGKLM?+
144G2KLM? + 64,800H>KLM? + 134,460 AHL? M? 4 672A2LM® — 48 AGLM?
—192G2LM? + 27, 648H>LM? + 64AHM* — 384DHM?* + 295,245L5 + 69,984KL3M
—3240K2LM? — 41,310L3 M? + 3024KLM? — 384LM*)
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