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Abstract: We investigate the initial problem for a linear system of ordinary differential equations
with constant coefficients and with the Dzhrbashyan—Nersesyan fractional differentiation operator.
The existence and uniqueness theorems of the solution of the boundary value problem under the
study are proved. The solution is constructed explicitly in terms of the Mittag—Leffler function of the
matrix argument. The Dzhrbashyan—Nersesyan operator is a generalization of the Riemann-Liouville,
Caputo and Miller-Ross fractional differentiation operators. The obtained results as particular cases
contain the results related to the study of initial problems for the systems of ordinary differential
equations with Riemann-Liouville, Caputo and Miller-Ross derivatives and the investigated initial
problem that generalizes them.

Keywords: fractional derivatives; Dzhrbashyan-Nersesyan fractional differentiation operator; systems
of ordinary differential equations of fractional order; initial problem; conditions for unique solvability

1. Introduction

Consider the system of ordinary differential equations

Lu(x) = Dé“o’“]"“’“”l}u(x) — Au(x) = f(x), 1)

X

where Dégo'“l""’“"’} is the Dzhrbashyan—-Nersesyan fractional differentiation operator of the order

a = E a;—1 > 0[1], &; € (0,1] (i = 0,m); f(x) = |[fi(x), fa(x), .., fu(x)]| and u(x) =

i=0
|lug(x), uz(x), ..., un(x)|| are respectively given and unknown n-vectors and A is a given constant
n X n matrix.

}

The Dzhrbashyan—Nersesyan fractional differentiation operator D;{? 0TI} associated with

m
the sequence {yo,71,..., Ym}, of order vy = Y v, —1 > 0, 9; € (0,1], (i = 0,m) was determined
i=0
by the ratio [1]
7 e fm Wl_l m—
Doy 4y = Y TipTet  DLDYy(t),
—1
Dito(t) = DY o(t),

where D, is the Riemann-Liouville fractional integro-differentiation operator of order v. The operator
D}, for v < 0 is defined as follows ([2], p. 9):

(:‘1/+1’

v oo _sgnl(t—s) [ o(&)dE
stv(t)* F(—V) ;/|t_
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where T'(z) is the Euler gamma function. For v > 0 the operator D!, can be determined using the
recursive relation

d_
Diyo(t) = sgn(t — s) 3 D&~ o().

In 1954, J.H. Barrett [3] investigated the initial problem for the equation

Dgy(x) + Ay(x) = h(x),

lii)n Di'y(x)=K;, i=12,.,n, n—1<Re(a)<n, neN.
X a

In 1968, M.M. Dzhrbashyan and A.B. Nersesyan [1] introduced the fractional differentiation
1} and investigated the Cauchy problem for the Equation (1) for n = 1.

Systems of linear ordinary equations of fractional order were first investigated in the works of
VXK. Veber [4-8] and M.I. Imanaliev and V.K. Veber [5]. In 1976, V.K. Veber [4] provided the solution of

the Cauchy problem for the system of equations

operator Dé;m'"“"

D y(x) = Ay(x), 0<a<2

with constant matrix A in terms of the Mittag-Leffler function of the matrix argument. The asymptotic
behavior as x — oo of various solutions of this system (including the fundamental matrix) was studied
in [5,6]. Later, V.K. Veber considered the Cauchy problem for the inhomogeneous system

Dg.y(x) =Ax)y(x)+ f(x), n—1<a<n n=12.

with continuous matrix function A(x) for x > 0[7], and in [8] he constructed a fundamental solution of
this system with a constant matrix A in terms of the Mittag—Leffler function of a matrix argument. There
are also examples of some applications that lead to systems of equations with fractional derivatives in
the paper [8].

A.A. Chikriy and LI Matychyn in [9,10] obtained solutions of Cauchy problems for the systems
of equations of the form (1), with Riemann-Liouville, Caputo and Miller—Ross derivatives using the
Laplace transform.

In the works [11,12] I. Matychyn and V. Onyshchenko investigated the solutions of the initial
problems for systems of equations with fractional Riemann-Liouville and Caputo derivatives
analytically and numerically using the Mittag—Leffler matrix function.

Note that [13,14] investigated boundary value problems for multidimensional systems of
partial differential equations of fractional order. In [15] attention was drawn to the fact that in
the one-dimensional case these results coincide with the results of [4].

In this paper, we investigate the initial problem for the system (1). We prove some properties of
the Mittag—Leffler matrix function, obtain a general representation of the solutions to the system (1)
and prove the theorem of the unique solvability of the Cauchy problem for this system.

2. Statement of the Problem and the Solvability Theorem

Problem 1. Find a solution u(x) of the system (1) in the interval (0,1), with the conditions

lim DAy () = uf, 0<k<m—1, @)

where uf = |[uk, ub, ..., uk || given real constant n-vectors.

A solution u(x) of the system (1) such that Dézo’“l’""“’”}u(x) e C(0,1), Dé;‘o’“l’“"“k}u(x) €
C(0,1)UCl0,1] (k = 0,m — 1) is called a regular solution of the system (1) in the interval (0,1).
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Theorem 1. Let ag + ay, > 1, function f(x) € C(0,1) can be presented as f(x) =

30f11

Dy fo(x), where

fo(x) € L(0,1). Then there exists a unique regular in the interval (0,1) solution of Problem 1. Solution can be

represented as

ZD{IXm A —T1r X +1— I}G( m l+/G x—t)f(t)dt

where G(x) = x* 1E, 4 (Ax%).

3. Preliminaries

The formula
X X

[ WDyt = [ g())DYh(dt, v <0
0 0
is known as the formula of fractional integration by parts ([2], p. 9).

The following formula

X

Dgx/h(x ~ Dg(t)dt = /h(x —H)D,g(t)dt+
0

0

+ h(x)lim Dy, le(t), 0<v<1

t—0

holds ([16], p. 99).
The following formula of fractional integro-differentiation of power function

DY |x—alt~ ! |x—atvt
L(p) (p—v)

is valid for y > 0if v € R, and for p € Rifv € N.
In 1903, Mittag-Leffler introduced the function [17] E,(z)

00 k
Z Tk + 1)/ (« € C;Re(a) > 0),

which is now known as the Mittag-Leffler function.

®)

(4)

©)

(6)

@)

In 1905, A. Wiman [18] generalized this function with the two-parameter Mittag—Leffler function

E, p(z) (also sometimes called the Wiman function)
Zk

(z) = kgé) Tk p)’ (a,B € C;Re(a) > 0,Re(B) > 0).

The following properties of this function are valid:
Eyp(z) = = 4 2E, goa(2)
VT T(p) T

Dgxxﬁ_lE“//g(/\x”‘) = xﬁ_V_lEa,ﬁ,y()\x"‘), (B>0, ueR).

In 1971, an even more general function E 8 (z) was introduced by T.R. Prabhakar [19]

k

-y &i‘ (a,8,7 € C;Re(a) > 0,Re(B) > 0,Re(y) > 0),

= T(ak+B) k

®)

)
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where (), = % is the Pohhammer symbol. This function is known as the Prabhakar function.

The following equalities hold [19-21]:

Esp(z) = Eap(2), (10)

Eag(z) = Epg'(2) +2E) 5, (2), (Re(w) >0,8>0,7€C), (11)

Do P1EY j(Ax®) = P H 1 E 5, (Ax%), (B> 0, €R), (12)
1

lim E” = —.
()
In 1976, V.K. Veber [4] introduced the Mittag—Leffler function of the matrix argument (see also [11]).
Note that in the paper [4] the function EZ ﬁ(z) with natural values of the parameter v € N naturally
comes into sight.

(13)

Here we give a definition of the Mittag—Leffler function of a matrix argument and then examine
some of its properties.
Let A be a square matrix and H a matrix reducing the matrix A to Jordan matrix i.e.,

A=HJH ' = H[];; (M), Jr,(A2), s Jr, (Ap) ] H,

where J(A) = diag[Ji(A1), ..., Jp(Ap)] is a quasi-diagonal matrix with blocks of the form

A 1 0
A 0
Je = Je(Ax) = . .|l k=L.p,
Ak

P
M, ..., Ap are the eigenvalues of the matrix A, Jy(Ax) are square matrices of order r +1, - 7 +p = n.
k=1
Then we have

E,p(Az) = HE, g( Jz)H™! = Hdiag [EaplJ1(A1)2], - Enp [Jp(Ap)]]HTY, (14)
where
e €1 ... €1
e ... € _
EqplJe(A)z] = s
0 AP
€0

| k- k
k+mn)! Az _ B (A2),

— DC,‘B — n > (
en = e (A,2) =2 k;) Kin! T(a(k+n)+p) wantp

It’s obvious that
eg = eg’ﬁ(/\,z) = Eyp(A2).

4. Properties of the Mittag-Leffler Function of a Matrix Argument

1. The following equality holds:

Fupl42) = 1)

I+ AzE,p14(Az), (B>0,u€R). (15)
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Indeed, by the relation (8), we obtain

&P (A7) = Eyp(A2) =~ + AzEypra(A2) = — o + AzeSPH(A, 2).
r'(B)

r'(p)

For n # 0, taking into account the relation (11), we have

P(M,z) = z”EZLll+ﬁ()tz) =2"Ey ynip(A2) + AZ”HEZ;;JFﬁM(Az) =

= zeﬁ’ﬁ+“()\,z) + Azeﬁ’ff“()\,z).

From the last equalities we obtain

e €1 ... €p—1 Aeg e+ Ae ... €r—1+ )Le',k,z
e ... €p-2 1 . Aéy A )\E_,k_z
. = Fra) 4 .
0 .ot I'(p) 0 :
[0} Aep
A 1 .00 e €1 Cr—1
1 A ... 0 e ... €p—2
=—xl+z ) ) ,
r(p) 0 .o 0o .o
M €
where ¢, = eF ™ (), z) = z”EZLLHﬁ(Az). Thus,

Euplln(A)2] = Hlﬁ)l T (A0 2B gl ()2

Hence, by virtue of (14), the equality (15) follows.

50f11

2. For the matrix function an analogue of the formula (9) of fractional integro-differentiation

is valid
Dgxxﬁ_lEa,,g(Ax“) = xﬁ_V_lE,x,ﬁ,y(Ax"‘), (B>0,ueR).

Indeed, by virtue of the equality (12) we have

ep € €r—1
#op1 "B O e
Doxx E,x,ﬁ[]rk(/\k)z] = DOxx 0 t. . -
eo
EO él e é}'k—l
& ... &,
— Bl 0 - k - xﬁiﬂilE“zﬁ*H[hk()\k)z}’
€y

where &, = ez”gfy()x,z) = Z”EZLLIS_M()LZ). Taking into account (14) we get (16).

3. From (15) and (16) it follows
xﬁ—zx—l

(D, — A)xPEyp(Axt) = fr— 1.

4. Let us act on the function xﬁ’lE,X/ﬁ (Ax™) by the Dzhrbashyan—Nersesyan operator.

(16)

(17)
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i
We denote y1; = ) ;. Then, by virtue of formula (16), for f — p; > 0 we get the following equality
i=0
Dézom'm'%}xﬂ_llﬂa,ﬁ(Ax"‘) = 2P B i1 (Ax"). (18)
In particular for  — p; = 0 we have

Do B E g (AX) = Ea (AX°). (19)

By using the formula (15) from (18) we obtain

{’Y Y /“'r')/'} — xﬁi}l]‘ —1.
Dy, xP lsz,ﬁ(Ax'X) = WI+A3€B+“ VfEa,ﬁ+a—y,~+1(Ax“)
]
for p—p; > 0.
From the last equality for j = m and 7; = a; (i = 0,m), we get
{IXO ,,,,, Oém} ‘571 14 x,Ble*l
(DOX - A) B G(AY) = fr— gl Bz = et (20)
and for j =mand y; = ay,_; (i = 0,m), we get
(Dge 0 = A) 2 Egir(Ax*) = L. (21)
5. By virtue of relation (13) we obtain
0, >0,
lim eﬁ'ﬁ(/\,z) = " —0
z—0 K n=\u.
From the last formula and (14) we get
lim E, 5(Ax®) = ——
a0 P r(g)”’
and
. - 0, g>1
:B 1 ay 7 7
chli%x E, p(Ax") { L 1 (22)

5. Green’s Formula for the Operator L

Lemma 1. Let f(x) € L(0,1), then every regular solution to Problem 1 can be represented by formula (3).

Proof. Let the function V(x,t) be such that Di?"”'x"”l""’a"}V(x, t) € CY(0,1)ucCo,]] (k = 1,m)

and Di?””“"”l""’ao}V(x, t) € C(0,1) UL(0,1) for any fixed x € [0,/]. Using the definitions of
the Dzhrbashyan-Nersesyan and Riemann-Liouville operators, the integration by parts formula
and the formula (4), we transform the following integral
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7 of 11
X X d
/ V(x, £) D801 mdyy (1) dp = / V(x, t)Din ! dtDéfo’“l"”'“'”*l}u(t)dt =
0 0
X
— /Dfé;n_lv(x, ) ED{IXO VR 1} ( /dtDlxm 1V ),Déf‘o”xl """ ’mel}u(t)dt —
0
/DumV X, t "‘m 1—1 d D{"‘Of"‘lr o2} ( )dt _
dt
+/D“nz 1~ 1D1va(x t) 7D{"‘0"‘1 o — 2} () _
dt
X
:Sl(x)—l—/DJ{(fm’“"’*l}V(X,t) aD{D‘oﬂtl =2} u(t)dt,
where
Sl(x) {“m}v(x t) D{D‘Orlxlr i — 1} (t) izg
Continuing similarly, we obtain
/V X, t D{ﬂto X1, O‘m} dt ZD{IXm X —T1r X 1— 1}V(x t) {IXO K1 ee lxm—i}u(t) izg_._
i=1
X
+/Di:‘mr‘xm—lvnrlxmfk}V(x, t) aD{"‘Or"‘lr k1) ( )dt = . =
— ZD{“m =178 +1— l}V(X i’) D{“O 01 ooy } ( +/D{”‘mr“rn 1 r“O}V(x t) (t)di’.
i=1
Thus, the formula
X
{oo,1meesttm } {om o 1,0} —
/ [v(x 0D}, u(t) — D V(xb) - u(t)] dt =
0
_ Z D{lxmlam 1reeem+1— I}V( ) . Dé;"Orall---rlxmfi}u(t) iig
holds.
Let the function V(x, t) be a solution of the equation
L*V(x,t) = Dimsn-r-mody x4y _V(x, A =1, (23)
and satisfy the following conditions
lim Dy 1y (1) =0, 1<i<m (24)

From the formulas (21) and (22) and

Dxtv( ) = Dgyv(y)’y:x,t (25)
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it follows that the function
V() = (¥ — ) gy (Ax — 1))

is the solution of the problem (23), (24).
From (1) and (23), it follows that

Vi(x, t)Lu(t) — L*V(x,t) - u(t) = V(x,t) f(£) — u(t).

After integrating the equality (26) we obtain

x x
ZD{IXm o171 — z}V(x t) Défomh..,mmii}u(t) Zg — / V(x, t)f(t)dt _ /u(t)dt.
0 0

Using (4) and (24) from the equality (27) we get
X X
[t = [Verngoas 3Dl Oy s g
i=
Differentiating (28) and taking into account the equality V(x, x) = 0 we obtain

X

{om 1,1}

:/Gxt dt+2%)D FIG(x, 1), ot
0 ]

where G(x, t) = Vy(x,t) = G(x — t),
G(x) = x% 1Ey, (Ax%).
Applying to (29) the formula
hm Dxtv(x —t) = DJ.v(x),
that follows from (25), we get the equality (3). O

6. Proof of Theorem 1

8of 11

(26)

(27)

(28)

(29)

Proof. Let us prove that the function (3) is the solution of Problem 1. We denote the last term in right

hand side of (3) as u¢(x) and uc(x) = u(x) — us(x).
By virtue of (18) we get

Dé;‘mr---,ﬂék}c(x) — xa_VkE(X,DL—Vk-‘rl (szx) — x’lkil_lEﬂé,]/lk,l (Axtx),

where . = Z Ki, Vg = Z ®;.
=k
Using the followmg equalities
Mg+ oo+ 51, s<k—1,

x—pp—vs+1= 0, s=k—1,
—(ap+ .. +as), s>k-—1,

(30)
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the formulas (15), (18) and (30) we obtain
xXs1 e TR Ea,ocs+1+...+ock_1+1 (Ax"‘),
Dé;‘or---/“s}Déi‘mh--/“k}c(x) — Ea,l(Axa)r

Axtr—1tVsp1—1 Eﬂé,}lk71+1/s+1 (Axa),

From (31), (22) and the inequality &g + a;, > 1 it follows that

0, s<k-—1,
111’1’(1) D{uco ,,,,, IXS}D{IXm ,,,,, vck}G( ) I s=k—1,
- 0, s>k—1.

Equality (32) gives the relations

hrr(l)D{ " }uc(x) =uf, k=0,m—1.
X—

For s = m from (21) and (31) we get

s<k-—1,
s=k—1,
s>k—1.

9o0f 11

(31)

(32)

(33)

(34)

Thus, we have to show that the last term in (3) is a solution to Problem 1 with homogeneous conditions.
By virtue of the condition f(x) = Dg;l_l fo(x), fo(x) € L(0,1) and formulas (4) and (16) we can

conclude
X

X
up(x) = /G(xf DY fo ()dt = /Go(x— B fol)dt
0 0
where
Go(x) = Dfy ' G(x) = xn1"'Ey g, (AXY),

The last equality yields
D{“O} D"‘0 1G —t d
Ox 0 x ) fo (t) t

Using relation (18) we get
D({)io"“’“"}Go(x) = xlmE, 1 (AXT).

By virtue of (5), (16) and (22) we have

d
Dgguf(x) = %Dé?} /D Go(x —t) fo(f)dt+
+(}meDgg 1Go(x—t /D Go(x —t) - fo(t)dt.

Continuing in a similar way we obtain the following equalities

Dl ug(x) = [ DL Golx — ) fo(t)at,

(35)

(36)
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and

X
. d {ag,..,
aD{“O iy x)_o/dxpg;jo Gy (x — £) fo(£)di+

+(tim DL Go(x — 1)) folx / A pltorad o x 1) fo(t)dt
t—x dx
For k = m — 1 from (36) we get

X

D hup(x) = [ Eoa(Alx = 0" folt)at 37)

0
From the relation (37) using (15) we get

X

de{ao A1} up(x) = %/(x—t)"‘Ea,aH( (x —1)") fo(t)dt
0

X

= lim Eq1(A(x = ) fo(t) + [ (x = )" Exa(AGx = ") fo(0)at

From the last relation, it follows that

0, B m d KQyeeesm —
D g (x) = D Df g (x) =

= D (fol +A/ Y Eaal(A(x = ) fo(t)dt) =

— f(x)+ A / G(x — ) f(B)dt = f(x) + Aug(x). (38)
0
Equalities (35) and (36) lead to the relation
lim D" up(x) =0, 0<k<m—1. (39)

The relations (33), (34), (38) and (39) mean that the function (3) is the solution to Problem 1. The
uniqueness of the solution to Problem 1 follows from Lemma 1. O

7. Conclusions

The article investigates the initial problem for a linear system of ordinary differential equations
with the Djrbashyan-Nersesyan fractional differentiation operator with constant coefficients. To solve
the problem under the study, the Green’s function method is implemented, an integral representation
of the solution is obtained, the properties of the matrix Mittag-Leffler function (autotransformation
formula, fractional integro-differentiation formulas, etc.) are investigated. The results obtained can be
used to study local and nonlocal boundary value problems for system (1).
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