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Abstract: The purpose of this paper is to study intuitionistic fuzzy bases (IFBs) and the intuitive
structure of a G — V IFM. Firstly, the intuitionistic fuzzy basis (IFB) of a G — V IFM is defined;
then the h-range and properties of an IFB are presented and a necessary and sufficient condition of
aclosed G — V IFM is studied. Especially, a necessary and sufficient condition of judging an [FB
is presented and the intuitive tree structure of a closed G — V IFM is proposed and its properties
are discussed.
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1. Introduction

Whitney’s 1935 article laid the groundwork for the field of combinatorial geometries and
matroid [1]. Matroid theory has been widely applied to combinatorial mathematics, combinatorial
optimization and group theory [2-8]. Based on the fuzzy set theory proposed by Zadeh in 1965 [9],
matroid theory has been generalized to various forms related to fuzzy sets. Shi [10,11] proposed the
(L, M)-fuzzy matroid based on latticevalued fuzzy set theory and studied the base axioms of fuzzitying
matroids [12-14]. Hsueh presented a fuzzification of matroids which extends the independence axioms
of matroids [15]. Al-Hawary introduced a method to the fuzzifying of matroids which is called fuzzy
C-matroids [16,17]. In 1988, Goetschel and Voxman proposed an important fuzzy matroid (briefly,
G — V fuzzy matroid) in [18]. They further studied some important concepts and their properties,
such as the fuzzy bases and the fuzzy rank function [19-22]. Following them, some scholars studied
the axioms, the connectedness and the structure of G — V fuzzy matroid, etc. [23-25].

The intuitionistic fuzzy set (IFS), introduced by Atanassov originally in 1983 [26] and made
widely accessible in 1986 [27], is a generalization of Zadeh’s fuzzy set. An IFS of each element is an
ordered pair which is called an intuitionistic fuzzy value (IFV) and each IFV is characterized by a
membership degree, a nonmembership degree and a hesitancy degree. From then on, many scholars
were attracted to study the IFS and obtained a lot of valuable results. For ranking the IFSs, Hong and
Choi proposed the accuracy function in 2000 [28] and Szmidt and Kacprzyk proposed a similarity
function of IFSs in 2004 [29]. Based on the accuracy function and the similarity function, Zhang and
Xu introduced a new method for ranking IFSs in 2012 [30]. In 2013, Rangasamy et al. proposed a
method by ranking to be done using the scores and accuracy for finding the shortest hyperpath in an
intuitionistic fuzzy weighted hypergraph [31]. Some other scholars studied the aggregation operators
and fuzzy clustering of IFSs [32-34]. After decades of effort from scholars, the relevant achievements of
intuitionistic fuzzy theory became very rich. In 1999, Atanassov completed his first monograph which
discussed the concept and operators of IFSs, the interval valued IFSs, some other extensions of IFSs,
the elements of IFSs and the applications of IFSs [35]. There are some other scholars’ results worthy
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of learning and researching; see [36-38]. In 2017, Li and Yi proposed an intuitionistic fuzzy matroid
based on matroids and intuitionistic fuzzy sets [39]. In [40], Li et al. extended G — V fuzzy matroids
and introduced a G — V intuitionistic fuzzy matroid and studied the induced matroid sequence and
the rank function. In this paper, based on the literature [19,25,40], we study the bases and the structure
of a G — V intuitionistic fuzzy matroid (briefly, G — V IFM), which are actually generalizations of
some conclusions of G — V fuzzy matroid.

This paper is arranged as follows. Some basic definitions and results are introduced in Section 2.
The IFBs of a G — V IFM are studied in Section 3. The judgment of an IFB is investigated in Section 4.
Finally, we propose the tree structure of a closed G — V IFM and study its properties in Section 5.

2. Preliminaries and Notations

We introduce some basic and useful concepts related to matroid theory here; see [41,42]. Firstly,
we introduce the concept of the matroid.

Definition 1. Let [ be a nonempty family of subsets of a finite set E and satisfy:

. Del
2. IfXelandY C X, thenY € 1.
IfX,Y € I,and |Y| > | X|, then there exists an x € Y\ X such that X U {x} € L.

Then the pair M = (E, I) is called a matroid (or a crisp matroid). Forany A C E, if A € I, then A is
called an independent set; otherwise A is called a dependent set.

In matroid theory, rank function and its submodularity are very important. They are defined
as follows.

Definition 2. Let P(E) be the power set of finite set E and M = (E, I) be a matroid. R is called rank function
of M, where R : P(E) — {0,1,2,-- -, |E|} is a mapping and is defined as follows:

R(X)=max{|Y||Y C X,and Y € I}.
From the definition of R, the following properties can be easily obtained.
1. IfXCY, then R(X) < R(Y);
2. R(X) < |X|forany X € P(E);
3. If X €I then R(X) = |X]|,
where X,Y € P(E).

Definition 3. Let 0 : P(E) — [0,00) be a mapping, where P(E) is the power set of finite set E. ¢ is called
submodular if

cX)+o(Y)>o(XNY)+o(XUY),

foreach X,Y € P(E).
Theorem 1. The rank function R of a matroid M = (E, I) is submodular.

Next, some concepts and notations concerning fuzzy sets or intuitionistic fuzzy sets are cited;
see [9,18,19,26-38,40].

Definition 4. Let X be a fixed set. Then
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A=A{(x,ualx))lx € X}

is called a fuzzy set, where p 4 (x) is the membership degree of x to A, 0 < u(x) < 1. The collection of fuzzy
sets on X is denoted by FS(X).

Definition 5. Let X be a fixed set. Then
A={(x pa(x),va(x))]x € X}

is called an IFS (i.e., intuitionistic fuzzy set). For any x € X, pa(x), va(x) and rwa(x) are called membership
degree, non-membership degree and hesitancy degree, respectively, where p,(x),va(x), wa(x) > 0 and
ta(x)+va(x) + ma(x) = 1. The collection of IFSs on X is denoted by IFS(X). If forall x € X, ma(x) =0,
then pp(x) +va(x) = 1and IFS A is reduced to a fuzzy set. In this paper, we use (Uy, Va, 7o) to denote
intuitionistic fuzzy set and (pa (x), va(X), 712 (X)) to denote intuitionistic fuzzy value.

For convenience and suitable for the study of G — V intuitionistic fuzzy matroids later, an IFS
(Ma, Va, ) is abbreviated as (pa, 712) and an IFV (pq(x), va(x), o (x)) is denoted by (pq(x), ma(x)).
Note that this notation is different from that in Definition 5.

Definition 6. Let (ya, 74) € IFS(X) be an IFS. Then the accuracy function H of (pa(x), e (x)), (x € X)
is denoted by

H(pa(x), 72 (x)) = 1 = 7a()

Definition 7. Let (yy, 7ta) € IFS(X) be an IFS. Then the similarity function h of (pa(x), 7ta(x)) for any
x € Xis

(pa (), ) =1 = k)
In the special case 71, (x) = 0, we have h(py(x), o (X)) = pa(x).

Let X be a finite set and (ya, 7o), (g, 71p) € IFS(X) be IFSs and x € X. We now introduce the
following notation and results; see [40]:

L. H(W ) (¥) = H(pta(x), 70 (%))
Ry (X) = h(pa (%), 700 (%))
(M 700) (%) = (pta(x), 700 (%))

2. (U, 0) = (Mo, 71a) if 74 (x) = 0 for any x € X.
3. h(pa, 7o) < h(pp, 7tp): forany x € X, h(pa(x), 7ma(x)) < h(pp(x), p(x))
(jia, 7a) = h(jup, 7p): for any x € X, h(pa(x), 7 (x) = h(jug(x), 7(x))
h(pa, ) < h(yﬁ,rc/g): h(pa, ) < h(]/ll;,ﬂlg) and h(pa(x), ma(x)) < h(ﬂ/g(x),ﬂ'/g( )) for some
xeX
4. H(pa, ma) < H(yﬁ, 7'[5): forany x € X, H(pa(x), ma(x)) < H(yﬁ(x), nﬁ(x))
H(pa, ) = H(yﬁ, 7'(,3): forany x € X, H(pa(x), ma(x)) = H(ylg(x), nﬁ(x))
H(pa, a) < H(pp, 7p):H(pa, a) < H(pp, 7tp) and H(pa(x), ma(x)) < H(pp(x), 7p(x)) for

some x € X.

5 (Mo, Ta) =2 (P‘ﬁr ”ﬁ) h(pa, 7o) < h(V/S/ 7T/3) and H(pa, ) < H
(Har 7Ta) < (pp, 78):h (M, 7Ta) < h(pp, 7tp) and H(pa, 70a) < H(pp, 71p)-
(o, ) = (l‘ﬁr ”ﬁ) h(pa, 7ta) = h(.“ﬁ/ ”ﬁ) and H (pa, 7)) =

6. supp(pa, 7Ta) = {x € X|h(pa(x), 7 (x)) > 0}.

- (e 7o) = inf{h(pa(x), 7a(x )Ix €supp (pa, ) }-
8. Cr(pa, ) = {x € X|h(pa(x), ma(x)) > r}, where 0 <r < 1.

\/v



Mathematics 2020, 8, 1392 4 of 14

9. Rt (pa, ma) = {h(pa(x), 7o (x)) |h(pa(x), ma(x)) > 0,x € X} is called the positive h — range of
(M TTa)-
10.  |(pa, 7o) = xex h(pa(x), 7a(x)) is called the “cardinality” of an IFS.

Definition 8. Let (pa, 714 ), (g, 7tg) be two intuitionistic fuzzy sets, x € X. (py, 70y) = (pa, 7)) V (g, 77p)
and (Pw, Tw) = (Mo, 7Ta) A (yﬁ, nﬁ) are called the union and intersection of (yy, 7o) and (yﬁ,nﬂ),
respectively, where ()., 7,) is defined by

(M 70 ) (), Af - Py, ) (%) > By ) (),
(g, 7) (X), if By ) (%) < Py ) (%),

(py, 707) (x) = (Mo ) (), 8f Py ) (%) = (g gy (%) and - Hy e (¥) 2 Hipyg g (),
(g p) (x) Bf Py ) (X) = Py gy (0) and - Hg ) (¥) < Hgg g (3)-

(g, 7)(X), if By ) (X) > Py g (%),

) (e )0, i B (%) < g ) (0),
eSO ZN (g mg) (), F 0 = D) () and - gy ) (%) 2 Hg e (1),
(o, ) (x), if h(.”a,ﬂa')(x) = h(Vﬁfﬂﬁ)<x) and H(Maﬂa)(x) < H(P‘ﬂf”ﬁ)(x)'

Definition 9. Let E be a finite set and ¢ C IFS(E) be a nonempty family of fuzzy sets. The pair (E, ) is
called a G — V IFM on E if it satisfies the following conditions:

If (Ba, TT0) € W, (yﬁ, 7'[/3) € IFS(E), and (}l/g, nﬁ) =< (M, 7a), then (yﬁ, 7'[/3) € .

2. If (pa, 7a), (]/tﬁ, 7'[5) € ¢, and |supp(pa, 72)| < \supp(yﬁ;, nﬁ)|, then there exists (flw, Tw) € P,
such that:

(@ (Har ) < (Heos M) = (Mo ) V (g, TTp);
B M) = min{m (i, ), m(p, 75)1-

Suppose that (E,¢) isa G — V IFM. (g, 7x) € ¢ is called an independent IFS and ¢ is called
the set of independent IFSs. (g, 71g) ¢ ¥ is called a dependent IFS.

If for any (pa, y) € IFS(E) and for any x € E, my(x) = 0, then IFS(E) is actually FS(E). Thus,
(E,y) isreduced to G — V FM.

Theorem 2. Let (E, ) bea G —V IFM. Foreachr,0 <r <1, let
L = {Cr(pa, 7ta) | (P, 70a) € P}
Then foreachr, 0 <r <1,
M, = (E, L)

is a matroid.

Theorem 3. Let (E,¢) bea G —V IFM. Let M, = (E,I,) be a matroid on E defined in Theorem 2,
where 0 < r < 1. Then there is a finite sequence ry < r1 < - - - < ry such that:

(i) ro = O,T’n =1

(i) L #{¢}if0<s<ryls={p}ifs>rn.
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(ii))  Ifr; <s,t <ripq, then Iy = Iy, where 0 <i <n—1.

(iv) Ifri <s <tjpq <t <ti, thenl; C Iy, where0 <i<mn—2.

Then the sequence 1y, 11,1, - -,y is called the fundamental sequence of (E, {). Moreover, if for any i,
1<i<mn,let? =52, then we can get a sequence of matroids My, C My | C --- C My, C My, which is

Ti
called the induced matroid sequence.

Note that Cy(pa, 1) = {x € E|h(pa(x), ma(x)) > 1}, where 0 < r < 1, and I, =

{Cr(pa, 00) | (e, 7Ta) € W}, 50 Is = {Pp} not but Iy = {¢p} when s > ry,.

A matroid sequence can be constructed from a G — V IFM above. On the contrary,a G — V IFM
can be constructed from a matroid sequence.

Theorem 4. Let 0 = sp < s < s3 < -+ < s, < 1 be a finite sequence. Suppose that
Ms,, Ms,, -+, Ms, |, Ms, (M, = (E, Is,),1 < i < n) is a matroid sequence on a finite set E and satisfies
I, CI;(0<i<n-—1). Forany0 <s <1,let

o ISI‘/ lf Si—l<S§si/0§i§n/
T e if sp<s<1.
and let
¥* = {(pa, 1a) € IFS(E)|Cs(pa, 7ta) € I;,0 < s < 1}.

Then (E,¢*) isa G — V IFM and its induced matroid sequence is Ms, C Ms, , C --- C M, C Ms,,
where for1 <i < n, Ms; = (E, ).

Theorem 5. Let (E, ) bea G — V IFM, and for each r, let 0 < r < 1, M, = (E, Iy) be a matroid defined by
Theorem 2. Let * = {(pa, 7wa) € IFS(E)|Cr(pa, o) € I;,0 < v < 1}. Then ¢ = ¢p*.

Theorem 6. Let (E,¢) bea G —V IFM and (po, 7y) € IFS(E). Then (py, 7ta) € ¢ if and only if
Ca(pta, 7o) € I for each A € R (pq, 714).

Theorem 7. Suppose that (E, ) isa G — V IFM with the fundamental sequence 0 =rp <1y <1y < --- <
tn <L IfL =1 forany rig <r <r; (0 <i <n), then (E, ) is called a closed G — V IFM.

3. Basesof G — V IFMs

Based on G — V IFMs and bases of matroids or fuzzy matroids, we propose the concept of the
intuitionistic fuzzy basis ofa G — V IFM.

Definition 10. Let (E, ) bea G — V IFM. (o, 7ta) € Y is said to be maximal in . If for any (ug, 7tg) € ¢
and (o, 7o) = (]l/g, nﬁ), then (po, 7ta) = (yﬁ,nﬁ). Le., there does not exist (;4/5, nlg) € 1 such that

(Har 7ta) < (pp, 718))-

An intuitionistic fuzzy basis (IFB for short) of a G — V IFM (E,¢) is a maximal member
(Ha) Ta) € 9.

Suppose that (pa, 774) is an IFB and (pg,715) € IFS(E). Let h(ug, mg) = h(pa, ) and
H(pg, 1) < H(pa, 7ta); then (ug, 715) = (o, 7o) and |(pp, 705)| = |(pa, 7a) |- Obviously, (ug, 7t5) € 9.
Therefore, (yg, 7tg) here is called an intuitionistic fuzzy sub-basis (IFSB for short) with respect to
IFB (pq, 7tq) fora G — V IFM (E, ). Generally, there are infinite IFSBs for a G — V IFM and their
cardinality is the same as that of the corresponding IFB.
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Definition 11. An IFS (ja, 71y) is an elementary IFS if R™ (a, 10) = 1. If (o, 7o) is an elementary IFS
with A =supp(pa, 70) and RT (uy, 7y) = {r}, then (o, 74) is denoted by w(A,r) with support A and
height r.

Theorem 8. Suppose that (yy, 70y) € P isan IFBofa G —V IFM (E, ), then 1ty (x) = 0 for each x € E.

Proof. Assume that there exists an xg € E such that 7t,(xo) = 7 > 0. Let h(ug, 7tg) = h(pa, 77a) for

each x € E and
mu(x), if x € Eandx # xo,
nﬂ(x) = I

E /Zf X = X.

Then H(pa, 7ta) < H(pg, 7p). It follows that (ps, 7t4) = (pp, 7). However, for each A €
R* (4o, 71a), we have Cy(pp, ) = Ca(pa, a) € Ir. Then (ug,7g) € ¢ from Theorem 6. This
contradicts the hypothesis.

Here, we will use Theorem 6 to prove the next theorem. O

Theorem 9. Let (E, ) bea G — V IFM with the fundamental sequence 0 =rg < r; <ty < --- <1, <1
and suppose (i, 70y ) is an IFB of (E, ¢); then

RY (o, 7o) C {r1,72,+ ,7n}.

Proof. Let (yy, 712) be an IFB of (E, ). Then (py, 114) € . It follows that Cy (ya, 714) € I, for each
A € R (g, 14).
Assume that there is an s € R™ (u,, 714 ) such that r; < s < r;,1. We take ¢ = (r;11 —s)/2 and let
(1p, 7tp) be the elementary IFS which is defined by supp (g, 715) = Cs(pa, 7a) and R (ug, 71g) = s +&.
If we let (pw, 7tw) = (Ma, 7Ta) V (1p, 71p), then for each r € (0,1], we have

Cs(pa, o) € Is, if r € (5,5 + €],

Cr(l«lwrnw) - {Cr(ﬂa/ 7Toc) €L, ifr # (S’S+€]'

By Theorem 6, we have (yy, 71w) € §.

By the hypothesis, for (j, 7mx), we have that there exists xg € supp(pa, my) such that
h(pa(x0), Ta(x0)) = s. Thus h(pw(x0), Tw(x0)) = s+e. Since (pa, Ta) = (Hws Tw), (Har Ta) <
(Mw, 7w ). This contradicts that (pa, 774) is an IFB. [

Theorem 10. Suppose that (E, ) isa G—V IFMand0 =1y <1y <ry < --- <1y < 1is the fundamental
sequence of (E, ). Then (E, ) is closed if and only if for any (pa, 1) € §, there exists an IFB (g, 7t) € ¢
such that (pa, 7o) = (g, 71p)-

Proof. Assume that for any (ua, 1) € 1, there exists an IFB (745, ﬂﬁ) € ¢ such that (g, my) =<
(ng, ). If (E, ) is not closed.
Let iy be a positive integer such that if r;; 1 <t <r;,, then Irio C I;, where

L = {Cy(pa, 7ta) | (P, T0a) € W}

Let A be a basis of I; but not a basis of I’fo' Let w(A,t) be the elementary IFS. Obviously,
Cr(w(A,t)) = A € I, forany r € (0,t], and C,(w(A,t)) = @ € I, for any r € (t,1]. It follows that
w(A,t) €.

Suppose that (pg,715) € ¢ is an IFB and w(A,t) = (ug, 7g). Then Ci(ug, mg) € Iy and A C
Ct(yﬁ, 715). Since A is a crisp basis of I;, A = Ct(yﬁ, ﬂﬁ).

Since I"io C Iy and by Theorem 5 and Theorem 9, we have

A= Ct(‘u‘g, 71"3) = C"io (‘uﬁ, 7'[‘5) < I’io'
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Conversely, suppose that (E, ) is closed. Let (pa, 12) € ¥ and RY (py, ma) = {t1,t2, -, tx},
where t; < tp < --- < t. Let {tp tp,,---,tp,} be a subsequence of {ti,tp,---,t} and
{rq.,7q,, -+ ,74,} be a subsequence of {rg,rq,---,7r,} such that t,, = t;, and for a given tp,s there is
rq; = min{r;|r; > tp }, and for a given ry thereis t,,,, = min{t;|t; > ry;}. It follows that

1)ty =t

() Ty <tp < rq],,j =1,2,---,s;

@) Ifty <t <tp,,, thenry | <t <ry;
(4) Ifty, >t thenry | <t; <ry.

Let Ay C A,_1 C --- C Aj be anested sequence such that

(@) supp(pa, 1a) € Ay, where A; is a basis of (E, I,);
(b) Fori > 2 (whereiis an integer), we have q; 1 <i < q]-(qo = 0) and A; is a maximal subset of
A;_1 in I, that contains Ctp]_ (Mo, T0);

(c) Forgq; <i<n(whereiisaninteger), we have A is a maximal subset of A; 1 in I;,.

Let (up,, 7p;) be the elementary IFS w(A;,1;), where i € [1,n]. If (ug, 7wg) = Vii(pp, 7p,),
then we can easily get C,(pg, 715) € I, 7 € (0,1]. By Theorem 6, (g, 7t5) € 3. From the construction of
(1g, 78), (Has 7Ta) = (up, 7p) € Y and (g, 7g) is an IFB for (E, ), the conclusion is established. [

4. The Judgement of an IFB fora G — V IFM

From the proof of Theorem 10, we can get the following result.

Theorem 11. Suppose that (E, ) is a closed G — V IFM with the fundamental sequence 0 = ryg <11 <1y <
-+ < rp < 1and the induced matroid sequence M, D My, D --- D M,,, where M,, = (E, I;,)(1 < i < n).
Let (pa, ) € IFS(E). If (pa, 7ta) is an IFB of (E, ), then supp(pa, Ta) = Cip(yuy, o) (Hes 7)) i a asis of
matroid (E, I,).

Proof. Suppose that m iy, 71y ) is an IFB of IFM. Then R (pa, 71t4) C {r1,72, -+, tn} and Cy(pa, 7ta)
€ I forany r € R (o, 7).

Assume that supp(pa, 7Ta) = Cp(y,,n,) (M, a) is nOt @ basis of matroid (E, I, ); then there exists
abasis A of (E, Iy, ) such that supp (pa, 7Ta) = Cyy(yyy,7,) (Her Ta) C A. Let

4 , lf x€eA \ Cm(ya,na)(#“’ 7-[0()/
h(peo(x), 700 (%)) =  (pa(x), (%)), if X € Conyug o) (P ),
0 , otherwise.

Then (luow na) = (l’lw’ nw)l R+(,uwl 7Tw) g {1’1, T, - rrn} and C"l (VCUI 7-[0-]) =Ac¢€ Irl' Thus’
forany 1 < r < m(py, 7a),

Cr(liw, 7Ta1) = Cm(lla,ﬂ'a)(}l“’ 71'“) (= Im(}lzx,?'fa) g L,/
and for any m (., 1) <r <1,
CV(‘”Wrnw) = Cr(.”ou 7'(0() e I.

From Theorem 6, it follows that (yw, 7Tw) € . Since (py, o) < (Mw, Tw), it contradicts that
(Ua, 7o) isan IFB of IFM. O

The following necessary and sufficient condition can be used to judge whether a fuzzy set is a
fuzzy basis.
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Theorem 12 ([25]). Let (E, ¢) be a closed G — V fuzzy matroid on Eand 0 =rg < ry < -+ < 1, < 1be the
fundamental sequence. Let y € FS(E). Suppose My, D My, O --- D M,, is the induced matroid sequence
(where My, = (E, I;),i = 1,2,- - ,n). Then p is a fuzzy basis of (E, ) if and only if  satisfies:

(i) Ay=suppy is a basis of matroid (E, I, ).

(i)  There exists a sequence Ay, - -+, Ay_1, Ay (A; € I,) which satisfies A; is a maximal subset of A;_1 in
L.(i=23,4,--- ,n)and Ay 2 Ay O --- D Ay_1 D Ay such that for any x € Ay, p(x) = ry and
forany x € A;\ Aiy1, p(x) =r;, wherei =1,2,3,--- ,n—1.

This result can be extended to intuitionistic fuzzy sets.

Theorem 13. Suppose (E, ) is a closed G — V IFM with the fundamental sequence 0 = ry < 11 < rp <
-+ < 1y < 1and the induced matroid sequence My, D M;, O --- D M,,, where M, = (E, I;;) (1 <i < n).
Let (pto, 7ma) € IFS(E); then (yg, 7ta) is an IFB of (E, ) if and only if (ua, 7)) satisfies:

(I)  ma(x) =0foreach x € E;
(I)  The set Ay = supp(pa, ) is a crisp basis of matroid (E, I, );
(III)  There exists a sequence Ay, - - - , Ay_1, An (A; € I,,) which satisfies A; is a maximal subset of A;_q in I,
(i=23,---,mand Ay D Ap D --- D Ay_1 D Ay such that for any x € Ay, h(pa(x), 70 (x)) = p,
and forany x € A;\ Ajyq (1=1,2,--+ ,n—1), h(pa(x), ma(x)) = 1;.

Proof. By Theorem 8 and Theorem 11, we have

(I) 7mu(x) =0foreachx € E;
(I)  The set Ay=supp(pa, 7x) is a basis of matroid (E, I, ).

Now we just prove that (III) holds.

Let A; = Cp, (Mo, 7o) (2 < i < n). By the hypothesis, we have Cy, (ya, 7ta) € Cr, (o, 7a) € - -+ C
Cr, (,Utx/ 7Ttx) - Crl(.ua/ na)r Thatis Ay, C A, C--- C Ay C Ay

Next, we will prove A; is a maximal subset of A;_; in I;, wherek +1 <i < n.

Note that Aj=supp (e, ) is the basis of (E, I, ).

Assume that there exists A; € I, (2 < i < n) such that A; is not a maximal subset of A;_;in I, ,.
Then there is B € I, such that A; C B and B is a maximal subset of A;_;.

Let (pp, 1) € IFS(E) and 7tg(x) = 0 for each x € E, and if i = 2, let

1 , xEAl\B,

I’l(,’l/l/g(X),ﬂ'/g(x)) = @] , X E B\Az,
h(;lm(x), na(x», x € Aj.
If3<i<m,let
l’]' ;X E A] \ Aj+1/

ri1 ’ x€eA_1 \ B,
7 , x € B\ A,
h(pa(x), ma(x)), x € A;

h(pp(x), 775(x)) =

where j = 1,2, ,i — 2. Then (po, ) = (pp, 7p). Since Cy,(up, mg) = B € Iy, it follows that
C,/.(]/lﬁ, mg) = Aj € Iy, forany1 <j<i—1,and Cr/(yﬁ,n'ﬁ) = er(]la,ﬂa) €I foranyi+1<j<n.
Then, by Theorem 6, (],t;;, nﬁ) € ¢, which contradicts that (yy, 774) is an IFB of (E, ¢).

Conversely, from condition (II) (III), A; =supp(ja, Tx) is a crisp basis of matroid (E, I;,),
R (pa, ta) C {r1,12,- -+ ,tn} and Cy, (o, o) = A; € I, for any r; € R (pq, 71a) (i = 1,2,- -+, n).
It follows that (pa, 714) € 3 from Theorem 6. [
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(Mo, 7T2) is not an IFB of (E,¢). Since (o, mx) € @ and (E,y) is a closed IFM, there
exists an IFB (ug, 7g) of (E, ) such that (po, ma) < (pp, 7p), 50 m(pa, ) < m(pug, 7g) and
Supp (pa, 7ta) Ssupp(pp, 7g)-

Case 1. supp(pa, 7a) = supp(pp, 7). Since (g, 7g) is an IFB of (E, ), then rtg(x) = 0 for
each x € E and Ay =supp(ya, 7Ta) :supp(‘uﬁ, nﬁ) is a basis of matroid (E, I;;). As A; D Ap D --- D
A,_1 2 Ay and A; is a maximal subset of A;_;, where A; € I, (i = 2,3,--- ,n), forany x € Ay,
h(pp(x), g(x)) = ry and forany x € A;\ A1 (i =1,2,--- ,n—1), h(pg(x), mg(x)) = r;, forany x €
supp(Ha, 7ta) =supp(pp, 7tg), we have h(pa(x), 7 (x)) = h(pp(x), 7tg(x)). Since s (x) = 715(x) =0
for each x € E, H(pa(x), ma(x)) = H(pp(x), 7p(x)). It follows that (pus, 71a) = (pp, 7p), which
contradicts that (pa, 71a) < (,uﬁ, nﬁ), m(pa, o) < m(yﬁ, 7'(/5).

Case 2. supp(pa, 7o) C supp(pg, 7g). Since (g, 7g) is an IFB of (E,¢), Cm(yﬁ,ﬂﬁ)(yﬁ, mg) =
supp(pp, 7g) is a basis of matroid (E, I, ). From condition (II), Cyy(;,, 7,) (Hes 7Ta) =SUPP(pa, Ta) is
also a basis of matroid (E, I;). Then supp(pa, 7mx) =supp( g, nﬁ), which is in contradiction with

Supp (e, 7ta) Csupp(pp, 7p)-
Therefore, (py, 7y) is an IFB of (E, ¢).

The following corollary is obvious.

Corollary 1. Suppose (E, ) is a closed G — V IFM with the fundamental sequence 0 = rg < 11 < 1 <
-+ < ry < 1and the induced matroid sequence My, D My, O --- D M,,, where M, = (E, I;) (1 <i < n).
Let (1a,0) € IFS(E). Then (py,0) is an IFB of (E, ) if and only if the IFS (4, 0) satisfies:

(1) Ajisacrisp basis of (E, I,), where Ay = supp(pq,0).

(2)  There exist Ay, -+, Ay—1, An (A; € Ir,) which satisfy Ay 2 Ay D --- D Ay 2 Apand A; is
a maximal subset of A; 1 (i = 2,3,---,n) such that h(pa(x),0) = pa(x) = r, for any x € Ay,
and h(py(x),0) = pa(x) =riforany x € Aj\ Ajy1,i=12,--- ,n—1.

Theorem 14. Let E be a finite set. Suppose that there is the same fundamental sequence 0 = rg <1y <1y <
-+ < 1y < 1and the same induced matroid sequence My, O My, D -+ D My, for G — V fuzzy matroid
(E,¢) and G — V IFM (E, ), where M, = (E, I,) (i=1,2,--- ,n —1). Then p, € FS(E) is a fuzzy basis
of FM = (E, ) ifand only if (y,,0) € IFS(E) isan IFB of (E, ¢).

Proof. By the hypothesis and Theorem 12, we have i, is a fuzzy basis of (E, i) if and only if the fuzzy
set p, satisfies:

(1)  Ajisabasisof (E, I, ), where Aj=suppjpiy.

(2)  There exist Ay, - -+, A,_1, Ay which satisfy A; is a maximal subset of A; 1 (i =2,3,--,n) and
A1 DAy DD A, 1 2 Ay such that for any x € Ay, pa(x) = 1y, and forany x € A; \ Ajq
(i=1,2,--,n—1), ua(x) =r;.

These two conditions hold if and only if (y,0) satisfies:

(1)  Aj =supp(ua,0) is a crisp basis of matroid (E, I, ).
(2)  Fortheabove A;,i =1,2,--- ,n, we have for any x € A, h(py(x),0) = pa(x) = ry, and for any
x € Ai\Ai1 (i=1,2,---,n—1), h(pa(x),0) = pa(x) =r;.
O

5. A Tree Structure of a Closed G — V IFM

From Theorem 13, a tree structure of a closed G — V IFM is proposed below, which is similar to
the tree structure introduced in [25].

Let (E,¢) beaclosed G—V IFMonE, 0 =ry <r; <ry<---<ry, <1Dbe the fundamental
sequence and M;, D M;, D --- D M,, be the [FM-induced matroid sequence (where M,, = (E, Iri)
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(1 <i < n)). Suppose that (ya, 714 ) is an IFB of (E, ) and By =supp(pa, 7Ta) is a crisp basis of matroid
(E, Iy,). Then, from Theorem 13, there exists a sequence By 1, ,B,_11,By1 (Bi1 € Ir;,i =2,3,--- ,n)
such that B; ; is a maximal subset of B; 11 (i =2,3,--- ,n)inl,;and By 2 By1 2 --- 2 B,,_1,1 2 By1.
Obviously, Cr, (pa, Ta) = Bi1,1=1,2,-- - ,n. The number of the sequence By, By, -+ ,B,_1,1, By is
determined by the number of the maximal subsets of the previous maximal subset in the next level
based on the same IFB (4, 712 ). Obviously, each of the sequence can be constructed a brunch of a tree.
All the sequences of the same IFB (j4, 7T, ) can be constructed a tree. Since there are many IFBs, there
are many trees which become a forest. The forest is called a tree structure of the closed G — V IFM
(E,y) (Figure 1).

5 B, = supp(,, v, )

BZl 522 BZ!‘

_z"z 2

VAVANRAN
AW

AA/\

I, B n,2 B

Figure 1. The tree structure of a closed G-V IFM.

Definition 12. The set of trees constructed by the sequences in Theorem 13 is the tree structure of a closed
G — VIFM (E, ), denoted by T(E, ) (T for short) (Figure 1), which is defined below.

Remark 1. There is one branch corresponding to a leaf in T and vice versa. From Theorem 13 and the
construction of T, a branch of T and an IFB of (E, i) are one-to-one corresponding. Thus, for (E, ), the number
of the IFB is equal to the number of leaves (B, ;) of T.

Example 1. Let E = {a,b,c}, 1 = {@,{a},{b}}, ;3 = {©,{a},{b},{c}, {a,b},{a,c}} L5 =
{@,{a},{b},{c},{a,b},{a,c},{b,c}}. Then (E, 1), (E, I 3) and (E, I /5) are all matroids, and I ;5, I /3,
I;. Let

1
Li)5, 0<r < <,
1/5 5
1 1
I, = 11/3,g<1’§§,
1
L ,=-<r<1.
1 3 >

and let = {(pa, 7a) € IFS(E)|Cy(pa, 7o) € I}, where r € (0,1]. From Definition 2.16, (E, ) is a closed
G — V IFM. The tree structure T is shown in Figure 2.

5t fab {ag {bd

a1t fabl {ac b} {d

VAN N

ft{ap b} fa (b} @

Figure 2. The tree structure of Example 5.3.
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From Figure 2, there are three trees and five leaves in T. By Remark 1, there are five [FBs of (E, ¢),
which are as follows:

(1,0), x =a,
(s (1), 70y (3)) = { (5,00, x =,
(0,0), x=c¢
(%,0), x=a,
(‘ufxz (x)/ Ty (x)) = (1, 0), x=b,
(0,0), x=c¢
(1,0), x =a,
(tay (x), 70y (x)) = { (0:0), x =1,
(%/ 0)/ X=¢c¢
(0,0), x =a,
(:uM (x)r Ty (x)> = (1/0)/ x=b,
(%,0), x=c
(0,0), x =a,
1
(s (1), 7005 (x)) = § (5:0), x =1,
(%,0), xX=c

Then the values of the similarity function / for the five IFBs are below:

1, x =a,
1
h(]/llxl (x>’ 7-[“1 (x)) = gl X = b/
0, x=c
1 XxX=a
3/ - 7
By (1), (1) =4 15— gy
0, x=c
1, x =a,
h(pas (%), 715 () = f x=0b
g, X =cC
0, x=a,
(b (%), 7oy (%)) = 11 *=b,
g, X=cC
0, x=a,
L b
My (x), T () = { 57 X =
1 xX=c
377
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Next, we discuss the properties of T for (E, ¢).

Theorem 15. Let (E,¢) beaclosed G—V IFMon E, 0 =1y <1y < -+ < 1y < 1 be the fundamental
sequence and My, D M, D --- D M,, (where M, = (E, I,) (1 < i < n)) be the induced matroid sequence.
Let T be the tree structure of (E, ). Then each basis Bf" of the induced matroid (E, I,)(i =1,2,--- ,n. k;isa
positive integer) is in r; level of T.

Proof. Foranyi(i =1,2,---,n),if i = 1, since each basis Blfl of matriod M,, = (E, I,) is the root of
each treein T, BI{1 is in 1 level.

Ifi # 1(i = 2,3,---,n), for any basis Bff of matroid M,, = (E, I,,)—since (E, I;) C (E, I, ,),
it follows that Bfi € I, ,—then there exists a basis Bffll of (E, I, ,) such that Bf.(" C Bfff. Obviously,
Bk

;' is a maximal subset of B:.(fll in I,. It implies that B:.(" isin r; level of T.
Note that the converse of Theorem 15 does not hold. In Example 1, {a,b},{a, c} are both the bases

of matroid (E, I; /3) in the second level, but {b},{c} are not the bases. [

Theorem 16. Let (E,¢) beaclosed G—V IFMon E, 0 =ry <1y < --- < ry < 1 be the fundamental
sequence and My, DO M;, D --- DO M,, (where M,, = (E,I,;) (1 < i < n)) be the induced matroid
sequence. Let T be the tree structure of (E, ). Suppose that B is the collection of the sets in r; level of T,
wherei=1,2,--- ,n. Let J;,, = {X | X C B,B € B;}. Then ], = I,,.

Proof. For any Y € I, by the hypothesis, there is a basis B of matroid (E, I,) such that Y C B.
By Theorem 15, all bases of (E, I;) are in r; level T, wherei = 1,2, - - - ,n. Then B € B;. It implies that
Y € {X|X C B,B € Bj} = J.. Thus, I, C J;..

On the other hand, for any Y € |, there existsaset B € B;inr; (i =1,2,--- ,n) level of T such
that Y C B. By Theorem 13, B € I, Y € I;,. That implies that J,, C I,.

Therefore, J,, = I,,. O

Remark 2. Let (E, ) bea closed G — V IFM on E and T be its tree structure. Suppose that B; is the collection
of the maximal subsets in r; level of T. Then the bases of My, = (E, I,) (i =1,2,- - - ,n) belong to B;.

Theorem 17. Let (E, ¢) be a closed G —V IFM on E and T be its tree structure. Suppose that the sequence
B1,By, -+, By (Bjisin i — th level) of T satisfying B, # @ and By D By D --- D By. Forany x € By,
let (pa, 7o) € IFS(E) and ky, = h(pa(x), 10(x)) and for any x € B;\ Bjy1 i =1,2,--- ,n—1), let k; =
h(pa(x), wa(x)). Then 0 = ko, ky, ko, - - -, ky is the fundamental sequence of (E, ).

Proof. Let 0 = ryp < r; < rp < --- < ry < 1 be the fundamental sequence of (E,y). By the
hypothesis and Theorem 13, (jq, 77y is a fuzzy basis of (E, ¢). Thus RT (s, 7ta) € {r1, 72, ,n}-
Suppose that a sequence By, By, - - -, B, satisfies B, # @ and By D By D --- D B,. It follows
that B/\B;11 # @ (i = 1,2,--- ,n—1). Then k; = h(pa, ma) # O0foranyi (i = 1,2,---,n—1)
and RY (o, o) = {ki,ko, -+ ,kn}. Thus {ky, ko, -+ ,kn} < {ry,r2,--,rs}. That implies that
{k ko, ok} = {ri,ra, - 1}

Therefore, ko, k1, ko, - - - , ky is the fundamental sequence of (E, ). O

6. Conclusions

In this paper, the IFB of G — V IFMs was defined by using the related concept of G — V fuzzy
matroids. Some conclusions of G — V fuzzy matroids have been extended to G — V IFMs. Especially,
the judgement of an IFB was presented and proven, and the tree structure of closed G — V IFMs and
its properties were discussed. We will discuss another important concept and its properties of G — V
IF Ms—intuitionistic fuzzy circuits in a subsequent article.
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The following abbreviations are used in this manuscript:

G — V fuzzy matroid or G — V FM  Fuzzy matroid proposed by Goetschel and Voxman

IFM Intuitionistic fuzzy matroid
IFB Intuitionistic fuzzy basis
FS Fuzzy set

IFS Intuitionistic fuzzy set
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