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Abstract: The present paper introduces new classes of Stancu—Kantorovich operators constructed
in the King sense. For these classes of operators, we establish some convergence results, error
estimations theorems and graphical properties of approximation for the classes considered, namely,

2 as well

operators that preserve the test functions ep(x) = 1 and e3(x) = x, e9(x) = 1l and ep(x) = x
as e1(x) = x and ey(x) = x%. The class of operators that preserve the test functions ¢; (x) = x and
er(x) = 22

Class of Kantorovich-Type Operators”, published in Constr. Math. Anal.

is a genuine generalization of the class introduced by Indrea et al. in their paper “A New

Keywords: Stancu operators; Kantorovich operators; Stancu—-Kantorovich operators; King-type
operators; approximation by positive linear operators

MSC: 41A36; 41A25

1. Introduction

By C[0,1], we denote the space of continuous functions defined on [0, 1], and by
L1[0,1], the space of all functions defined on [0, 1], which are Lebesgue integrable. Let N be
the set of all positive integers.

We consider ¢;(t) = tfort € [0,1],j € N.

In order to prove Weierstrass’s approximation theorem [1], S.N. Bernstein introduced
the Bernstein operators in paper [2], which, for f € C|0, 1], are defined as:

Buf0) = L pualf (1) w01

m

where p,, x(x) = (?)xF(1 — x)"k, for every m € N, and p,, x(x) = 0if k < 0or k > m.
Letw, B > 0and « < B. D. D. Stancu introduced in paper [3] the following opera-
tors, which are a generalization of the well-known Bernstein operators (see [2]), SE,‘,X £) :

C {mﬁﬁ, zig} — CJ0,1] defined as:

k+«a

(2) x:m X — ], x
S0 = L pus(0f (55 ) ¥ < 01

where p,, (x), m € N, are defined as before, and f € C[0,1].

The Bernstein operators have been intensively studied, and many generalizations were
considered, one of which is the Kantorovich variant, due to L.V. Kantorovich, from 1930
(see [4]). The Kantorovich operators Ky, : L1]0,1] — C|0, 1] are positive linear operators
and can be defined as:

k+1
m+1
k

f(s)ds, x € [0,1],

Knf2) = (m+1) Y- pus(x) [
k=0

m+1
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where p,, ¢ (x), m € N, are the Bernstein basis, and f € L1[0,1].
Following the generalization of Bernstein operators proposed by Stancu, D. Barbosu
introduced in paper [5] the Kantorovich variant of Stancu-Bernstein operators, which, for

fel [ﬁﬁﬂ, %} , is defined as:

kta+1
m—+p+1

f(s)ds, x € [0,1],

KA (F) = (4 B4 1) 3 puna) [
k=0

m+p+1

with0 < a < B, pu(x) = (§)x*(1 — x)™ =%, for every m € Nand f € L;[0, 1]

The study of Kantorovich operators is still in the spotlight of many recent research
papers (see [6-8]). Among the numerous generalizations of the Kantorovich-Bernstein type
operators, we mention the one by Indrea et al., (see [9]), which introduces a new general
class which preserves the test functions e; (x) and ep(x).

In [10], J.P. King introduced a new class of positive linear Bernstein-type operators
which reproduce constant functions (e;(x)) and ey (x). These operators are a generalization
of the Bernstein operators, but they are not polynomial-type operators. With the results
introduced by King, a new direction of research was initiated, which concerns the construc-
tion of new operators with better approximation properties, obtained by modifying existing
sequences of linear positive operators. This subject has been one of great interest. Gonska
and Pitul (see [11]) studied estimates in terms of the first and second moduli of continuity
for the operators introduced by King. Among the first generalizations of King’s result,
we mention those of Agratini (see [12]), Cardena-Morales et al., (see [13]), Duman and
Ozarslan (see [14,15]) and Gonska et al., (see [16]). The subject is still of interest. Among
the more recent studies, we mention the one by Popa (see [17]) where Voronovskaja-type
theorems for King operators are studied. A recent extensive review of King type operators
is that of Acar et al. (see [18]).

Based on the results in [3,9,19,20], we introduce three new classes of King-type ap-
proximation operators. The aim of our paper is to obtain convergence properties of the
uniform approximation of continuous functions using a Korovkin-type theorem(see [21]).
Our results are a generalization of previous results on the topic.

The article is structured as follows. Section 2 presents some known results and notions
that are to be used throughout the paper. In Section 3, we introduce the general form of
our operators and some properties they satisfy. In Sections 4-6, we introduced three new
classes of operators, which preserve exactly two of the test functions ¢;, i = 0,1, 2. These
operators are particular variants of the operator considered in Section 3.

2. Preliminaries

In the following, we present the notions and results that will be used to prove the
main results of the paper.
We will denote by F(I) the set of all functions defined on I C R.

Definition 1. Let I and | be two intervals of R, such that IN] # @. For x € I, let puy : I - R,
ux(t) =t —x, t € I. For any m € N,we set the functions ¢, : | — R, such that ¢, (x) > 0
forevery x € ], k € {0,1,...,m} and the positive linear functionals ®,,; : U(I) C F(I) = R,
ke {0,1,...,m}, where U(I) is a linear subspace. For m € N we define the operator Ly, : U(I) C
F(I) = V() cF()as

Ln(f,x) = kﬁ i () us(), x € ], f € U(I). M
=0

Remark 1. The operators (Ly,) defined above are linear and positive on U (I).

meN
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Definition 2. For i € N we denote by (T';Ly,) the moments of order i of the operators defined in (1):
(TiLu) (x) = L (1 = %), x) = z%k @i ((e1 = 2)1). @

Definition 3. Let I C R be a compact interval and f be continuous function on 1. The modulus of
continuity is a function w(f,-) : [0,00) — R defined for any h > 0,

w(f,h) =sup{|f(x) = f())] : x,t €L |x—t| <h}.
Now, let us recall the well-known result by Shisha and Mond (see [22]).

Theorem 1. Let L be a linear positive operator on I, a compact interval. If f is a continuous
function on I, then for every x € I and every h > 0, one has

IL(f,%) = f(x)| < |f(x)] - [L(eo, x) = 1|+

( eo, X h\/Leo, ((eo — x)?, )) (f.h).

Other recent evaluations with moduli of continuity can be seen in [23].

3. A General Method for Constructing New Classes of Stancu-Type Operators

In this section, we consider a general method of constructing new types of Stancu
operators, namely Stancu-Kantorovich operators with King modification. In the following
sections, we will construct three new classes of such operators and we will study some
properties of approximation for these operators, taking into account their expressions on
the test functions ¢;(t) = ti=0,1,2, and imposing that the operators preserve two of
the test functions ¢; and ej, i #7,i,j €{0,1,2}. A motivation for this type of modification
of the operators is, as pointed out, for instance, by Acar et al., in [18], finding better
properties of approximation and improved error estimates. Our approach is influenced
by the modifications of Bernstein—-Kantorovich operators considered in [6,9]. With this in
mind, let us introduce the following operator.

Definition 4. Let I be a compact interval and ¢y, dy : I — R be some functions that satisfy
cm(x) >0, dp(x) > 0forallx € I, 0 < a < Band m € N. We define the following
Stancu—Kantorovich type operators:

kta+l
m m—+p+1
P00 = g 1) Y () enl) ne)™ [ s ©
k=0 kt+a
m+p+1
foranyx € I, m € Nand f € Ll[m+/5+1' zigiﬂ

Lemma 1. The operator proposed in relation (3) has the following properties

S (e, ) = (cm(x) + dun(2))", @
S (e1, %) = #ﬁﬂcm@c)(cm(@ ()"
200 +1 ®

W(Cm(x) +dm(x))",
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S (e2, %) = mé‘w) (en(x) + ()"
mcmm (e () + dun ()" ©

Ba(a+1)+1 "
+ 3m 1 p i1 (em(x) + dm(x))

forany x € I, m € N, where e;(t) = t',i € {0,1,2}.
Proof. For ep(x) =1, we have:
S (e0, x) =

om+ 5+ 1) 3 () n) )"y

which, from the binomial theorem, yields:

S (e0, %) = (cm(x) + dy(x))™.
(,B)*

Now, let us evaluate S, fore;(x) = x:

SR (o1, x) =
(m-i‘,B-l-l)é<T]11)(Cm(x))k(dm(x))mk; <m>2_(%)2 ,
which is
S enl) + )"

Denoting k — 1 = [ in the sum from the right hand side in the above relation, we get:

m—1
S (61, x) = — o (x m-1 () (A (x))™ 1
@) = pptgrgent) & (") ent) )

20 +1 m
m(cm(x)+dm(x))

and, again, by the binomial theorem, we get:

m
m+pB+1
20 +1
m+p+1

S,(qf"ﬂ)*(el,x) = om (x) (om(x) + dm(x))m_l

(em (x) + dm(x))".

(a,B)

Lastly, we shall compute Sy, 2

forep(x) = x=:

S,S;’"ﬁ)*(ez,x) -
s (e () (2]

Now, by doing the calculations in the square brackets, we get:
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S ,3) = 2 & () Centemco™
’ - m
(m+ﬁ+1 = \k
241 K (m _
1 () en )ty

(m+B+1)* =

Ba(a+1)+1

e )1 (e () + dn (3))"

3(m+p+1)°

By denoting k — 2 = [ in the first sum from the right hand side in the relation from

above and by the binomial theorem, we will have

Mcm (em(x) + d(x))" "
mcm(x) (Cm(x) +dm (x))mil

SEP* ey, x) =

which completes the proof. [

4. Stancu-Kantorovich Type Operators Which Preserve the Functions ey and e;
In this section, we shall construct an operator of Stancu-Kantorovich type as in (3),

that preserves the test functions ¢y and ey, i.e., an operator that satisfies
S (e0,x) =1 %)

S,(ﬁ”g)*(el,x) =x

S,(,g"ﬁ)*(ez,x) N

Now, from the conditions in (7) and relations (4), (5) we get

m+p+1 200 +1
cm(x) = p X — , (8)
m m
and ( 3 ot 1
—(m+p+1)x  m+2a+
o (x) = pri)x , 9)
m m

forany m € Nand x € I.
In order to have a positive operator, we shall assume that the functions c;, and d,, are
positive. This condition yields the following inequality

_tl o mEtl cLVmeN.
mipil mi gl

Lemma 2. For 0 < 2a < § and any integers mo < m, we have
] { 20+1 m+2a+1

20+1  mop+2a+1
m+p+1" m+p+1

mo+p+1" my+p+1

Proof. Let us consider the sequences (x),,>1,
— 20 +1
" m+p+1

and (ym>m21’
m—+2u+1

L .
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Imposing the condition 0 < 2a < B we have that (xy,),,~ is a decreasing sequence,
and (ym),,~ is an increasing sequence, thus implying that our inclusion holds for any
m>mgy. O

Remark 2. From now on, we will consider 0 < 2a < B.

Remark 3. Since on the interval [ mi?[g}kl ; ";fofgfll} we have that ¢y, dy > 0, for every m €

N,we will consider I = { mgigil ; ";Oofrzg‘jll} , where my is a positive integer which is arbitrarily

fixed. Note that for any € > 0, if we make my sufficiently large, then [e,1 — €] C L

Now, taking into account the sequences c;; and dy; obtained in (8) and (9), the operator
in (3) will be

] u mypt1  2u+1\*
SR (f,x) = (m+p+1) Z( >( Tf = ) (10)
st
—(m+p+1)x m+21x+1 m—k
X + f(t)
7 /
kta
m+p+1
for any x € I.
Lemma 3. The operator Sgif )*from (10) satisfies
S (g, x) = 1; (11)
S(“”S)*(el,x) = x;

g(@B) m—1, m+2a—1 12a(a +1) —m(5—36a) —3
Siom (e2,x) = X X 5
m m(m+p+1) 12m(m+ B +1)

forx e L.

Proof. The first two relations from (11) are obvious, and the third follows by applying
relations (5), (8) and (9) and after some computations. [J

Lemma 4. The following relations hold

(Fosgf‘j)*) (X) = 1, (12)
(msie”) 0 =0, (13)
(rzsgz,xr,nﬁ)*) (x) = 12m (x — xz) + (—24;(2([3 +1)+ 122x(21x + B) +36a — 5)
(m+pB+1) i~
+—12x2(‘B—|—1)2+12x(2aﬁ+2a_ﬁ_1)+3(4a2+4“_1>
12m(m+ B+ 1)2 )

Proof. Using the previous lemma and relation (2), we get
(rossf )0 = 1,

(rs5P Y @) =[S (erx) = 2815 (e0, )] =0
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and
(I’ﬁ%j”) (x) = Sg‘,"j)*(ez,x) - 2x5§%ﬁ)*(61,x) + x2S§';;1’5)*(eo,x)
_m—lxz m—+2a—1 . 121x(1x+1)—m(5—361x)—3_x2
m m(m+p+1) 12m(m + B +1)* '
which, after some calculations, yields (14). O
Lemma 5. We have B
. w,B)*
Tim m(rzslr,f )(x) = x(1—x) (15)

uniformly with respect to x € 1. Consequently, for any € > 0, there exists an integer mg > my,
sufficiently large, such that
1
* 1 t¢&
(rasiiP*) () < 5, (16)

m

forany x € Iand m € N such that m > m..

Proof. The relation (15) follows from (12) and (14). The existence of m, follows from the
definition of the limit of a function and the inequality (16) follows from (15) by applying
the inequality x(1 — x) < 1, which is true for every x € [0,1]. O

Theorem 2. Let f : [0,1] — R be a continuous function on [0,1]. Then, we have

lim $\*#)f — f

m—oo 17

uniformly on I and for every e > 0 there exists m. € N such that

ST ()~ fl)] < <1+ \/§>w<f\/%>

forany x € Iand m € N such that m > m.

Proof. The Theorem from above follows from Theorem 1 by taking h =

i+

Graphic Properties of Approximation

Remark 4. It can be seen in both Figures 1 and 2 that our operators approximate the given functions
for o and B chosen such that o < 2p.

1.0
05
— PoIKS(x)
/3 0.4 \0.5 06 07 sin(20 x)
-05 '
-1.0

Figure1. « = 0.1, p = 0.2, m = 25 iterations.
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=]
T

— PolKS({x)
14x°-20x°+8x—-1

Figure 2. « = 0.1, B = 0.5, m = 500 iterations.

5. Stancu-Kantorovich-Type Operators Which Preserve the Functions ep and e;

In this section, we shall construct an operator of Stancu-Kantorovich-type, as in (3),
that preserves the test functions ey and e, i.e., an operator that satisfies

S,(,f’ﬁ)*(eo, x)=1
Sr(,'f’ﬁ)*(ez, x) = x? 17)

Sfﬁ"ﬁ)*(el,x) 5 x.
Now, imposing the condition (17) and the Equations (4) and (6), we get:
em(x)+dn(x)=1,Vx €I, meN, (18)
and the following quadratic equation, in ¢y, (x):
m(m —1)c2,(x) +2m(1 + a)cp (x) + a(a+1) + % =x2(m+B+1)% vx eI, meN. (19)
Note that for « > 0, B > 0, the discriminant
5m(x):4m[m(§+a>+a2+a+;+x2(m—1)(m+/3+1)2 (20)

of the quadratic Equation (19) is positive.
We make the following notation:

Now, solving Equation (19) we obtain, for m > 2:

em(x) = —m(1+a) + v An(x) (21)

m(m—1)

and, from relation (18) we get

m(m+a) — /A (x)
m(m—1) '

d(x) = (22)
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In order to have positive linear operators, we shall impose that the functions c,; and
dy, from (21) and (22) are positive. In this case, we obtain the following inequalities:

Var+a+ s VM4m+2a+U+w2+a+%
- < x< .
- m+p+1

m+pB+1
Lemma 6. Let 0 < ¢ < 1 be fixed. There is an integer mg € N such that

/1 \/az—i—oc—i—% \/m(m—i—Za—i—l)—l—ocz—l—tx—i—%
€,1-¢]cC ; ,
| } m+ B+ 1 mt B+ 1

(23)

for every m € N such that m > m. and «, B, satisfying « < B.

Proof. We have that
Vel +a+l
—— =0

m+p+1

and
V/mm +20+1) +a2 + o+ §
— 1,
m+pB+1

therefore, for all ¢ > 0, the inclusion (23) holds. O

Remark 5. Since the functions c,, and dy, are positive on the interval considered in (23), from now

on, we will consider I = [¢/,1 — €], forall ¢ > 0 and m > my.

Now, taking into account the sequences c;, and d,; obtained in (21) and (22), the

operator in (3) will be
m+p+1 & (m k
< >(—m(1+a)+\/Am(x)>

)3

(@) —
2 U = Gty 5\
g W (24)
X (m(m +a)— Am(x)) f(t)dt,
k+a
m+p+1
for any x € I and m > m,.
Lemma 7. The operator Sé’frf ) from (24) satisfies
Sy (e, %) = 15
(m+206+1)+2\/ Am(x), (25)

(a, ) _Z
Sam (V) = =R BT ) —1)
2

SSP" (03, %) = 2.

forx € Iand m > my.
Proof. The first and last relation from (25) are obvious, and the second follows by applying

relations (5) and (21). O

Now, we can obtain the following result.
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Lemma 8. The following relations hold
(rosgf“;f)*) (x) =1, (26)
(i) == S R @
() = 2e(e- RS,

forany x € Iand m € N.

Proof. Using the previous lemma and the definition of the operator I'; from (2), we get the
results after some calculations. [

Lemma 9. We have:

. B)x 1
n%l_l;rgom(l"lsgmﬁ) )(x) = 5(1 —X), (29)
Jim m(T807) (x) = x(1 - ), (30)
uniformly with regard to x € 1. For any € > 0, there exists mg > mq such that
@B\ ()« L (1
(rzsz,m )(x) < <4 te), (31)

forany x € Iand m € N such that m > m..

Proof. We have:

i m<x_ —(m+2a+1) +2«/Am(x)> _

m—oo 2(m+[3+1)(m—1)

. 20/Bn () —2(m+B+1) (m—1)x 2 (2041
Lm0 <_ n SmrE =D + Z(mfgﬂ'f(mll)) =
1 im Am(x)—(m+ﬁ+1)(m—1)x,

m—co m

and after some calculations, we get:

lim m(x —(m+2a+1) +2\/Am(x)) 1

Jim, S+ B D) (m 1) = 5(1-x). (32)

Now, replacing the right hand side term in (27) and (28) with (32), we will get the conver-
gences in (29) and (30). Using the definition of the limit of a function and the inequality
x(1—x) < }I, Vx € [0,1], we have that for every € > 0, there exists m, € N such that the
inequality (31) holds, for every m > m,. [J

Now, using the above results we obtain the following theorem.

Theorem 3. Let f : [0,1] — R be a continuous function on [0,1]. Then, we have

lim (S559°£) (x) = (x)

m—o0
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uniformly on I and for every e > 0, there exists me € N such that

(857 F) ()~ £1)| < (1 s +8>w<f; =),

forany x € Iand m € N such that m > m..

Proof. The Theorem follows from relation (31) and from Theorem 1 by taking h = ﬁ O
Graphic Properties of Approximation

Remark 6. Furthermore, in this case, it can be seen in Figures 3 and 4 that our operators approxi-
mate the given functions.

& :1 " al:_ " i l: A i " -F J? L ql_
001} \
F — PolKS2(x)
0.03 2x3 2052 8x 1
Figure 3. « = 0.1, B = 0.65, m = 50 iterations.
°r — PolKS2(x)
' |x-05]

Figure 4. « = 0.1, B = 0.65, m = 50 iterations.

6. Stancu—Kantorovich Type Operators Which Preserve the Functions e1 and e;

In this section, we shall construct an operator of Stancu—Kantorovich type as in (3),
that preserves the test functions e; and e, i.e., an operator that satisfies

SEP* (eg, x) %1
SLB (o1, x) = x (33)

S,Sf’ﬂ)*(ez,x) = x2.
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In order to obtain the main results of this section, we shall consider the following notation
S,(,?’ﬁ)*(eo,x) =1+ wu(x), (34)

wherex € I, m € Nand w,, : I — R.
With the previous notation, we have the following remark.

Remark 7. In order to have positive operators s,(;‘ b )*, m € N, 0 <« < Band for the relation (34)

to hold, we shall impose that S,(,f B (eg, x) > 0, which implies

1+ wpy(x) >0, Vxel, meN (35)
From (34), we get
(em(x) +dm(x))" =14+ wp(x),Vxel, meN (36)
which implies
Cm(x) +dm(x) = (1+wm(x))%,Vx€ I, meN. (37)

Now, from the above considerations and imposing the conditions

SuP (e, x) =x, Vx e, meN (38)
and
S (e, x) =%, Vxel, meN, 9

we will obtain the following lemma.

Lemma 10. We have

() = LI

m m—l—,5+1)(1+wm(x))} (14w (x)) ™ (40)

and )
(%) = (1+ W (x)) 7 x

T e g )| .

Proof. Equaling relations (5) and (38) , we get

m m—1 200+ 1 m __
mCm(X) (Cm(X) + dm(x)) + W(Cm(X) + dm(X)) = X.
Now, using the Equation (37), we have
m m-1 20 +1
mCm(X)(l‘f‘Wm(X)) m W(l+wm(x)) =X,

which gives relation (40).
Now, using relations (37) and (40), by direct computation, we will get Formula (41). O
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Imposing the condition (39), we will obtain the following quadratic equation in wy, (x):
Wk (x)[~5m — 3 —a(1+m+a)]+
Wy (x){—12m [(m +1)% 4+ B(B+2m + 2)} X+
12[(m+1)2 +2u(1+m) + B(1 +m+2a)]x —205m + 3+ 12a(1 + m + &) }+
+{-12 [(m +1)% + B(B+2m + 2)} 24
+12[(m+1)2+2a(1+m) +,8(1+m+2a)}x— [bm+3+12a(1+m+a)]} =0,

which has the following solutions:
1

2(—3—5m—a — ma — a2
+ x(—144 — 144m — 240 — 24ma — 12 — 12mp — 24aB)+

W1 (x) = ) (2 (12m + 24m2 + 12m° 4 248 + 24mp + 126%) +

+ (6 + 10m + 240 + 24ma + 2402 — /13 (x) + tz(x)> )

1
2(—3—5m—a — ma — a2
+ x(—144 — 144m — 240 — 24ma — 12 — 12mp — 24aB)+

—1—(6 + 10m + 240 + 24ma + 2402 + /3 (x) + tz(x)>>

W2 (x) = ) (2 (12m + 24m2 + 12m° 4 248 + 24mp + 126%) +

where

t1(x) = — 6 — 10m — 24 — 24ma — 240>+
+ x(144 + 144m + 240 + 24ma + 128 + 12mB + 24a )+

p (—12m —24m? — 12m® — 248 — 24mp — 12/32);
(x) =4 (=3 — 5m — 120 — 12ma — 1202 (=3 — 5m — & — ma — a2 ) +
+ 42 (—3 — 5m — & — ma — aZ) (—144 — 144m — 368 — 24mp)+
+ 4x(—3 —5m —a —ma — ocz) (144 + 144m + 24a + 24ma + 128 + 12mpB + 24ap).
Remark 8. It is easy to verify that lign Wy 2(x) = —oo0 and liLn Wy, 1(x) = 0, uniformly for
m—00 o0

m
x e (0,1).

From now on, in this section we will consider w;, (x) = wy, 1(x).
In order to have a positive operator, the quantities ¢, (x) and d,, (x) from relations (40)
and (41) shall be positive. With that condition, we get the following inequalities:

200 +1
AT 4 S
and b : , 1
m+ + lx+
- ) . Z2a+1 -
1 m 1+wm(x)( 2m B+ 1) (1—|—ZUm(X))> >0,
forallx € I, m € Nand 0 < a < B which lead to
2(m+p+1) 2(m+ B +1)
——F——x—1< <N T Ty
prr e 1 CO rores E (42)
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forallx e I, m e Nand 0 < a < .

Lemma 11. Let 0 < ¢ < % Then, there exists mg € N such that relation (42) holds for any
x€ e, 1—¢|andm e N, m > my.

Proof. We have w,, — 0, uniformly on (0,1), and

lim Mx_l :x_lgsl’
m—oo\ 2m + 2x + 1

uniformly forx € I. O

From now on, we will consider I = [¢/,1 — €], with fixed 0 < ¢’ < %
We can write the operators in (3) as

S (1,0 =+ g4 1) Y- () 1+ ()
k=0
k
x (”“Ln:”fl (x_ M(mem)))
m w —
) (1_ m(lifo,:—(}c)) (x‘ 2(m2+;1+1)(1+wm(x)))> H/a F(t)dt.
m+p+T

Lemma 12. For x € I and m € N, we have

(ross) () = 1+ wu(x),

(ris$7) (x) = —xwn(x),
(rzsgfﬁ;f)*) (x) = x*wp(x).

Proof. The proof follows immediately from relation (2) and from the conditions (38),
(39). O

Theorem 4. We have @f)
lim S$P(f,x) = f(x)

m—o0

uniformly on I for every f € C[0,1].
Proof. By applying Theorem 1. [

Remark 9. It was proved in [24] that there is no sequence of positive, linear and analytic operators
L : C[0,1] — CJ0,1] that preserves the test functions eq and e,. Therefore, we have operators

SP* . clo,1] - Cle/,1—¢].

Graphic Properties of Approximation

As a first comparison, we considered the function f(x) = sin(20x), and we obtained
the following graphics, Figure 5, where PolKS(x) represents our operators that preserve e;
and ey, and P(x) is the operator obtained by Indrea et al. in [9], which is also a particular
case of our operators considered in the third section for &« = g = 0.
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— PolKS(x)
sin(20x)
P{K}I

Figure 5. f(x) = sin(20x), « = 10, = 20, m = 50 iterations.

Now, we considered the function f(x) = |x — 0.5 and we obtained Figure 6:

0.251\
0.20F \
i "
0.15¢ —— PoIKS(x)
0 102— Ix-0.51
. P(x)
0.05f
o3 0.4 0.5 0.6 0.7

Figure 6. f(x) = |x — 0.5|, « = 10, B = 20, m = 50 iterations.
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