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Abstract: Fractional differential equations with impulses arise in modeling real world phenomena
where the state changes instantaneously at some moments. Often, these instantaneous changes
occur at random moments. In this situation the theory of Differential equations has to be combined
with Probability theory to set up the problem correctly and to study the properties of the solutions.
We study the case when the time between two consecutive moments of impulses is exponentially
distributed. In connection with the application of the Riemann-Liouville fractional derivative in the
equation, we define in an appropriate way both the initial condition and the impulsive conditions.
We consider the case when the lower limit of the Riemann-Liouville fractional derivative is fixed
at the initial time. We define the so called p-moment Mittag-Leffler stability in time of the model.
In the case of integer order derivative the introduced type of stability reduces to the p-moment
exponential stability. Sufficient conditions for p-moment Mittag-Leffler stability in time are obtained.
The argument is based on Lyapunov functions with the help of the defined fractional Dini derivative.
The main contributions of the suggested model is connected with the implementation of impulses
occurring at random times and the application of the Riemann-Liouville fractional derivative of
order between 0 and 1. For this model the p-moment Mittag—Leffler stability in time of the model
is defined and studied by Lyapunov functions once one defines in an appropriate way their Dini
fractional derivative.

Keywords: differential equations; Riemann-Liouville fractional derivative; impulses at random
times; p-moment Mittag—Leffler stability in time; Lyapunov functions; fractional Dini derivative

MSC: 34A08; 34F05; 34A08

1. Introduction

Fractional differential equations are considered as a generalization of ordinary differential equations
and many results about different types of fractional differential equations are obtained in the literature [1-3].
However this is not the situation with fractional impulsive differential equations because of the nonlocal
feature. The impulsive effects exist in many evolution processes, when the states change abruptly at certain
moments of time. In the literature many authors consider impulsive differential equations with determined
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impulsive moments [4-6]. Since often in a real world problem impulsive perturbations occur at random
moments, so it requires combining the Theory of Differential Equations and Probability Theory and to set
up a new model [7-9].

Several results were obtained in the literature for stochastic differential equations with jumps [10,11]
and some results on the qualitative properties of equations with random impulses were obtained [12-14].
In the monograph [15], impulsive differential equations with fixed impulses and random amplitude of
jumps were studied and ordinary and delay differential equations with random impulses were studied
in [16-20], but unfortunately there was some inaccurate applications of real variables and random
variables. In [7], the authors set it up appropriately and studied the exponential stability for differential
equations with random impulses by Lyapunov direct method and in [21] ordinary and Caputo fractional
differential equations of impulses at random times are set up and the stability properties are investigated.

Note the case of deterministic impulses at initially given fixed points in Caputo fractional differential
equations was studied in many papers (see the surveys [22,23] and cited therein references). The question
concerning Riemann-Liouville fractional differential equations with deterministic impulses is still at an
early stage of investigation (see, for example, [24]) and there is nothing on random impulses.

In this paper we study nonlinear fractional differential equations subject to impulses occurring at
random moments. We study the case of the Riemann-Liouville (RL) fractional derivative with a fixed
lower limit of the derivative at the initial time. In connection with the presence of the RL derivative,
we define in an appropriate way both the impulsive conditions and the initial condition. In particular
we study the case of exponentially distributed random variables between two consecutive moments of
impulses and we study the p-moment stability of the given equation. This type of stability is deeply
connected with the application of Mittag—Leffler functions with one parameter. Also, the presence of
the RL fractional derivative and its singularity at the initial time leads to excluding this point from
the interval of the stability and we define a new type of stability called the p-moment Mittag—Leffler
stability in time. We study this type of stability by employing Lyapunov functions. The fractional Dini
derivative is defined and it is applied to obtain sufficient conditions for stability.

The main contributions of the paper can be summarized as:

- The case of impulses occurring at random times is studied when the waiting time between two
consecutive impulses is exponentially distributed;

- The statement of the initial value problem with Riemann-Liouville fractional derivatives of order
between 0 and 1 is given in an appropriate way;

- The p-moment Mittag-Leffler stability in time of the model is defined;

- The fractional Dini derivative of the Lyapunov function is defined;

- Sufficient conditions for p-moment Mittag-Leffler stability in time are obtained.

2. Notes on Fractional Calculus

In engineering, the fractional order g is often less than 1, so we restrict our attention to g € (0,1).
In this paper we will use the following definitions for fractional derivatives and integrals for
scalar functions m : [0, T] — Rwith T < oo:

Definition 1. Riemann—Liouville fractional integral of order q € (0,1) (Section 1.4.1.1 [25], or [26])) is

1 / m(s)
ollm(t) = F(q)o/(t—s)l_qu' te (0,T],

where I is the Gamma function.
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Definition 2. Riemann—Liouville (RL) fractional derivative of order q € (0,1) (Section 1.4.1.1 [25], or [26])) is

t
REDIm(t) = %(oltl*qm(t)) di/ t—s) Tm(s)ds, te€(0,T].
0

Definition 3. Grunwald-Letnikov (GL) fractional derivative is given by (see, for example, 1.4.1.2 [25])

1 E
GL
D7m(t %31172 )" ¢Crm(t —rh), te(0,T),

and the Grunwald—Letnikov fractional Dini derivative by

0
SLDT oy ()—hmsuphqu( 1) Com(t —1h), te (0,T), (1)
h—0+

_ q(q—l)---'(q—ﬂrl)

where C, ,r > 0is an integer and [£] denotes the integer part of the fraction +.

Remark 1. In the case of vector functions the RL derivative is taken component-wise, i.e., for the function
x:[0,T] - R": x = (x1,x2,...,%) we have REDIx(t) = (RED]x1(+),8E Dlxy (1), ... 8 Dixu(t)).
Similarly are defined oI x(t) and gLqu( ) for a vector function x(t).

According to [26] if m(t) € C([0, T],R), m/(t) is integrable in [0, T] and 0 < g < 1 then both the
RL derivative and the GL derivativeH1 coincide, i.e., 8 D9m(t) = §LDIm(t).

The definitions of the initial condition for fractional differential equations with RL-derivatives are
based on the following result:

Lemma 1 ([27] Lemma 3). Let g € (0,1), 0 < tyg < T < oo and m(t) be a Lebesque measurable scalar
function on [ty, T).

(a) If there exists a.e. a limit lim;_+ [(t — to)T 'm(t)] = c, then there also exists a limit

1—q
to It

. 1-
m()le=ty = Hm g, Tm(t) = L (q)-
(b)  If there exists a.e. a limit 1, Itlfqm(t) |t=t, = b and if there exists the limit limy_,4, 4 [(t — to) ' ~Tm(t)], then

Jim (6= 1) (8)] = 5

We introduce the class of functions
PCy_4([a,b],R") = {x:[a,b] - R: altl_qx(t)h:‘Z < oo, RED]x(t) exits for t € (a,b]},

wherea, b e Ry : a <b.

Note that according to Lemma 1 if the function x € C((a,b], R") and the limit lim_, (t — a)' ~7x(t) <
oo then x € PCy_4([a, b], R").

The explicit formula for the solution of the linear scalar problem with the RL fractional derivative
is given in the following Proposition:

Proposition 1 (Example 4.1 [27]). The solution of the initial value problem for the the linear RL fractional equation;

REDJx(t) = Ax(H) + f(t), ol{ Tx()]s=a = b, @)
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has the following form (formula 4.1.14 [27])

x(t) = —2 17qEq,q()\(tfa)‘7)+/at(tfs)q_lEq,q(A(tfs)q)f(s)ds, 3)

(t—a)

where Ey 5(z) = Y32 T le Tk Th) is the Mittag—Leffler function with two parameters and I'(.) is the Gamma function.

We will consider some special cases of the function f(t) in the linear RL fractional Equation (3).

Corollary 1. The solution of the Cauchy type problem

t1—q t 1—

6"Dix(t) = x(t) + T2—q T ol

Ix(t)|t=0 = b,

has the following form
——Eqq(t7) +t. 4)

Proof. According to Equation (2.2.32) [28]

b (t—u)'™1 t—u
/qu 1E‘M(u‘7){ r2-q 1_(2)}du:t. ®)

Substitutet —u =sthenu =0=>t=s,u =t =>t = 0,du = —ds and obtain

(= )T E (= 5)T) [ > _ld 6
/0(—5) q,q((—s)){w—@}s— (6)
From Proposition 1 and Equation (3) we have
b t si—a s
t) = ——Egq(t1 / t—5) T Ego((t—9)") | o—— — == |d
#(8) = g Eaat) + [ (=1 Eaa((t =) [ 505 = 1y )5 o
b
= qEM( 1) +t.
O
Corollary 2. The solution of the Cauchy type problem
RLDx(t) = Ax(t) + s, oI b,
0 Dyx(t) = x()+F(p)’ oly "x(t)li=0 =
where p > 0 has the following form
b
Proof. According to Example 2.2.4 [28]
1 b _ _
5. /O wI=Y(t — )P By, (Au)du = 11771 Ey o (AF). 9)
Substitute t — u = s and obtain
1 t _ _ _
@/0 (t—s)1 1E,M((t —5)N)sP~1ds = 7P 1Eq,q+p()\tq). (10)
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From Proposition 1 and Equation (3) we have

b t Spfl
= — q _ )71 — )1
X(t) = 1 Egg (M) + [ (£ =51 Egg (At =) T Tl "
b _
O
Corollary 3. The solution of the Cauchy type problem
8" DIx(t) = Ax(t) + 7 Eqp (A7), ol "x(B)li=0 = b,
where B # A has the following form
b BEqq+p(BtT) — AEgqrp(AtT) o0y
= — q 4 4 g+p-1
x(t) e Egq(AtT) + ) t . (12)

Proof. According to Example 2.2.2 [28]

[ g (B )7 By (A1 — 5)7)ds = E*“”W/)s Tt

From Proposition 1 and Equation (3) we have

x(t) = tli_qlsq,q(w) + /Ot(t — $)T7LE o (A(t — $)9)sP~1E, , (Bs7)ds

ﬁE‘irq+P(ﬁtq) - /\Eq,q+p ()‘tq) ptp-1
p—A '

(14)

b

O

We will provide some results for Mittag-Leffler functions which will be used in the main proofs:

— 1-

t
| (=) Eg(M)ds = T@)Eg (1)
From Theorem 10.1 [29]

1
I'(q)

From Theorem 10.3 [29]

ot
/0 (t — 5)17 1577 1E, , (As7)ds = 12171 50 (A17).

RLDI(FT71Eg (A7) = AtT71E, 4 (AHT),

=) / (£ s) 1511 E,  (AsT)ds = E;(AH1),

(Eq(8)) = ;Eq,qm,

Eop(t) = r(lp) gy ().
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From (1.99) [26] we get
t
/O SP1E, p(AsT)ds = tPE, o1 (A1),

3. Preliminary Notes and Results for RL Fractional Differential Equations

Consider the initial value problem (IVP) for the system of fractional differential equations (FrDE)
with a RL fractional derivative for0 < g < 1,

BLDIx = f(t,x) for t >0 with Oltl_qx(t)h:o = Xy, (15)

where f € C[R; x R",R"], and xp € R" is the arbitrary initial data.
We will assume the following condition is satisfied

Hypothesis 1. For any initial value xy € R" the IVP (15) has an unique solution x(t) = x(t; xo) defined for
t>0.

Some sufficient conditions for global existence of solutions of (15) are given in [26,27,30].
About the fractional order we will assume:

Hypothesis 2. The number q € (0,1) is such that for any € > 0 the equation tl%fl = WEQ(_H) has
only one solution for t > 0, where Eq(z) = Y32, r(#kﬂ) is the Mittag—Leffler function with one parameter.

Example 1. The number q = 0.2 satisfies condition H2 but the number q = 0.9 does not. See, for example
Figures 1 and 2 for e = 0.5.

Figure 1. Graphs of E%Eq(ftq) and tll—,q with g =0.2and € = 0.5.

q (—eq)elf‘i

Figure 2. Graphs of ﬁ
q

—el)el-1

E;(—t7) and t% withg =09and e = 0.5.
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Let the increasing sequence of nonnegative points { Ty } ¢, be given with Ty = 0, limy_, oo { Tjc } = co.
As it is explained in [31] there are two basic types of interpretations of impulses in RL fractional
differential equations and two types of impulsive conditions when the RL fractional derivative is used.
In this paper we will use a fixed lower limit of the RL fractional derivative at 0 on the whole interval of
consideration. Also, we will use the integral form of the initial condition and the impulsive conditions.
According to the above we will consider the initial value problem for the RL fractional differential
equations (IFrDE) with fixed points of impulses

BLDix(t) = f(t,x(t)) for t€ (T, Tesa), k=0,1,2,...,

1—
rly "x(t)|i=r, = bx(Tx —0), for k=1,2,..., (16)
ol "x(t) =0 = xo,

where xg € R", f : [0,00) x R" — R".
We will also study the initial value problem for the scalar linear RL fractional differential equations
with fixed points of impulses

RLD% = au(t) + g(t) for t e (Ty, Trpa), k=0,1,2,...,

1—
rL; Tu(t)|i=r, = bru(T —0), for k=1,2,..., (17)
ol "u(t)]1=0 = uo,

where 1y € R, g:[0,00) = R, a,by, k=1,2,..., are constants.
There is an explicit formula of the solution of (17) given in [31]:

Lemma 2 ([31]). The IVP for the linear scalar RL fractional differential equation with impulses (17) has an
exact solution u € PCy_,([0,00),R) given by

E t—Ti)T t E t— ) k
() = B P () ) o
for t € (Ty, Tysq], k=0,1,2,...,
where By = ug,
() = 1 }k {B Egq((s — Tx1)7)
k\F) = raa- q)T k-1 (s— Tk71>17q(t _ S)1+‘i
k-1
s Ejq(a(s — o)1) k=1 (19)
+ I (S _qj)17q<t _ S)1+q (8(0) +]§1 h](U))dU}dS, t e [Tk,oo),
k=1,2,...,
and
Eqq(a(Ty — Tx1)7)
o= bk{Bkil q(qu — Tj1)t1 (20)
20
tv E ’ (a(Tk — S)q) k—1
! /Tk—l q(qtk—ﬁ(g(s) + Y y(s))ds}, fork=1,2,3,....

=1
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Consider the following linear scalar IVP

6EDTu = au(t) for t€ (T, Tysa], k=0,1,2,...,
Tkltl_q”(t)lt:Tk =0, fork=1,2,..., (21)
olf "u(t)li—o = uo,

where ug € R, a € R.

As a special case of Lemma 2 we obtain

Lemma 3. The IVP for the linear scalar RL fractional differential equation with impulses (21) has an exact
solution u € PCy_4([0,00),R), given by

up Fale) te (0,Ti,

u(t) — ‘hto ft EM ]Sq)q)h (s)ds, fe (TllTZ]/

E 9
‘7“0 7 ””(153 (hl(s)—i—ﬁZ?:Zhj(s))ds, e (Ty, Tenl, k=2,3,....

where

Ty Egqlas?
Ol(tzl)ql(if;sl)qu t>T1,
) = LaalaCoO) () 4 L Y (o) ) dod T, k=2
ka 1ka N Cry e T ( 1(0) + =gy Kz ]'((7)) ods, t>Tg, k=23,....

in the case a < 0 the following estimate

s, te (0,11,
C
()] < { e, te (T, T,

|ug|tCse(mq) nCsc(mq) _
%m(n_l)(1+m>, tE(Tn,Tn+1],n—2,3,...

holds.

Proof. The first part of the claim directly follows from Lemma 2 with g(t) =0, =0,k =1,2,....
Leta < 0. Then E;4(at?) < Eg4(0) = (),t>0and

T E,,(as?) 1 1!
ht:/ 24 ds < 1 t>T, 22
0= g™ = gy - o 22

ha(t) <~ / /T1 t—s”q )th(a))dads

< Tq : / / ! )dads (23)
- qF2 7 (t—s)1 (s — o)1 =9(0 — Tl)
q— q—
T] nCsc(nq) / I 1 s < T] nCsc(rzq) s T,
qr(q)  Jn (b=s)tH T T2 (g)(E = T)f

/ /T T quqw a)q>)1q (h1(0)+r(+_q)h2(a)>dads
i nCSC(ﬂ@)( nCsc(rq)
~ T (q)(t — T5)1 T()T(1—gq)

(24)

)/ t>T3/
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and by induction we get

TfflﬂCsc(nq) nCsc(mq)
Jn=2)(1+ ¢

ha(t) < PT2()(E—T,)7 T(q)T(1—9q)

)t>n,n=a¢m. (25)

From inequalities (22)~(25), the formula for the solution u(t) and the equality |- Tt}( W =

niCsc(rtq), t > Ty we obtain the estimate for u(t) in the claim. O

4. RL Fractional Differential Equations with Random Impulses

Now we define fractional differential equations with random points of impulses and random
amplitude of impulses. Let the probability space (Q), F, P) be given. Let {7}, be a sequence of
independent exponentially distributed random variables with a parameter A > 0, that are defined on
the sample space (). The random variables 7 define the time between two consecutive impulses of the
considered impulsive fractional differential equation.

Assume Y ;° | Ty = oo with probability 1.

We will assume the following condition is satisfied

Hypothesis 3. The random variables {7y }{° , are independent exponentially distributed random variables
with a parameter A.

Define the sequence of random variables {gj } 2, such that {o = 0 and ¢} = Z?:l T, k=1,2,....

We note that {{;};° is an increasing sequence of random variables. The random variable &, will
be called the waiting time and it gives the arrival time of the n-th impulse.

Let the points t; be arbitrary values of the corresponding random variables 7y, k = 1,2, . ... Define
the increasing sequence of points Ty, = Zﬁ‘:l ti, k=1,2,3... that are values of the random variables ¢}.

Consider the initial value problem for the system of IFrDE with fixed points of impulses (16).
The solution of the impulsive fractional differential equation with fixed moments of impulses (16)
depends not only on the initial value xg but also on the moments of impulses Ty, k =1,2,...,i.e, the
solution depends on the chosen arbitrary values t; of the random variables 7, k = 1,2,.... We denote
the solution of the initial value problem (16) by x(f; xo, { Ty }).

The set of all solutions x(f; xg, {Ti}) of the initial value problem for the impulsive fractional
differential Equation (16) for any values t; of the random variables 7, k = 1,2,... generates a
stochastic process with state space R". We denote it by x(; xo, {7 } ) and we will say that it is a solution
of the following initial value problem for the system of impulsive fractional differential equations with
random moments of impulses (RIFrDE)

0 Dx(t) = f(t,x(t)) for & <t<Gxp1, k=0,1,...,
eI Tx(f)]img, = L(x(& —0)), for k=1,2,..., (26)
oltl_qx(t)h:o = Xo,

where xp € R".

Definition 4. Suppose ty is a value of the random variable 7, k = 1,2,3,... and Ty, = Zile ti,k=1,2,....
Then the solution x(t; xo, { Ty }) of the IVP for the IFrDE with fixed points of impulses formally written by

RLDIx(t) = f(t,x(t)) for Te <t < Ty, k=0,1,...,
1—
Tklt qx(t)|t:Tk = Ik(x(Tk - O))/ fOl’ k= 1,2,..., (27)
17
oly Tx(t)|i=0 = xo,

is called a sample path solution of the IVP for the RIFrDE (26) (here Ty = 0).
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Any sample path solution x(; xo, {Tx}) € PCl,q[(Tk, Trs1),R"), k=0,1,2,....

Definition 5. A stochastic process x(t; xo, { T } ) with an uncountable state space R" is said to be a solution
of the IVP for the system of RIFrDE (26) if for any values t; of the random variable 7, k = 1,2,3,... and
Ty = Y5 ti,k =1,2,... the corresponding function x(t; xo, { T }) is a sample path solution of the IVP for
RIFrDE (26).

According to Definition 5 and Lemma 3 any solution of the IVP for the scalar linear fractional
differential equation with random moments of impulses:

BLDY = —au for t>0, & <t < &1,

ékltliq”(t”t:gk =0, for k=1,2,..., (28)
1—

ol "u(t)] =0 = uo,

where 1y € R, a > 0, will have a sample path solution satisfying the IVP (21).

Definition 6. The stochastic processes y(t) and u(t) satisfy the inequality y(t) < u(t) fort € | C Rif the
state space of the stochastic processes v(t) = y(t) — u(t) is (—oo,0].

Consider the events
Si(t) ={weQ: &Gw) <t<fr(w)}, k=1,2,....

Lemma 4 ([7]). The probability that there will be exactly k impulses until time t, t > 0 is given by P(Sy(t)) =
Lemma 5. Let the hypothesis 3 be satisfied.

Then for any positive number € > 0 the solution u(t; ug, {1 }) of the IVP for the linear RIFrDE (28)
satisfies the inequality

E(Ju(t;uo, {w})]) < |uol thAr(q) 7;%@:)) (1+ r(;)CrS(Cl(?zﬂiq)), £>0,

where E(.) is the expected value.

Proof. Choose arbitrary values t; of the random variables 1, k = 1,2,.... Define the increasing
sequence of points Ty = Z;‘:l t;, k=1,2,,3... thatare values of the random variables ¢; and consider
the IVP for the linear IFrDE with fixed points of impulses (21). The explicit formula of the sample path
solution of (28) is given in Lemma 3. The set of all solutions u(t; 1, { Ty }) of the IVP (21) for any values
tr of the random variables T, generates a continuous stochastic process u(t; ug, {tc}). O
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According to Lemmas 3 and 4, the independence of the random variables 7, k = 1,2, ... we see
that the expected value of the solution of the IVP for the scalar linear RIFrDE (21) satisfies

E(Ju(tuo, {u})]) = i, E([u(t; To, o, {7} 1|Si(8) ) P(SK (1))

|uo] |ug| Csc[mq]

< WP(SOU)) + AT ()T (1 — q)P(Sl(t))
ntCsc(mq) nCsc(mq

+ Z ol (k= 1) = TT2(g)I(1—q) (1+ ()T - q)>)P(5k(t)) o

|u0| M |ug|7Csc[rq] e M
~ T (g) T ()T (1 - q)
nCsc(mtq) nCsc(mmq \ _ )\ktk
+ [uo] t1=912(g)[ (1 —q) ( I'(g)T(1—- ) ! E
e=M  mCsc(mq) nCsc(rcq ;
< Woleor g T - g) U Tgra - ) o 20

5. p-moment Mittag-Leffler Stability in Time for RIFrDE

We will introduce p-moment stability of the RIFrDE (26). This type of stability is deeply connected
with the application of Mittag—Leffler functions with one parameter. Also, the presence of the RL
fractional derivative and its singularity at the initial time leads to excluding this point from the interval
of the stability. We will call the new type of stability the p-moment Mittag—Leffler stability in time.

Definition 7. Let p > 0. Then the RIFrDE (26) is said to be p-moment Mittag-Leffler stable in time if for
any € > 0 and any initial value xy € R” there exists a constant & > 0 such that

E[l[x(t;x0, {50 D)II”] < al x0l [PEq(~t7), forallt > €,
where x(t; xo, {1 }) is the solution of the IVP for the RIFrDE (26).

In this section we will use Lyapunov functions to obtain sufficient conditions for the p-moment
exponential stability of the trivial solution of the nonlinear impulsive random system impulses
occurring at random moments (26).

We now introduce the class A of Lyapunov functions which will be used to investigate the stability
properties of the zero solution of the system RIFrDE (16).

Definition 8. Let | C Ry be a given interval and A C R", 0 € A be a given set. We will say that the
function V(t,x) : ] x A — Ry, V(t,0) = 0 belongs to the class A(],A) if it is continuous on | x A and
locally Lipschitzian with respect to its second argument.

We will use Lyapunov functions V(t,x) from the class A([0,T],A) and their fractional Dini
derivatives along trajectories of solutions of the system FrDE (15) defined by:

0
D!, V(t,x) = limsup hlq { ) = L (1) GV hqf(t,x))}, (30)

h—07t

where ;,C, = 9g-1)(g— 2) =) 't € (0,T), x € A, and there exists h; > 0 such that t —h € [0, T),
x —hif(t,x) 6Af0r0<h<h1

Note the formula (30) is similar to the Grunwald-Letnikov fractional Dini derivative of a function
given by (1).
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Example 2. Let V € A(R,R) be V(t,x) = m(t) x> wherem € C' (R, R ). Use (30) to obtain the fractional
Dini derivative of V, namely

Dq

(15)V(t,x)

{m = Y (=)™ (Com(t — rh)(x — hf(t, x))? }

(i)
= lim sup hlq{m —2xhIf(t,x) + H¥f2(t, x) )Y (=1)" ,Crm( h)}

h—0+ r=1

3“,_‘

= lim sup
h—0%

[ﬁ]
{m (hTf(t,x))(2x — hTf(t,x)) + x* )" 4Cym(t —rh)
r:O
[ (4]
+2xhf(t,x) Y (- D Com(t — rh) — B2 £2(t, x) )Y (- D Com(t — rh)}
r=0 r=0

|-

= lim sup
h—0+

= 2xm(t)f(t,x) + x2 REDA (m(t)).
In the special case f(t, x) = xp(t) we obtain

D V(t x) = (Zm(t)g(t) + gLDq(m(t)>. (31)

Note the fractional Dini derivative depends significantly not only on the order g of the fractional
differential equation but also on the initial time (0 in our case).

Remark 2. We note that if condition (H1) is satisfied then the sample path solution of the IVP for the RIFrDE
(26) exists for all t > 0 provided that the times between two consecutive impulses ty are such that ) t; = co.

In the case when the Lyapunov function is only continuous we obtain the following sufficient
condition for the studied stability type:

Theorem 1. Let the following conditions be satisfied:

1.  Hypotheses 1,2,3 hold.
2. The function V. € A(Ry,R") and

(i) for any € > 0 there exist positive constants a,b > 0 depending on € such that al|x||F < V(t,x) <
bl|x||? fort > e x € R";
(ii) there exists a constant m > 0 such that the inequality

Dq

(]S)V(t,x) < —-mV(t,x), fort>0, x e R"

holds;

(iii) there exists a positive constant ¢ > 0 such that for any function x such that t'*=9x(t)|,—o = xo
the limit

HV (8 x(8))|e=o = cl]xo] P (32)

holds.
Then the system of RIFrDE (26) is p-moment Mittag—Leffler stable.

Proof. Let xy € R" be an arbitrary initial value and the stochastic process x.(t) = x(; xo, {1} ) be a
solution of the initial value problem for the RIFrDE (26).

Let € > 0 be an arbitrary number and ¢ be arbitrary values of the random variables 7j, k = 1,2, ....
Then T, = Zé‘:l ti,k =1,2,... are values of the random variables Gi. Thus the corresponding function
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x(t) = x(t; x0, {Tx}) is a sample path solution of the IVP for RIFrDE (26), i.e., x(t) = x(t; xo, {T}) is a
solution of the IVP for the IFrDE with fixed points of impulses (16).
Letov(t) = V(t,x(t)). Then for t € (Ty, Tx11], k =0,1,2,..., (here Ty = 0), we obtain

v(t) = ) (1) qCro(t — rh)

]
= {V(t,x(t)) =Y~ GV —rhx(t) — hqf(t,x(t))} (33)

=~

‘
I
—

+ Y (-G {V(t —rh,x(t) —hIf(t,x(t)) — V(t —rh, x(t — rh))}.

Since x(t) € PCy_4([Tk, Ty11], R") from (28) we have

6t Dix(t) = §rDYx(t)

(4]

1 r
= h}rlr;%ip x [ rzzl + gCra(t — rh)] f(t,x(t)),
x(t) —hTf(t,x(t)) = Sk(x(t), h) + A(hT), (34)

t
with ( ) 5 0ash — 0 where Sk(x(t),h) = ZL’;]l(—l)’H gCrx(t —rh).
Therefore, since V is locally Lipschitzian in its second argument with a Lipschitz constant L > 0

we obtain

(— )’“qu{ (t—rh,x(t)—hqf(t,x(t))—V(t—rh,x(t—rh))}

1

‘
Il

< LI Y (1) G (i (w (), ) b+ AT = x(t = 7)) |
r=1
[£] 4
< LY (1) G Y (<1 yCpx(t — jh) (35)
r=1 j=1
[£] (4]
=Y (=1)"* (Cox(t — rh)|| + LIA(RT) |2 4Cr
r=1 r=1
(4] (4] [£]
= L3 -1*0Cr) (L1 oGt =) )+ LIAG L oG

0 =1

‘
Il

Now substitute (35) in (33), divide both sides by h7, take the limit as h — 0T, use (28) and
Yrlo ¢Crz" = (14 2)7if |z| <1, use condition 2(i) and we have

wy W
Vit 1t g hlgs:Zqur

(7] L,]
w1 tim sup (12 (-1)767) (5 (-

< —mv(t),t < (Tkr Tk+1]'

GL
§EDlo(t) < D?w)

(36)

= qC x ]h)> H
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Also,

H90(8)|1—o = 7TV (,x(1)) =0 < cl[ o[,

— T4
(t—T) "To(t) =1, = tlfqv(t'x(t))%‘tﬂk (37)
1—q
= 0 x(0)) o, g =0

Therefore, from (36), (37) and Lemma 1 it follows that the function v(t) satisfies the linear
impulsive fractional differential inequalities with fixed points of impulses
RIDTo(t) < —mo(t) for Ty <t <T,
0 + = k k+1
1—
1 "o(t)=r, =0, k=12,..., (38)
1—
oL (8 =g = cllxoI”
According to Definition 4 the function v(f) is a sample path solution and it generates a stochastic

process v(t; c||xo||P, {T¢ }) with state space R".
From conditions (H2), 2(i), Definition 4, Lemmas 3 and 5 we obtain the inequalities

E([lx(£; xo, {n})II") = %E(aHx(t; xo, {t ")

< §E<v<t,x<t;xo,{rk}>>> < TE(o(tellxoll?, {)

nCsc(7tq) nCsc(rtq)
sl i Ty O Ha o)
SK||onqu(— 7, t>e

(39)

| /\

Csc Csc
where K = ferty i (14 g sy )

Inequality (39) proves the p-moment exponential stability. [
Example 3. Consider the scalar RF fractional differential equation with random impulses

RLDO2x(t) = f(t,x(t)) for & <t < &1, k=0,1,...,

e 108 (t))img, = L(x(& —0)), for k=1,2,..., (40)
oI 8x(t)[ =0 = x0,

RLDO2(

7)08) with

t
(71!

where xg € R", f(t,x) = —x(l +

&H

Repo2(_t_yo8 _ (1 6)06r(18) ( 2F1[0.8,1.8,2.6,—t] — 0.9t ,F1[1.8,2.8,3.6, —t]),

t+1
where the reqularized hypergeometric function ,Fi[q,b,c,z] = W 01 b=1(1 — 5)cb=1(1 — s2)~ds.
According to Example 1 the hypothesis 2 is satisfied with ¢ = —gr———gz where € > 0 is an

€08Eq,(—€02)
arbitrary number.

Let V(t,x) = (g5)"8x%

Then for any t > € we have 1 > 5 1 > g and x2 > V(t,x) = (+#£7)%8x2 > (51)8x2, ie., condition
2(i) of Theorem 1 is satisfied.

Also,

t 1
lim 28V (£ x(£) = lim {08 08x2 = lim(%8x(#))? lim ———= = x3,
lim 2V () = L €55 ( 7 )7 = i (E5(5) iy =5 = %0
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i.e., condition 2(iii) of Theorem 1 is satisfied.
According to Example 2 we have
t

q _ 0.8 2RLpo2 b o8 o
D(15)V(t,x) 2x(t+1) f(t,x)+x5"D (H—l) < -2(

t

m)o'sz - —ZV(t, x),

i.e., condition 2(ii) of Theorem 1 is satisfied.
According to Theorem 1 the RIFYDE (40) is p-moment Mittag—Leffler stable, i.e., its solution satisfies

Ell[x(t: %0, {mDIIP) < allx0lIPEq(~£°2), forall t > e,

o AM1+¢€)08
= CeTBEy,(—e02)

. _A(1+€)08 Csc(0.27) Csc(0.2
with o = <T6 Eolz(lf)z;;r(og)r(o.s) (1 + IZT(O-SZC)(F(O?;)))

6. Conclusions

In this paper the RL fractional differential equation is studied when the impulses occur at random
times and the waiting time between two consecutive times of impulses is exponentially distributed.
We combine the Theory of Differential Equations with Probability Theory to set up the problem and to
study the properties of the solutions. In connection with the application of the RL fractional derivative
in the equation, we define in an appropriate way both the initial condition and the impulsive conditions.
We define p-moment Mittag—Leffler stability in time of the model and obtain some sufficient conditions.
The argument is based on Lyapunov functions with the help of the fractional Dini derivative. In further
work we hope to consider a number of directions:

(i) When the waiting time between two consecutive impulses is generalized to Erlang distribution,
to Log-normal distribution, etc.

(i) When the model of the RL fractional differential equation is generalized to various other types
of delays.
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