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Abstract: In this paper, we explore the finite-time synchronization of Clifford-valued neural networks
with finite-time distributed delays. To address the problem associated with non-commutativity per-
taining to the multiplication of Clifford numbers, the original n-dimensional Clifford-valued drive
and response systems are firstly decomposed into the corresponding 2""'-dimensional real-valued
counterparts. On the basis of a new Lyapunov—Krasovskii functional, suitable controller and new
computational techniques, finite-time synchronization criteria are formulated for the correspond-
ing real-valued drive and response systems. The feasibility of the main results is verified by a
numerical example.

Keywords: Clifford-valued neural network; finite-time synchronization; distributed delay; Lyapunov-
Krasovskii fractional

1. Introduction

Neural Network (NN) models have been used successfully to solve a variety of tasks,
which include optimization, associative memory, signal and image recognition, as well
as other dynamic issues. Recently, the dynamic study of NN models has drawn a great
deal of interest from numerous researchers, and useful methods for the stability theory
of NN models have been reported [1-6]. Specifically, quaternion- and complex-valued
NN models have been recently shown to be useful in many fields, including night vision
analysis, radar images, polarized signal classification, 3D wind forecasts, and others [7-11].
Recently, many important results have been published concerning different dynamics of the
complex-valued and quaternion-valued NN models [12-19]. There are also several studies
focusing on stability including finite stability [12], stability analysis [10,13,17], finite-time
stabilizability and instabilizability [14], p-stability, and multistability [18]. However, due
to the slow signal propagation, it is inevitable that time delays exist in nearly all kinds
of NN models. Time delays are the main source of various dynamics, such as chaos,
poor functionality, divergence and instability [1-3,17-19]. As such, NN dynamics studies
involving constant or time-varying delays are essential.

Clifford algebra provides a solid principle to solve geometry problems. It has been
implemented in many areas, such as neural computing [20-24], and computer and robot
vision [25-27]. Clifford-valued NN models present a generalization of real-, complex-, and
quaternion-valued NN models. To address the challenges associated with high-dimensional
data and spatial geometric transformation, Clifford-valued NN models are superior to real-,
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complex- and quaternion-valued NN models [28-31]. Recently, theoretical and applied
studies on Clifford-valued NN models have become a new research subject. However,
the dynamic properties of Clifford-valued NN models are usually more complex than
those of real-, complex- and quaternion-valued ones. Due to the non-commutativity of
multiplication with respect to Clifford numbers, studies on Clifford-valued NN dynamics
are still limited [28-35]. By using the linear matrix inequality (LMI) approach, the authors
in [28] derived the global exponential stability criteria with respect to delayed Clifford
recurrent NN models. Leveraging the decomposition process, the issue of global asymptotic
stability in Clifford-valued NN models was explored in [29]. In [31], the authors studied
the presence of globally asymptotic almost automorphic synchronization pertaining to the
problem of Clifford-valued RNN models by using suitable feedback controllers. Utilizing
the Lyapunov—Krasovskii functional as well as Banach fixed point theorem, the global
asymptotic almost periodic synchronization problems for Clifford-valued NN models were
examined in [33].

In 1990, the fundamental principle of drive-response synchronization with respect to
chaotic systems was introduced [36]. Since then, the issue of synchronization has become
an important research topic attracting great attention from researchers, as this phenomenon
is applicable in many areas including image processing, neural computing, associative
memory, secure communication traffic systems, and others. As a result, a number of
approaches for investigating synchronization of different nonlinear and NN models have
been developed. The existing literature mostly focuses on long-time synchronization, par-
ticularly exponential and asymptotic synchronization [37-39]. In real situations including
limited life spans of machines, relatively speaking, synchronization in finite-time is more
pertinent, as it occurs naturally [40-46]. As such, the issue of finite-time synchronization
pertaining to NN models is studied via several approaches including LKF method [40],
LMI method [41], novel controller techniques [42], and others. In [40], the authors explored
synchronization issues in finite-time complex-valued RNN models with time-varying
delays and discontinuous activation functions. A useful control and analytical tech-
niques for investigating finite-time synchronization of complex-valued NNs with multiple
time-varying delays were studied in [44]. Recently, the authors in [45] derived finite-time
synchronization pertaining to complex-valued NN models that incorporate finite-time
distributed delays. However, with respect to finite-time distributed delays, the problem
of finite-time synchronization associated with Clifford-valued NN models is yet to be
well studied.

To the best of our knowledge, there are few papers that deal with the problem of finite-
time synchronization of Clifford-valued NN models with finite-time distributed delays.
Indeed, this interesting topic is still an open challenge. Therefore, we study the sufficient
conditions pertaining to finite-time synchronization of Clifford-valued NN models with
time delays in this paper. The main contributions of this paper are as follows:

(1) The finite-time synchronization of Clifford-valued NNs with finite-time distributed
delays is investigated for the first time.

(2) By considering an appropriate controller, Lyapunov functional and new computational
methods, some sufficient conditions that ascertain the finite-time synchronization
of Clifford-valued NN models are derived by decomposing the Clifford-valued NN
model into real-valued models.

(3) When Clifford-valued NN model is reduced to real-, complex-, and quaternion-valued
ones, the results obtained in this paper are valid as special cases.

(4) A numerical example with simulations is given to support the effectiveness and merits
of the theoretical results.

This paper is organized as follows. In Section 2, the proposed Clifford-valued NN
model is formally defined. In Sections 3 and 4, respectively, we derive the new sufficient
conditions for finite-time synchronization of the considered NN models and present the
numerical example and the associated main results. A summary of the main results is
given in Section 5.
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2. Mathematical Fundamentals and Problem Formulation
2.1. Notations

The superscripts of T and * indicate matrix transposition and matrix involution
transposition, respectively. A matrix @ > 0 (< 0) denotes a positive (negative) definite
matrix, while A is defined as the Clifford algebra having m generators over real number
R. A" and R" denote the n-dimensional real Clifford vector as well as real vector spaces,
respectively. While, R"*" and A"*" denote the set of all n x 1 real matrices and the set of

n
all n x n real Clifford matrices, respectively. We define the norm of R" as ||#|| = ¥ |#,
i=1

n
and for A = (4;j)uxn € R"™", denote ||A| = max { X la;l}. While » = #%es € A,
<i<n © 21 A

n
denote |#|y = Z|7‘A\, and for A = (a;j)uxn € A"*", denote ||Afs = [max { ¥ lajjla}-
<i<n 31

For [[¢|[- < sup ||90( s)|I-

—17<s<

2.2. Clifford Algebra
The definition of Clifford real algebra over R™ is

A= { ) aley, at € ]R},

AC{12,.,m}

where ey = ejep,...e;, with A = {Ij,p,...,1,}, 1 < I} < < .. <1, < m. Moreover
ep =€y =1land ¢ = e I =1,2,...,mrepresent the Clifford generators, and they satisfy

eej+eie; =0, i #j, ,j=1,2,..,m,
i :—1, i:1,2,...,m
e% =1
For simplicity, when an element is the product of multiple Clifford generators, their

subscripts are combined, e.g., esesege; = essgy. Let A = {D,1,2,.., A, ..., 12..m}, and
we have

A= {ZaAeA, at e R},
A

where Z denotes Y. and A is isomorphic to R?". For any Clifford number » = ¥ #»“e,,
A

A€EA
the mvolutlon of # is defined by
;= ZrAE
A

[Al(e]A]+1)
where ¢4 = (—1)(7 2 ey, and

o[A] = 0, %f A=0Q,
v, if A= lllz...ly.

From the definition, we can directly deduce that eqé4 = @44 = 1. For a Clifford-

valued function » = Y 7%, : R — A, where 4 : R — R, A € A, we use d’;g) =

A

dpA 0 oAl (c[A]+1) .
Yy 77— ¢€a to represent its derivative. Since egéq = (—1) 2 epes, we can write
A

epéy = ec or egy = —ec, where ec is a basis of Clifford algebra A. As an example,
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6111251213 = —en1L,CLl; = —€1,€1,€1,61; = —ell(—1)613 €161, = €L, Therefore, a umque basis
ec with respect to a given egé,4 can be identified. Define

U'[B A] o 0, ifegéy =ec,
e 1, ifegéq = —ec,

and then, ez = (—1)71B-Alec, i i
Moreover, for any & € A, there is a unique ¢ that satisfies ¥4 = (—1)7B-AlZC for
= (—1)‘7[3"4]6(;. Therefore

gB.AeBe—A _ gB.A(_l)U[B.A]eC _ (_1)0[B.A]gC(_1)U[B.A]eC _ gCeC'

and ¥ = Y. 9Cec € A.
C

2.3. Problem Definition

A class of Clifford-valued NN model with discrete-time-varying delays and dis-
tributed delays are considered as follows:

#i(t) = —di(t +Zaz] i\# +2b1] i\# t_T( )

+fcl]/tt Iy (7(s))ds + ki, £ >0, (1)
A

7i(t) = ¢i(t) € E((—o0, 0], A"), @

wherei € N, j € N (N =1,2,..,n),and n corresponds to the number of neurons; #;(t) € A
represents the state vector of the ith unit; d; € R™ indicates the rate that the ith unit is going
to reset its potential to the resting state in isolation in the event that it is not connected
to the network and external inputs; a;;, b;j, ¢ij € A indicate the strengths of connection
weights; k; € A is the external input associated with the ith unit; ;(-) : A" — A" is the
activation function pertaining to signal transmission; 7;(t) indicates the bounded function
and 77} is a constant; 0;j(t) is a non-negative bounded scalar function defined on [0, +co)
describing the delay kernel of the time distributed delay along the axon of the jth unit from
the ith unit; ¢(t) = [@1(t), ..., 9x(t)]" is the initial value in €((—o0,0], A"), which denotes
the Banach space of all continuous functions mapping (—oo, 0] into A".

Assumption 1. Positive constants tj and p; < 1 exist, whereby 0 < 7;(t) < 7, () < uj,
j€N.

Remark 1. It is clear that NN model (1) includes real-, complex- and quaternion-valued NN
models. These mean that the proposed NN model is more general than the corresponding one in
the existing articles. For example, the Clifford-valued NN model (1) includes real-valued (m = 0),
complex-valued (m = 1), and quaternion-valued (m = 2) counterparts as its special cases.

We take (1) as the drive system. The corresponding response system is constructed
as follows:

Ji(t) = — didi(t) + i 611‘]‘ + Z bl]h J] f* T](t)))
j=1 j=1
+ i Cij /ti Qij(t — s)h](d](s))ds +ki+u(t), £ >0, 3)

j

j=1
3i(t) = ¢i(t) € E((—00,0], A"), (4)
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wherei € N, j € N (N =1,2,...,n), and n corresponds to the number of neurons; 3;(t) € A
represents the state vector of the ith unit; while ¢(t) = [¢1(t), ..., pu(t)]” is the initial value,
% ((—o0,0], A") denotes the Banach space of all continuous functions mapping (—co, 0] into
A", In addition, the control input is indicated by u;(t), while other notations associated
with (3) and (4) are the same as those in (1) and (2).

Assumption 2. Function hj(-) fulfills the Lipschitz continuity condition with respect to the n-
dimensional Clifford vector. Given each j € N, there exists positive constant l; such that for any
X,y €A,

hj(x) —hi(y)|a < ljlx —yla, jEN, (5)

where l; (j € N) is known as the Lipschitz constant and h;(0) = 0. In addition, positive constant
j exists such that |h(x)| < I; forany x € A.

Assumption 3. There exists positive constant 51-]- such that

+oo -
/O 0ii(s)ds = 05, i,j € N. ©)

3. Main Results

We transform the Clifford-valued NN models (1) and (2) into the real-valued models,
as to handle non-commutativity of multiplication in Clifford numbers. This can be achieved
with the help of eqé4 = €4e4 = 1 and epépes = ep. Given any ¢4 € A, a unique @C
that is able to satisfy ¥Cech?e, = (—1)71B-AgChrAey = @B-ApAey can be identified. By
decomposing (1) and (2) into # =} #4¢e 4, we have the following real-valued models:

A

#A(t) = —diz(t) + Z Y aABhB )+ Z Yy bABhB i(t— (1))

j=1BeA j=1BeA
vy I / 6ij(t — s)hf (#(s))ds +kf', t > 0, @)
j=1BeA
1110 = ) € S04, ®

where

kA = (k' kg, k)T, k=Y kfea,

BE(r () = (W (75 (£), 742 (£), oy 272" (1)), BE (257 (1), 252 (1), o 52" (1),
B (1), 752 (1), e 2 (1),
B (#(t—T(1))) = (RP (# (8 = T(0)), #52(8 = T(1)), o 272" (£ T(1))),
WS (57 (t — (1), #52(t — T(£)), o 752" (£~ T(1))),
BB (= T(1)), 22 (E = T(), (£ = (D)),

C, _AB AB C
=) ajjec, aj B= (-1t B]”ijr

CeA
A.B o[A.B
bij= Y bSec, bl-]- = (—1)714 Bl
CeA
A.B
Cif = 2 Cz]ec’ ( )U[ ] 1]’
CeA

eAlp = (—1)U[A‘B}€C.
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We can use the same method to transform (3) and (4) into the following real-
valued models:

sA(H) = —disf (1) + Z Y afBnP(si(t) + Z Y- b BRP (st - 7(1)))

j=1BeA j=1BeA
+2 Yo / 6;(t — 5P (3j(s))ds + k{' +uf (1), £ >0, ©)
j=1BEA
s1(t) = i(t) € %((_w,o],A”), (10)

where

AeA
WP (s(t)) = (hE (351 (£), 852(1), vy 872" (1), HE (357 (1), 352 (1), s 352" (1)),
BB (1), 882 (1), w352 ()T,
), ,J%’"a—r(tm,

(st — (1)) = (WP (s (¢ = T(1)), 41 2(t—(t
13 (3 (¢ —T(t)), 3

ShEGsS (-1

Note that the remaining notations of (9) and (10) are the same as those in (7) and (8).
The error vectors between the real-valued drive models (7) and (8) and the real-valued

response models (9) and (10) are defined as elA(t) = diA(t) # A(t) and l/Jl (t) = (pzA(t) -
@#(t), respectively. As such, from (7)~(10), the following error models are produced:

¢ () = —dief! (t) + Zn: Y aff PP (3(8)) = 1f (#(1)))

j=1BeA
+ i Y b P (hP (3t = 7(1))) — hf (#(t = 7(1))))
j=1BeA
+ i c?'g /t 0;;(t — s)(h]l-g(dj(s)) - h]B(r]-(s)))ds +uft(t), t>0, (11
j=1BeA t=m;
e (t) = {'(t) € ((—o0,0], A"). (12)

The following definitions and lemmas are utilized for solving main results in this study.

Definition 2. Ref. [45] Given an appropriate controller, if constant t; > 0, such that
led(t)|l1 = 0and |[eA(t)||]1 = 0 for t > t;, where | e?(t)||; = 2 2 le(t)|, then

models (7) and (8) is said to be finite-time synchronization with models (9) and (10).

Finite Time Synchronization

In accordance with Definition (2), the finite-time synchronization arisen from mod-
els (7)—(10) is equal to the finite-time stabilization with respect to the error models (11) and
(12) at zero, respectively. As a result, controller u;(t) should satisfy the condition in which
u;(t) = 0 when ¢;(t) = 0, i € N. Inspired by the controllers in [47], and [46], where the
sign function is utilized to finite-timely synchronize complex networks without delay, we
design the following discontinuous controllers:
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_ A
ui(t) =Y ul'(t)ea,
AeAN
uft(t) = — el (t) — i sgn(lef (1)), (13)

wherei € N, A € A, a; > 0 are the control gains, while 8; > 0 indicate the constants that
need to be tuned. Therefore, the following main result can be obtained.

Remark 3. The controller design (13) is very simple and straightforward. This section demonstrates
that the control law (13) can finite-timely synchronize NNs (11) with time-varying discrete delay
and bounded time distributed delay.

Theorem 4. Given positive constants w;, B;, i € N and Assumptions 1-3 are satisfied, we have

n
i=1j=1A€A BEA j=1 A€A BEA
n

£ D, ~
+ Z Z Z Z lj|cz{?~B|6ij) >0,ij€N, (14)
et

1 AB
di‘f’ai_( L 1—7],[]l]|bl]
i=1j=1A€A BEA

then the Clifford-valued NN models (7) and (8) are synchronized with the NN models (9) and (10)
in finite-time under controller (13).

Proof. The following Lyapunov—Krasovskii functional is considered:

3
v(t) =) V%), (15)
i=1
where
Zi(t) =Y, Y lef' (1), (16)
i=1AeA
%)= ) ) St [ et eas a7
b B ey ey N DR t=7;(t)

B =LY T LI [ [ oo e w)us (18)

We then bring controller (13) into error models (11) and (12). Through the computa-
tion of the derivative pertaining to 7°(t) with the trajectory of (11), we can derive from
Assumption 2 that

7 (t) =) Zi(t), (19)

where
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Vi)=Y Y sgnlef (1)l ()
i=1 AeA
- sgn(e;‘*<t>>(—dze:*<t>+ Yo Y af BB (ai(1)) — hB (1))
i=1 AeA j=1BeA
E3 Y ARt — (1) — Bt — (1))
j=1BeA
Ly 48 /tt 03i(t — 5) (B (3,(s)) h]B(r‘](s)))deruf‘(t))
j=1BeA =
—y sgn(e:“<t>>(—d1e;“<t>+ Y Y alB(B(s(6)) — B (1))
i=1 AcA j=1BeA
FY Y BABMB(ai(t — 1(6))) — Bt — (1))
j=1BeA
LYY c;jB/tt 0t —5) (RB(3j(s)) — B (1(s)))ds
j=1BeA -7

n

)
—dled )+ YN Y Y et Blen ()
j=1 AEA BEA

i=1

IA
+ 'M:
™= <
-

Y. Y v PIlef (k= ()]

I

—_
[

—_
S
m
>
o]
m
>

_|._
.M:
.M:ﬁ

Y |cAB|z/ 6;(t —5)(e;(5))ds

i=1j=1Ae€A BEA
n n
Y Y alef (0=} Y- Bisgn(lel (1))
i=1AcA i=1AcA
n n n A
=Y Y —+a)lel O+ Y X el Pllef (1)
i=1AeA i=1j=1A€A BEA
n n
+1 2 X X P let - g(0)
i=1j=1A€A BEA

+
M:

L X T Il [ oyt o)es)ds -

i=1j=1 AcA BEA

where A; = 1if [€/}(t)| # 0, otherwise A; = 0. It follows from Assumption 2 that

(20)
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A.B A
| e 1)
i=1j=1AeABeA ]

(1= 5(1) b e (t — (1))

i=1j=1 AEA BEA _?ﬁ
n n A
<y —— (b B |Lie (1))

(L= ) bf P e (t = 5(t)]

¥ 11%“7 Bt - Y Y. X ¥ B let - 5(0),

i=1j=1 AcA BEA j i=1j=1 ACA BEA
and
ks AB A
7)) =) Y, Pl [ oy(—s)ef (t)ds
i=1j=1A€A BEA
n n —
YY Y ¥ |c;;w|z]/ 0ij(—s) e (t + 5)ds
i=1j=1AcABeA
n n n A
<Yy 2B 110, e (1)
i=1j=1AeA BeEA
SRL aBy [ A
-y 2B, ./t_nj 0ii(t — s)efi(s)ds.

Combining (20)—(22), we obtain

‘V(t)gzz —(d; + a;) |e |+ZEZ Z|a |l|e t)]

i=1 AcA i=1j=1AcA BeA
n

VYT X bl (- ()
i=1j=1A€A BeA

+
M=
g
F_ﬂ

n _ t n
A.
RUINRYCRITEITE Wl

X

—
IX

—
kS
m
>
=
m
>

1A1+ZZ Y X 7\17 Plljlef (1))

i=1j= 1AeABEA

B§A|b |l|e |+ZZZ 2|c |19,]e £)

i=1j=1A€A BEA

M:
>

Il
—

1=
1=

A

) |c |l/ 0;i(t — s)ef* (s)ds
€A BEA
dl-—ai—i—z Yy l]-|a§~3| — Z Y o

j=1 BEA j j=1BeA

= n
z]-|c;;>~B|el-j) e (0] = Y Bk
i=1

I
—
=
I
—
>
m

M:
=

Il
MR
ay
Il
MR

|
.M:
/\ ;>

ﬂ
>
m
>

+
-M:

-
Il
—_
o]
m
>

(21)

(22)

(23)
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Substituting condition (14) into (23), we obtain:
n
< =) Biri 0. (249)
i=1

Using 77(t) in (15), which is positive definite, we have nonnegative constant 7"* and
t; € (0, +o0) such as
lim =7 and 7'(t) =7, Vt > t;. (25)

t—t

Next, we will demonstrate that
e (t1)lh =0 and [le?(h)]1 =0, ¥t > t. (26)

Firstly, we prove that ||€” (t1)||1 = 0; otherwise ||€” (1)||1 > 0. As such, there is a the
small constant € > 0 such as ||e (t1)||; > Oforallt € [t;,t; + €], so there exists at least one
ko € N such that \e,f?)(t)| > 0fort € [ty, 11 + €], leading to 7"(t) < — By, < 0 that holds for
all t € [t1, #; + €]. This presents a contradiction to (25).

Secondly, we prove ||€“(t)||; = 0 for t > t;. Using contradiction, suppose, without
loss of generality, that there exists at least one kg € N and t, > t; such that |e,‘% (t2)]1 > 0.
Let ts = sup{t € [t1,t2] : [ € (t)||1 = 0}, we have ts < t5, | €?(ts)|l1 = 0 and |e,é)(t)|1 >0
for all t € (ts,t;]. In addition, there exists t3 € (s, tz] such that |e,‘% ()| is monotonously
increasing to the interval [t;, t3]; therefore, Z°(t) is also monotonously increasing pertaining
to [ts, t3),i.e., 7 (t) > Ofor t € (ts,t3]. Moreover, according to the first part of the discussion,
we can obtain 7' () < —B, < 0 holds for all t € [t;, t3]; and this presents a contradiction.
As aresult, || ¢ (t)|; = 0fort > t.

In summary, the conditions in (26) hold. Referring to Definition (2), the NN models (7)
and (8) are synchronize with the NN models (9) and (10) in finite time under controller (13).
This completes the proof.

Corollary 5. Consider c;j =0,1i,j € N. Given that Assumptions 1 and 2 are satisfied and

di—i—oci—(ZZZ Y 1jlai® ;gzz T i )>O,i,jeN, @)

i=1j=1A€A BeA 1AeA BeA

then the Clifford-valued NN models (7) and (8) are synchronized with the NN models (9) and (10)
in finite-time under controller (13).

Corollary 6. Consider that bj; = c;; = 0,1i,j € N. Given Assumption 2 is satisfied and

n n =
di+ai—Y. Y Y Y Llaf®1>0,ijeN, (28)

i=1j=1AcA BeA

then the Clifford-valued NN models (7) and (8) are synchronized with the NN models (9) and (10)
in finite-time under controller (13).

Remark 7. It is well known that the multiplication of the Clifford numbers does not comply with the
commutative law, which complicates the investigation of the Clifford NNs dynamics. Although the
known results regarding Clifford-valued NNs are still limited, we know that the decomposition approach
is very efficient to solve the problem of non commutativity of the multiplication of the Clifford numbers.
Thus, the use of decomposition to analyze Clifford-valued NN is highly meaningful. Recently, most of
the results are obtained through the decomposition method [28,29,48-50].
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Remark 8. In Theorem (4) by decomposing the original n-dimensional Clifford-valued system
into a multidimensional real-valued system, several sufficient conditions are derived to show the
considered system model is finite-time synchronization, but our result is really about Clifford-valued
systems themselves.

Remark 9. It should be pointed out that Clifford-valued neural networks aim to explore new
capabilities and improve accuracy in order to solve problems that cannot be solved by real-, complex-
and quaternion-valued NNs. For instance, the results of finite-time synchronization of complex-
valued NNs [44,45] can then be summarized as a special case of the results of this paper.

Remark 10. Many important results have recently been published concerning the various dynamics
of Clifford valued NNs [28-35,48-50]. Specific examples includes SP-Almost periodic solutions [30],
globally asymptotic almost automorphic synchronization [31], global exponential stability of pseudo
almost periodic solution [32], global stability analysis [50], and so on. However, any work on
the topic of finite-synchronization of Clifford-valued NNs with time-varying delays has not yet
been reported. As a result, in order to fill such gaps, we (for the first time) derived new sufficient
conditions to ensure the finite-time synchronization of Clifford-valued NNs models with time
delays. Therefore, this paper’s main results are new and different compared with those in the
existing literature.

4. Numerical Examples

We present a numerical example to demonstrate the feasibility and effectiveness of
the main results established in Section 3.

Example 1. For m = 2 and n = 2, the following two-neuron drive model (1) is considered:
2 2
#i(t) = —dii(t) + ) ayhi(#(t) + Y bijhi(#(t — 7(t)))
j=1 j=1

]

2 t
+ Z Cij/t Qij(t — s)h](r](s))ds + ki, t > 0.
j=1 -
The corresponding response model (3) is:
. 2 2
3i(t) = —disi(t) + ) ajhi(3j(t)) + Y bijhi(3;(t — (1))
j=1 j=1

2 o
+ ) cj /t 0ij(t — s)hj(3;(s))ds + ki + ui(t), t > 0.
=1

7T
The multiplication generators are: e% = e% = 6%2 = e1e0e1p = —1, e1ep = —epeq = eqp,
1612 = —€1261 = —€p, 60810 = —€126p = €1, #1 = 7‘?60 + 7‘%61 + 7"%32 + 7‘%2312, ) = 7‘3(30 +

7‘%81 + 7‘%62 + 7‘%2612, 3 = 4?80 + .51161 + 5%62 + 4}2612, I = dgeo + 5%61 + .52282 + 4%2612.
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Furthermore, we take

dy=dy =5,
ayp = 0.5eg + 0.1eq,
ayp = 0.1eg 4 0.2ep + 0.6e1,
ar1 = 0.5eg — 0.1e1 + 0.3,
ar = 0.3eg + 0.1e1 + 0.5¢12,
b1 = 0.1eg + 0.2e1 + 0.5e5,
b1y = 0.3¢p + 0.1e; + 0.4e1p,
by = 0.6eg — 0.2¢1 + 0.3e3,
byy = 0.4ep 4 0.1e1p,
c11 = 0.1eg + 0.2ep + 0.6e1,
c12 = 0.3¢p + 0.1e; 4+ 0.5e12,
cp1 = 0.1eg + 0.2¢1 + 0.5¢3,
¢y = 0.6eg — 0.2¢1 + 0.3ey,
k1 = 0.1eg — 0.2e1 + 0.2ex + 0.1eqy,
ko = —0.2eg + 0.2e1 + 0.1ep 4 0.1e75,

(o) 1—e Lo +1—e*f3% Lo
g1(€1) = €o (1 €2 €12,
T+e ™ 14+e @ 1+4e® 14
1—e % 1 1—e % 1
(e) = e+ Te1+ 5€2 + 7 €12-

1+ e 1+e 1+e 1+e %

in which ;(t) = 3;(t) — »;(t) and €/ (t) = 3/}(t) — #/}(t), i = 1,2. Consider the following
time-varying delays 71(f) = 72(t) = 0.6|cos(t)| + 04, 11 = m = 0.8, 6;(t) = e 05,
i,j € N. Itis obvious to obtain that ;1 = ©, = 1, j = 0.6 < 1and 6;; = 2 (i,j € N).
Furthermore, the activation function satisfies Assumption 2 with I; = I = 0.5 by selecting
a1 =25,ap =26,81 =35and B, =3.8. ) ) )

In addition, it is easy to obtain aﬁ'B = 0.6, a{‘iB = 0.9, a?l'B = 0.7, %42.8 = 0.9,
biiP =08, b{5% = 0.8, b4% = 0.7, 045" = 05, cfi® = 09, ¢35 = 0.9, e8P = 0.8, c55® = 0.7.
We consider the initial conditions of the drive-response models (1)—(4) as follows: ¢1(t) =
—1.5¢p + 1.2e1 + 0.9¢; + 0.5e1, for t € [—1,0], p2(t) = 1.6eg — 3.5¢1 + 2.2e; — 0.9e1, for
t e [—1,0], ¢1(t) =259 — e1 + 1.5ep — 1.2e15 for t € [—1,0], and ¢ (t) = —2.6¢9 — 2.6¢1 —
2.2¢; + 0.8eq, for t € [—1,0].

By simple computation, we have

di—l-oq—(niz Y. lilat |+ZZZZ l|b

1j=1AcA BeA i=1j= 1AEAB€A
FLL L T b |9”)395>0
i=1j=1A€A BeEA
n n
dra- (LY & T tlaf+ 21 ¥ ¥ e
i=1j=1 A€A BEA i=1j=1 Ach Bea 1
n n -
FLL LT |c;;>~B|é,-j) — 345> 0.
i=1j=1AcABeA

To sum up, we have shown that all conditions in Theorem (4) are satisfied. The drive-
response models (1) and (3) can achieve synchronization in finite-time with controller (13).
The following is a detailed explanation of Figures 1-12. Figures 1,2, 4, 5,7, 8,10 and 11,
respectively, show the time responses of the states of the drive-response models (1) and (3).
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Besides, Figures 3, 6, 9 and 12 disclose the time responses of the states of the error systems
(11). From Figures 3, 6, 9 and 12, it can be seen that model (7) synchronize with model (9)
in finite-time through the controller (13) with the given initial values.

o

s

Amplitude

3 4 5 6
Time

Figure 1. Time responses of state variables 7 (t), () of NN models (1) and (3).

2

o

s |

Amplitude

o 1 2 3 4 5 6
Time

Figure 2. Time responses of state variables fg(t), dg (t) of NN models (1) and (3).

4 T T T T T

eyt

&0 ||

Amplitude

-6 ! ! ! !
0 1 2 3 4 5 6

Time

Figure 3. Synchronization curves of state variables e(l)(t), eg(t) of NN model (11) under con-
troller (13).
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i

sT(® |

Amplitude

o a1 2 3 4 5 6
Time

Figure 4. Time responses of state variables 7*% (1), J% (t) of NN models (1) and (3).

r2®

2t s3I |

Amplitude

Time

el®

6 i
el

Amplitude

o 1 2 3 4 5 6
Time

Figure 6. Synchronization curves of state variables ¢ (t), €1 (t) of NN model (11) under con-
troller (13).
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Figure 7. Time responses of state variables ?%(f), J%(t) of NN models (1) and (3).
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Figure 8. Time responses of state variables #3(t), 5 (t) of NN models (1) and (3).
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Figure 9. Synchronization curves of state variables €7 (t), €5 (t) of NN model (11) under con-
troller (13).
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Figure 10. Time responses of state variables #12(t), 3{2(t) of NN models (1) and (3).
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Figure 11. Time responses of state variables #}2(t), 332() of NN models (1) and (3).

4

Amplitude
o N
D
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AI\J

Time
Figure 12. Synchronization curves of state variables e}(t), €1%(t) of NN model (11) under con-
troller (13).

5. Conclusions

In this article, we have investigated the finite-time synchronization of Clifford-valued
NN models with finite-time distributed delays. To address the problem of non-commutativity
of multiplication of Clifford numbers, the original Clifford-valued drive and response models
are firstly decomposed into the corresponding real-valued drive and response counterparts.
Moreover, suitable controller has been constructed to examine the synchronization problem
associated with the finite-time error models. On the basis of a new Lyapunov—Krasovskii
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functional and some new computational techniques, finite-time synchronization criteria have
been derived for the obtained real-valued drive-response models. In addition, we have
presented a numerical simulation to illustrate the usefulness of the main results. The results
obtained in this paper can be further extended to other complex systems. Accordingly, we plan
to extend our results to more general Clifford-valued NN models, such as Clifford-valued
inertial NNs, Clifford-valued high-order Hopfield NNs, and fuzzy Clifford-valued NNs.
Moreover, we will focus on the problem of global stabilization analysis of Clifford-valued NN
models with the help of various controller approaches.
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