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1. Introduction and Preliminaries

In 1973, Geraghty proved the following fixed point theorem which generalizes the classical Banach
fixed point theorem.

Theorem 1 ([1]). Let (X, &) be a complete metric space and consider the set

B={B:[0,00) = [0,1) | B(3¢4) — 1implies sc, — 0} .

The mapping T : X — X has a unique fixed point provided that there exists 5 € B such that
d(Ts,Tv) < B(d(s2,v))d(5,v), foralls,v e X.

Since then, different authors have proved versions of this theorem in various frameworks
(see, for example, [2] and the references quoted therein).

Cho et al. [3] defined the notion of a-Geraghty contraction in the context of a metric space,
as follows:

A maping T is called a a-Geraghty contraction if

a(s,v)d(Ts,Tv) < B(d(5,v)) max{d (s, v),d(v,Tv), 4 (3, T>)}, forallsxyv e X,

where a : X X X — [0,00) is a function with the property
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a(s2,v) > 1= a(Ts,Tv) >1 forall s, v € X.

In addition, in [3], the authors provided fixed point theorems for this type of maps in the
framework of a complete metric space.

Inspired from the recent results [4,5], we consider a Geraghty type contraction via mw-distances
in the context of a complete quasi-metric space.

Before stating our main result, we shall collect fundamental notions and useful results for the
sake of completeness. First, we shall state what we understand by the notion of the quasi-metric space.
Note that in the literature, “quasi-metric” was used to express several different structure.

Definition 1. Let X be a nonempty set. A function q : X X X — [0,00) is a quasi-metric if it satisfies the
following axioms for all »,v,0 € X

(q1) reflexivity, that is
g, v) = q(v, ) =0 & v =
(p) the triangle inequality,
q(se,v) < q(5¢,0) + q(6,v).

The pair (X, q) denotes a quasi-metric space.

Remark 1 ([6]). On aset X, a quasi-metric q induces a topology T(q). This topology has as a base the family of
open balls { B,(,€)|5 € X, e > 0}, where B,(>,€) = {v € X|q(35,v)) < ¢}.

On a non-empty set X, each quasi-metric g yields a metric by letting

7' (55,v) = max{q(>,v), q(v, ) }.

On the other hand, if ¢ is quasi-metric on X, the function ¢* defined as ¢*(,0) = ¢(0, ») for all
2,0 € X, is also a quasi-metric on X and it is called the conjugate quasi-metric of g.

A sequence {3,} C X converges to » € X in the quasi-metric space (X, q) if {3, } converges to s
with respect to the topology 7(g), in other words, nlgr;o q(5¢, 5¢4) = 0.

A quasi-metric space (X, q) is called complete ([4,6]) if every Cauchy sequence {3} in the
metric space (X, ¢°) converges with respect to the topology 7(7*) (i.e., there exists » € X such that
lim q(5tn, ) = 0).

n—
We shall recall another distance (w-distance, [7,8]) which is defined via a quasi-metric.

Definition 2 ([6]). A function p : X X X — [0,00) is a w-distance on a quasi-metric space (X, q) if the
following conditions are satisfied:

(w1) p(se,v) < p(5,0) + p(6,v) forany »,v,0 € X;
(wn) p(3e,-) : X = Ry is lower semi-continuous on (X, T(g*)) for all s € X;
(ws) foreach € > 0 there exists & > 0 such that if p(>2,v) < 6 and p(3,0) < & then q(v,0) < €.

In the paper [4] the authors remark that a quasi-metric is not necessarily a w-distance and illustrate
it by the following example.
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v—13 ifv>x

1, ifv<oax
w-distance because the condition (ws) is not satisfied. Taking 6 > 0and € = 1/2, forv = »x+6/2
and 0 = 3+ 6/3, we have:

Example 1 ([4]). The function gg(s,v) = is a quasi-metric on R but is not a

gs(s2,v) =06/2 <6, q5(5,0) =6/3 <6, butgs(6,v) =1>1/2.
In what follows, we recall the main tool of this paper, namely, mw-distance:

Definition 3 ([4]). On a quasi-metric space (X, q), a function p : X x X — R{ is an mw-distance if it satisfies
the following conditions:

(mwy) p(se,v) < p(3,0)+ p(6,v) forany »,v,0 € X;
(muwn) p(s,-): X = RS is lower semi-continuous on (X, T(q*)) for all 3 € X;
(mws) for each € > 0 there exists 6 > 0 such that if p(v, ») < 6 and p(»,0) < 6 then q(v,0) < e.

A quasi-metric 7 on X is an mw-distance on (X, q).
We say that a mw-distance p : X x X — Rg on a quasi-metric space (X, ¢) is a strong mw-distance
(see [4]) if it satisfies the following condition:

(mwj) p(-,5): x = R{ is lower semi-continuous on (X, 7(¢*)) for all » € X.

Definition 4. Let (X, q) be a quasi-metric space and let p be an mw-distance. A mapping T : X — X is said to
be p-lower semi-continuous if the function 3¢ — p(sz, T) is lower semi-continuous on the metric space (X, ¢°).

2. Main Results
We start this section by introducing the notion of the p-Geraghty contraction:

Definition 5. A self-mapping T on a quasi-metric space (X, q) is a p-Geraghty contraction if there exist a
strong mw-distance p on (X, q) and a function B € B such that for any »,v € X

p(Tx, Tv) < B(Mi(32,v)) My (3¢,v) €))
and
p(T3, Tv) < B(Ma(3¢,v)) Ma(3¢,v) )
where
Mi(s,v) = max{p(s,v),p(s Tsx),p(v,Tv)}, and,
My (s2,v) =max{p(s,v),p(Ts, ), p(Tv,v)}.

Theorem 2. Let (X, q) be a complete quasi-metric space and T : X — X a p-Geraghty contraction. If T is a
p-lower semi-continuous mapping, then T has a unique fixed point.

Proof. Let ¢ be a point on X and consider the sequence { ¢, }, where s, = T" 3¢ for any n € N. If we
can find ng € N such that p(s¢,, 5,,11) = 0, replacing s by s, and v by 4,41 in (1) and since € 3,
we have

P(%n0+1/ %n0+2> = P(T%l’lor T%TZQJrl) S ,B (Ml (%i’lor %n0+l)) Ml (%1’!0/ %n0+l)
< Ml(%n()/ %n0+1) = max {p(%?l[)/ %n0+1)/ p(%l’lg/ T%Vl[))/ P(%n0+1/ T%ng+1)}
= p(%Ho-H/ %TloJrz)'

Consequently, p(3¢,+1, #4,+2) = 0. By induction, for every j € N, we can easily get that
P(#ng+js #ng+j+1) = 0and by (mwy), p(3e, 76m) = 0 for m > n > no.
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e  Suppose that p(s¢,, 36,41) # 0 for n € N. From (1),

p(otns1, 2nt2) = p(Totn, Totyi1) < B (M1(5n, 26041)) M1 (5en, 26011) < M1(5en, 20041), 3)

where
My (520, sn41) = max { p(s¢n, 2411), p(5en, Totn), p(3n41, Treu11) } = max {p(se, 241), p(5ns1, n42) } -

As if My (52, 56511) = p(5441, #n42), we obtain p(se,11, 42) < p(3t,21, 2n+2), a contradiction,
we conclude that p(s¢,, 76,41)>p(>6,41, 22042). Thus, the sequence {p(3,, ,11) } converges to some
a > 0. If we suppose that a > 0, because lign M (520, 5441) = a, by taking the limit as n — oo in (3),

n—oo

we get nlg& B(Mj (54, 2y11)) = 1. Since B € B, we obtain a = nlgrgo M (560, 74+1) = 0, which is
a contradiction.
Similarly, from (2),

P(%n+2r %n+1) = P(T%wrlr T%n) <B (M2(%n+1r %n)) MZ(%nJrlr %n) < MZ(”‘nJrlr %n) (4)

= max {p(sn i1, 5n), P(Tn 11, 3n11), p(T o0, 20) } = max{p(sen i1, 5), p(Snt2, n 1)}

and using the same arguments we get that the sequence {p(3¢,+1, 5¢,)} converges to 0.
Consequently,

Jgic}op(%n/%n—&-l) =0= Jg%op(%n—&-l/%n)- ®)

Note that limy,—ye0 p(¢1, 501) = 0.
e Asanextstep, we aim to prove that {, } is a Cauchy sequence in the metric space (X, 4°).

First, we shall prove that given e > 0 there exists 19 € N such that p(5¢,, 55,) < eforalln > m > ny.
Assume the contrary. Then, there exists ¢ > 0 and two sequences of positive integers {n(l)},>,
and {m(1)};> such that n(l) > m(l) > I, forany ! € N and

PGy, #mny) = & ptaay—1, ma)) < &

Taking into account (mwy ), we have

e < p(sanny, 22maty) < P0Gy, #n)—1) + PGty —1, 2ma1)) < P02y, #ny—1) + €

and from (5) it follows that
lim p(3¢,(1), (1)) = & (6)

=0

Again, by (mw;) we have

PGty 1 (1)) + PGy, 2mary) + POy #may+1),
P51y, #n()+1) T POy 41 #m)+1) + PGy +1, #m(1))s

P(J{n(l)-&-l/ %m(l)+1)
P31y, #mar))

IA A

which means that

Py, #may) — PGy #ny+1) — POy +1, m(y) - <
<

Furthermore,

Lim p(stn(r) 11, 2m(ny 1) = €. @)
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Consequently,

Lim M1 (541, #(r)) = Lim max {P(%n(l)r%m(l))rl’(%n(l)r%n(l)Jrl)rP(%m(l)r%m(l)Jrl)} =e

and since B € B it follows that

e = lm p(,) 1, 2 41) = Hm p(Toe,0), Tot)

< lim B (Ml(%n(l)r%M(l))) M (#u(1), #m(1))
< lli_{g Ml(%n(z), %m(l)) =¢&

Therefore, ll;r?oﬁ (Ml(%n(l)/%m(l))) = 1, by which ¢ = 115?0 M (5,1), %)) = 0. This is a

contradiction. Therefore,

lim p(56,(1y, #4(1)) = 0 for all n(l) > m(l) > 1. 8)
=00

Then, taking into account (5) and (8), for each § > 0 there exists 11 € N such that p(¢,, 36,_1) < %
and p(3¢,-1,5m) < §, Vn > m > ny. Accordingly, since p is a mw-distance, by (mws) we get that
q(5en, 70m) < €.

Similarly, we prove that given ¢ > 0 there exists 1, € N such that g(s6y, 20,) < €, Vin > n > ny.
Therefore,

7 (50, 7tm) < €
for all n,m > max{ny,ny,} so that {s¢,} is a Cauchy sequence in the metric space (X, ¢°). Then there

exists a point w € X such that ligrl q(5en, w) = 0.
n—,oo

e  We have to prove now that nlgrolo p(sey,w) =0 = nlgrolo plw, sty).

Let e > 0. Since lign q(5en, w) = 0, we observe by (mus) that
n—o00

P(%n/w) < P(%nr %m) +e
w)=0.

As well, since p is a strong mw-distance, due to (mw; ) we have also

for n,m € N sufficiently large. Then, lijn p(5e,
n {o¢]

P((U/ %n) < P(%m/ %n) +e
for n,m € N sufficiently large. Therefore, nh_r)r;o p(w, 36,) = 0 and by (mw, ), p(w, w) = 0.
e Taking into account that nlgr;o p(w, »ey) = 0 and nlgr.}o p(5tn, 5¢4) = 0, by (mus), we obtain that

nlgn q(w, 75,) = 0. Consequently, { s, } converges to w in the metric space (X, ¢*). Then, because T

is p-lower semi-continuous, we have that given € > 0 there exists n’ € N such that

p(w, Tw) — p(se, Trey) < &,

for all n > n'. Therefore, p(w, Tw) = 0, and so, by (mws), we get nlgn q(5¢1, Tw) = 0. On the
other hand, by (1), we have

PO, Tw) = p(Try_1, Tw) < B (Mq(3ty-1,w)) M1 (5641, w) < My (36,1, w)
— mmax {p(sn1,@), (a1, 40), p(e, Tw)}
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Hence, since Jigxgop(%n,w) =0and p(w, Tw) = 0, by (mw;) we get

lim p(5¢,, Tw) = 0. 9)

n—o0

Since lim g(sz;, Tw) = 0 and taking into account that p is a strong mw-distance, we have by
n—o0

(mwj) that the function p(-, ») is lower semi-continuous on (X, T(g*)), so that for every ¢ > 0 there
exists p(e) € N such that

p(Tw,w) < p(3n,w) +¢, foralln > u(e).
Since ligxl (5tn,w) = 0, we get p(Tw, w) = 0 and from (mwy),
n—oo

p(Tw, Tw) =0,

from where, using (mws) we obtain ¢(Tw,w) = 0 = ¢(w, Tw). Hence Tw = w, that is, w is a fixed
point of T.

e Assuming this point is not unique, we can find ¢ € X such that Tw = w # ¢ = T¢ and from (1)
we have

p(e,6) =p(Te Tg) < p(Mi(g,6)) Mi(g,¢) (10)
< Mi(g,¢) = max{p(c,¢), p(c, T¢)} = p(s, ).

This is a contradiction. Hence, p(¢, ¢) = 0. On the other hand,

plw,¢) = p(Tw,Tg) < B (Mi(w,c)) Mi1(w,g)
< Mi(w,¢) = max{p(w,¢), p(w, Tw), p(¢, Tc) } (11)
= max {P(wr Q), p(w,w), P(Qr Q)} = p(w, g)/

which is a contradiction, so that p(w,¢) = 0. Furthermore, from (mws), together with (10) and (11),
we obtain that

g(w,6) = 0.
We prove that ¢(¢g, w) = 0 in a similar way, hence ¢ = w. Then, T has exactly one fixed point. []

In the following, we will show that if the conditions (1) and (2) are modified, the p-lower
semi-continuity of T can be replaced by p-lower semi-continuity of T? or even eliminated.

Theorem 3. Let (X, q) be a complete quasi-metric space and T: X — X a mapping such that there exist a
strong mw-distance p on (X, q) and a function B € B such that for any »,v € X

p(T22, Tv) < B (1 (52,0)) 1 (34, v) (12)

and
p(To, Tv) < B (m(5,v)) ma(32,v) 13)
where
my (2, v) = max {p(s,v), p(v,Tv)},my(5¢,v) = max{p(s,v), p(Tv,v)}.
Suppose also that T? is p-lower semi-continuous. Then T has a unique fixed point.
Proof. Let us consider a point ¢y € X and as in Theorem 2 we can prove that the sequence

{s¢x}, where s, = T, ; for any n € N is a Cauchy sequence on the metric space (X,¢°).
Therefore, there exists w € X such that
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lim g(56, w) =0,

’}nglop(%n,w) = Y}EI;OP(WI sn) =0 = pw,w),

and

nlgrolo g(w, 554) = 0.

Since T? is p-lower semi-continuous, we have that p(w, T>w) = 0 and taking into account that
limy—y00 p(3n, w) = 0 by (mws), we get q(3¢,, T?w) = 0. Withal, from (mw; ) we know that for every
¢ > 0 there exists ny € N such that

p(T?w,w) < p(sen, w) + ¢, for any n > ng.

Hence, p(T’w,w) = 0 and thus p(T?w,T?w) < p(T*w,w) + p(w,T?’w) = 0.
Therefore, by (mws) ¢(T?w,w) = 0 and so T?w = w.

Finally, we must show that w is a fixed point for T. Indeed, by (13), and taking into account that
T2w = w, we have

plw, Tw) = p(T?w, Tw) < B(ma(Tw,w))my(Tw,w)
< my(Tw,w) = max {p(Tw, w), p(Tw, w) } (14)
= p(Tw,w)

and

p(Tw,w) = p(Tw, T?w) < B(my(w, Tw))my(w, Tw)
< my(w, Tw) = max {p(w, Tw), p(T*w, Tw) } (15)
= p(w, Tw).

This is a contradiction, so p(Tw, w) = p(w, Tw) = 0. Moreover, by (mw;) we have p(Tw, Tw) = 0.
Therefore, by (mws) we get that ¢(w, Tw) = ¢(Tw,w) = 0, that is, w is a fixed point of T.
The uniqueness of the fixed point is proved as in the previous theorem. [

Theorem 4. Let (X, q) be a complete quasi-metric space and T : X — X a mapping such that there exist a
strong mw-distance p on (X, q) and a function p € B such that for any s, v € X

p(T>, Tv) < B (my(5,v)) my (>, v) (16)

and
p(T7,Tv) < B (m3(52,v)) my (5, v) (17)
where
mj (»,v) = max{p(s,v),p(s, Tx)},m5(s,v) = max{p(s,v),p(Ts,x)}.
Then T has a unique fixed point.
Proof. Following the same steps as in the proof of Theorem 2 we obtain that
,}EIJOP(”n'%n—l) = ,}Efgop(”n—lf%n) =0, foranyn € N (18)

and there exists w € X such that

lim p(5;, w) = lim p(w, s6,) =0 = p(w, w). (19)

n—o0 n—oo
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Therefore, by (16), since B € B we have
(o, Tw) = p(Try_1, Tw) < B(m] (sy—1, w))m] (341, w) < m3 (32,1, w)
= max {p(%nfll (U), P(%nflr %n)}

which together with (18) and (19) gives us that p(s¢,, Tw) — 0. Moreover, by (mws), we obtain
7(w, Tw) = 0.
Since p(w, ;) — 0 and p(3¢,, Tw) — 0, by (mw; ) we have that p(w, Tw) = 0. Then,

p(Tw, sty) = p(Tw, Try_1) < max{p(w, 3,-1), p(w, Tw)} = p(w, ¢1_1).

Therefore, p(Tw, »¢,) — 0, and from (18) and (mws), we obtain that ¢(Tw, w) = 0.
Hence, ¢(w, Tw) = ¢(Tw,w) =0, and so Tw = w.
Let now ¢ € X be a point such that T{ = . Then by (16)

P(w/ g) = P(Tw/ Té) < ﬂ(mi‘(w, g))miK (wr g) < max {P(w/ 6),p(w, Tw)} = P(CU; g)

This is a contradiction, so that p(w, {) = 0. Since p(w, w) = 0, by (mws) we obtain that ¢(w, {) = 0.
Now we shall prove that ¢(, w) = 0.

p(8,0) = p(TE, TT) < B(m]

(€,2))mi(Z,8) <mi(Z,Q)
= max {p(¢,£), p(¢, 7)

= ( ¢)
Then, p({,{) = 0.

p(Gw) = p(T¢, Tw) < p(mi(, w))mi(f,w) <max{p(f,w),p({, TC)} = p({, w).
So that p({, w) = 0. Since p({, () = 0, by (mws) we obtain that ¢({,w) =0. O

Now we give an example where Theorems 3 and 4 can be used but it is not possible to apply
Theorem 2.

Example 2. Let ¢ be the quasi-metric on R defined as q(s,v) = max{v— 3,0} for »,v € R*.
Then (R, q) is a complete quasi-metric space and p(s,v) = v is a strong mw-distance (see Example 11
of [4]). Let us consider the mapping T : Rt — RT,

T(%)_{ T 21
0, »<1
and the function p € B, B(t) = % Then,
o Ifv<1lands € R" then p(Ts, Tv) =0, so that the conditions (16) and (17) hold.
o Ifv>1landsx <1,then
mi(s,v) = max{v,0} = v,
m5(s,v) = max{v,»} =v
and
Blm; e, (v) = By = 1o 2 1 = p(To T)

Therefore (16) and (17) are fulfilled.
o Ifv>1,x>1,andv > x, then

1
mj (5,v) = max{v, m} =v,
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my(s,v) = max{v, »} =v

and, as before, (16) and (17) hold.
o Ifv>1,x>1,andv < x, then

and
_ v S 1
142 " 14+v — 14v

B(m3 (4, v))mi3 (32, v) = B(3¢) 3¢ = p(T5,Tv).

Then (16) and (17) are also satisfied.

Consequently, from Theorem 4, the mapping T has a unique fixed point.

In this example we can also apply Theorem 3 because (12) and (13) hold and T? = 0. Nevertheless, it is not
possible to apply Theorem 2 because T is not a p-lower semi-continuous mapping. Indeed, the sequence { s, }
where »6, = 1 — 1 converges to 1 but p(1, T1) — p(5e, T3ey) = 1/2, foralln € N.

The condition that the mw-distance is strong cannot be eliminated in the statement of Theorem 4.
The following example shows this.

Example 3. Let g be the quasi-metric on N given by q(>,5¢) = 0and q(3¢,v) = L if 5 # v. Clearly, (N, q) is
complete because if {5z, } is a Cauchy sequence in (N, ¢°), then {2, } converges to s in (X, q*) for all >« € N.
Let p = q. Then p is an mw-distance which is not strong.

Indeed, the sequence {n} converges to s in (N, ¢*) for all 5z € N but

4

1 1
P(%/V) —p(i’l,v) %

ie., p(-,v) is not lower semi-continuous on (X, T(q*)).
Let T : N — N given by Tsc = 2scand let B € B, B(t) = 1. Then

it (32,v) = max{p(s4,v), p(s2, T32)} = %
m3 (52, ) = max{p(e,v), p(Te, )} = —
and
Bt (e, v))mf (v) = B(1) 2 = 1 > L = (T, ).

) 1+x " 2x
Therefore, (16) and (17) are fulfilled but T has no fixed point.
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