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Abstract: In 2020, Kang et al. introduced the concept of a multipolar intuitionistic fuzzy set of
finite degree, which is a generalization of a k-polar fuzzy set, and applied it to a BCK/BCl-algebra.
The specific purpose of this study was to apply the concept of a multipolar intuitionistic fuzzy set of
finite degree to a hyper BCK-algebra. The notions of the k-polar intuitionistic fuzzy hyper BCK-ideal,
the k-polar intuitionistic fuzzy weak hyper BCK-ideal, the k-polar intuitionistic fuzzy s-weak hyper
BCK-ideal, the k-polar intuitionistic fuzzy strong hyper BCK-ideal and the k-polar intuitionistic fuzzy
reflexive hyper BCK-ideal are introduced herein, and their relations and properties are investigated.
These concepts are discussed in connection with the k-polar lower level set and the k-polar upper
level set.
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1. Introduction

As is well known, the fuzzy set, which was first introduced by Zadeh [1], dealt with the membership
degree that is represented by only one function, the so-called truth function. As a generalization of the
fuzzy set, the notion of the intuitionistic fuzzy set is introduced by Atanassove [2]. In 2014, Chen et al. [3]
introduced an m-polar fuzzy set which is an extension of the bipolar fuzzy set, and then this notion was
applied to graph theory, algebraic structure, the decision making problem, etc. For BCK/BCl-algebra,
see [4-6]; for graph theory, see [7-10]; and see [11-14] for the decision making problem. In [15], Kang
et al. introduced the concept of a multipolar intuitionistic fuzzy set of finite degree as a generalization
of an intuitionistic fuzzy set, and they applied it to BCK/BCl-algebras. The hyperstructure theory was
introduced by Marty [16] in 1934 at the 8th Congress of Scandinavian Mathematicians. Jun et al. [17,18]
applied the hyperstructure theory to BCK-algebras, and they introduced a hyper BCK-algebra which is
a generalization of a BCK-algebra. They studied hyper ideal theory in hyper BCK-algebras. Jun and
Xin discussed the fuzzy set theory of hyper BCK-ideals in hyper BCK-algebras (see [19]), and Bakhshi
et al. [20] studied fuzzy (positive, weak) implicative hyper BCK-ideals. In 2004, Borzooei and Jun [21]
considered the intuitionistic fuzzy set theory of hyper BCK-ideals in hyper BCK-algebras.
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In this paper, using the concept of a multipolar intuitionistic fuzzy set of finite degree, we introduce
the notions of the k-polar intuitionistic fuzzy hyper BCK-ideal (briefly, k-pIF hBCK-ideal), the k-polar
intuitionistic fuzzy weak hyper BCK-ideal (briefly, k-pIF weak hBCK-ideal), the k-polar intuitionistic
fuzzy s-weak hyper BCK-ideal (briefly, k-pIF s-weak hBCK-ideal), the k-polar intuitionistic fuzzy
strong hyper BCK-ideal (briefly, k-pIF strong hBCK-ideal) and the k-polar intuitionistic fuzzy reflexive
hyper BCK-ideal (briefly, k-pIF reflexive hBCK-ideal). We investigate several properties and their
relations. We discuss k-pIF (weak, s-weak, strong, reflexive) the hBCK-ideal in relation to k-polar upper
and lower level sets.

2. Preliminaries

Let H be a nonempty set endowed with a hyperoperation “o”. For two subsets D and C of H,

denoteby Do Ctheset |J aob. Weshalluse (o instead of (o {n}, {C}on, or{{}o{y}.
acD,beC
By a hyper BCK-algebra (briefly, hBCK-algebra), we mean a nonempty set H endowed with a

“"_ 1

hyperoperation “o” and a constant 0 satisfying the following axioms (see [17]):

(HK1) (Log)o(noe) <fo;
(HK2) (Con)oe=(fo0)on;
(HK3) (oH < {C};

(HK4) (<nandy < Jimply{ =1,

forall {,1,0 € H, where { < 7 is defined by 0 € { o7 and for every D,C C H, D <« C is defined by
Va € D, 3b € C such that a < b. In such case, we call “<” the hyperorder in H.
Note that the condition (HK3) is equivalent to the condition:

(VC, 1 € H)(Ton <{T}). 1)

A subset D of a hBCK-algebra H is called
o A hyper BCK-ideal (briefly, hBCK-ideal) of H (see [17]) if

0eD, )
(Ve,neH)(fon<D,neD={eD). 3)

o A weak hyper BCK-ideal (briefly, weak hBCK-ideal) of H (see [17]) if it satisfies (2) and
(V¢,neH)(on CD,neD={eD). (4)
o A strong hyper BCK-ideal (briefly, strong hBCK-ideal) of H (see [18]) if it satisfies (2) and
(Ven e H)((Con)ND #@,n €D = €D). ()

o A reflexive hyper BCK-ideal (briefly, reflexive hBCK-ideal) of H (see [18]) if it is a hBCK-ideal of H
which satisfies:

(Ve e H)(Col € D). (6)

Every hBCK-algebra H satisfies the following assertions.

(Ve H)(Co0<{¢}, 007 ={0},000={0}), @)
(VCeH) (0, < L€L00), ®)
(VomeH)(o0< {n}=C<1), ©)
(V&meeH)(n<e= oo on), (10)
(V&m0 € H)(Gon={0} = oo <nog (Coo)o (o) ={0}), (11)
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For any subsets C, A and B of a hBCK-algebra #, the following assertions are valid.

CCA=CKA, (12)
C <« {0} = Cc={0}, (13)
C«KC CoAKC, (CoA)oB=(CoB)oA, (14)
Co{0} ={0} = C = {0}. (15)

For any family {b; | i € T'} of real numbers, we define

s ) max{b; | i €T} ifT isfinite,
Vibi|ieT}:= { sup{b; |i € T} otherwise.

. min{b; | i € T} if T is finite,
b; r}:=
AbilieT) { inf{b; | i €T}  otherwise.

If T = {1,2}, we will also use b; V b, and by A b instead of \/{b; | i € T} and A{b; | i € T},
respectively.
A multipolar intuitionistic fuzzy set of finite degree k (briefly, k-pIF set) over a universe # is a mapping

(K, M) : H — [0,1]F x [0,1]5, ¢ — (K(2), M(2)) (16)

where K : # — [0,1]* and M : H — [0,1]* are k-pF sets over a universe H such that £(Z) + M(Z) < 1
for all { € H, thatis,

(70 K)(§) + (mio M)(g) <1

forall € Handi=1,2,...,k.
Given a k-pIF set (K, M) over a universe #, we consider the sets

U(K,s):={g e H|K() 25} and LM, D) :={T € H | M() <}, (17)
where § = (s1,52,...,5¢) € [0,1]¥and F = (t,ts,...,t;) € [0,1]F with § +F < 1, that s,
U(K,3):={eH|(mioK)()>siforalli=1,2,...,k}
and
LM, E):={CeH| (mio M)(C) <tiforalli=1,2,...,k}

which is called a k-polar upper (vesp., lower) level set of (K, M). Itis clear that U(K,§) = ﬂi-;l u(K, s)f
and L(M, ) = Nk, L(M, ) where

U(K,8) ={g e H | (moK)(§) = s} and LM, = {g € H | (0 M)(§) < £}

3. k-Polar Intuitionistic Fuzzy Hyper BCK-Ideals

Unless otherwise stated, H shall represent a hyper BCK-algebra.

Definition 1. A k-pIF set K on H is called a k-polar intuitionistic fuzzy hyper BCK-ideal (briefly, k-pIF
hBCK-ideal) of H if it satisfies
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(Ve € H) (¢ <= K(©) = K(n), M(@) < M(n)), (18)
wemen [ FO= min {AMK(@) [a ot K} ) )
M(¢) < max {V{M(a) | a € Loy}, M(n) }

that is, (71,0 K)(Z) > (717 0 K) (1) and (7t; 0 M) (Z) < (71; 0 M)(y) forall T,y € H with { < 1, and

{ (72 K)(€) = min { A{(m;0 K) (@) | a € Gon}, (w0 K)(n) | 0

(710 M)(@) < max {V{(r; 0 M) (a) | a € Lo}, (0 M)(p) }
forall,n € Handi=1,2,...,k

Example 1. Let H = {0,1,2} be a set with the hyperoperation “o”, which is given by Table 1.
Then H is a hBCK-algebra (see [17]). Let (K, M) be a 4-polar intuitionistic fuzzy set over H given by
(K, M) : H — [0,1)* x [0,1]%,
(3,0.33),(0.71, 2+ ), ( 21),(0.63, 025)) if (=0,
714 ((3043),(051, ;25), (Zn+3 32),(0.63,025)) if 7 =1,
(5,0.53),(0.21, ;25), (5755, 0.39), (0.32,043) ) if £ =2,

§
\1

m

where m and n are natural numbers. It is routine to verify that (K, M) is a 4-polar intuitionistic fuzzy
hBCK-ideal of H.

Table 1. Cayley table for the hyperoperation “o”.

o0 1 2
0 {oy {o} {0}

1{1} {0,1} {0,1}
2 {2} {1,2} {0,1,2}

Proposition 1. Let (K, M) be a k-pIF hBCK-ideal of H. Then

i) (v¢ e H) (R(0) = K(2), M(0) < M(D)), that is, (; 0 K)(0) = (s 0 K)(¢) and (0 M)(0) <

(o M)(Q) forall{ € Hand i =1,2,...,k,
(ii) If (K, M) satisfies the condition

(VT CH) (350 o € Tst. K(Go) = AK(Q) \/M(U)) , (21)
zeT eT
then
K(2) > min{K(a), K(1)}
v, H) | Ja,b oy s.t. N e g ; 22
(Ve e )< ceomst {M@)gmax{M(b),M(m}) )

that is, for every {,n € H there exist a,b € { oy such that

(7 0 K)(§) = min{(7; 0 K)(a), (75 0 K) (1)}
(0 M)(Z) < max{(7t; 0 M) (b), (7r; 0 M) (1)}

fori=1,2,...,k
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Proof. (i) Since 0 < { for all € H, it follows from (18) that K (0) > K(Z) and M (0) < M(Z) for all
leH.

(ii) Assume that K satisfies the condition (21). For any (,1 € H, there exists ag, by € { o5 such
that (77,0 K)(ag) = A (m0K)(a)and (7rj0 M)(by) = V (71; 0 M)(b). It follows from (20) that

a€gorn belon

(0 K)(©) 2 min { A {(m;0 K)(a) |a € Con}, (mi o K)(y) | = min { (0 K)(a0), (0 K) () |
and

(710 M) (@) < max{\/ {(m 0 M)(b) | b € Lo}, (0 M) () } = max{ (7 0 M) (bo), (0 M)(n) }
fori =1,2,...,k. which proves (ii). O

Theorem 1. Let (K, M) be a k-pIF set over 1. If (K, M) is a k-pIF hBCK-ideal of H, then the k-polar upper
level set U (K, %) and the k-polar lower level set L(M, F) are hBCK-ideals of H for all (3,T) € [0,1]F x [0,1]*
with§+1 < 1.

Proof. Let (5,f) € [0, 1} [0,1]F with 547 < 1. Assume that (K, M) is a k-pIF hBCK-ideal of H.
It is clear that 0 € U(IC §)and 0 € L(M f) by Proposition 1(i). Let {,7,u,v € H be such that
{on < U(IC 3), e Uu(K,s), uov<<L(/\/l f) and v € L(M, ). Then { oy < U(K,5), 7 € U(K,3),
uov < L(M,Fiandv e L(M,I) foralli =1,2,...,k. It follows that

(Vaelon) (Elao € U(K,5) s.t. a < ag and so (1; 0 K)(a) > (7 oﬁ)(ao)) ,
and

(Vb € uov) (aboeL(M,f) s.t. b < by and so (75 0 M)(b) < (717 0 M) (b )),

which imply that (71; 0 K)(a) > s; and (m;0 M)(b) < t; foralla € oy and b € uov. Hence
A (mioK)(a) >siand V (710 M)(b) < t;,and so

acgon beuov

(0 K)(§) 2z min { A\ {(m; 0 K)(@) |a € Con}, (mioK)(n)} = s,
(0 M)(u) < max {\/ { (70 M)(b) | b € wov ), (w0 M) (o) } <

foralli =1,2,...,k Thus { € Nf_, U(K,35)' = U(K,5) and u € N"_; L(M, )} = L(M, ). Therefore
U(K,3) and L(M, ) are hBCK-ideals of H. [

We need the following lemma for considering the converse of Theorem 1.

Lemma 1 ([22]). Let D be a subset of H. If K is a hBCK-ideal of H such that D < K, then D is contained
in K.

Theorem 2. Let (K, M) be a k-pIF set over H in which the k-polar upper level set U(K, ) and the k-polar
lower level set L(M, F) are hBCK-ideals of H for all (3,T) € [0,1]% x [0,1]* with § + < 1. Then (K, M) is a
k-pIF hBCK-ideal of H.

Proof. Assume that the k-polar upper level set U(K,3) and the k-polar lower level set L(M, f) are
hBCK-ideals of # for all (3,f) € [0,1]F x [0, 1] with s+ F < 1. Let {,5,u,v € H be such that { < 7,
u < v, K(yy) =5and M(v) = L. Theny € U(K,§) and v € L(M,T), and so o {0} < U(K,3) and
{u} < L(M, ). It follows from Lemma 1 that {¢} € U(K,5) and {u} C L(M,]),ie., { € U(K,3)
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and u € L(M,). Hence K({) > § = K(y) and M(u) < F = M(v). For any Z,55,u,v € #, let
§:= min{ A K(a),iﬁ(q)} and F := max{ V A’Z(b),ﬂ(v)}. Then 7 € U(K,5), v € L(M,F) and
acgon beuov

N\ K(a) Zmin{ A Iz(a),}%(iy)} =3,

acgon acgoy
\/ M(b) < max{ \V M(b),/ﬁ(v)} =f
beuov beuov

forallc € {oandd € uov, ie, c € U(K,3) and d € L(M,T). Thus fon C U(K,5) and
uov C L(M f) which imply from (12) that { oy < U(K,5) and u o v < L(M,T). Since U(IC 5)
and L(M, ) are hBCK-ideal of H, we have { € U(K,3) and u € L(M, ) which imply that £ () >

§=min{ A K(a),K(y)p and M(u) < F = max { V M(b),/ﬁ(o)}. Therefore (K, M) is a k-pIF
acfon beuov
hBCK-ideal of H. O

Definition 2. A k-pIF set (K, M) over H is called a

o k-polar intuitionistic fuzzy weak hBCK-ideal (briefly, k-pIF weak hBCK-ideal) of H if it satisfies Proposition
1(i) and (19).

e  k-polar intuitionistic fuzzy s-weak hBCK-ideal (briefly, k-pIF s-weak hBCK-ideal) of H if it satisfies
Proposition 1(i) and (22).

o k-polar intuitionistic fuzzy strong hBCK-ideal (briefly, k-pIF strong hBCK-ideal) of H if it satisfies

(VC,UG’H)(/\/%(LI)> >mm{ \//C }),
aefol belony (23)
(Vu,ve?—[)( \/ M) <M <max{ A M(c) }),
beuou cEuov

that is,

A (mioK)(a) > (mi0K)(Q) Zmin{ V (ﬂioﬁ)(b),(moﬁ)(ﬂ)}

aefol beloy
and

\V (0 M)(b) < (0 M)(u )SmaX{ A (ﬂioﬂ)(C),(ﬂioﬂ)(v)}

beuou cEuov

forall{,n,u,ve Handi=1,2,... k.

“u__r

Example 2. Let H = {0,1,2} be a set with the hyperoperation “o” which is given by Table 2.
Then H is a hBCK-algebra (see [17]). Let (K, M) be a 4-polar intuitionistic fuzzy set over H given by

(K, M) : H — [0,1]* x [0,1]*,
(0.271,0.2),(0.71,0.2), (715,0.3), (0.63,1(3n)) ) if { =0,

3),
g ¢ ((0.17,04),(0.51,0.3), (515,0.5), (043, u(2n))) if £ =1,
(0.057,0.6), (0.31,0.5), (;2,0.7), (0.32, u(n))) if { =2,

where n is a natural number and y : N — [0,1],{ — %. It is routine to check that (KC, M) is a 4-polar

intuitionistic fuzzy strong hBCK-ideal of ‘H.
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“

Table 2. Cayley table for the binary operation “x

o0 1 2
0 {0} {0} {0}

1 {1} {0} {1}
2 {2} {2} {0.2}

We describe the relation between k-pIF weak hBCK-ideal and k-pIF s-weak hBCK-ideal in the
following theorem.

Theorem 3. In a hBCK-algebra, every k-pIF s-weak hBCK-ideal is a k-pIF weak hBCK-ideal.

Proof. Let (16, M ) bea k—NpIF s-weak hBNCK—id~eal of H ancLlet g, n,u,ve :tl/ Theg there exista € {oy
and b € u oo such that K({) > min{K(a), K(y)} and M(u) < max{M(b), M(v)} by (22). Since
K(a)> A K(b)and M(b) < V M(c), it follows that

belon cEuov
K(¢) = min { A{K(b) | b€ gony, K},
M (u) < max {\/{M(c) lceuo U},M(U)} .
Therefore (/E, M ) is a k-pIF weak hBCK-ideal of #. O
We consider a condition for a k-pIF weak hBCK-ideal to be a k-pIF s-weak hBCK-ideal.

Theorem 4. Let (K, M) be a k-pIF weak hBCK-ideal of H which satisfies the condition (21). Then (K, M) is
a k-pIF s-weak hBCK-ideal of H.

Proof. For any {,1,u,v € H, there exist ag € { o and by € u o v such that K(ap) = A K(a) and

aggon
M(bo) = b\/ M(b); that is, (niolz)(ao) = /g\ (nioﬁ)(a) and (moﬁ/lv)(bo) :hV (nioﬂ)(b)
cuov ac O?] €cuov

by (21). It follows that

(0 K)(§) = min { \{(m;0 K)(a) | a € Con}, (m;0 K) () | = min{ (m; 0 K)(a0), (70 K) ()},
(7t 0 M)(u) < max {\/{(7ri 0 M) (b) | b € uo0}, (710 M) (0) } = max{(7ri o M) (bo), (71; 0 M) (0)}.

Therefore (K, M) is a k-pIF s-weak hBCK-ideal of H. [

Proposition 2. Every k-pIF strong hBCK-ideal (K, M) of H satisfies the following assertions.
(@) (vZ € H)(K(0) = K(§), M(0) < M(C)); that is, (; 0 K)(0) = (75; 0 K)(§) and (75; 0 M)(0) <
(10 M)(C Yforall{,u € Handi=1,2,...,k, _ N

() (VG € H)E <1 = KQ) > Kip), ME) < M) that i, (7,0 K)(Q) > (50 K) () and
(10 M)(Z) < (110 M) (1 )forallg,iy6Hwith~§<<17afnvdi:1,2,...,fkv. -

(i) (Va,0,7 € H) (a € oy = K(Z) > min{K(a), K1)}, M(2) < max{M(a), M(p)}).

Proof. (i) Since 0 € { o forall { € H, we get

> A K(a) > K(¢) and M(0) < \/ M(b) < M(Q)
a€dol bECOC

forall € H.
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(ii) Let {, 57 € H besuch that { < 5. Then 0 € { oy and thus \/ (7t;0K)(b) > (7; 0 K)(0) and
befoy

A (mio Mv) (c) < (mo M)(O) fori =1,2,...,k It follows from (23) and (i) that
c€gon

(70 K)(C) > min{ V <moi€><b>,<mof€><n>} > min { (70 K)(0), (7.0 K) ()} = (70 K) ()
belon
and

(70 M)(0) < max{ A (o M) (e), (i omw)} < max { (70 M) (0), (1.0 M) (1) } = (750 M) ()

cegor

fori=1,2,...,k, thatis, K(¢) > K(y) and M(Z) < M(y) forall {, € H with { < 7.
(iii) Let a,{, 7 € H be such thata € { oy. Then

(0 K)(Z) > min{ V (o K)(b), (710 i€><n>} > min { (70 K) (@), (0 K) () }

begon

and

(70 M)(¢) < max { A (o M)(e), (0 M)(rn} < max { (7 0 M) (a), (70 M) (1) }

c€gor

fori=1,2,...,k Hence K(7) > min{lz(a),l%(n)} and M (Z) < max {M(a),lz(iy)} foralla,(,n €
Hwithae oy O

Corollary 1. If (K, M) is a k-pIF strong hBCK-ideal of H, then

k(@) Zmin{m), A iéw} and JM(() gmax{my), V ié(b)}

acgorn beloy

forall I, € H.

Corollary 2. Every k-pIF strong hBCK-ideal is a k-pIF hBCK-ideal and a k-pIF s-weak hBCK-ideal (and hence
a k-pIF weak hBCK-ideal).

In general, a k-pIF (weak) hBCK-ideal may not be a k-pIF strong hBCK-ideal. In fact, the 4-polar
intuitionistic fuzzy hBCK-ideal K of H in Example 1 is not a 4-polar intuitionistic fuzzy strong
hBCK-ideal of H since

(nBOE)Q):3£H‘<zﬁ{g:(nBOE)u):Imn{(n3OK)OL \/(N30E)@)}

ze201

and/or

(730 M)(2) = 0.39 > 0.32 = (713 0 M)(1) = max {(713 o M)(1), N (m30 M)(é)} :

€201
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It is clear that every k-pIF hBCK-ideal of H is a k-pIF weak hBCK-ideal of H. However, the
converse is not true in general, as seen in the following example.

Example 3. Let H = {0,1,2} be a hBCK-algebra as in Example 1. Let (K, M) be a 3-polar intuitionistic
fuzzy set over H given by
(K, M) :H —[0,1° x [0,1]3,
(0.41,03), (-1 +2,0 2), (0.6, 0.3n)) if £ =0,
¢ ((0.1n,0.6), (+15,05),(02,0.6n)) if { =1,
(0.31,0.5), (5-5,0.3), (0.5,0.4n)) if { =2,

3n+2’

2n+27

where n is a natural number Then (1% M) is a 3- -polar, intuitionistic, fuzzy weak hBCK-ideal of H. Note that
1<2, (moK)(1) = 515 < 2n+2 = (120 K)(2) andfor (1130 M)(1) = 0.6n > 0.4n = (1130 M)(2);
that is, KC(1) # K(2) andfor M(1) £ M(2). Hence (K, M) is not a 3-polar intuitionistic fuzzy hBCK-ideal
of H.

We have a characterization of a k-pIF weak hBCK-ideal in the similar way to the proofs of
Theorems 1 and 2.

Theorem 5. Given a k-pIF set (K, M) over H, the following are equivalent.

() (K, M) is a k-pIF weak hBCK-ideal of H.
(ii)  The k-polar upper level set U(K,3) and the k-polar lower level set L(M, F) are weak hBCK-ideals of H for
all (5,F) € [0,1]F x [0, 1] with§ +F < 1.

Theorem 6. Let (K, M) be a k-pIF set over H. If (K, M) is a k-pIF strong hBCK-ideal of H, then the
k-polar upper level set U(K,5) and the k-polar lower level set L(M, ) are strong hBCK-ideals of . for all
(5,F) € [0,1]F x [0, 1) with s + F < 1.

Proof. Assume that (K, M) is a k-pIF strong hBCK-ideal of 7 and let (5,7) € [0,1]* x [0, 1]F with
5+ < 1be such that U(K,35) and L(M,f) are nonempty. Then there exists a € U(K,5) and b €
L(M,T), and so K(a) > §and M(b) < E thatis, (7;0 K)(a) > s; and (71; 0 M)(b) < t; for all
i=1,2,...,k Itis clear that 0 € U(IE §)and 0 € L(MV f) by Proposition 2(1). Let {,n,u,v € H be
such that 5 € U(K, 3), (Com)n U(K,3) #@,v e L(/\/l f) and (1 0v) N L(M,F) # @. Then there
exist ag € (o) NU(K,5) and and by € (1 ov)N L(./\/l f). Hence K(ap) > §and M(b) < I, i.e.,
(m;0 K)(ag) > s;and (71; 0 M) (bg) < t;, fori =1,2,...,k. It follows that

(mi0K)(Z) > min{ V (”iolz)(”)/(nioié)(ﬁ)} > min{ﬂioﬁ)(ﬂo)/(ﬂioﬁ)(ﬂ)} > s

acgoy
and

(7t; 0 M) (1) §max{ A (nioﬂ)(b),(nioﬂ)(v)} gmax{nioﬂ)(bo),(nioﬂ)(v)} <t

beuov

foralli=1,2,...,k Hence { € N, U(K,5)' = U(K,5) and u € N, L(M, F)’ = L(M, F). Therefore
U(K,3) and L(M, f) are strong hBCK-ideals of H. O
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Theorem 7. Let (K, M) be a k-pIF set over H which satisfies the condition

(VT S H) (350/’70 € Tst. K(Go) = \/ K(Z), M(no) = /\/\7(77)> : (24)

geT neT

If the k-polar upper level set U(K,§) and the k-polar lower level set L(M, ) are strong hBCK-ideals of
forall (5,F) € [0,1]% x [0,1]F with §+F < 1, then (K, M) is a k-pIF strong hBCK-ideal of H.

Proof. Assume that the k-polar upper level set U(K,5) and the k-polar lower level set L(M, f) are
strong hBCK-ideals of # forall (5,f) € [0,1]F x [0, 1] with§+F < 1. Then( € U(K,5)and 5 € L(M,F)
for some {, 17 € H,and so {0 { < {{} C U(K,8)and oy < {n} C L(M,F). Using Lemma 1, we get
(ol C U(IC §)andyon C L(M, ). Hence for everya € {ofand b € o1, wegeta € U(K,3) and
b e L(M,T). Thus (71; 0 K)(a) > s; and (71; o M) (b) < t; foralli = 1,2,...,k. It follows that

A (mioK)(a) >s; = (m;oK)(g)and \/ (70 M)(b) < t; = (m;0 M) ()

acgog beroy
for i = 1,2,...,k. For any {,n,u,v € H, put d = min{ V I%(a),l%(iy)} and
acgon
& = max{ A A’Z(b),ﬂ(v)}, that is, d; := min{ Vi (nio/?;)(a),(nio/%)(q)} and ¢ =
beuov a€fon
max{ A (nioﬂ)(b),(nioﬂ)(v)} fori = 1,2,...,k. Then U(K,d) and L(M,é) are strong
bcuov

hBCK-ideals of H by hypothesis. The condition (24) implies that there exists a9 € (o and by € uowv
such that K(ap) = V K(a) and M(bp) = A M(b), ie., (mioK)(ap) = V (mioK)(a) and

acgon bcuov acgon

(mio M)(bg) = A (710 M)(b) fori =1,2,...,k Hence

beuov

(70 K)(a) = \/ (mi0K)(@) Zmin{ V (mo/@(a),(mof%)(n)} —d,

acgon acfon
and
(o M)(b) = A\ (0 M) (b <max{ A (50 M) (b), (50 M) (0 )}—ei
beuov €uov

fori=1,2,...,k which imply thatag € N\_, U (IE d)! = U(K,d) and by € N~ L(M,e)i = )
,€

L(M
Hence ({ o) NU(K,d) # @ and (uov) NL(M,é) # @, and thus { € U(K,d) and u € L(M, )
follows that

and

(71 0 M) (u) <€i—ma><{ A (ﬂioﬂ)(b),(ﬂioﬂ)(v)}

beuov

fori=1,2,...,k. Therefore (IE, M ) is a k-pIF strong hBCK-ideal of #. [
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Definition 3. A k-pIF set (K, M) over H is called a k-pIF reflexive hBCK-ideal of M. if it satisfies:

V¢, muveH) [ K@) < N Ka), M) > \/ A’Z(b)), (25)
acgol beuou
k() zmin{ V iC(a)ﬁ(v)}
(VZ,n,u,v€H) N aggon - , (26)
M (u) < max bG/L}OUM(b),M(U)}

that is, (710 K)(7) < A (0 K)(a), (0 M)(v) =V (70 M)(b), and

acfol beuov

(ﬂioﬁ)(é)zmin{ V (ﬂioﬁ)(a),(ﬂiolz)(ﬂ)}/

acor

(70 M)(u) < maX{ A (7o M)(b), (i 0 JW)(U)}

beuov

foralll,n,u,ve Handi=1,2,... k.
Theorem 8. Every k-pIF reflexive hBCK-ideal is a k-pIF strong hBCK-ideal.
Proof. Straightforward. [

Theorem 9. If (K, M) is a k-pIF reflexive hBCK-ideal of H, then the k-polar upper level set U(KC,5) and the
k-polar lower level set L(M, ) are reflexive hBCK-ideals of H for all (3,F) € [0,1]F x [0,1]F with § + < 1.

Proof. Assume that (K, M) is a k-pIF reflexive hBCK-ideal of H. Then (K, M) is a k-pIF strong
hBCK-ideal of H by Theorem 8, and so (K, M) is a k-pIF hBCK-ideal of #. It follows from Theorem
1 that the k-polar upper level set U(K,3) and the k-polar lower level set L(M, f) are hBCK-ideals
of # for all (5,) € [0, 1]% x [0,1]F with § +F < 1. Let (5,F) GA[Q,l]k x [0,1]F with § +F < 1 be such
that U(K,§) and L(M, ) are nonempty. Then K(c) > § and M(c') < I for some ¢, ¢’ € H. For any
{,n €M, lethbe olandl € 5oy. The condition (25) implies that K(b) > A K(a) > K(c) >3
aegog
and M(b') < 'V M(d) < M(c') < I, thatis, b € U(K,5) and b’ € L(M,F). Thus o C U(K,3)
a’enony

and 7 o C L(M, ) forall 7,5 € H, and therefore U(K,3) and L(M, f) are reflexive hBCK-ideals of
H. O

Lemma 2 ([18]). Every reflexive hBCK-ideal is a strong hBCK-ideal.
We need additional conditions to induce the converse of Theorem 9.

Theorem 10. Let (K, M) bea k-pIF set over H which satisfies the condition (24). If the k-polar upper level set
U(K,3) and the k-polar lower level set L(M, F) are reflexive hBCK-ideals of H for all (5,F) € [0,1]F x [0, 1]*
with § +F <1, then (KC, M) is a k-pIF reflexive hBCK-ideal of H.

Proof. Assume that the k-polar upper level set U(K,3) and the k-polar lower level set L(M, f) are
reflexive hBCK-ideals of # for all (§,f) € [0,1]% x [0,1]¥ with § +F < 1. Then U(IC §) and L(M, )
are strong hBCK-ideals of # by Lemma 2. Using Theorem 7, we know that (K, M)isa k-pIF strong
hBCK-ideal of H and so (26) is valid. For any {, 77, u,v € H, let (71; o K)(5) = s; and (71; 0 M) (0) = ;
fori=1,2,...,k. Since U(K,3) and L(M, ) are reflexive hBCK-ideals of 7, we get { o { C U(K, 3)
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and uou C L(M,F). Hence c € U(K,5) forallc € {of and d € L(M,T) foralld € uou. Thus
(i 0 KC)(c) > sjand (7r; 0 M) (d) < t; which imply that

A (mioK)(e) = si = (mio K)(y), \/ (mtio M)(d) < t; = (0 M) (0)

c€fol deuou

foralli =1,2,...,k Therefore (lz, M ) is a k-pIF reflexive hBCK-ideal of H. [

Theorem 11. Let (K, M) bea k-pIF strong hBCK-ideal of H which satisfies the condition (24). Then (K, M)
is a k-pF reflexive hBCK-ideal of H if and only if A\ (7,0 K)(a) > (i 0 K)(0) and \/ (7t 0 M)(b) <
a€gog

beuou

(nion)(O)forallg,u eHandi=1,2,...,k

Proof. Assume that (K, M) is a k-pIF strong hBCK-ideal of H which satisfies the condition (24). The
necessity is clear. Assume that A (7;0K)(a) > (m;0K)(0) and \ (750 M)(b) < (71; 0 M)(0)

aefof beuou
forall,u €¢ Handi=1,2,...,k. Since (IE, /\7) is a k-pF hBCK-ideal of H by Corollary 2, we have
(71;0K)(0) > (71;0K) () and (71; 0 M) (0) < (71;0 M) (v) forallyy,v € Handi=1,2,...,k. It follows
that A (moK)(a) > (m;oK)(n)and V (710 M)(b) < (m;0M)(v) forall {,n,u,v € H and
b

a€fol cuou

i=1,2,...,k.Forany {,n,u,v € Handi=1,2,...,k, lets; := min{(niolz)(iy), V (niolz)(a)}
ac oy

and t; := max {(n,- o M)(v), A (m;0 M)(b) } The condition (24) implies that there exists ay € (o7

bcuov
such that K(a9) = V K(a) and so K(ag) > §, i.e., ag € U(K,35), and there exists by € u o v such
aclon
that M(by) = A M(b) and so M(by) < I, i.e., by € L(M,F). Hence ({ o) NU(K,3) # @ and
beuov

(uov)NL(M,F) # @. Since U(K,§) and L(M, I) are strong hBCK-ideals of # by Theorem 6, it follows

that { € U(K,5) and u € L(M,T). Hence (71;0 K)(7) > s; = min{(mo}%)(iy), V (ﬂiolz)(a)}
aclo

and (77; 0 M) (u) < t; = max {(ni oM)(v), A (mo M)(b)} Therefore (K, M) is a k-pIF reflexive
beuov
hBCK-ideal of H. O

4. Conclusions

In 2020, Kang (together with Song and Jun) introduced the concept of a k-polar intuitionistic fuzzy
set in a universe, and applied it to BCK/BCl-algebras. In this article, we have applied the k-polar
intuitionistic fuzzy set to hyper BCK-algebra. We have introduced the notions of the k-pIF hBCK-ideal,
the k-pIF weak hBCK-ideal, the k-pIF s-weak hBCK-ideal, the k-pIF strong hBCK-ideal and the k-pIF
reflexive hBCK-ideal, and have investigated related properties and their relations. We have discussed
k-pIF (weak, s-weak, strong, reflexive) hBCK-ideals in relation to k-polar upper and lower level sets. In
the future work, we will use the idea and results in this paper to study other hyper algebraic structures,
for example, hyper hoop, hyper BCl-algebra, hyper equality algebra and hyper MV-algebra.
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