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1. Introduction

The concept of Noetherian rings is one of the most important topics that is widely used in
many areas including commutative algebra and algebraic geometry. The Noetherian property was
originally due to the mathematician Noether who first considered a relation between the ascending
chain condition on ideals and the finitely generatedness of ideals. More precisely, she showed that if R
is a commutative ring with identity, then the ascending chain condition on ideals of R holds if and
only if every ideal of R is finitely generated. This equivalence plays a significant role in simplifying
the ideal structure of a ring. Due to the importance of Noetherian rings, many mathematicians have
tried to use Noetherian properties in several classes of rings and attempted to generalize the notion
of Noetherian rings. Nonnil-Noetherian rings and S-Noetherian rings are typical generalizations of
Noetherian rings.

In [1], Badawi introduced the concept of nonnil-Noetherian rings by using the nil ideal, and in [2],
Anderson and Dumitrescu introduced the notion of 5-Noetherian rings by using a multiplicative
set. Let R be a commutative ring with identity, Nil(R) the nilradical of R, and S a (not necessarily
saturated) multiplicative subset of R. Recall that an ideal I of R is nonnil if I is not contained in Nil(R);
and R is a nonnil-Noetherian ring if each nonnil ideal of R is finitely generated. Recall that an ideal I of
R is S-finite if there exist an element s € S and a finitely generated ideal F of R such thatsI C F C [;
and R is an S-Noetherian ring if each ideal of R is S-finite.

It is obvious that Noetherian rings are both nonnil-Noetherian rings and S-Noetherian rings,
but not vice versa. We should also mention that nonnil-Noetherian rings and S-Noetherian rings have
their own benefits. For example, in nonnil-Noetherian rings, we can investigate non-prime ideals
because the nil ideal is the intersection of prime ideals of a ring. Furthermore, in S-Noetherian rings,
by using multiplicative sets, we can control the infinite product of rings and infinitely generated ideals,
while Noetherian rings do not contain infinitely generated ideals and the infinite product of Noetherian
rings is never a Noetherian ring. Now, the natural question is the relation between nonnil-Noetherian
rings and S-Noetherian rings. The answer is that the two concepts are not related to each other.
For instance, if R = @< Z is an infinite product of rings of integers and S = {(1,0,0, ... )}, then R
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is an S-Noetherian ring, which is not a nonnil-Noetherian ring. Indeed, the ideal of R generated by
the set {(0,1,0,0, ...),(0,0,0,1,0,0,...), ... } is a nonnil-ideal of R, which is not finitely generated.
Furthermore, if S is the set of units, then any nonnil-Noetherian ring that is not a Noetherian ring is
not an S-Noetherian ring. The readers can refer to [1,3,4] for nonnil-Noetherian rings and to [2,5-11]
for S-Noetherian rings.

The main purpose of this paper is to integrate the concepts of nonnil-Noetherian rings and
S-Noetherian rings and to construct a new class of rings that contains the class of Noetherian rings.
Let R be a commutative ring with identity and let S be a (not necessarily saturated) multiplicative
subset of R. We define R to be a nonnil-S-Noetherian ring if each nonnil ideal of R is S-finite. If S
consists of units of R, then the concept of S-finite ideals is the same as that of finitely generated ideals;
so if S consists of units of R, then the notion of nonnil-S-Noetherian rings coincides with that of
nonnil-Noetherian ring. Furthermore, if Nil(R) = (0), then the concept of nonnil-S-Noetherian rings is
precisely the same as that of S-Noetherian rings. Clearly, if S; C S, are multiplicative subsets, then any
nonnil-S;-Noetherian ring is nonnil-S;-Noetherian; and if S is the saturation of S in R, then R is a
nonnil-S-Noetherian ring if and only if R is a nonnil-S-Noetherian ring.

This paper consists of four sections including introduction and conclusions. In Section 2, we study
basic properties of nonnil-S-Noetherian rings. In fact, we give a relation between a nonnil-S-Noetherian
ring and an S-Noetherian ring. We also study the Cohen-type theorem, the S-Noetherian spectrum
property, and the (faithfully) flat extension of nonnil-S-Noetherian rings. In Section 3, we investigate
dealing with some ring extensions of nonnil-S-Noetherian rings. More precisely, we study the
polynomial ring extension and the power series ring extension of nonnil-S-Noetherian rings. We also
study some properties of power series rings over nonnil-S-Noetherian rings. Finally, in Section 4,
the conclusions are drawn.

2. Basic Properties

Let R be a commutative ring with identity, Nil(R) the nilradical of R, and S a multiplicative
subset of R. If s € SNNil(R), then 0 = s" € S for some positive integer #; so R is always a
nonnil-S-Noetherian ring. Hence in this paper, we always assume that S N Nil(R) = @. We are
going to show the Cohen type theorem for nonnil-S-Noetherian rings. To do this, we need the
following lemma.

Lemma 1. Let R be a commutative ring with identity and let S be a multiplicative subset of R. If P is an ideal
of R which is maximal among all non-S-finite nonnil ideals of R, then P is a prime ideal of R disjoint from S.

Proof. If P is not a prime ideal of R, then there exist a,b € R\ P such that ab € P. Note that P + (a)
is a nonnil ideal of R. By the maximality of P, P + (a) is S-finite; so there exists € S, p1, ..., pm € P,
and rq, ..., ry € R such that

s(P+(a)) C (p1+ary, ..., pm+ary) C P+ (a).

Note that (P : a) is an ideal of R containing P and b; so (P : a) is a nonnil ideal of R. By the maximality
of P, (P : a) is S-finite; so:

HP:a)C(q1, ..., qn) C(P:a)
forsomet € Sandqq, ..., g, € (P :a). Letz € P. Thensz = Y" | x;(p; +ar;) forsome xq, ..., X € R;
so Y"1 x;ri € (P : a). Therefore we can find ¢y, ..., ¢, € R such that tY " x;r; = 2}1:1 ¢id;,
which indicates that stz = Y1 | tx;p; + Z}Ll acjq;. Hence we obtain
StP g (Pl/ cety Pmra‘h/ cecy ﬂ‘]n) g PI

which means that P is S-finite. However, this is a contradiction to the choice of P. Thus P is a prime
ideal of R.



Mathematics 2020, 8, 1428 3of 14

If PNS # @, then we can find an elements € PN S;sosP C (s) C P. Hence P is S-finite, which is
a contradiction. Thus P is disjoint from S. O

Theorem 1. Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the
following statements are equivalent.

(1) Risanonnil-S-Noetherian ring.
(2)  Every nonnil prime ideal of R (disjoint from S) is S-finite.

Proof. (1) = (2) This implication is obvious.

(2) = (1) Let A be the set of non-S-finite nonnil ideals of R. If R is not a nonnil-S-Noetherian
ring, then A is a nonempty partially ordered set under inclusion. Let {Cy }4ca be a chain in A and let
C = Ugen Ca- Then C is a nonnil ideal of R. If C is S-finite, then we can find an element s € S and a
finitely generated ideal F of R such that sC C F C C. Since F is finitely generated, F C Cg for some
B € A;so sCﬂ CFC Cﬁ. This means that Cﬁ is S-finite, which is absurd. Therefore C is not S-finite.
Clearly, C is an upper bound of {Cy },ca; S0 by Zorn’s lemma, A has a maximal element. Let P be a
maximal element in A. Then by Lemma 1, P is a prime ideal of R which is disjoint from S. However,
this contradicts the hypothesis. Thus R is a nonnil-S-Noetherian ring. [

We next give a relation between a nonnil-S-Noetherian ring and an S-Noetherian ring.

Proposition 1. Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the
following conditions are equivalent.

(1)  Risan S-Noetherian ring.
(2) R is a nonnil-S-Noetherian ring and Nil(R) is an S-finite ideal of R.

Proof. (1) = (2) This implication is obvious.

(2) = (1) Let P be a prime ideal of R. If P = Nil(R), then P is S-finite by the assumption. Suppose that
P properly contains Nil(R). Then P is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring, P is
S-finite. Thus R is an S-Noetherian ring ([2] (Corollary 5)) (or ([7] (Corollary 1.3))). O

Let R be a commutative ring with identity. Recall that R is a reduced ring if Nil(R) = (0).
Clearly, (0) is S-finite for any multiplicative subset S of R. Hence by Proposition 1, we have

Corollary 1. Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a
reduced ring, then R is an S-Noetherian ring if and only if R is a nonnil-S-Noetherian ring.

Corollary 2. Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a
nonnil-S-Noetherian ring that is not an S-Noetherian ring, then Nil(R) is the unique minimal prime ideal of R.

Proof. Note that every prime ideal of R contains Nil(R); so it suffices to show that Nil(R) is a prime
ideal of R. Suppose that Nil(R) is not a prime ideal of R. Then every prime ideal of R is a nonnil ideal
of R. Since R is a nonnil-5-Noetherian ring, every prime ideal of R is S-finite; so R is an S-Noetherian
ring ([2] (Corollary 5)) (or ([7] (Corollary 1.3))). This is a contradiction. Thus Nil(R) is a prime ideal of
R. 0O

By Proposition 1, a nonnil-S-Noetherian ring whose nilradical is the unique non-S-finite prime
ideal is not an 5-Noetherian ring. We give such an example.

Example 1. Let D be an integral domain, N (resp., R) the set of positive integers (resp., real numbers),
X = {X;|i € R} a set of indeterminates over D, R = D[X], P the prime ideal of R generated by the set
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{X;|i € N}, and I the ideal of R generated by {X?|i € N}. Then S := (R/I)\ (P/I) is a (saturated)
multiplicative subset of R/ 1. For each i € N, let X; denote the homomorphic image of X; in R/I.

(1) Note that any prime ideal of R/I contains P/I; so P/ I is the unique minimal prime ideal of R/ L.
Thus Nil(R/I) = P/1.

(2) Let Q be a nonnil prime ideal of R/ 1. Then by (1), Q properly contains P/I;so QNS # @. Hence Q
is S-finite ([2] (Proposition 2 (a))). Thus by Theorem 1, R/ 1 is a nonnil-S-Noetherian ring.

(3) If P/I is Sfinite, then we can find s € S and Xq,...,Xn € P/I such that
s(P/I)C (Xq, ..., Xu) CP/L; s0sXy41 = fiX1+ -+ fuXy for some f1, ..., fn € R/I. However,
this is impossible by a routine calculation. Thus P/ I is not S-finite.

(4) By (3), R/ is not an S-Noetherian ring.

Let R be a commutative ring with identity and let S be a multiplicative subset of R.
Recall from ([12] (Definition 2.1)) (or ([13] (Section 1))) that an ideal I of R is radically S-finite if
there exist an element s € S and a finitely generated subideal ] of I such that sI C /J; and R has
S-Noetherian spectrum if every ideal of R is radically S-finite. It was shown in ([12] (Theorem 2.2)) that
R has S-Noetherian spectrum if and only if every prime ideal of R is radically S-finite.

Proposition 2. Lef R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a
nonnil-S-Noetherian ring, then R has S-Noetherian spectrum.

Proof. Let P be a prime ideal of R. If P = Nil(R), then sP C ,/(0) for any s € S. Suppose that
Nil(R) C P. Since R is a nonnil-S-Noetherian ring, there exist an element s € S and a finitely generated
subideal J of P such that sP C J; so sP C /J. Hence P is radically S-finite. Thus R has S-Noetherian
spectrum ([12] (Theorem 2.2)). O

Let R be a commutative ring with identity. Recall that R is decomposable if R can be written as
R = R;1 ® R; for some nonzero rings R and R».

Theorem 2. Let R be a decomposable commutative ring with identity, S a multiplicative subset of R,
and {7t; }icp the set of canonical epimorphisms from R to each component of decompositions of R. Then the
following statements are equivalent.

(1)  Risan S-Noetherian ring.

(2)  Risanonnil-S-Noetherian ring.

(3)  Foreachie A, m;(R) is a 7t;(S)-Noetherian ring.

(4)  If e is a nonzero nonunit idempotent element of R, then every ideal of R contained in (e) is S-finite.

Proof. (1) = (2) This implication is obvious.

(2) = (3) Leti € A. Then R = 7m;(R) @© 7t;(R) for some j € A. Let I be an ideal of 71;(R).
Then I @ 7t;(R) is a nonnil ideal of 77;(R) @ 77;(R). Since R is a nonnil-S-Noetherian ring, there exist
an element s € S and a finitely generated ideal F of R such that s(I ® mj(R)) C F C 1@ m;(R).
Therefore 71;(s)I C 7t;(F) C I. Note that 77;(F) is a finitely generated ideal of 7;(R); so I is 77;(S)-finite.
Thus 71;(R) is a 77;(S)-Noetherian ring.

(3) = (4) Let e be a nonzero nonunit idempotent element of R, and let I be an ideal of R contained
in (e). Then R = (e) & (1 —e). By the assumption, (e) is a 77;(S)-Noetherian ring for some i € A;
so there exist an element s € S and a finitely generated ideal F of (e) such that m;(s)I C F C I.
Note that if | is an ideal of (e), then | can be regarded as an ideal | @ (0) of R; so F is a finitely
generated ideal of R, and sI C F C I. Thus [ is S-finite.

(4) = (1) Let I be an ideal of R. Since R is decomposable, R = (¢) & (1 — e) for some nonzero
nonunit idempotent element e of R; so I = [, & I;_, for some ideals I, and I;_, of (¢) and (1 —e),
respectively. Take i,j € A so that 77;(R) = (e) and 71;(R) = (1 — e). By the assumption, there exist
elements s,t € S and finitely generated ideals E,F of R such that m;(s)l, C m;(E) C I, and
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mj(t)ly e C 7j(F) C I; .. Hence stI C m;(E) © mj(F) C I, which implies that I is S-finite. Thus R is
an S-Noetherian ring. [J

Corollary 3. Let n > 2 be an integer, Ry, ..., R, commutative rings with identity, and let Sy, ..., S, be
multiplicative subsets of Rq, ..., Ry, respectively. Then the following assertions are equivalent.

(1) Foralli=1,...,n,R;isan S;-Noetherian ring.
(2) i1 Riisa (TT-, Si)-Noetherian ring.
(3)  TILqR;isanonnil-(TT; S;)-Noetherian ring.

Proof. These equivalences are immediate consequences of Theorem 2. [J

Remark 1. (1) In Corollary 3, if there exists an index k € {1, ..., n} such that Ry is a nonnil-Sy-Noetherian
ring that is not an Sy-Noetherian ring, then T} R; is never a nonnil-(TT}_; S;)-Noetherian ring. To see this,
let n > 2 be an integer and for each i € {1, ..., n}, let R; be a nonnil-S;-Noetherian ring. If Ry is not an
S1-Noetherian ring, then by Proposition 1, Nil(Ry) is not an Sy-finite ideal of R1; so Nil(Rq) X Ry x - -+ X Ry,
is a nonnil ideal of TT}'_ R;, which is not ([Tj_; S;)-finite. Thus [T\ R; is not a nonnil-(IT_; S;)-Noetherian
ring.

(2) Note that Z is a {1}-Noetherian ring. Let R =171 Z, S = [T;q{1}, and I = @5 Z. Then Lisa
(nonnil) ideal of R which is not S-finite. Thus R is not a (nonnil-)S-Noetherian ring. This shows that Corollary 3
is not generally extended to the case of an infinite product of (nonnil-)S-Noetherian rings.

Let R be a commutative ring with identity, K the total quotient ring of R, I an ideal of R, and ¢ a
generalized multiplicative system of R, i.e., ¢ is a multiplicative set of ideals of R. Then the @-transform
of R (or the generalized transform of R with respect to ¢) is an overring R, := {x € K|xA C R for some
Ac ¢lof Rand I := {x € K|xA C I for some A € ¢} is an ideal of R, containing I.

Proposition 3. Let R be a commutative ring with identity and let S be a multiplicative subset of R. If Ris a
nonnil-S-Noetherian ring, then any flat overring of R is also a nonnil-S-Noetherian ring.

Proof. Let T be a flat overring of R. Then there exists a generalized multiplicative system ¢ of R such
that T = Ry and AT =T for all A € ¢ ([14] (Theorem 1.3)). Let Q be a nonnil prime ideal of T and let
P = QNR. Then P is a nonnil prime ideal of R. Since R is a nonnil-S-Noetherian ring, we can find
se€Sandcy, ..., cy € RsuchthatsP C ciR+---+¢,R C P. Let x € Q. Since Q = Py, there exist an
element A € ¢ such that xA C P; so we obtain

sx € sxT =sxAT CsPT CciT+---+c¢,T.
Hence sQ C 1T+ -+ +cyT € Q, which implies that Q is S-finite. Thus by Theorem 1, T is a

nonnil-S-Noetherian ring. O

Corollary 4. Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the
following assertions hold.

(1) If R is a nonnil-S-Noetherian ring and S' is a multiplicative subset of R, then Rg is a
nonnil-S-Noetherian ring.
(2)  If Ris a nonnil-S-Noetherian ring, then Rg is a nonnil-Noetherian ring.

Proof. (1) By Proposition 3, it suffices to note that Ry is a flat overring of R.
(2) By (1), it is enough to note that if A is an ideal of Rg and s is an element of S, thensA = A. O

Proposition 4. Let R C T be an extension of commutative rings with identity such that IT N R = I for each
ideal I of R and let S be a multiplicative subset of R. If T is a nonnil-S-Noetherian ring, then so is R.
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Proof. Let I be a nonnil ideal of R. Since T is a nonnil-S-Noetherian ring and IT is a nonnil ideal of T,
wecanfinds € Sand ay, ..., a, € IT such thatsIT C (a3, ..., a,) C IT. Let F be a finitely generated
subideal of I such that (ay, ..., a,) C FT. Then we have

sl=sITNRCFTNR=FCI;

so I is S-finite. Thus R is a nonnil-S-Noetherian ring. O

Proposition 5. Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then the
following assertions hold.

(1) If R is a nonnil-S-Noetherian ring, then Rg is a nonnil-Noetherian ring and for every (finitely generated)
nonnil ideal F of R, FRg N R = (F : s) for some s € S.
(2)  If S consists of reqular elements of R or Nil(R) is a prime ideal of R, then the converse of (1) is true.

Proof. (1) Suppose that R is a nonnil-S-Noetherian ring. Then by Corollary 4(2), Rg is a
nonnil-Noetherian ring. To show the second assertion, let F be a (finitely generated) nonnil ideal of R.
Then FRg N R is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring, FRg N R is S-finite; so there
exist an element s; € S and a finitely generated ideal | of R such that s1(FRsNR) C ] C FRgNR.
Since ] is finitely generated, we can find an element s, € S such thats] C F. Hence we obtain

s152(FRs N R) Cso] CF,

which says that FRg M R C (F : sys3). Note that the other inclusion (F : s;s,) € FRgNR is clear.
Thus FRS NR= (F : Slsz).

(2) Let P be a nonnil prime ideal of R. If PN'S # @, then P is S-finite ([2] (Proposition 2(a)));
so we may assume that PN S = @. Note that Nil(Rs) = Nil(R)Rg; so if S consists of regular elements,
then PRg is a nonnil prime ideal of Rg. If Nil(R) is a prime ideal of R, then Nil(R) C P; so PRg
is a nonnil prime ideal of Rg. Since Rg is a nonnil-Noetherian ring, PRs = (py, ..., pn) for some
P1, ..., pn € P. Let F be the ideal of R generated by the set {p1, ..., pn}. Note that at least one of
p1, -- -, Pn does not belong to Nil(R); so F is a finitely generated nonnil ideal of R. By the assumption,
we can find an element s € S such that FRgN R = (F : s). Note that FRgNR = PRgNR = P.
Hence sP C F C P. Thus by Theorem 1, R is a nonnil-S-Noetherian ring. O

In Proposition 5(2), the condition that S consists of regular elements of R or Nil(R) is a prime
ideal of R is essential. We give such an example.

Example 2. Let Zg be the ring of integers modulo 6, X = {X; | i € N} a set of indeterminates over Zg, I the
ideal of Z[X] generated by the set {X;X; |i,j € N}, and R = Zg[X]/I. For an element f € Zg[X], let f denote
the homomorphic image of f in R. Let S = {3} and X = {X; |i € N}.

(1) Let Q be the ideal of Z¢[X] generated by the set X. Then any prime ideal of R contains Q/I. Let Py
be the prime ideal of R generated by the set {2} U X and P, the prime ideal of R generated by the set {3} UX.
Then Py and P, are the only prime ideals of R; so Nil(R) = Q/1. Since R/Nil(R) is isomorphic to Zg, Nil(R)
is not a prime ideal of R. Furthermore, S contains a zero-divisor of R.

(2) Let Zy be the field of integers modulo 2, Y = {Y; |i € N} a set of indeterminates over Zy, and | the
ideal of Z»[Y] generated by the set {Y;Y; |i,j € N}. Then Rg is isomorphic to Z[Y]/]. To see this, it suffices to

mention that if f = % + Y finite %Yl € Rg, then we obtain

l

ifa €{0,2,4}and b € {0,2,4}
3X;  ifac{0,2,4}andb € {1,3,5}
ifae{1,3,5}andb € {0,2,4}
34 Yhinite 2X; ifa € {1,3,5}and b € {1,3,5}.

Y finit

o

WIWI
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Note that each nonzero element of Zy[Y]/ ] is either a unit or a nilpotent element; so Z[Y|/] is the only nonnil
ideal of Z»[Y]/]. Hence Zy[Y]/] is a nonnil-Noetherian ring. Thus Rg is a nonnil-Noetherian ring.
(3) Let F be a (finitely generated) nonnil ideal of R. Note that S is a singleton set; so FRg N R = (F : 3).
(4) Note that 3Py is never contained in a finitely generated subideal of Py; so Py is not S-finite. Thus R is
not a nonnil-S-Noetherian ring.

Remark 2. Let R be a commutative ring with identity, S a multiplicative subset of R, and ‘P the set of prime
ideals of R minimal with respect to the exclusion of S. Suppose that Rg is a nonnil-Noetherian ring and for every
finitely generated nonnil ideal F of R, FRg N R = (F : s) for some s € S.

(1) Suppose that P contains at least two members and let P be a nonnil prime ideal of R. If PN S # @,
then P is S-finite ([2] (Proposition 2(a))); so we next assume that PN S = @. Then PRg is a nonnil prime
ideal of Rs. Since Rg is a nonnil-Noetherian ring, PRs = (p1, ..., pn) for some p1, ..., pn € P. Let F be
the ideal of R generated by the set {p1, ..., pn}. Then PRgs = FRg. Note that at least one of p1, ..., pn does
not belong to Nil(R); so F is a nonnil ideal of R. By the assumption, we can find an element s € S such that
(F : s) = FRgNR. Note that FRsN'S = PRgN R = P. Hence sP C F C P, which means that P is an
S-finite ideal of R. Thus by Theorem 1, R is a nonnil-S-Noetherian ring.

(2) By Proposition 5(2), if Nil(R) is a prime ideal of R, then the converse of Proposition 5(1) is true.
Furthermore, note that if Nil(R) is a prime ideal of R, then ‘P is a singleton set; so it might be natural to ask
whether the converse of Proposition 5(1) holds when P is a singleton set. Unfortunately, the answer is not
affirmative. To see this, it suffices to note that in Example 2, Py is the only prime ideal of Ze[X]/I, which is
disjoint from {3}.

Let R be a commutative ring with identity and P a prime ideal of R. Then R\P is a multiplicative
subset of R. We define R to be a nonnil-P-Noetherian ring if R is a nonnil-(R\ P)-Noetherian ring. We end
this section with a characterization of nonnil-Noetherian rings.

Proposition 6. Let R be a commutative ring with identity. Then the following conditions are equivalent.

(1) R isanonnil-Noetherian ring.
(2) R is anonnil-P-Noetherian ring for all prime ideals P of R.
(3)  Risanonnil-M-Noetherian ring for all maximal ideals M of R.

Proof. (1) = (2) = (3) These implications are clear.

(3) = (1) Suppose that R is a nonnil-M-Noetherian ring for all maximal ideals M of R, and let |
be a nonnil ideal of R. Then for each maximal ideal M of R, there exist an element s); € R\M and a
finitely generated ideal Fy; of R such that sy;I C Fyy C I. Let S = {sj; | M is a maximal ideal of R}.
Then S generates R; so we can choose a finite subset {sy1,, ..., spm, } of S such that (spy,, ..., sm,) = R.
Therefore we obtain

I:(SMl,...,SMH)IQFM1+~~~+FMH Cl,

which means that I = Fy, + - - - + Fy,,. Hence I is finitely generated. Thus R is a nonnil-Noetherian
ring. O

As an easy consequence of Proposition 6, we obtain

Corollary 5. Let R be a commutative ring with identity. If R is a quasi-local ring with maximal ideal M,
then R is a nonnil-Noetherian ring if and only if R is a nonnil-M-Noetherian ring.

The next example indicates that the condition “all” in Proposition 6 is essential.

Example 3. Let R, P, and I be as in Example 1.
(1) By Example 1(2), R/ I is a nonnil-(P /I)-Noetherian ring.
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(2) Let Qi be the prime ideal of R generated by {X;|i € N} U{X; 5|i € N} and let
S"=(R/I)\ (Q1/I). Then S is a (saturated) multiplicative subset of R/I and Q1/I is a nonnil prime
ideal of R/ 1. As in Example 1(3), a routine calculation shows that Q1 /1 is not S'-finite. Thus R/ is not a
nonnil-(Qy / I)-Noetherian ring.

(3) Let Qo be the prime ideal of R generated by {X; |i € N} U{X 5} Then Qo/1 is a nonnil prime ideal
of R/ 1 which is not finitely generated; so R/ 1 is not a nonnil-Noetherian ring.

3. Polynomial and Power Series Ring Extensions for Nonnil-S-Noetherian Rings

In this section, we investigate studying polynomial and power series ring extensions for nonnil
S-Noetherian rings. To do this, we need the following lemma.

Lemma 2. Let R be a commutative ring with identity and let S be a multiplicative subset of R.

(1) IfILisan ideal of R and A is an ideal of R[X] such that I C A C I[X], then I is an S-finite ideal of R if
and only if A is an S-finite ideal of R[X].

(2)  IfIisanideal of R and A is an ideal of R[X] such that I C A C I[X]), then I is an S-finite ideal of R if
and only if A is an S-finite ideal of R[X].

Proof. (1) (=) Suppose that I is an S-finite ideal of R and let f = Y™ ¢;X? € I[X]. Then there exist
s € Sanday, ..., a, € RsuchthatsI C (ay,...,a,) C I;soforeachi € {0, ..., m}, we can find
ri1, -+, in € Rsuch thatsc; = ayrjp + - - - + ayryy,. Therefore we obtain

n m )
sf=Y a;) rjX €(ay, ..., an).
=1 " i=0

Hence sI[X] C (ay, ..., ay) C I[X]. Since I C A C I[X], we obtain
sA CsI[X] C (ay, ..., an) C A.

Thus A is an S-finite ideal of R[X].

(<) Suppose that A is an S-finite ideal of R[X]. Then there exists € Sand fi, ..., fu € R[X]
such that sA C (fy, ..., fu) C A. Leta € I. Thensa = f1g1 + - - - + fugn for some g1, ..., gn € R[X];
so we obtain

sa = f1(0)g1(0) + - -+ + fa(0)8x(0) € (f1(0), ..., fu(0)).

Hence sI C (f1(0), ..., fu(0)) C I. Thus I is an S-finite ideal of R.
(2) The proof is similar to that of (1). O

Let R be a commutative ring with identity and let S be a (not necessarily) saturated multiplicative
subset of R. Recall that S is an anti-Archimedean subset of R if ()51 s"RNS # D forall s € S.

Theorem 3. Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R. Then the
following statements are equivalent.

(1) R is a nonnil-S-Noetherian ring and Nil(R) is an S-finite ideal of R.
(2)  R[X] is a nonnil-S-Noetherian ring.

Proof. (1) = (2) Let P be a nonnil prime ideal of R[X]. Then Nil(R[X]) C P. Since Nil(R[X]) =
Nil(R)[X] ([15] (Chapter 1, Exercise 2 (ii))), Nil(R)[X] € P. Let A be the subset of P, which consists of
polynomials with a nonnil leading coefficient. Then A # @ and P = (A) + Nil(R)[X].

Claim: P is an S-finite ideal of R[X].
By the assumption, Nil(R) is an S-finite ideal of R; so by Lemma 2(1), Nil(R)[X] is an S-finite
ideal of R[X]. As in the proof of Lemma 2(1), there exists € Sand 4y, ..., ag € R such that
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sNil(R)[X] C (ay, ..., ag) € Nil(R)[X].

For each integer n > 0, let P, be the ideal of R generated by 0 and the leading coefficients of the
polynomials of degree less than or equal to # in A. Let r be the smallest nonnegative integer such that
P, # (0). Then P, C P,y € P4y C -+ is an ascending chain of nonnil ideals of R. Set I = {J,;>, Py.
Then I is a nonnil ideal of R. Since R is a nonnil-S-Noetherian ring, there existt € Sand by, ..., by, € R
such that

tH C (by, ..., by) C 1.

Foreachi=1, ..., m, take an element f; € (A) with leading coefficient b; and let d; be the degree of f;.
Setd = max{d;|i =1, ..., m}. Since P is a nonnil ideal of R for all k € {r, ..., d}, P is an S-finite
ideal of R; so there exist ty € Sand ayy, ..., ax,, € R such that

P C (ag, -- -, ak”k) C P.

Foreachk € {r,r+1,...} andi € {1,..., nx}, we can take an element f;; € (A) with leading
coefficient a;; and degree k.
Let f = Y7 (piX' € P.Ifv > d, thenstp, € (by, ..., by, a1, ..., a5); sO we obtain

stpy = r1by + - + rmbm + g0+ gy

for some ry, ..., rm+q € R. Therefore stf — (rlleU_dl 4+ rmmev_d'" + tpp1a X? + -+
"m+qagX") is a polynomial in P with degree less than or equal to v — 1. By repeating this
process, we can get a polynomial i := Y{_ ;X' € P with degree less than or equal to d.
Now, styqy € (agp, ..., Apnyr 1, - -+, a;); so we obtain

steqp = c1ap + -+ F gy, + Cpypr141 + -+ Cnytqag
for some cy, ..., cu,+q € R. Therefore stgh — (c1for + -+ + Cny fon, + cnﬁlale +--+ cnﬁqang) isa
polynomial with degree less than or equal to £ — 1. By repeating this process, we obtain
(St)v—dsd—7+1 Hz:r tkf — gl + gz

for some g1 € (fl/ ey fm:frlr ceey fdnd,bﬁ, vy ﬂq) and g € P with deg(gz) <r-—1.1If & = 0,
then (st)?~dsd—r+1 Hz:r tf € (fi,-oos for fr1, -, fang 01, - -+, ag). Suppose that ¢o # 0 and write
o = er»;& ¢;X!. Then by the construction of A, e, 1 € Nil(R); so se, | = a1zy + -+ + aq4z4 for some
z1, ..., zq € R. Therefore g := sg> — (mz X1+ aqqu’_l) € P with degree less than or equal
to r — 2. By the construction of A, the leading coefficient of ¢ belongs to Nil(R). By repeating this
process, we obtain

s"1g € (ay, ..., ag).

Hence we obtain

(St)v_dsdnz:r tkf S (fl, ey, fmrfrlr ey, fdnd,al, ey, qu).

Since S is an anti-Archimedean subset of R, there exists an element w € (),>o(st)"R N S.
Sety = ws? Hg:, te. Thenyf € (A, -, fm, fr1, -+, fangra1, -+, ag). Since f is arbitrarily chosen,
we obtain

yP g (fl/ R fmrfrl/ R fdndralr sy ﬂq) g Pr
which means that P is an S-finite ideal of R[X].

Thus by Theorem 1, R[X] is a nonnil-S-Noetherian ring.

(2) = (1) Suppose that R[X] is a nonnil-S-Noetherian ring, and let I be a nonnil ideal of R.
Then I[X] is a nonnil ideal of R[X]; so I[X] is an S-finite ideal of R[X]. By Lemma 2(1), I is an S-finite
ideal of R. Thus R is a nonnil-S-Noetherian ring.
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Note that X is not a nilpotent element in R[X]; so Nil(R) + XR[X] is a nonnil ideal of R[X].
Therefore there exists € Sand fi, ..., fu € R[X] such that

s(Nil(R) + XR[X]) € (f1, ---, fu) € Nil(R) + XR[X].
Hence we obtain
SNl(R) € (£1(0), ..., f2(0)) € Nil(R).
Thus Nil(R) is an S-finite ideal of R. [

The following result follows directly from Corollary 4(1) and Theorem 3.

Corollary 6. Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R. If R is
an S-Noetherian ring, then R[X, X 1] is a nonnil-S-Noetherian ring.

Remark 3. Let R be a commutative ring with identity and let S be a multiplicative subset of R. Then R[X] is a
flat R-module. By Proposition 1 and Theorem 3, if R is a nonnil-S-Noetherian ring that is not an S-Noetherian
ring, then R[X] is never a nonnil-S-Noetherian ring. Thus the condition “overring” in Proposition 3 is essential.

We next give a necessary and sufficient condition for the power series ring to be a
nonnil-S-Noetherian ring. To do this, we need the following two results.

Proposition 7. Let R be a commutative ring with identity and let S be a multiplicative subset of R. If R is a
nonnil-S-Noetherian ring, then any ideal of R[X] properly containing Nil(R) + XR[X] is an S-finite ideal
of R[X].

Proof. Let A be an ideal of R[X] properly containing Nil(R) + XR[X]]. Then A contains X; so
A = (ANR)+ XR[X]. Therefore AN R is a nonnil ideal of R. Since R is a nonnil-S-Noetherian
ring, AN R is an S-finite ideal of R; so there exist s € S and r,...,7, € R such that
s(ANR) C (r1, ..., 1) CANR. Hence sA C (ry,..., 15, X) C A. Thus A is an S-finite ideal of
R[X]. O

Let R be a commutative ring with identity and A an ideal of R[X]. Then A(0) := {f(0) | f € A}
is an ideal of R.

Proposition 8. Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R
consisting of reqular elements. Suppose that R is a nonnil-S-Noetherian ring and P is a prime ideal of R[X]
such that Nil(R) C P(0). Then P is an S-finite ideal of R[X]).

Proof. Suppose that R is a nonnil-S-Noetherian ring.

Case 1. X € P. In this case, P = P(0) + XR[X]; so P properly contains Nil(R) + XR[X]. Thus P
is an S-finite ideal of R[X] by Proposition 7.

Case 2. X ¢ P. Since Nil(R) C P(0), P(0) is S-finite; so there exists € Sand g1, ..., gn € P such
that sP(0) C (g1(0), ..., §2(0)) € P(0). Let f € P. Then f(0) € P(0); sosf(0) = Y1 1 r0igi(0) for
some g1, ..., ron € R. Thereforesf — Y1 | r0;g;i = X f1 for some f; € R[X]. Since Xf; € Pand X ¢ P,
f1 € P;sosfi — Y.L 1118 = Xfr forsomerqy, ..., r1, € Rand f, € P. Note that S consists of regular
elements of R; so by continuing this process, we obtain

n 0y .
f= l;gi (Z Sjil1X]> :

j=0
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Since S is an anti-Archimedean subset of R, there exists an element t € (ﬂ]?io s/ R) N S. Then si] €R
for all integers j > 0;so tf € (g1, ..., gn). Hence tP C (g1, ..., gu) C P. Thus P is an S-finite ideal of
R[X]. O

Theorem 4. Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R consisting
of reqular elements. Then the following statements are equivalent.

(1) R is a nonnil-S-Noetherian ring and Nil(R) is an S-finite ideal of R.
(2)  R[X]) is a nonnil-S-Noetherian ring.

Proof. (1) = (2) Let P be a nonnil prime ideal of R[X] and let P(0) = {f(0)|f € P}.
Then Nil(R[X]) € P; so P(0) is an ideal of R containing Nil(R). If P(0) = Nil(R), then P(0) is
S-finite by the assumption. If Nil(R) C P(0), then P(0) is S-finite, because R is a nonnil-S-Noetherian
ring. In either case, an easy modification of the proof of Proposition 8 shows that P is an S-finite ideal
of R[X]). Thus by Theorem 1, R[X] is a nonnil-S-Noetherian ring.

(2) = (1) Let I be a nonnil ideal of R. Then I[X] is a nonnil ideal of R[X]. Since R[X] is a
nonnil-S-Noetherian ring, the ideal I[X] is an S-finite ideal of R[X]. Hence by Lemma 2(2), I is an
S-finite ideal of R. Thus R is a nonnil-S-Noetherian ring.

Note that X is not a nilpotent element in R[X]]; so Nil(R) + XR[X] is a nonnil ideal of R[[X].
Since R[X] is a nonnil-S-Noetherian ring, we can find s € Sand fi, ..., fu € R[X] such that

s(Nil(R) + XR[X]) € (fi, ..., fa) € Nil(R) + XR[X].
Hence we obtain
sNil(R) C (f1(0), ..., fu(0)) € Nil(R).
Thus Nil(R) is an S-finite ideal of R. O

Let R be a commutative ring with identity and let S be a multiplicative subset of R. Note that by
Lemma 2, Nil(R) is an S-finite ideal of R if and only if Nil(R[X]) is an S-finite ideal of R[X], if and
only if Nil(R[X]) is an S-finite ideal of R[X]. Hence by a suitable combination of Proposition 1 and
Theorems 3 and 4, we regain

Corollary 7. (([2] (Propositions 9 and 10))) Let R be a commutative ring with identity and let S be an
anti-Archimedean subset of R.

(1) Ris an S-Noetherian ring if and only if R[X] is an S-Noetherian ring.
(2)  If S consists of regular elements of R, then R is an S-Noetherian ring if and only if R[X] is an
S-Noetherian ring.

Let R be a commutative ring with identity, X a set of indeterminates over R, and R[X]3 the full
ring of formal power series in X over R. Then each element f of R[X]; can be written as the formal
sum f =Y c(an, ..., ank)qul e XZ:", where a,,, ..., a,,_are nonnegative integers, c(a,,, ..., an,)
belongs to R, and {Xj,,, ..., X, } ranges over the finite subsets of X. The next example shows that the
condition “Nil(R) is S-finite” is essential in Theorems 3 and 4.

Example 4. Let V be a valuation domain with no height one prime ideal, Y = {Y;|i € N}
a set of indeterminates over V, R = V[Y]s, P = {f € R|the constant term of f is zero},
and I ={Yc(an,, ..., ank)YZfl ---YZ:" €R|an, +- +ay >2}. Forany f € R, let f denote the
homomorphic image of f in R/1. Let S = {a|a € V \ {0} }.

(1) S is an anti-Archimedean subset of R/ 1 consisting of regqular elements. Indeed, if a € V \ {0},

then there exists a nonzero prime ideal Q of V such that Q C N5_ya"V;so Np—oa@" (R/I)NS # .
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(2) Note that if g € P/I, then g2 = 0;s0 P/I C Nil(R/I). Since P/I is a prime ideal of R/1I,
Nil(R/I) = P/I.

(3) Let Q be a prime ideal of R properly containing P. Then we can find an element h € Q\P. Let a be the
constant term of h. Thena € (Q/I) N'S; so Q/1 is an S-finite ideal of R/ 1 ([2] (Proposition 2(a))). Thus by
Theorem 1, R/ I is a nonnil-S-Noetherian ring.

(4) Let A be the ideal of R generated by the set Y. Then an easy modification of Example 1(3) shows that
A/1is not an S-finite ideal of R/ 1. Thus R/ I is not an S-Noetherian ring.

(5) By (3), (4) and Proposition 1, Nil(R /1) is not an S-finite ideal of R/ 1.

(6) Let (R/1)[X] denote the polynomial ring over R/I. Then Nil(R/I) + X(R/I)[X] is a nonnil ideal of
(R/D)[X]. IfFNil(R/T) + X(R/I)[X] is an S-finite ideal of (R/I)[X], then the proof of (2) = (1) in Theorem
3 shows that Nil(R /1) is an S-finite ideal of R/ I. This contradicts (5). Hence Nil(R/I) + X(R/I)[X] is not
an S-finite ideal of (R/I)[X]. Thus (R/I)[X] is not a nonnil-S-Noetherian ring.

(7) Let (R/I)[X] denote the power series ring over R/ 1. By combining the same argument as in (6) with
Theorem 4, it can be shown that (R/I)[X] is not a nonnil-S-Noetherian ring.

Let R be a commutative ring with identity. Recall that an ideal I of R is a strong finite type ideal
(SFT ideal) if there exist a finitely generated subideal ] of I and an integer k > 1 such that a* € ] for all
a € I; and R is an SFT ring if each ideal of R is an SFT ideal.

Corollary 8. Let R be a commutative ring with identity and let S be an anti-Archimedean subset of R consisting
of regular elements. Suppose that R is a nonnil-S-Noetherian SFT ring and P is a prime ideal of R[X]| such that
ht(P) > 1. Then P is an S-finite ideal of R[X].

Proof. Suppose that P is not an S-finite ideal of R[X]. Then by Proposition 8, P(0) = Nil(R). Note that
P C Nil(R) + XR[X] and ht(Nil(R) + XR[X]) < 1 ([4] (proof of Corollary 3.6)); so ht(P) < 1. This is
absurd. Thus P is an S-finite ideal of R[X]. O

We end this section with the following two examples. The first shows that the SFT condition in
Corollary 8 is essential, and the second indicates that Corollary 8 is not generally true for a prime ideal
P with ht(P) =0or 1.

Example 5. Let Q be the field of rational numbers, Y = {Y; | i € N} a set of indeterminates over Q, R = Q[Y],
M the ideal of R generated by the set Y, I the ideal of R generated by the set {Y?|i € N}, and S = R/1\ M/L

(1) Note that M/ I is the unique prime ideal of R/ 1 ([16] (Example 3)); so every nonnil ideal of R/ 1
contains a unit of R/ 1. Hence every nonnil ideal of R/ 1 is the entire ring which is obviously an S-finite ideal of
R/I. Thus R/ is a nonnil-S-Noetherian ring.

(2) A routine calculation shows that M/ I is not an S-finite ideal of R/ L.

(3) R/ I is a non-SFT ring with dim(R/I) = 0 ([16] (Example 3)).

(4) Note that there are infinitely many prime ideals between (M/I)(R/I)[X] and (M/I)[X]
([16] (Theorem 2)); so we can take a prime ideal P of (R/I)[X] such that (M/I)(R/I)[X]] € P C (M/I)[X]
and ht(P) > 1. If P is an S-finite ideal of (R/1)[X]], then M/1 is an S-finite ideal of R/I by Lemma 2(2).
This is a contradiction to (2). Thus P is not an S-finite ideal of (R/I)[X].

Example 6. Let Y = {Y;|i € N} be a set of indeterminates over Q, R = Q[Y]3, M = {f € R|the constant
term of f is zero}, and I = {Y_c(an,, ..., ank)Y,Zfl - -YZ:" €R|ay, + - +ay >2}. Forany f € R, let f
denote the homomorphic image of f in R/I. Let S = {a|a € Q\ {0}}.

(1) Clearly, the set S is an anti-Archimedean subset of R/ I consisting of reqular elements.

(2) Note thatf2 =0forall f € M/I;s0o M/I = Nil(R/I)and M/ I is an SFT ideal of R/I. Hence M/ 1
is the unique prime ideal of R/ I which is an SFT ideal of R/ 1. Thus R/ I is an SFT ring with dim(R/I) =0
([17] (Proposition 2.2)).
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(3) A simple modification of Example 4 shows that R/ I is a nonnil-S-Noetherian ring and M/ I is not an
S-finite ideal of R/ I.

(4) Note that f> = 0 forall f € M/1I;s0 (M/I)[X] is contained in Nil((R/1)[X]) ([18] (Theorem 14)).
Since (M/1)[X] is a prime ideal of (R/I)[X], (M/D)[X] = Nil((R/I)[X]); so ht((M/I)[X]) = O.
If (M/1)[X] is an S-finite ideal of (R/I)[X], then M/ I is an S-finite ideal of R/ I by Lemma 2(2). This is a
contradiction to (3). Thus (M/I)[X] is not an S-finite ideal of (R/I)[X].

(5) Note that (M/I) + X(M/ID)[X]] is the maximal ideal of (R/I)[X] with
ht(M/I)+ X(M/I)[X]) = 1. Furthermore, (3) and the proof of (2) = (1) in Theorem 4 indicate
that (M/1) + X(M/I)[X] is not an S-finite ideal of (R/I)[X].

4. Conclusions

In this paper, we introduce the concept of a nonnil-5-Noetherian ring that is a commutative
ring with identity in which every nonnil ideal is finitely generated. The class of nonnil-S-Noetherian
rings contains nonnil-Noetherian rings and S-Noetherian rings; so the concept of nonnil-S-Noetherian
rings is a generalization of Noetherian rings. We study nonnil-S-Noetherian rings via the Cohen-type
theorem, the flat extension, the faithfully flat extension, the polynomial ring extension and the power
series ring extension.

Recently, the amalgamated algebra has been studied by many mathematicians because it is
a nice example of pullback constructions. In the next work, we are going to investigate the
nonnil-S-Noetherian properties in terms of several kinds of pullback constructions including the
amalgamated algebra.
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