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Abstract: This paper provides several error estimations for total variation (TV) type regularization,
which arises in a series of areas, for instance, signal and imaging processing, machine learning, etc.
In this paper, some basic properties of the minimizer for the TV regularization problem such as
stability, consistency and convergence rate are fully investigated. Both a priori and a posteriori rules
are considered in this paper. Furthermore, an improved convergence rate is given based on the
sparsity assumption. The problem under the condition of non-sparsity, which is common in practice,
is also discussed; the results of the corresponding convergence rate are also presented under certain
mild conditions.

Keywords: total variation; regularization; inverse problem

1. Introduction

Compressed sensing [1,2] has gained increasing attention in recent years; it plays an
important role in signal processing [3,4], imaging science [5,6] and machine learning [7].
Compressed sensing focusses on signals with sparse presentation. Let H; be a Hilbert
space, and {¢; € H;|i € N} be the orthonormal basis of ;. For any x € H1, let x; := (x, ¢;).
Given some operators K satisfy certain conditions, it is possible to recover a sparse x € C"
signal with length n by Basis Pursuit (BP) [8], i.e.,

min ||x||; s.t. y" = Kx,

from the samples er = KxT, even K is ill-posed [2,9,10]. However, in most cases, noise is
inevitable. The literatures has turned to studying the noised BP model

min ||x|]; s.t. ||[Kx —y'|2 <9,

where 4 is the allowed error. Actually, the unconstrained form of the noised BP model,
i.e., sparse regularization which is the focus in [11-16] is more attractive. While the
success of compressed sensing greatly inspired the development of sparse regularization,
it is interesting to see that sparse regularization appeared much earlier than compressed
sensing [11,12]. As an inverse problem, the error theory of sparse regularization is well
studied in the literature [17-19].

In practical terms, a large crowd of signals is not sparse unless being transformed by
some operators (maybe ill posed). Thus, many studies have been proposed to analyze the
regularized optimization problem [20]. A typical example of them is signal with a sparse
gradient which arises frequently from imaging processing (nature images are usually piece-
wise constant, i.e., they have a sparse gradient). The Total Variation (TV) has been used
extensively in the literature for decades in imaging sciences and a series of techniques have
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been dedicated to researching its choice of regularization parameter [21-31]; others [32,33]
are developed based on this observation. Similar to [34], Total Variation can also smooth
the signal of interest. Let H; be another Hilbert space. For any x € H;, define that
T : Hq, — H, satisfies

(Tx)i == x; — Xiy1.

Under the above definition, T is an ill-posed linear operator. Given a linear map
K :H; +— Haand y° € Hy, the total variation regularization problem can be represented as

Yalx) = | Kx— 3+ 2 L 1(T0)
1
where « > 0 is the regularization parameter. The regularization term }; |(Tx);| is the
right total variation (TV) of x. The TV type regularization has a similar form to the
sparse regularization. However, the perfect reconstruction result established in sparse
regularization can not be applied to theTV type directly, especially when T is ill-posed
(T has a nontrivial null space).

So in this paper, firstly, we discuss the stability and consistency of the minimizers of
Y. Besides basic properties, we are also interested in the convergence rate to solve the TV
problem. Then, under the source conditions [19,35,36], convergence rates get obtained for
both a priori and a posteriori parameter choice rules. However, the linear convergence rate
requires K to be injective, which is strict usually. In the latter part, the linear convergence
rate can also be derived under the sparsity assumption on Tx' and some suitable conditions
for K. This requirement of deduction does not depend on the injectivity of K. Meanwhile,
this paper also considers the case when the sparsity assumption on Tx fails. Last, based
on some recent works [37-39], which also assume the Tx" is not sparse, a convergence rate
is also given in this case.

The rest of this paper is organized as follows. Section 2 provides a brief summary of
the notations. Section 3 presents some basic properties and gives the convergence rate of
the minimizer. Section 4 proves the improved convergence rate. Finally, Section 5 concludes
the whole paper.

2. Notation

The notations described in this section are adopted throughout this paper. Let H,
"H be two Hilbert spaces and {e; € H1|i € N}, {&; € H,|i € N} be the orthonormal basis
of Hy and H,, respectively. For any x € Hj andy € Hy, x; := (x,¢;) and y; := (y, ;).
The /1 and ¢, norms of x and y are denoted by ||x||n = X |xi], [ x|l :== (X |x;|2)2 and
vl = Xilvil, vl == (% \y,«|2)%, respectively. In this paper, if not specified, for any
x € H1and y € H,, we assume that x,y € L?, i.e., ||x][,2 < +o0 and |y|l2 < +o0. x — x
means that x”* converges weakly to x, while x" — x means x" converges strongly to x.
The operator norm of the linear operator K : H; — H> is defined as

K[ ;= max |[Kx]]2.
Ixll,2=1

Through the paper, xT means the signal of interest; y+ := Kx' are the measurements.

y? denotes an element in H, satisfying ||y* — y°|l» < . Under these notations, the TV
regularization can be expressed as

1
Fu(x) = 5Ky — I3+ al| Tx|l .

Denote that x¢ is one of the minimizers of ¥,.
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Remark 1. Considering the set L = {x"},_1, . C Hq, where

o 1/v/n ifi<n,
o ifi>n.’

Obviously, for any n, x* € L? and T(x") = 1//n. Asn — +oo, |[x"||,2 = 1 and
T(x™) — 0. That means T is ill posed.

Remark 2. Let D = T — 1, where 1; is the identical operator over Hq. Then, (Dx); = —xj11 for
any i € N. It is easy to verify that D is continuous. Then, T is continuous over H1 and

IT - Ll = [ID]| < 1. )

In practice, The ill condition of T brings trouble to the analysis. To overcome this
problem, we consider a condition which plays an important role in the deduction.

Condition 1. There exist two constants c,m > 0 such that
c|[Kxll2 +m||Tx|l 2 > [|x]|2
forany x € H;.

We present a finite-dimensional understanding of this condition. Let dim(H;) = M
and dim(Hy) = N. Then, K € RM*N satisfies null(K) # 0 and T € RIN-U*N_In the
finite dimension case, T has the form

-1 (N=1)xN

The definition of T gives that null(T) = Span(?). FKT # 0. Then, null(K) N null(T)

~

= 0, we have that null( %T ) = 0, where ¢,/ > 0. Hence, for any x € R" and some

cK

l>0,l||< T%K AT

T
e[ Kx|lo + || Tx[|2 > [x]|2.

)x||2 > ||x||2- Note that || ( >x||2 < CJ|Kx||2 + 71| Tx||2; we then have

3. Basic Error Estimations

The properties of TV type regularization are investigated in this section. First, a lemma
is introduced which is used in this section frequently.

Lemma 1. Let y‘s be bounded, u be fixed and {x"},—1 . be a sequence. Assume that Condition 1
holds and {¥ s (x") }p=12,.. is bounded. Then, {x"},_1 . is also bounded.

Proof. It is trivial to prove {||Kx" — °|l2}u=12,.. and {||Tx"| 1 }n=12,. are bounded.
Note that
ITx"[[2 < ITx"[|0 and [[Kx"[|2 < [Kx" =y’ 2+ 1¥°l2,

which implies {||Kx"||2},=12,.. and {||Tx"||;2} =12, . are bounded. From Condition 1, we
derive that
[x*[2 < cl|Kx™|[2 4+ m[|Tx" || 2

implies the boundedness of {x"},—1, . O

yoos
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3.1. Stability

In this subsection, we investigate the performance of x% as @ — a, when 1° is fixed.
A lemma is introduced which arises in convex optimization.

Lemma 2 ([40,41]). Let x* be the solution set of the convex minimization problem
min ¥, (x).
X
Then, Kx and || Tx||; is constant over x*.

Theorem 1. Assume that K, T satisfies Condition 1. For any fixed « > 0 and y° € Hy, we have

lim Kx§ = Kxj. )

ay—a

Proof. The minimizing property of x gives that 1||[Kx§ —°[|3 + «[|Tx] |1 < ¥a,(0).
Then, Lemma 1 indicates that there exists a subsequence of {xﬁn} converging weakly to

some x* € 2. For simplicity, we also denote this subsequence as {xin }. By the weak lower
continuity of the norms, we have

|Kx* — 1P|, < lirrhianKxin —°|]z and || Tx*||n < lin}11nf||Txgn||41. (3)
Therefore, we have that
* 1 * 4112 *
Yu(x*) = EHKX =y’ +al Tx"|x

1
< hn}lmf{iHKxinfy‘5||%+0<n||Txin||€1}

= liminf¥,, (xf(n ).
n

On the other hand, by the minimizing property of xgn,

limsup‘Y,xn(xin) < limsup ¥, (x)) = lign‘lf,xn(xi) =¥, (x9).
n

o
n
Obviously, it holds that

limsup ¥y, (xin) < ‘I’a(xf‘) <VY,(x") < lin}qinf‘Yan(xin).

n

That means x* minimizes ¥, (x). From Lemma 2, Kx* = Kx$ and ||Tx*||,1 = || Tx{][ ;1
Consequently, we have Kx — Kx9, ¥y, (x3, ) = ¥a(x$) and || TxS | n < liminf, [|Tx | .
In the following, we present the proof by the mean of contradiction. Assume that t :=
limsup,, |[Kx, — |2 > [|[Kx§ — ¥°||2. We can obtain that

2| Tx < liminf{a|Tx, |1}
= lminf{¥,, (x3,) — [Kxd, —y[3)
— ¥,(x) — limsup K+, — 3 @
n

= || T} p + (IKx§ — 3|2 — #)
< zx||Txf‘H51.

This is a contradiction. Then, we have

limsup [[Kxg, — 1|2 < [[Kx§ — |2
n
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From relations (3), we can obtain that Kxﬁn — Kxd. O

If K is injective, we can further have that lim,,—, xin = xﬁ. The theorem above

indicates that ¥, (x$) and ||TxJ||; are continuous at a. In fact, we can obtain a stronger
result; the value function is differentiable at «.

Theorem 2. Let F(x) := Yo (x3); then, F(«) is differentiable with respect to «, and F'(a) =
[EEAl

Proof. For « > &, we have
. Livs 5 5 Livs 5
Flo) —F@) = SllKxy—y 15+l Txgllpn — 5 I1Kxg —y [
— lXHTxg\Hzl + (a —ﬁ)||TxgHgl.
Due to that xf‘ minimizing ¥,, we have
1 1
EIIKxﬁ — Y15+l Txgllp — EIIKJ% — 15—l Txg||n <O.

It follows that F(«) — F(®) < (« — @)||Tx|| ;1. On the other hand, F(a) — F(®) can be
written as

. 1 . 1
F(a) - F(@) = EHKxi — I3+ &) TS — §||Kx§ —v°l3
s PRg—
— AlTxgl[p + (& = @) || Txg |l -

Similarly, we have F(a) — F(&) > (a — @)||Tx$||,1. Combining the two inequalities
above, we have

F(a) — F(®)
1T < —Q_a = TS 1.

When « < @, similar results can be also obtained. The continuity of || TxS |1 at a gives
that “E&) — | Txd) 0. O

3.2. Consistency

The performance of xJ is investigated under a prior parameter choice as § — 0. In the
analysis, we assume that the following conditions hold.

Condition 2. For any x € H1 obeying Kx = y', x* satisfies that
ITx | < (1Tl 1
The equality holds if and only if x = x'.

Lemma 3. Let {x"}, — x*, |[Kx" —y" |3 — ||[Kx* —y*||Z and || Tx"||qn — || Tx*||;1. Then, we
have || T(x" — x*)||p — 0and ||K(x" — x*)|2 — 0.

Proof. We can obtain that

limsup [T(x" —x")|[n = Timsup(([Tx"[[a +[|Tx"[|2)
n n

T + T2 ) + 1T (" = %) [ 1)
= 2T [ = Hmuinf(([| T 4[| T[] 1)

= NITG" =x%)[p).
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The triangle inequality gives that (|| Tx"||,1 + || Tx*||;1) — [| T(x" — x*)|| ;1 > 0. The Fa-
tou’s lemma gives that

Liminf(([|Tx" [0 + [Tx"[[p) = [T(" = x")][)
= liminf(}[(Tx");| + |(Tx")il = (T(x" = x7))il)

< Y liminf(|(Ta");| + [(Ta")i| = [(T(x" = x7))i).

Note that x" — x* — 0; then, T(x" —x*) — T0 = 0. Hence, [T(x" — x*)]; — 0.
Similarly, we can obtain (Tx"); — (Tx");. Therefore,

Y liminf(|(Tx");] + |(Tx");] = [(T(x" = x7))il) = 3 2/(Tx")i| = 2| Tx"[| o

Thus, we have
limsup ||T(x" —x*)||a = 0.
n

By the same method, we also can obtain that | K(x" — x*)[| — 0. O

Theorem 3. Assume that K, T satisfies Condition 1 and Lemma 1. Let the parameters satisfy that

2
“(5)’(;(5(5) —0as 6§ = 0.

Then the sequence {x3}s — x*.

Proof. By the definition of xJ, we have

IN

1 1
S I1Kxa =y 13 + el Txg | SIKx" =y 13 + | T

1
< 252 + af| TxT|| 1.
From the parameters’ choice rule of a and 6, we can see that {¥,(x$)} are bounded.

Then, from Lemma 1, there exists a subsequence also denoted by {x$} s and some point x*
such that x — x*. We can have that

IKx* —y"3 < liminf [|Kxg — (13
. ) ) )
< 2liminf([Kxg = y°|3 + [y = y'I3)
<

lirn(sinf((S2 + 20(((5)||Tx*||[1 +462) = 0.

This means Kx* = y*. It is easy to see that lim; ||[Kx$ — y*||3 = 0. On the other hand,
we can obtain that
(52

.. 5
Tx*[|x < 11m§1nf{HTxa||fl + m} = || Tx"| .

Condition 2 gives that x* = x'. From the inequality above, we see that lim; | Tx4|| 1 =
| Tx*|| 1. By Lemma 3, we have || T(x{ — x*)|| 1 — 0and ||[K(x — x*)||2 — 0. Consequently,
from Condition 1, it holds that

ligrlHXi—x*llzz =< 1i§r1m||T(Xi—x*)l\g2+CHK(Xi—x*)llz

IN

tim m]| T(x —x7) | + e[ K(x = x)]|2 = 0.
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3.3. Convergence Rate

This subsection concerns the convergence rate under different parameter choice rules
(a priori and a posteriori). First, we discuss the a priori one. Like the classical Tikhonov
regularization method [19,35,36], we introduce a source condition.

Condition 3. Let x satisfy the source condition

Jw : K*w € T*3||Tx" || 1.

Theorem 4. If x* satisfies the source condition, it holds that

IKxg =’ |2 < 2alfw]2 + 6.

If K is injective, there exists v > 0 such that

x5 — x| < 2ya]|w]l + 276.

Proof. The definition of xJ gives that

1 1
§HKX§ VI3 +all Tl g < §||1<er — VI3 + &l Tx T .

Using the notation C(x) = || Tx|| 1, we obtain that

1 1
Sk = 3+ aC(xd) < S IKx - yP I3 +aC(x).

For any v € dC(x*), the convexity of C indicates C(x3) > C(x") + (

we have that

1
§\|Kx§—y5\|§+sz(x*) + afo,xg —af)

1
< SlIKad =3+ aC(x))

1
< Sl =3+ aCx).

v,x5 — x

). Then,

Choose v = K*w in the source condition; after simplification, we derive that

1 1 5
SIS =y B+ e, K — ) < SRt — 3P + o, Kt — ).

2 2
By adding both sides with %, we obtain that

IKxg = y° +awll> < [|[Kx" —y° + aw|l2.

This means

1Kxg = ll2 < 2af|wll2 + [[Kx" —y°[l2 < 2alfw]> + 0.

If K is injective, there exists v > 0 such that ||x||,2 < 7||Kx||,2. Then, we derive that

x5 — x|

<
<
<

VIIKx =yl
Y(IKxS =y [l2 + ly° — y'])
v (2wl +29).
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Remark 3. In fact, the first result in Theorem 4 has been proved by [42] for general convex
reqularization. The proof here is for the completeness.

The following part investigates the a posteriori parameter choice rule. The analysis
is motivated by the work in [43,44]. For simplicity of presentation, the parameter « is
chosen as

K3 =yl = &. )
Theorem 5. Assume that a is chosen as rule (5), and x" satisfies Condition 2. It then holds that
lim x% = x*.
6—0
If K is injective, there exists 6 > 0 such that
xS — x*|| 2 < 2606.

Proof. It is trivial to prove that
1o s 52 5 Lo+ 52 +
5 IKx =972 + [ Togllp < SIKx" =y Iz + ol T -

Lemma 2 indicates that {x}; is bounded. Note that ||[Kx{ — y°||» = § and ||Kx" —
¥ ||l2 < 6. Tt then follows that
ITxglla < Tl (6)

Then, the sequence has a sub-sequence also denoted by {x4}5 converging weakly to
some x*. We can easily see that

[Kx* —y"la < liminf [[Kxg - y"|l2
—0
< liminf(|Kx2 — |l + Iy — y']]2)
6—0

< liminf26 = 0.
6—0

That is actually to say that Kx* = y'. Moreover, it is easy to see that lims ||Kx$ —
y'||2 = 0. Using relation (6), we have that

ITx o < liminf | T 1 < 1727 .

Condition 2 gives that x* = x'; hence, the whole sequence converges weakly to x* and

1Tl < Timinf(|| Tagll ) < Timsup (]| Tagl) < | T2 1.
6—0 6—0

Thus, we have || TxS|| a1 — ||Tx"||,1. From Lemma 3, we have || T(x — x*)||,, — 0and
|K(xS — x*)||2 — 0 which leads to

)

5 5
[Er b It m|T(xg — )2 + el K(xg — 27|

<
< ml|T(xq = ")l + ellK(xg = 29[l = 0. 7)
If K is injective, there exists 6 > 0 such that ||x||,2 < 6||Kx||,2. Then, we derive that

GHKxi —y+||2
0(|KxS — vollo + |lv° — yt||) < 266.

||xi —x+||2

IN A
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4. Improved Convergence Rate

In this section, we investigate the convergence rate when K may be not injective.
The first part presents the analysis under the sparse assumption while the second one deals
with the case when the sparsity assumption fails.

4.1. Performance under Sparsity Assumption

The analysis in this subsection assumes that Tx" is sparse. To prove the convergence
rate we need the finite injectivity property [45].

Condition 4. The operator K satisfies the uniformly finite injectivity property, i.e., for any finite
subset S C N, K| is injective.

Remark 4. In the finite dimension case, if §supp(S) is small, it is easy to find that the finite
injectivity property is actually the restrict isometry property [2,46].

Let z := Tx and z' := Tx'. Denote S as the set S := {i € N : |o;| > 1}, where
v € 9||z'||xn satisfies the source condition. Let m = sup;s{[v;|}. Due to that v € (2, S is
finite and it contains the support of zt. Let P be the identical projection onto S and P be
the one onto N\ S. From Condition 4, there exists some d > 0 such that

d||KPz||2 = || Pz]| 2.

Lemma 4. Assume that x* satisfies the source condition and Condition 1 holds. If md||K|| < 1,
there exist ¢ > 0 and cy > 0 such that

ITxllg = 1Tl > 1l = 2" 2 = cal T(x = 2T .

Proof. Assume the conditions in Lemma 4 are held. Then, we can obtain that

lz=z"p < IPz=2)]e+ Pz -2
< d|KP(z=z")|l2 + [Pz
< d|K(z =22+ (1 +dK[) | P2l 2.

Hence, we derive that

IK(z=2")2 = IIKT(x—x")]2
< JIKGe= 1) ll2 4+ [K(T = 1) (x = x")] |2
< IKG =2l K] NIT = Tall - e = 2" 2
< K@= xD) 2+ K] - [l = 2" 2.

We now turn to estimating ||P*z||,2. Let m = sup;,¢{|v;|}. Obviously, m < 1. We
then have that

1Ptz < Yozl <2Y (1 —m)lz| <2Y (|zi| — viz:)

iZs iZs i7s
< 2Y (lzi| — |zf| — vi(zi — 2}))
i¢S

2(|lzllg = NIz = (0,2 —2"))
2(ITx|| 2 = ITxY | a0 = (v,z — z")).
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The source condition gives that

—(v,z—z") = —(v,Tx —Tx") = —(T*v,x —x")
—(K*w,x — x") = —(w, Kx — Kx™)
[wllz - | Kx = Kx*|[.

IN

Therefore, we have that

d|[K|[ - lx = x| 2 + 20+ d|[KID(ITx]| g = [ Tx" 1)

lz=z"p <
+ @llwll2 +2d|[K]|[[w]l2 + ) [ K(x = 2T 2.

From Condition 1, we have that

cllK(x = x) 2 +m|Tx — Tx"| 2

< clIK(x =22+ mlz -2

< md|[K| - ||x = x"[l 2 +2(m + md|[K|) (| Tx[l — | Tx"]}1)
+ (2ml[wl]|2 + 2dm|K]| [[wll2 + md + c) | K(x — x7)]|2.

lx = 2" 2

Note that md||K|| < 1;letg = we have that

1
1—md||K|

2q(m + md|[K|) (| Tx ||y — | Ta"[|1)

lx =l <
+ q(2mlfwl]|2 + 2md|[K|||[w]|2 + md + ) [ K(x — x7)]|2.

O

With the lemma above, we can obtain the following result. The proofs can be found
in [44,47-49].

Theorem 6. Let the reqularization parameter be chosen a priori as a(6) = O() or a posteriori as
a(6) according to the strong discrepancy principle (5) Then we have the convergence rate

Ix = 2"l = O(5).

4.2. Performance if Sparsity Assumption Fails

In this subsection, we focus on the case where Tx" is not sparse. As presented in the
last section, lemma 4 is critical for the convergence rate analysis. In this part, a similar
lemma will be proposed. Then, the convergence rate will be proved. The first lemma is
motivated by [37].

Lemma 5. Forany x € Hqand n € N, it holds that

n

[e¢]
IT (e = xM) [ = 1 Txll 0 + 1 Tx [ <20 3 (Tl + Y [(Tx)e — (Tx")il).
k=n+1 k=1

Proof. Denote the projection P,(x) = (x1,%2,...,%,,0,...) for any x € ;. Hence,
we have
ITx|[p = [|PaTx|| 0 + [|(Lg — Pu) Tx[| 1.

Algebra computation gives that
ITx=xNlla = ITxllg + 1T g = [PaT(x = x|+ [[(Lg = Pa) T2 o

+ [Ty = Pu)(Tx = Tx") |1 = [[(lg = Pu) Tt
+ (1P Tt — | PuTx]| .



Mathematics 2021, 9, 1373

110f 14

Note that
1(Ig = Pa)(Tx = Tx") |0 < [[(Ig — Pu) Tl 1 + [|(Ig — Po) Tx"[|
and
IPaTxt | g < |[PuT(x = x") || 0 + | PaTx]| .

Combining the equations above, we obtain
ITCe =)l = [ Txlle + I T < 20PaT(x = )2 + 21| (lg = Pa) Tx |1
O

Condition 5. Forall k € N there exists fy € Hy such that T*ey = K* fi and limy_,, || fx||2 —
—+o00.

Lemma 6. Let ¢(t) := 2inf, {5, 1 [(Tx")e| + t 25y || fill}; @(t) is concave index function.
Assume that x" satisfies the source condition and Conditions 1 and 5 hold. If ¢||K|| < 1, it holds
that

lx = x*lle < x| Txll g — el T [l + cag([IK(x = xT)]|2)

for some positive c1, ¢2, C3.

Proof. ¢ is concave and upper semi-continuous since it is an infimum of affine functions.
For any t > 0, ¢ is finite and continuous. Note that ¢(0) = 0; the upper semi-continuity at
t = 0 gives the continuity of ¢ at t = 0. We turn to the strict monotonicity of ¢. Condition 5
means the infimum of ¢(t) is attained at some n € N. Considering 0 < t; < fp < 409,
we have

¢m>—z<f|wmwwéymm

k=n1+1
[ee] t np
< 20 ) [T+t ) N fill2)
k=np+1 k=1
[eo) ny
< 20 ), [Tl + 82 ) Ifill2) = ¢(t2)-
k=ny+1 k=1

From Condition 5, we have that

Y (Tx—Te = Y [Tx—Ta'e)]
k=1 k=1
= Y [x—x", T )| 8)

»
Il
-

| {x — ", K" fi)|

I
1=

»
Il
-

IN

1KG— 22 2 il
k=1

Therefore, we obtain that

TG = xD)lle2 < ITxlln = T2 + 2 (1K (x = xT) [2)-
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From Condition 1, we have that

lr=x*lle < cllK(x—x")llz +m|T(x = x")]l2
< clKflllx = x"fl@ + m|| Tx[| g — m| T[] o
+ 2me(||K(x — x")[|2).
Letg = %HKH’ we obtain that
lx = x*ll2 < qm| Tx|| 0 — g | Tx" || 0 + 2qme (K (x — x")]2)
O

Theorem 7. Let the regularization parameter be chosen a priori as «(J) = (’)((P‘s(—z)) or a posteriori
as «(8) according to the strong discrepancy principle (5). Then we have the convergence rate

I = 2"l 2 = O(g(8)).

5. Conclusions

In this paper, we study some problems in total variation type regularization. While own-
ing a familiar form as the sparse regularization, the TV type is hard to investigate for the
ill condition of T. A group of regularization conditions has been given in this paper. Un-
der these conditions, we study several theoretical properties such as stability, consistency
and convergence rates of the minimizer of the TV type regularization. These analyses are
deepened for the convergence rate under the assumption of sparsity. In the non-sparse case,
we also present a conservative result based on some recent works. Now, the regularizers
learned from the data are all the rage in research. So, in future work, we will make the
error estimations for this type of regularization problem.
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