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Abstract: This paper deals with the oscillation of the first-order differential equation with several
delay arguments x′ (t) +∑m

i=1 pi (t) x (τi (t)) = 0, t ≥ t0, where the functions pi, τi ∈ C ([t0, ∞) ,R+) ,
for every i = 1, 2, . . . , m, τi (t) ≤ t for t ≥ t0 and limt→∞ τi (t) = ∞. In this paper, the state-of-the-art
on the sharp oscillation conditions are presented. In particular, several sufficient oscillation conditions
are presented and it is shown that, under additional hypotheses dealing with slowly varying at infinity
functions, some of the “liminf” oscillation conditions can be essentially improved replacing “liminf”
by “limsup”. The importance of the slowly varying hypothesis and the essential improvement of the
sufficient oscillation conditions are illustrated by examples.
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1. Introduction

In this paper, we are concerned with the oscillatory behavior of all solutions to the first-order
delay differential equation with several arguments of the form

x′ (t) +
m

∑
i=1

pi (t) x (τi (t)) = 0, t ≥ t0, (1)

where the functions pi, τi ∈ C ([t0, ∞) ,R+) , for every i = 1, 2, . . . , m, (here R+ = [0, ∞)), τi (t) ≤ t
for t ≥ t0 and limt→∞ τi (t) = ∞. Let T0 ∈ [t0,+∞), τ (t) = min {τi (t) : i = 1, . . . , m} and τ−1 (t) =
sup {s : τ (s) ≤ t}.

By a solution of Equation (1) we understand the function x ∈ C ([T0,+∞) ,R), continuously
differentiable on [τ−1 (T0) ,+∞) and which satisfies Equation (1) for t ≥ τ−1 (T0). Such a solution is
called oscillatory if it has arbitrarily large zeros, otherwise, it is called non-oscillatory.

In the special case where m = 1, Equation (1) reduces to the equation

x′ (t) + p (t) x (τ (t)) = 0, t ≥ t0, (2)

where the functions p, τ ∈ C ([t0, ∞) ,R+) , τ (t) ≤ t for t ≥ t0 and limt→∞ τ (t) = ∞. For the general
theory of these equations, the reader is referred to [1–5]. The problem of setting sufficient conditions for
the oscillation of all solutions of differential Equations (1) and (2) (and also to more general equations)
was the subject of several investigations. See, for example, [1–35] and the references mentioned
in it. In the case of monotonous arguments, several interesting sufficient oscillation conditions for
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Equation (2) can be found in [6–10]. For equations with several arguments the following sufficient
oscillation conditions have been established.

The objective of this paper is to point out that, under mild additional hypotheses dealing with
slowly varying at infinity functions, several of these sufficient oscillation conditions can be essentially
improved if “liminf” is replaced by “limsup”.

2. Oscillation Criteria for Equation (1)

In 1982, several interesting sufficient conditions for the oscillation of all solutions to Equation (1)
were established in an article by Ladas and Stavroulakis [11] (see also the paper in 1984 by
Arino et al. [12]), where they studied the equation with several constant delay arguments of the form

x′(t) +
m

∑
i=1

pi(t)x(t− τi) = 0 , t ≥ t0, (3)

under the assumption that lim inft→∞
∫ t

t−τi/2 p(s)ds > 0, i = 1, 2, . . . , m, and proved that each one of
the following conditions

lim inf
t→∞

∫ t

t−τi

pi(s)ds >
1
e

for some i, i = 1, 2, . . . , m, (4)

lim inf
t→∞

∫ t

t−τ

m

∑
i=1

pi(s)ds >
1
e

, where τ = min{τ1,τ2,, . . . , τm}, (5)

[
m

∏
i=1

( m

∑
j=1

lim inf
t→∞

∫ t

t−τj

pi(s)ds
)]1/m

>
1
e

, (6)

or

1
m

m

∑
i=1

(
lim inf

t→∞

∫ t

t−τi

pi(s)ds
)
+

2
m

m

∑
i<j

i,j=1

[(
lim inf

t→∞

∫ t

t−τj

pi(s)ds

)(
lim inf

t→∞

∫ t

t−τi

pi(s)ds
)] 1

2

>
1
e

, (7)

implies that all solutions of Equation (3) oscillate.
Later in 1996, Li [13] proved that the same conclusion holds if

lim inf
t→∞

m

∑
i=1

∫ t

t−τi

pi(s)ds >
1
e

. (8)

In 1984, Hunt and Yorke [14] considered the equation with variable arguments of the form:

x′(t) +
m

∑
i=1

pi(t)x(t− τi(t)) = 0, t ≥ t0, (9)

under the assumption that there is a uniform upper bound τ0 on the τ,
i s and proved that if

lim inf
t→∞

m

∑
i=1

τi(t)pi(t) >
1
e

, (10)

then all solutions of Equation (9) oscillate.
In 1984, Fukagai and Kusano [15], for Equation (1) established the following theorem.
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Theorem 1. ([15], Theorem 1’(i)) Consider Equation (1) and assume that there is a continuous non-decreasing
function τ∗(t) such that τi(t) ≤ τ∗(t) ≤ t for t ≥ t0, 1 ≤ i ≤ m. if

lim inf
t→∞

∫ t

τ∗(t)

m

∑
i=1

pi(s)ds >
1
e

, (11)

then all solutions of Equation (1) oscillate.
On the other hand, if there exists a continuous non-decreasing function τ∗(t) such that τ∗(t) ≤ τi(t) for

t ≥ t0, 1 ≤ i ≤ m, limt→∞ τ∗(t) = ∞ and

∫ t

τ∗(t)

m

∑
i=1

pi(s)ds ≤ 1
e

for all sufficiently large t,

then Equation (1) has a non-oscillatory solution.

In 2000, Grammatikopoulos et al. [16] improved the above results as follows:

Theorem 2. ([16], Theorem 2.6) Assume that the functions τi are non-decreasing for all i ∈ {1, . . . , m},∫ ∞

0

∣∣pi(t)− pj(t)
∣∣ dt < +∞, i, j = 1, . . . , m

and

lim inf
t→∞

∫ t

τi(t)
pi(s)ds = βi > 0, i = 1, . . . , m.

if
m

∑
i=1

(
lim inf

t→∞

∫ t

τi(t)
pi(s)ds

)
>

1
e

, (12)

then all solutions of Equation (1) oscillate.

Note that all the conditions of oscillation mentioned above (4)–(12) involve lim inf only and in the
case of the differential equation

x′ (t) + p(t)x (t− τ) = 0, τ > 0, t ≥ t0, (13)

reduce to the oscillation condition (cf. [8,17])

lim inf
t→∞

∫ t

τ(t)
p(s)ds >

1
e

. (14)

At this point, we also mention that in the case of a differential equation with a constant coefficient
and constant delay

x′ (t) + px (t− τ) = 0, p, τ > 0, t ≥ t0, (15)

the above condition (14) reduces to

pτ >
1
e

(16)

which is a sufficient and necessary condition [11,17] for all solutions of Equation (15) to oscillate.
It is also known [18] that if in addition τ is a non-decreasing function and

lim sup
t→∞

∫ t

τ(t)
p(s)ds > 1, (17)

then all solutions of Equation (1) oscillate.
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It is clear that there is a gap between conditions (14) and (17) when the limt→∞
∫ t

τ(t) p(s)ds does
not exist. Moreover, it is an interesting problem to investigate Equation (1) with non-monotone
arguments and derive sufficient oscillation conditions that include lim sup (as the condition (17) for the
Equation (2) with one argument). Concerning the differential Equation (1) with several non-monotone
arguments the following oscillation results have been recently published. Assume that there exist
non-decreasing functions σi ∈ C ([t0, ∞) ,R+) such that

τi (t) ≤ σi (t) ≤ t, i = 1, 2, . . . , m. (18)

In 2015 Infante et al. [19] proved that if

lim sup
t→+∞

m

∏
j=1

[
m

∏
i=1

∫ t

σj(t)
pi(s) exp

( ∫ σi(t)

τi(s)

m

∑
i=1

pi(ξ) exp
( ∫ ξ

τi(ξ)

m

∑
i=1

pi(u)du
)

dξ

)
ds

] 1
m

>
1

mm , (19)

then all solutions of Equation (1) oscillate.
Also in 2015 Kopladatze [20] improved the above condition as follows: Let there exist some k ∈ N

such that

lim sup
t→∞

m

∏
j=1

 m

∏
i=1

t∫
σj(t)

pi (s) exp

m

σi(t)∫
τi(s)

(
m

∏
`=1

p` (ξ)

) 1
m

ψk (ξ) dξ

 ds


1
m

>
1

mm

[
1−

m

∏
i=1

ci (αi)

]
, (20)

where

ψ1 (t) = 0, ψi (t) = exp

 m

∑
j=1

t∫
τj(t)

(
m

∏
`=1

p` (s)

) 1
m

ψi−1 (s) ds

 , i = 2, 3, . . . , (21)

0 < αi := lim inf
t→∞

t∫
σi(t)

pi (s) ds <
1
e

, i = 1, 2, . . . , m, (22)

and

ci (αi) =
1− αi −

√
1− 2αi − α2

i

2
, i = 1, 2, . . . , m, (23)

then all solutions of Equation (1) oscillate.
In 2016 Braverman et al. [21] obtained the following iterative sufficient oscillation conditions:

lim sup
t→∞

t∫
h(t)

m

∑
i=1

pi (u) ar (h (t) , τi (u)) du > 1, (24)

lim sup
t→∞

t∫
h(t)

m

∑
i=1

pi (u) ar (h (t) , τi (u)) du > 1− 1− α−
√

1− 2α− α2

2
, (25)

lim inf
t→∞

t∫
h(t)

m

∑
i=1

pi (u) ar (h (t) , τi (u)) du >
1
e

, (26)

where
h (t) = max

1≤i≤m
hi (t) and hi (t) = sup

t0≤s≤t
τi (s) , i = 1, 2, . . . , m,
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0 < α := lim inf
t→∞

t∫
h(t)

m

∑
i=1

pi (s) ds ≤ 1
e

(27)

and

a1 (t, s) = exp

 t∫
s

m

∑
i=1

pi (u) du

 ,

ar+1 (t, s) = exp

 t∫
s

m

∑
i=1

pi (u) ar (u, τi (u)) du

 , r ∈ N.

Also, in 2016 Akca et al. [22] improved the above condition (24) replacing it by the condition

lim sup
t→∞

t∫
h(t)

m

∑
i=1

pi (u) ar (h (u) , τi (u)) du >
1 + ln λ0

λ0
, (28)

where λ0 is the smaller root of the equation λ = eαλ,

0 < α := lim inf
t→∞

t∫
τ(t)

m

∑
i=1

pi (s) ds ≤ 1
e

,

and τ (t) = max
1≤i≤m

{τi (t)} .

In 2017 Chatzarakis [23] derived the following results: Assume that for some k ∈ N

lim sup
t→∞

t∫
h(t)

P(s) exp

 h(t)∫
τ(s)

Pk (u) du

 ds > 1, (29)

or

lim sup
t→∞

t∫
h(t)

P(s) exp

 h(t)∫
τ(s)

Pk (u) du

 ds > 1− 1− α−
√

1− 2α− α2

2
, (30)

or

lim sup
t→∞

∫ t

h(t)
p(s) exp

(∫ t

τ(s)
Pk(u)du

)
ds >

2

1− α−
√

1− 2α− α2
, (31)

or

lim sup
t→∞

∫ t

σ(t)
p(s) exp

(∫ σ(s)

τ(s)
Pk(u)du

)
ds >

1 + ln λ0

λ0
− 1− α−

√
1− 2α− α2

2
, (32)

or

lim inf
t→∞

∫ t

σ(t)
p(s) exp

(∫ σ(s)

τ(s)
Pk(u)du

)
ds >

1
e

, (33)

where h(t), τ (t) , α and λ0 are defined as above, and

Pk (t) = P(t)

1 +
t∫

τ(t)

P (s) exp

 t∫
τ(s)

P (u) exp

 u∫
τ(u)

Pk−1 (ξ) dξ

 du

 ds


with P0(t) = P(t) = ∑m

i=1 pi (t). Then all solutions of Equation (1) oscillate.



Mathematics 2020, 8, 1492 6 of 12

In 2018 Attia et al. [24] established the following oscillation conditions under the assumption that
there exists a family of nondecreasing continuous functions gi(t), i = 1, 2, ..., m and a nondecreasing
continuous functions g(t) such that for some t1 ≥ t0

τi(t) ≤ gi(t) ≤ g(t) ≤ t, i = 1, 2, ..., m

Assume that

0 < ρ := lim inf
t→∞

∫ t

g(t)

m

∑
i=1

pi(s)ds ≤ 1
e

,

and

lim sup
t→∞

(∫ t

g(t)
Q(v)dv + c(ρ)exp

[∫ t

g(t)

m

∑
i=1

pi(s)ds

])
> 1,

where

Q(t) = ∑m
k=1 ∑m

i=1 pi(t)
∫ t

τi(t)
pk(s)exp

(∫ t
gk(t) ∑m

i=1 pi(s)ds + (λ(ρ)− ε)
∫ gk(t)

τk(s)
∑m
`=1 p`(u)du

)
ds, ε ∈ (0, λ(ρ)),

or

lim sup
t→∞

(∫ t

g(t)
Q1(v)dv + c(ρ)exp

(∫ t

g(t)

m

∑
i=1

pi(s)ds

))
> 1,

where

Q1(t) = ∑m
k=1 ∑m

i=1 pi(t)
∫ t

τi(t)
pk(s)exp

(∫ t
gk(t) ∑m

i=1 pi(s)ds +
∫ gk(t)

τk(s)
∑m
`=1 (λ(q`)− ε`) p`(u)du

)
ds, ε` ∈ (0, λ(q`)),

and

q` = lim inf
t→∞

∫ t

τ`(t)
p`(s)ds, ` = 1, 2, ..., m

or

lim sup
t→∞

 m

∏
j=1

(
m

∏
k=1

∫ t

gj(t)
Rk(s)ds

) 1
n

+
∏m

k=1 c(βk)

nn exp

(
m

∑
k=1

∫ t

gk(t)

m

∑
`=1

p`(s)ds

) >
1

mm ,

where

Rk(s) = exp
(∫ s

gk(s) ∑m
i=1 pi(u)du

)
∑m

i=1 pi(s)
∫ s

τi(s)
pk(u)exp

(
(λ(ρ)− ε)

∫ gk(s)
τk(u)

∑m
`=1 p`(v)dv

)
du, ε ∈ (0, λ(ρ)),

and

0 < βk := lim inf
t→∞

∫ t

σi(t)
pi(s)ds ≤ 1

e
,

then Equation (1) is oscillatory.
In 2019 Bereketoglu et al. [25] derived the following oscillation conditions: Assume that there

exist non-decreasing functions σi ∈ C ([t0, ∞) ,R+) such that (18) is satisfied and for some k ∈ N

lim sup
t→∞

m

∏
j=1

 m

∏
i=1

 t∫
σj(t)

pi (s) exp

 σi(t)∫
τi(s)

Pk (u) du

 ds




1/m

>
1

mm , (34)

or

lim sup
t→∞

m

∏
j=1

 m

∏
i=1

 t∫
σj(t)

pi (s) exp

 σi(t)∫
τi(s)

Pk (u) du

 ds




1/m

>
1

mm

[
1−

m

∏
i=1

ci (αi)

]
, (35)
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where

Pk (t) =
m

∑
j=1

pj (t)

1 + m

 m

∏
i=1

t∫
σj(t)

pi (s) exp

 t∫
τi(s)

Pk−1 (u) du

 ds


1/m
 ,

with

P0 (t) = m

[
m

∏
`=1

p` (t)

]1/m

,

αi is given by (22) and ci (αi) by (23). Then all solutions of Equation (1) oscillate.
In 2019, Moremedi et al. [26] improved further the above result as follows: Assume that there

exist non-decreasing functions σi ∈ C ([t0, ∞) ,R+) such that (18) is satisfied and for some k ∈ N

lim sup
t→∞

m

∏
j=1

 m

∏
i=1

t∫
σj(t)

pi (s) exp

 σi(t)∫
τi(s)

Pk (u) du

 ds


1/m

>
1

mm , (36)

or

lim sup
t→∞

m

∏
j=1

 m

∏
i=1

 t∫
σj(t)

pi (s) exp

 σi(t)∫
τi(s)

Pk (u) du

 ds




1/m

>
1

mm

[
1−

m

∏
i=1

ci (αi)

]
, (37)

where

Pk (t) = P(t)

1 +
t∫

σi(t)

P (s) exp

 t∫
τi(s)

P (u) exp

 u∫
τi(u)

Pk−1 (ξ) dξ

 du

 ds


with

P0 (t) = P(t) =
m

∑
i=1

pi (t)

and αi, ci (αi) are given by (22) and (23) respectively. Then all solutions of Equation (1) oscillate.

Remark 1. It is clear that the left-hand side of both conditions (34) and (35) and also of (36) and (37)
are identically the same and also the right-hand side of (35) and (37) reduce to (34) and (36) respectively,
when ci (αi) = 0. Thus, it seems that conditions (35) and (37) are exactly the same as (34) and (36) when
ci (αi) = 0. One may notice, however, that the condition (22) is required in (35) and (37) but not in (34) and (36).

In 2017, Pituk [27] and in 2019, Garab et al. [28] studied the delay differential equation with
constant delay

x′ (t) + p(t)x (t− τ) = 0, τ > 0, t ≥ t0,

under additional assumptions dealing with slowly varying at infinity functions. Recall that a function
g : [t0, ∞)→ R is called slowly varying at infinity (or simply slowly varying) if for every ξ ≥ 0,

g(t + ξ)− g(t)→ 0, as t→ ∞.

Also Pituk [27] gave the following characterization of continuous slowly varying functions:
A continuous function g : [t0, ∞)→ R is slowly varying if and only if there exists t1 ≥ t0, such that g
can be written in the form

g(t) = a(t) + b(t), for all t ≥ t1, (38)

where a : [t1, ∞) → R is a continuous function which tends to some finite limit as t → ∞,
and b : [t1, ∞)→ R is a continuously differentiable function for which limt→∞ b′(t) = 0 holds. For more
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information about slowly varying functions and their characterization the reader is referred to the
papers [27–30] and the references cited therein.

In a subsequent paper, Garab [29] studied the case of the differential equation with variable delay

x′ (t) + p (t) x (t− τ (t)) = 0, t ≥ t0.

Very recently Garab and Stavroulakis [30] considered the linear differential equation with several
variable delays:

x′(t) +
m

∑
i=1

pi(t)x(t− τi(t)) = 0 , t ≥ t0,

where pi : [t0, ∞)→ [0, ∞) and τi : [t0, ∞)→ (0, ∞) are continuous functions, such that t− τi(t)→ ∞
(as t → ∞) for all 1 ≤ i ≤ m. Note that functions t 7→ t− τi(t) are not necessarily nondecreasing.
Let t−1 inf{s − τi(s) : s ∈ [t0, ∞) and 1 ≤ i ≤ m} and observe that t−1 ∈ (−∞, t0) holds. Then a
continuous function x : [t−1, ∞) → R is called a solution of Equation (9), if it is continuously
differentiable on [t0, ∞) and satisfies (9) there.

In the sequel, we will assume the following hypotheses:
(H1) there exists K > 0 such that 0 < τi(t) ≤ K for all t ≥ t0 and 1 ≤ i ≤ m;
(H2) there exists L > 0 such that 0 ≤ pi(t) ≤ L for all t ≥ t0 and 1 ≤ i ≤ m.
The conditions in the next theorem, established in [30], essentially improve related conditions in

the literature.

Theorem 3. ([30]) Suppose that

lim inf
t→∞

∫ t

t−τi(t)
pi(s)ds > 0 for all i, i = 1, 2, . . . , m, (39)

and hypotheses (H1) and (H2) are fulfilled. Furthermore, suppose that the functions pi and τi are uniformly
continuous. Then each one of the following conditions implies that all of solutions of Equation (9) oscillate.

(a) The delay functions τi (1 ≤ i ≤ m) are all constant, the function A : [t0 + K, ∞)→ [0, ∞),

A(t) =
m

∑
i=1

∫ t

t−τi

pi(s) ds

is slowly varying at infinity, and

lim sup
t→∞

m

∑
i=1

∫ t

t−τi

pi(s) ds >
1
e

. (40)

(b) The function A : [t0 + K, ∞)→ [0, ∞),

A(t) =
m

∑
i=1

pi(t) τi(t)

is slowly varying at infinity, and

lim sup
t→∞

m

∑
i=1

pi(t) τi(t) >
1
e

. (41)

(c) There exists a uniformly continuous function δ : [t0, ∞)→ [0, ∞) such that 0 ≤ δ(t) ≤ τi(t) for all
t ≥ t0 and i = 1, 2, ..., m, and that the function A : [t0 + K, ∞)→ [0, ∞),

A(t) =
∫ t

t−δ(t)

m

∑
i=1

pi(s)ds
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is slowly varying at infinity and

lim sup
t→∞

∫ t

t−δ(t)

m

∑
i=1

pi(s) ds >
1
e

. (42)

3. Examples

In the following examples, it is shown that the conditions of Theorem 3 are independent (cf. [11])
and also improve related results in the literature.

3.1. Example

([30]) Consider the delay equation

x′ (t) +
(

c1 + ε cos
√

t
)

x(t− 1) +
(

c2 + ε cos
√

t
)

x(t− 2) = 0, t ≥ 1, (43)

where 0 < ε < c1 ≤ c2.
The coefficient functions are uniformly positive (i.e., bounded from below by a positive number),

uniformly continuous, and bounded. Thus Equation (43) is of the form (9) with m = 2, t0 = 1, pj(t) =(
cj + ε cos

√
t
)
(j = 1, 2) and constant delays τ1 = 1 and τ2 = 2, and also condition (39) is satisfied.

Note that the derivative of the function cos
√

t vanishes at infinity and therefore characterization (38)
implies that p1 and p2 are slowly varying, and also the constant functions τ1 = 1 and τ2 = 2 are slowly
varying by definition. It is a matter of elementary calculations to see that the equations

lim inf
t→∞

2

∑
i=1

∫ t

t−τi

pi(s)ds = lim inf
t→∞

[τ1 p1(t) + τ2 p2(t)] = c1 + 2c2 − 3ε,

lim sup
t→∞

2

∑
i=1

∫ t

t−τi

pi(s) ds = lim sup
t→∞

[τ1 p1(t) + τ2 p2(t)] = c1 + 2c2 + 3ε

hold (consider i.e., the sequences tn = (2n + 1)2π2 and t
′
n = (2n)2π2).

Therefore, if c1 + 2c2 + 3ε > 1
e both (a) and (b) of Theorem 3 imply that all solutions of

Equation (43) oscillate. Observe, however, that conditions (8) and (10) lead to this conclusion if
the stronger condition c1 + 2c2 − 3ε > 1

e is satisfied.
Concerning part (c) of Theorem 3, note that δ(t) := min{τ1(t), τ2(t)} = 1 and as a constant is

slowly varying. By simple calculations, we get

lim inf
t→∞

∫ t

t−1
[p1(s) + p2(s)]ds = c1 + c2 − 2ε,

and

lim sup
t→∞

∫ t

t−1
[p1(s) + p2(s)]ds = c1 + c2 + 2ε.

Thus, if c1 + c2 + 2ε > 1
e part (c) of Theorem 3 implies that all solutions of Equation (43) oscillate,

while the condition (5) requires the stronger condition c1 + c2 − 2ε > 1
e .

In the particular case that c1 = 1
9 , c2 = 1

8 and ε = 1
14 , that is, in the case of the delay equation

x′ (t) +
(

1
9
+

1
14

cos
√

t
)

x(t− 1) +
(

1
8
+

1
14

cos
√

t
)

x(t− 2) = 0, t ≥ 1, (44)

we have
c1 + 2c2 + 3ε ≈ 0.57539 >

1
e

and c1 + c2 + 2ε ≈ 0.37896 >
1
e

,
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that is, the conditions in parts (a), (b) and (c) of Theorem 3 are satisfied, and therefore, all solutions of
Equation (44) oscillate. Observe, however, that

c1 + 2c2 − 3ε ≈ 0.14682 <
1
e

and c1 + c2 − 2ε ≈ 0.09325 <
1
e

,

and therefore none of the conditions (8), (10) and (5) are satisfied.

Remark 2. ([30]) As we have seen in this example, both (a) and (b) of Theorem 3 outperform part (c). However,
in the next example we show that part (c) of Theorem 3 can be applied and gives more efficient criteria than the
conditions (10) and (5), while none of the conditions (8), (40) and (41) of parts (a) and (b) of Theorem 3 applies.

3.2. Example

([30]) Consider the equation with variable delays

x′ (t) + c1x(t− 2− sin
√

t) + c2x(t− 4− cos t) = 0, t ≥ 1, (45)

where c1 and c2 are positive constants. Equation (45) is of the form (9) with m = 2, t0 = 1, constant
coefficient functions p1 = c1 and p2 = c2, and uniformly continuous delay functions τ1(t) = 2 +

sin
√

t and τ2(t) = 4 + cos t. Observe that τ1(t) ≤ τ2(t) holds for all t ≥ t0, and that, in view of
characterization (38), the map t → sin

√
t is slowly varying since its derivative vanishes at infinity.

Thus the map

A(t) :=
∫ t

t−τ1(t)
[p1(s) + p2(s)]ds = (c1 + c2)(2 + sin

√
t),

is slowly varying and also condition (39) is satisfied.
It is easy to see that

lim inf
t→∞

A(t) = c1 + c2

and
lim sup

t→∞
A(t) = 3(c1 + c2).

Thus, if 3(c1 + c2) >
1
e Theorem 3(c) implies that all solutions of Equation (45) oscillate. Observe,

however, that the condition of Theorem 2.7.1 in [5]

lim inf
t→∞

∫ t

t−τmin(t)

m

∑
i=1

pi(s)ds >
1
e

, (46)

where τmin(t) := min1≤i≤m τi(t), and (10) require the stronger conditions c1 + c2 > 1
e and c1 + 3c2 > 1

e
respectively. Moreover, condition (8) and part (a) of Theorem 3 cannot be applied, as we have
variable delays.

Finally, we show that part (b) of Theorem 3 cannot be applied in this case. The function

Ā(t) :=
2

∑
i=1

∫ t

t−τi(t)
pi(s) ds =

2

∑
i=1

pi(s)τi(t) = c1(2 + sin
√

t) + c2(4 + cos t), for all t ≥ 1,

is not slowly varying because of the function cost which is nonconstant and 2π-periodic. Therefore part
(b) of Theorem 3 does not apply.

4. Conclusions

Several sufficient conditions for the oscillation of all solutions to differential equations with
several delays were presented. Also, under mild additional assumptions dealing with slowly varying
at infinity functions, some of these sufficient oscillation conditions involving “liminf” were essentially
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improved replacing “liminf” by “limsup”. The importance of the slowly varying hypothesis and the
essential improvement of the sufficient oscillation conditions was demonstrated by suitable examples.

Author Contributions: All authors have contributed to the current work. All authors have read and agreed to the
published version of the manuscript.

Funding: There is no external funding for this research.

Acknowledgments: The authors would like to thank the editors and referees for their useful comments
and suggestions.

Conflicts of Interest: The authors declare that there’s no conflict of interest relating to the publication of
this manuscript.

References

1. Erbe, L.H.; Kong, Q.; Zhang, B.G. Oscillation Theory for Functional Differential Equations; Monographs and
Textbooks in Pure and Applied Mathematics; Marcel Dekker, Inc.: New York, NY, USA, 1995.

2. Gopalsamy, K. Stability and Oscillations in Delay Differential Equations of Population Dynamics; Mathematics and
its Applications; Kluwer Academic Publishers Group Dordrecht: Dordrecht, The Netherlands, 1992.

3. Gyori, I.; Ladas, G. Oscillation Theory of Delay Differential Equations with Applications; Oxford University Press:
New York, NY, USA, 1991.

4. Hale, J.K. Theory of Functional Differential Equations, 2nd ed.; Applied Mathematical Sciences; Springer:
New York, NY, USA; Berlin/Heidelberg, Germany, 1977.

5. Ladde, G.S.; Lakshmikantham, V.; Zhang, B.G. Oscillation Theory of Differential Equations with Deviating
Arguments; Monographs and Textbooks in Pure and Applied Mathematics; Marcel Dekker, Inc.: New York,
NY, USA, 1987.

6. Jaros̆, J.; Stavroulakis, I.P. Oscillation tests for delay equations. Rocky Mt. J. Math. 1999, 29, 197–207. [CrossRef]
7. Kon, M.; Sficas, Y.G.; Stavroulakis, I.P. Oscillation criteria for delay equations. Proc. Am. Math. Soc. 2000,

128, 2989–2997. [CrossRef]
8. Kopladatze, R.G.; Chanturija, T.A. On the oscillatory and monotonic solutions of first order differential

equations with deviating arguments. Differentsial’nye Uravneniya 1982, 18, 1463–1465.
9. Sficas, Y.G.; Stavroulakis, I.P. Oscillation criteria for first-order delay equations. Bull. Lond. Math. Soc. 2003,

35, 239–246. [CrossRef]
10. Stavroulakis, I.P.; Zhunussova, Z.K.; Ixanov, S.S.; Rababh, B.S. Optimal oscillation conditions for a delay

differential equation. Appl. Math. Inf. Sci. 2019, 13, 417–425. [CrossRef]
11. Ladas, G.; Stavroulakis, I.P. Oscillations caused by several retarded and advanced arguments. J. Differ. Equ.

1982, 44, 134–152. [CrossRef]
12. Arino, O.; Gyori, I.; Jawhari, A. Oscillation criteria in delay equations. J. Differ. Equ. 1984, 53, 115–123.

[CrossRef]
13. Li, B. Oscillations of first order delay differential equations. Proc. Am. Math. Soc. 1996, 124, 3729–3737.

[CrossRef]
14. Hunt, B.R.; Yorke, J.A. When all solutions of x′ = ∑ qi (t) x (t− Ti (t)) oscillate. J. Differ. Equ. 1984, 53, 139–145.

[CrossRef]
15. Fukagai, N.; Kusano, T. Oscillation theory of first order functional differential equations with deviating

arguments. Ann. Mat. Pura Appl. 1984, 136, 95–117. [CrossRef]
16. Grammatikopoulos, M.K.; Kopladatze, R.G.; Stavroulakis, I.P. On the oscillation of solutions of first order

differential equations with retarded arguments. Georgian Math. J. 2003, 10, 63–76. [CrossRef]
17. Ladas, G. Sharp conditions for oscillations caused by delay. Appl. Anal. 1979, 9, 93–98. [CrossRef]
18. Ladas, G.; Lakshmikantham, V.; Papadakis, J.S. Oscillations of Higher-Order Retarded Differential Equations

Generated by Retarded Arguments, Delay and Functional Differential Equations and Their Applications;
Academic Press: New York, NY, USA, 1972.

19. Infante, G.; Kopladatze, R.; Stavroulakis, I.P. Oscillation criteria for differential equations with several retarded
arguments. Funkcial. Ekvac. 2015, 58, 347–364. [CrossRef]

20. Kopladatze, R.G. Specific properties of solutions of first order differential equations with several delay
arguments. J. Contemp. Math. Anal. 2015, 50, 229–235. [CrossRef]

http://dx.doi.org/10.1216/rmjm/1181071686
http://dx.doi.org/10.1090/S0002-9939-00-05530-1
http://dx.doi.org/10.1112/S0024609302001662
http://dx.doi.org/10.18576/amis/130314
http://dx.doi.org/10.1016/0022-0396(82)90029-8
http://dx.doi.org/10.1016/0022-0396(84)90028-7
http://dx.doi.org/10.1090/S0002-9939-96-03674-X
http://dx.doi.org/10.1016/0022-0396(84)90036-6
http://dx.doi.org/10.1007/BF01773379
http://dx.doi.org/10.1515/GMJ.2003.63
http://dx.doi.org/10.1080/00036817908839256
http://dx.doi.org/10.1619/fesi.58.347
http://dx.doi.org/10.3103/S1068362315050039


Mathematics 2020, 8, 1492 12 of 12

21. Braverman, E.; Chatzarakis, G.E.; Stavroulakis, I.P. Iterative oscillation tests for differential equations with
several non-monotone arguments. Adv. Differ. Equ. 2016, 87, 18.

22. Akca, H.; Chatzarakis, G.E.; Stavroulakis, I.P. An oscillation criterion for delay differential equations with
several non-monotone arguments. Appl. Math. Lett. 2016, 59, 101–108. [CrossRef]

23. Chatzarakis, G.E. Oscillations caused by several non-monotone deviating arguments. Diff. Equ. Appl. 2017,
9, 285–310. [CrossRef]

24. Attia, E.R.; Benekas, V.; El-Morshedy, H.A.; Stavroulakis, I.P. Oscillation of first-order linear differential
equations with several non-monotone delays. Open Math. 2018, 16, 83–94. [CrossRef]

25. Bereketoglu, H.; Karakoc, F.; Oztepe, G.S.; Stavroulakis, I.P. Oscillations of first-order differential equations
with several non-monotone retarded arguments. Georgian Math. J. 2019, 1, 26. [CrossRef]

26. Moremedi, G.M.; Jafari, H.; Stavroulakis, I.P. Oscillation criteria for differential equations with several
non-monotone deviating arguments. J. Comput. Anal. Appl. 2020, 28, 136–151.

27. Pituk, M. Oscillation of a linear delay differential equation with slowly vaying coefficient. Appl. Math. Lett.
2017, 73, 29–36. [CrossRef]

28. Garab, A.; Pituk, M.; Stavroulakis, I.P. A sharp oscillation criterion for linear delay differential equations.
Appl. Math. Lett. 2019, 93, 58–65. [CrossRef]

29. Garab, A. A sharp oscillation criterion for a linear differential equation with variable delay. Symmetry 2019,
11, 1332. [CrossRef]

30. Garab, A.; Stavroulakis, I.P. Oscillation criteria for first order linear delay differential equations with several
variable delays. Appl. Math. Lett. 2020, 106, 106366. [CrossRef]

31. Moremedi, G.M.; Stavroulakis, I.P. A survey on the oscillation of differential equations with several
non-monotone arguments. Appl. Math. Inf. Sci. 2018, 12, 1047–1054. [CrossRef]

32. Myshkis, A.D. Linear homogeneous differential equations of first order with deviating arguments.
Uspehi Matem. Nauk (N.S.) 1950, 5, 160–162.

33. Tamer Senel, M. Oscillation theorems for second-order neutral dynamic equation on time scales. Appl. Math.
Inf. Sci. 2013, 7, 2189–2193. [CrossRef]

34. Tunc, Q. On the qualitative analyses of integro-differential equations with constant time lag. Appl. Math.
Inf. Sci. 2020, 14, 57–63.

35. Wang, Z.C.; Stavroulakis, I.P.; Qian, X.Z. A survey on the oscillation of solutions of first order linear differential
equations with deviating arguments. Appl. Math. E-Notes 2002, 2, 171–191.

c© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

http://dx.doi.org/10.1016/j.aml.2016.03.013
http://dx.doi.org/10.7153/dea-2017-09-22
http://dx.doi.org/10.1515/math-2018-0010
http://dx.doi.org/10.1515/gmj-2019-2055
http://dx.doi.org/10.1016/j.aml.2017.04.019
http://dx.doi.org/10.1016/j.aml.2019.01.042
http://dx.doi.org/10.3390/sym11111332
http://dx.doi.org/10.1016/j.aml.2020.106366
http://dx.doi.org/10.18576/amis/120517
http://dx.doi.org/10.12785/amis/070608
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Oscillation Criteria for Equation (1)
	Examples
	Example
	Example

	Conclusions
	References

