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Abstract: In this paper, fixed point theorems using ψ contractive mapping in C∗-algebra valued b-
metric space are introduced. By stating multiple scenarios that illustrate the application domains, we
demonstrate several applications from the obtained results. In particular, we begin with the definition
of the positive function and then recall some properties of the function that lay the fundamental basis
for the research. We then study some fixed point theorems in the C∗-algebra valued b-metric space
using a positive function.
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1. Introduction

Ma et al. [1] introduced the concept of C∗-algebra-valued metric space and studied
some fixed point theorems for the self-mapping with certain contractive conditions. In
addition, the notion of C∗-algebra-valued metric space is generalized to that of C∗-algebra-
valued b-metric space, where b is an element of C∗-algebra greater than 1 and the triangle
inequality is modified into d(x, y) ≤ b ( d(x, z) + d(z, y)). Then, various fixed point theo-
rems are obtained for self-map with contractive condition [2]. Besides, though Alsulami
et al. [3] investigated that fixed point results in C∗-algebra-valued metric space can be
obtained by using the classical Banach fixed point theorems, C∗-algebra valued b–metric
space is still an interesting and challenging topic with promising applications, which has
not received sufficient consideration in fixed point theory [4,5]. The metric space has been
found in many applications in computer science, major data and neural networks [6,7].

Along this line, in this paper, we recall the concept of C∗-algebra-valued b-metric space
with new and practical insights and prove that Banach fixed point is a suitable mapping
under various contractive conditions. This is critical since C∗-algebra is a crucial subject
in functional analysis and operator theory, which plays a key role in noncommutative
geometry and theoretical physics, e.g., quantum mechanics and string theory [8–10].

Throughout this paper, we denote A as an unital C∗-algebra, and Ah = {a ∈ A : a = a∗}.
Specifically, an element a ∈ A is a positive element, if a = a∗and σ(a) ⊆ R+, where σ(a) is
the spectrum of a. There is a natural partial order on Ah given by a ≤ b i f f θ ≤ (b− a),
where θ means the zero element in A. Then, let A+ and A′ denote the set {a ∈ A : θ ≤ a}
and the set {a ∈ A : ab = ba, f or all b ∈ A}, respectively and |a| = (a∗a)

1
2 .

Definition 1. Let X be a nonempty set and b ∈ A such that b ≥ I. Supposethat the mapping
d : X× X −→ A is held, the following constraints exist [2].

(1) θ ≤ d(x, y) and d(x, y) = θ i f and only i f x = y;
(2) d(x, y) = d(y, x);
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(3) d(x, y) ≤ b(d(x, z) + d(z, y)) f or all x, y, z ∈ X.
Then, d is called C∗-algebra valued b-metric on X and (X, A, d) is called C∗-algebra-valued

b-metric space.

Definition 2. Let (X, A, d) be C∗-algebra b- valued metric space. Suppose that {xn} is a sequence
in X and x ∈ X. If for any ε > 0, there exists N such that f or all n > N, ‖d(xn, x)‖ ≤ ε
then {xn} is said to be convergent with respect to A, and {xn } converges to x, i.e., we take
lim

n→∞
xn = x. If for any ε > 0, there exists N such that f or all n, m > N, ‖d(xn, xm)‖ ≤ ε,

then {xn} is called a Cauchy sequence in X [2].
(X, A, d) is called a complete C∗-algebra-valued b-metric space if every Cauchy sequence is

convergent in X.

Example1.LetCbeaC∗-algebra. Then,Cwithspace lp (0 < p < 1), where lp = { {xn} ⊂C :
∞
∑

n=1
|xn|p < ∞},

together with the function d : lp × lp −→ C and d(x, y) = (
+∞
∑

n=1
| xn − yn|p)

1
p

where x = xn, y =

yn ∈ lp, is C∗-algebra-valued b-metric space. By applying a fundamental calculation, we can deduce that

d(x, z) ≤ 2
1
p ( d(x, y) + d(y, z)).

2. Methods and Key Results

Let A be a C∗-algebra and suppose that ϕ is a linear functional on A. Define ϕ∗(a) = ϕ(a∗)
for all a ∈ A. Then, ϕ∗ is also a linear function A. And the function ϕ is called self-adjoint
if ϕ∗ = ϕ.

Every linear function on A can be represented in the form ϕ = ϕ1 + iϕ2, where ϕ1, ϕ2
are self-adjoint. Specifically, ϕ1 = 1

2 (ϕ + ϕ∗), ϕ2 = 1
2i (ϕ− ϕ∗).

A linear function ϕ on A is called positive if ϕ(a∗a) ≥ 0 f or all a ∈ A. We denote the
positivity of ϕ by ϕ ≥ 0. For two self-adjoint linear function ϕ1, ϕ2, we have (ϕ2 − ϕ1) ≥ 0
when ϕ2 ≥ ϕ1.

Definition 3. If ϕ : A→ B is a linear mapping in C∗-algebra, it is said to be positive if ϕ(A+) ⊆
ϕ(B+). In this case, ϕ(Ah) ⊆ ϕ(Bh), and the restriction map: ϕ : Ah → Bh is increasing [10].

If B = C then the positive linear map is called positive linear functional, and it satisfies the
following Propositions 1 and 2.

Proposition 1. Let A be a C∗-algebra with 1, then a positive functional is bounded and ϕ(1) = ‖ϕ‖ [10].

Proposition 2. Let A be a C∗-algebra with 1 and let ϕ be a bounded linear functional on
A such that ϕ(a) = ‖ϕ‖‖a‖. There exists positive element a ∈ A such that ϕ is a positive linear
functional [10].

We replace the real valued function ψR in [11] by C∗-valued function ψ, a positive
linear function, to obtain a new ψ contraction condition.

Definition 4. Let ΨR be the set of continuous functions ψR : [0, ∞ [→ [0, ∞ [ satisfying the
following conditions [11]:

(i) ψR = 0 if and only if t = 0; and
(ii) For all sequences {tn} of elements in [0, ∞), if {ψ(tn)} is a decreasing sequence, then the

sequence {tn} is bounded, i.e., sup
n
{tn} < ∞.

We observe that if a function: [0, ∞ [→ [0, ∞ [ is a continuous function satisfying either of
the following conditions, then it must belong to ΨR:

(iii) ψR is nondecreasing in [0, ∞ [ ;
(iv) ψR ≥ Mta for all t > 0 where M, a > 0.
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Definition 5. Let the function ψ : A+ → A+ be positive if having the following constraints:

(i) ψ is continuous and nondecreasing;
(ii) ψ(a) = 0 if and only if a = 0;
(iii) lim

n→∞
ψn(a) = 0.

Definition 6. Suppose that A and B are C∗-algebra. A mapping ψ : A→ B is said to be C∗-
homomorphism if:

(i) ψ(ax + by) = aψ(x) + bψ(y) for all a, b ∈ C and x, y ∈ A;
(ii) ψ(xy) = ψ(x)ψ(y) f or all x, y ∈ A;
(iii) ψ(x∗) = ψ(x)∗ f or all x ∈ A;
(iv) ψ maps the unit in A to the unit in B [12].

Definition 7. Let A and B be C∗-algebra spaces and let ψ : A→ B be a homomorphism then ψ is
called an ∗-isomorphism if it is one-to-one ∗-homomorphism [13].

We state that C∗-algebra A is ∗-isomorphic to a C∗-algebra B if there exists ∗-isomorphism of
A onto B.

Property 1. Let A and B be C∗-algebra spaces and ψ : A→ B is a C∗-homomorphism f or all x ∈ A,
we have σ(ψ(x)) ⊂ σ(x) and ‖ψ(x)‖ ≤ ‖ψ‖ [13].

Corollary 1. Every C∗-homomorphism is bounded [12].

Corollary 2. Suppose that ψ is C∗-isomorphism from A to B, then σ(ψ(x)) = σ(x) and ‖ψ(x)‖ = ‖x‖
f or all x ∈ A [12].

Lemma 1. Every ∗-homomorphism is positive [12].

In this section, we investigate several use-cases using fixed point theorem in C∗-
algebra-valued b-metric space with a positive function as a proof-of-concept, then discuss
the results and apply the obtained results to some potential applications in fixed point
theory.

Theorem 1. Let (X, A, d) be a complete C∗-algebra valued b-metric space. Let T : X → X satisfy
the following condition:

d(Tx, Ty) ≤ a∗d(x, y)a− ψ(d(x, y))

where ψ is ∗-homomorphism and lim
a→∞

ψ(a) = ∞ and ‖b‖‖a‖2 < 1. Then, T has a fixed point.

Proof.
Let xn+1 = Txn. For each n ≥ 1, then:

d(xn+1, xn) = d(Txn, Txn−1)
≤ a∗d(xn, xn−1)a− ψ(d(xn, xn−1))

≤ · · ·
≤ (a∗)nd(x1, x0)an − ψn(d(x1, x0)).

Then for n > m:

d(xn, xm) ≤ b d(xn, xn−1) + b2d(xn−1 , xn−2) + · · ·+ bn−md(xm+1, xm)

≤ b(a∗)n−1d(x1, x0)an−1 + · · ·+ bn−m(a∗)md(x1, x0)am − bψ(d(x1, x0))− b2ψ2(d(x1 , x0))
− · · · − bn−m ψm(d(x1, x0)).
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Therefore:

‖d(xn, xm)‖
≤ ‖b‖‖a‖2(n−1)d(x1, x0) + · · ·+ ‖bn−m‖‖a‖2md(x1, x0)am − ‖b‖‖ψ(d(x1, x0))‖ − · · ·

−‖bn−m ‖‖ψm(d(x1, x0))‖
≤ ‖b‖

[
‖a‖2(n−1)d(x1, x0)− ‖ψ(d(x1, x0))‖

]
+‖bn−m‖

[
‖a‖2md(x1, x0)− ‖ψm(d(x1, x0))‖

]
n,m → +∞−−−−−−→ 0

Then {xn} is a Cauchy sequence. Since X is complete, there exists x ∈ X such that
lim

n→+∞
xn = x. Moreover, due to the continuity of T, lim

n→+∞
xn = x = limTxn−1 = Tx. Hence,

Tx = x.
Let y be another fixed point where:
d(x, y) = d(Txn, Tyn) ≤ (a∗)nd(x, y)an − ψn(d(x, y)).
We have
‖d(x, y)‖ ≤ ‖a‖2n‖d(x, y)‖ − ‖ψn(d(x, y))‖ n → +∞−−−−−→ 0, thus x = y. �

Lemma 2. Let (X, A, d) be a C∗-algebra valued b-metric space such that d(x, y) ∈ A+, f or all x, y ∈
X where x 6= y. Let φ : A+ → A+ be a function with the following properties:

(i) φ(a) = 0 i f f a = 0;
(ii) φ(a) < a, f or a ∈ A+;
(iii) Either φ(a) ≤ d(x, y) or d(x, y) ≤ φ(a), where a ∈ A+ and x, y ∈ X.

The C∗-algebra version of the lemma 2 is given in [14].

Theorem 2. Let (X, A, d) be a complete C∗-algebra valued b-metric space. Let T : X → X be a
contractive and mapping function:

ψ(d(Tx, Ty)) ≤ φ(d(x, y)),

where ψ is ∗-homomorphism and φ : A+ → A+ is a continuous function with the constraint
ψ(a) < φ(a). Then, T has a fixed point.

Proof. Let x0 ∈ X, we define:

x1 = Tx0, x2 = Tx1, · · · , xn = Txn−1.
ψ(d(xn+1, xn)) = ψ(d(Txn, Txn−1)) ≤ φ(d(xn, xn−1))

using the constraint of Theorem 2, we have:

d(xn+1, xn) ≤ d(xn, xn−1).

Then:
‖d(xn+1, xn)‖ ≤ ‖d(xn, xn−1)‖

Hence, the sequence d(xn+1, xn) is norm decreasing and consequently, there exists r ≥ 0
such that d(xn+1, xn)→ r as n→ +∞ . Let n→ +∞ , from Property 1, we have ψ(r) ≤ φ(r).
From the condition of the theorem, we then deduce r = 0, and d(xn+1, xn)→ 0. This implies
‖d(xn+1, xn)‖ → 0.

Let n > m then:

d(xn, xm) ≤ bd(xn, xn−1) + b2d(xn−1, xn−2) + · · ·+ bn−md(xm−1, xm).
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Using the condition of the theorem, we have:

ψ(d(xn, xm)) ≤ ψ(bd(xn, xn−1)) + ψ
(
b2d(xn−1, xn−2)

)
+ · · ·+ ψ(bn−md(xm−1, xm)

≤ φ(bd(xn, xn−1)) + φ
(
b2d(xn−1, xn−2)

)
+ · · ·+ φ(bn−md(xm−1, xm))

= ψ(b)ψ(d(xn, xn−1)) + ψ
(
b2)ψ(d(xn−1, xn−2)) + · · ·+ ψ(bn−m)ψd(xm−1, xm)

≤ φ(b)φ(d(xn, xn−1)) + φ
(
b2)φ(d(xn−1, xn−2)) + · · ·+ φ(bn−m)φ(d(xm−1, xm)).

‖ψ(d(xn, xm))‖ ≤ ‖φ‖‖b‖‖d(xn, xn−1)‖+ ‖φ‖‖b2‖‖d(xn−1, xn−2)‖+ · · ·
+ ‖φ‖‖bn−m‖‖d(xm−1, xm))‖ → 0 as n, m→ +∞

Then {xn} is a Cauchy sequence. Since X is complete, then there exists x ∈ X such
that lim

n→+∞
xn = x. Moreover, due to the continuity of T, lim

n→+∞
xn = x = limTxn−1 = Tx.

Thus, Tx = x.
Let y be another fixed point. We have:

d(x, y) = d(Txn, Tyn) then ψ(d(x, y)) = ψ(d(Txn, Tyn)) ≤ φ(d(xn, yn)).

So, ‖ψ(d(x, y))‖ = ‖ψ(d(Txn, Tyn))‖ ≤ ‖φ(d(xn, yn))‖ → 0 as n→ +∞ .
Hence d(x, y) = 0, and x = y. �

Theorem 3. Suppose that there exists a metric space d ∈ X such that (X, A, d) is a com-
plete C∗-algebra valued b-metric space. Let T : X → X be a contractive mapping function and
ψ(d(Tx, Ty)) ≤ ψ(M(x, y))− φ(d(x, y)), and

M(x, y) = a1d(x, y) + a2[d(Tx, y) + d(Ty, x)] + a3[d(Tx, x) + d(Ty, y)]

where b ∈ A′+, a1, a2, a3 ≥ 0, a1 + 2a2b + 2a3 ≤ 1, ψ and φ are ∗-homomorphisms and with the
constraint ψ(a) < φ(a). Then, T has a fixed point.

Proof. Let x0 ∈ X, and define
x1 = Tx0, x2 = Tx1, · · · , xn = Txn−1.
We have:

ψ(d(xn+1, xn)) = ψ(d(Txn, Txn−1))
≤ ψ(M(xn, xn−1))− φ(d(xn, xn−1))

= ψ(a1d(xn, xn−1) + a2[d(xn+1, xn−1) + d(xn, xn)] + a3[d(xn+1, xn) + d(xn, xn−1)])−
φ(d(xn, xn−1))

= ψ(a1)ψ(d(xn, xn−1) + ψ(a2)ψ[d(xn+1, xn−1) + d(xn, xn)] + ψ( a3)[d(xn+1, xn) + d(xn, xn−1)])− φ(d(xn, xn−1)).

Therefore

‖ψ(d(xn+1, xn))‖ ≤ ‖ψa1‖‖ψd(xn, xn−1)‖+ ‖ψa2‖‖ψ[d(xn+1, xn−1) + d(xn, xn)]‖+
‖ψa3‖‖ψ[d(xn+1, xn) + d(xn, xn−1)]‖ − ‖φ(d(xn, xn−1))‖ → 0 as n→ +∞.

Given that φ and ψ are strongly monotone functions, we have:

d(xn+1, xn) ≤ a1d(xn, xn−1) + a2b[d(xn+1, xn) + d(xn, xn−1)] + a3[d(xn+1, xn) + d(xn, xn−1)]
(1− a2b− a3)d(xn+1, xn) ≤ (a1 + a2b + a3)d(xn, xn−1)

d(xn+1, xn) ≤ a1+a2b+a3
1−a2b−a3

d(xn, xn−1)

d(xn+1, xn) ≤ h d(xn, xn−1) where h = a1+a2b+a3
1−a2b−a3

≤ 1.

Then we have:

‖d(xn, xn−1)‖‖d(xn+1, xn)‖ ≤ ‖h‖ ‖d(xn, xn−1)‖ → 0 as n, m→ +∞.

Let n > m:

d(xn, xm) ≤ bd(xn, xn−1) + b2d(xn−1, xn−2) + · · ·+ bn−md(xm−1, xm).
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Applying the constraint of Theorem 3 then:

ψ(d(xn, xm)) ≤ ψ(bd(xn, xn−1)) + ψ
(
b2d(xn−1, xn−2)

)
+ · · ·+ ψ(bn−md(xm−1, xm)

= ψ(b)ψ(d(xn, xn−1)) + ψ
(
b2)ψ(d(xn−1, xn−2)) + · · ·+ ψ(bn−m)ψ(d(xm−1, xm))

ψ(d(xn, xm)) ≤ ψ(bMd(xn, xn−1))− φ(bd(xn, xn−1))
+ψ
(
b2Md(xn−1, xn−2)

)
− φ

(
b2d(xn−1, xn−2)

)
+ · · ·+ ψ(bn−m Md(xm−1, xm)− φ(bn−md(xm−1, xm))

= ψ(a1bd(xn, xn−1) + a2b [d(xn+1, xn−1) + d(xn, xn)] + a3b[d(xn+1, xn) + d(xn, xn−1)])− φ(bd(xn, xn−1)) + · · ·+
ψ(a1bn−md(xm−1, xm) + a2bn−m [d(xm−2, xm) + d(xm−1, xm−1)] + a3b[d(xm−2, xm−1) + d(xm−1, xm)])− φ(bd(xm−1, xm)).

Therefore:

ψ(d(xn, xm)) ≤ ψ(a1)ψ(b)ψ(d(xn, xn−1) + ψ(a2)ψ(b)ψ [d(xn+1, xn−1) + d(xn, xn)]+
ψ(a3)ψ(b)ψ[d(xn+1, xn) + d(xn, xn−1)])− φ(bd(xn, xn−1)) + · · ·+

ψ(a1)ψ(bn−m)ψ(d(xm−1, xm) + ψ(a2)ψ(bn−m)ψ [d(xm−2, xm) + d(xm−1, xm−1)]+
ψ(a3)ψ(b)ψ[d(xm−2, xm−1) + d(xm−1, xm)])− φ(bd(xm−1, xm)).

Since the property of φ and ψ is strongly monotone, we have:

d(xn, xm) ≤ a1bd(xn, xn−1) + a2b [d(xn+1, xn−1) + d(xn, xn)]
+a3b[d(xn+1, xn) + d(xn, xn−1)] + · · ·+ a1bn−md(xm−1, xm)

+a2bn−m [d(xm−2, xm) + d(xm−1, xm−1)] + a3b[d(xm−2, xm−1) + d(xm−1, xm)].

We then have:

‖d(xn, xm)‖ ≤ ‖a1‖‖b‖‖d(xn, xn−1)‖+ ‖a2‖‖b‖‖ [d(xn+1, xn−1) + d(xn, xn)]‖
+‖a3‖‖b‖‖[d(xn+1, xn) + d(xn, xn−1)]‖+ · · ·+ ‖a1‖‖bn−m‖‖d(xm−1, xm)‖

+‖a2‖‖bn−m‖ ‖[d(xm−2, xm) + d(xm−1, xm−1)]‖
+‖a3‖‖b‖‖[d(xm−2, xm−1) + d(xm−1, xm)]‖ → 0 as n, m→ +∞.

Then, {xn} is a Cauchy sequence. Since X is complete, there exists x ∈ X such that
lim

n→+∞
xn = x. Moreover, due to the continuity of T, lim

n→+∞
xn = x = limTxn−1 = Tx. So,

Tx = x.
Let y be another fixed point. We have:
d(x, y) = d(Txn, Tyn) then

ψ(d(x, y)) = ψ(d(Txn, Tyn)) ≤ ψ(M(xn, yn))− φ(d(xn, yn))
‖ψ( d(Txn, Tyn)‖ ≤ ‖ψa1‖‖ψd(xn, yn)‖+ ‖ψa2‖‖ψ[d(Txn, yn) + d(Tyn, xn)]‖

+‖ψa3‖‖ψ[d(Txn, yn) + d(Tyn, xn)]‖ − ‖φ(d(xn, yn))‖.

Using the property of φ, we get:

‖ψ( d(Txn, Tyn)‖ ≤ ‖ψa1‖‖ψd(xn, yn)‖+ ‖ψa2‖‖ψ[d(Txn, yn) + d(Tyn, xn)]‖
+‖ψa3‖‖ψ[d(Txn, xn) + d(Tyn, yn)]‖.

where ψ is strongly monotone, then:

‖ d(x, y)‖ ≤ ‖a1‖‖d(xn, yn)‖+ ‖a2‖‖[d(x, yn) + d(y, xn)]‖ → 0 as n→ +∞ .

Thus, d(x, y) = 0, and x = y. �

Next, we briefly discuss the results and applications of the proposed findings by
presenting a relevant example from the perspectives of both application and research.

Example 2. Let X = [0, 2] and A = C with a norm ‖z‖ = |z| be a C∗ − algebra. We define
C+ = {z = (x, y) ∈ C : x = Re(z) ≥ 0, y = Im(z) ≥ 0}.

The partial order ≤ with respect to the C∗ − algebra C is the partial order in C,
z1 ≤ z2 i f Re(z1) ≤ Re(z2), and Im(z1) ≤ Im(z2) for any two elements z1, z2 in C.
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Let d : X × X → C
Suppose that:

d(x, y) = 2(|x − y |, |x − y|) f or x, y ∈ X

Then, (X, d) is a C∗− algebra valued b-metric space where b = 1 with the required properties
of theorem 3.

Let ψ, φ : C+ → C+ such that they can be defined as follows:
For t = (x, y) ∈ C+,

ψ(t) =


(x, y), i f x ≤ 2 and y ≤ 2,(
x2, y

)
, i f x > 2 and y ≤ 2,(

x, y2), i f x ≤ 2 and y > 2,(
x2, y2), i f x > 2 and y > 2.

and for s = (s1, s2) ∈ C+ with v = min {s1, s2},

φ(s) =


(

v2

4 , v2

4

)
, i f v ≤ 2(

1
4 , 1

4

)
, i f v > 2

;

Then, ψ and φ have the properties mentioned in Definitions 3 and 5.
Let T : X → X be defined as follows:

T(x) =

{
0, i f 0 ≤ x ≤ 1
1
8 , i f 1 < x ≤ 2

;

Then, T has the required properties mentioned in Theorem 3.
Let a1 = 1

4 , a2 = 1
16 and a3 = 1

16 .
It can be verified that:

ψ(d(Tx, Ty)) ≤ ψ(M(x, y)) − φ(d(x, y)), f or all x, y ∈ X with y 4 x.

Hence, the conditions of Theorem 3 are satisfied. We then show that 0 is a fixed point of T.
The above example with a minor modification was given in [14] as a special case of the cone

metric space introduced in [15]. More information regarding cone metric space can be found in [16].

3. Conclusions

C∗-algebra theory is a critical subject in functional analysis and operator theory that
plays a central role in fixed point theory and applications. In this context, several researchers
have obtained fixed point results for mappings under multiple contractive conditions in
the framework of different types of metric spaces.

In this paper, we present a new insight of C∗-algebra-valued b-metric-space in the
perspective of the fixed point theory using contractive mapping. By using contractive
mapping in the b-metric space, we discussed the existence and the uniqueness of the fixed
point with mappings satisfying a contractive condition. As a result, we obtained ψ as an
interesting and important result for the general case of C∗-algebra -valued metric spaces.
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