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Abstract: Evolution algebras are non-associative algebras that describe non-Mendelian hereditary
processes and have connections with many other areas. In this paper, we obtain necessary and
sufficient conditions for a given algebra A to be an evolution algebra. We prove that the problem is
equivalent to the so-called SDC problem, that is, the simultaneous diagonalisation via congruence
of a given set of matrices. More precisely we show that an n-dimensional algebra A is an evolution
algebra if and only if a certain set of n symmetric n X n matrices {Mj, ..., M, } describing the product
of A are SDC. We apply this characterisation to show that while certain classical genetic algebras
(representing Mendelian and auto-tetraploid inheritance) are not themselves evolution algebras,
arbitrarily small perturbations of these are evolution algebras. This is intringuing, as evolution
algebras model asexual reproduction, unlike the classical ones.

Keywords: evolution algebra; multiplication structure matrices; simultaneous diagonalisation by
congruence; simultaneous diagonalisation by similarity; linear pencil
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1. Introduction

Evolution algebras are non-associative algebras with a dynamic nature. They were introduced in
2008 by Tian [1] to enlighten the study of non-Mendelian genetics. Since then, a large literature
has flourished on this topic (see for instance [2-17]) motivated by the fact that these algebras
have connections with group theory, Markov processes, theory of knots, systems and graph theory.
For instance, in [2], the theory of evolution algebras was related to that of pulse processes on weighted
digraphs and applications were provided by reviewing and enlightening a report of the National
Science Foundation about air pollution achieved by the Rand Corporation. A pulse process is a
structural dynamic model to analyse complex networks by studying the propagation of changes,
through the vertices of a weighted digraph, after introducing an initial pulse in the system at a
particular vertex. It is based on a spectral analysis of the corresponding weighted digraph to face
large scale decision making problems. Evolution algebras also become a proper tool to introduce
useful algebraic techniques into the study of some digraphs because evolution algebras and weighted
digraphs can be canonically identified.

We recall that an algebra is a linear space A provided with a product, that is, a bilinear map from
A x Ato A via the operation (a,b) — ab. In the particular case that (ab)c = a(bc), forall a,b,c € Awe
say that A is associative. Meanwhile, if ab = ba, for all a,b € A, then we say that A is commutative.
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An evolution algebra is defined as a commutative algebra A for which there exists a basis
B* = {ef : i € A} such that ejej = 0 foreveryi,j € A withi # j. Such a basis is called natural.
Evolution algebras are, in general, non-associative. To date, most literature on evolution algebras is on
finite-dimensional ones. However, in [12] it is shown that every infinite-dimensional Banach evolution
algebra is the direct sum of a finite-dimensional evolution algebra and a zero-product algebra.

In this paper, we discuss necessary and sufficient conditions under which a given
finite-dimensional commutative algebra is an evolution algebra, namely we determine when such a
finite-dimensional algebra can be provided with a natural basis. We tackle the problem constructively
by assuming an arbitrary basis B with a multiplication table given by Equation (1) below and then
asking whether or not there is a change of basis from B to a natural basis B*. In Section 2, Theorem 1,
we show that this problem is equivalent to the simultaneous diagonalisation via congruence of certain
n X n symmetric matrices My, ..., M, called the multiplication structure matrices obtained from the
given multiplication table.

Finding concrete sufficient conditions for a given set of matrices to be simultaneously
diagonalisable via congruence (SDC) is one of the 14 open problems posted in 1990 by Hiriart-Urruty [18]
(see also [19,20]). It has connections with other problems such as blind-source separation in signal
processing [21-24]. The SDC-problem was solved recently for complex symmetric matrices in [25].

In Theorem 2 we show that if A is a real algebra and B is a basis of A then B also is a basis of Ac,
the complexification of A (with the same multiplication structure matrices) and that A is an evolution
algebra if and only if Ac is an evolution algebra, and has a natural basis consisting of elements of A.
This reduction of the real case to the complex one allows us to apply the results in [25] to both real and
complex algebras.

In Theorem 5 we determine if a given algebra A whose annihilator is zero is an evolution algebra
and in Theorem 6 we do the same if its annihilator is not zero. A useful characterisation of the property
of being an evolution algebra is given in the particular case that one of the multiplication structure
matrices is invertible. In this case if M, is invertible then A is an evolution algebra if and only if for each
k # iy the matrix Ml-gle is diagonalisable by similarity and these matrices pairwise commute.

Applications of these results are provided in the final section of this paper. They also show that
the conditions in the mentioned results are neither redundant nor superfluous.

We prove that some classical genetic algebras such as the gametic algebra for simple Mendelian
inheritance (Example 2) or the gametic algebra for auto-tetraploid inheritance (Example 5) are not
evolution algebras. Nevertheless, both of these algebras can be deformed by means of a parameter
£ > 0 to obtain an algebra A, that is an evolution algebra for every value of the parameter ¢, as shown
in Examples 3 and 6 respectively.

2. Characterising Evolution Algebras by Means of Simultaneous Diagonalisation of Matrices
by Congruence

An n-dimensional algebra A over a field K (=R or C) is determined by means of a basis
B = {ey,...,en} together with a multiplication table

n
61'6]': Zmijkek, i,j:1,...,l’l, (1)
k=1

n n
where m; € K, fori,jk =1,...,n. Infact, if a :== ) wje; and b := }_ Bje; then, by bilinearity,

i=1 j=1
the product ab is obtained from the multiplication table (1) as follows

ab = (i “i&') (i 5]'6]‘) = i (i "‘iﬁjmijk> ek,
i=1 =1 k=1 \ijj=1
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where mjj = nk(eiej) and my : A — K is the projection over the k-th coordinate, that is

1=
These basis-dependent coefficients m;j are known as structure constants with respect to

n
7k ( 21 wiej) = .

B (see [26]). For a basis B of A, the structure constants completely determine the algebra A,
up to isomorphism.
If we organise the n® structure constants in 1 matrices by defining

i (ereq) i (eren) Mige Mgk
My (B) := : : = : : , 2
7Tk (enel) Tk (enen) My1k Mynk

for k =1, ..., n, then the product of A is given by

(f Déiei) (f ﬁj%) = i (“TMk(B)ﬁ) e, ®3)
i1 = ]

where a” = (ay,...,a,), ﬁT = (B1,-..,Bn) and T indicates the transpose operation. This motivates
the following definition.

n
Definition 1. If A is an algebra, B = {ey, ..., e, } is a basis of A and eiej = Y mirex, fori,j=1,...,n,
k=1

then the multiplication structure matrices (m-structure matrices for short) of A with respect to B are then X n
matrices My (B) = (7t (e;e;)) given by Equation (2) for k = 1,...,n. Note that these matrices are symmetric
if and only if Ais commutative. If the basis B is clear from the context then we will write My := My(B) for
k=1,..,n.

We recall that an n-dimensional evolution algebra is a commutative algebra A for which there
exists a basis B* = {e¢], ..., e}, } such that ejej =0 foreveryije {1,--- ,n} with i # j. Such a basis B*
is said to be a natural basis of A.

Combining the notion of evolution algebra with Definition 1 the next result is straightforward.

Proposition 1. An evolution algebra is an algebra A provided with a basis B* = {ej, ..., e}, } such that the
corresponding m-structure matrices My (B*) = (nl(el’-‘e]’-‘)), <o, My (B*) = (nn(el’-‘e]’-‘)) are diagonal.
Proof. M (B*) is diagonal for k = 1, ..., n, if and only if e;ke}k = 0, for every i # j, or equivalently if B*
is a natural basis (which means that A is an evolution algebra). [

In the next theorem we characterise when a given algebra is an evolution algebra. To this end we
recall the following property.

Definition 2. Let My, ..., My, be a set of symmetric n X n matrices. Then these matrices are (SDC) if and
only if there exists a nonsingular n X n matrix P and m diagonal n X n matrices {D]-};”=1 such that

PTM;P=D;, j=1,...,m.

It is worth remarking at this point that the general problem of diagonalisation via congruence
considers m symmetric matrices of dimension 1, where m need not be equal to n. In reference [18],
Problem 12 is stated as follows: Find sensible and palpable conditions on the symmetric matrices
{Mjy, ..., M} ensuring they are simultaneously diagonalisable via congruence. This problem has
applications in statistical signal processing and multivariate statistics [21-24] and it was solved for
complex symmetric matrices in [25].
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Theorem 1. Let A be a commutative algebra over K with basis B = {ey,...,en}. Let {My,..., My} be the
m-structure matrices of A with respect to B. Then A is an evolution algebra if and only if the symmetric matrices
{My, ..., My} are simultaneously diagonalisable via congruence.

Proof. A is an evolution algebra if and only if A has a natural basis, say B* = {ej,...,e;;} (thatis a
basis such that el’fe;k = 0if i # j). Let P = (p;;) be the change of basis matrix from B to B* (that is
el = Y i_q priex fori=1,...,n). Then, by Equation (3),

ejej = (Z Pki€k> <Z ij€k> =Y (wTMkﬁ) ek, 4)
k=1 k=1

k=1

(i-th)
where & = Py; and g = Py; withy; = (0,..,0, 1,0, 0T € Myyq(K). Thus

n
efei =) (yiTPTMkayj) ex =0, fori #j, (5)
k=1

and hence e:fe]’f = 0if i # j if and only if the matrix PT MyP is diagonal fork = 1,...,n. O

Since the problem of simultaneous diagonalisation of matrices via congruence was solved in [25]
for complex symmetric matrices, we consider the following.

The complexification of a real algebra A is defined as the complex algebra A¢ := A @ iA =
{a+1ib:a,b e A}, where, fora,b,c,d € Aandr,s € R,

(a+ib)+ (c+id) = (a+b)+i(b+4d),
(r+is)(a+ib) =ra—sb+i(rb+sa),
(a+1ib)(c+id) = (ac — bd) + i(ad + bc).

Note that every basis B of A is trivially a basis of Ac so that the real dimension of A and the
complex dimension of A coincide.

Theorem 2. Let A be a real algebra. Then A is an evolution algebra if and only if Ac is an evolution algebra,
with a natural basis consisting of elements of A. Moreover, if A is a real evolution algebra then every natural
basis of A is a natural basis of Ac.

Proof. If A is an evolution algebra and if B is a natural basis of A then obviously B is a natural basis of
Ac. The converse direction is clear.

If A has infinite dimension then a straightforward adaptation of this reasoning concludes
the proof. O

Corollary 1. Let A be a real commutative algebra, B = {ey,...,en} a basis and {My,..., My} be the
m-structure matrices of A with respect to B. Then A is an evolution algebra if and only if the matrices
My, ..., My, (regarded as complex matrices) are simultaneously diagonalisable via congruence by means of a
real matrix.

In [25], example 16, we give two real matrices which are diagonalisable via congruence by means of a
complex matrix but not by means of any real matrix.

2.1. Reviewing the Solution of the SDC Problem

The aim of this subsection is to review the solution of the SDC problem, that is, determining when
m matrices of size n x n are simultaneously diagonalisable via congruence, which was solved in [25]
for complex matrices. All matrices considered in this section are complex.

From now on, let M, denote the set of all complex 1 x n matrices. Moreover, let MS;, be the set
of all symmetric matrices in M,, and GL,, be the set of nonsingular matrices in M,,.
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We recall the following definition of simultaneous diagonalisation of matrices via similarity (SDS),
not to be confused with Definition 2 involving simultaneous diagonalisation via congruence (SDC).
Nevertheless, the solution of the problem of determining when a set of complex matrices is SDC given
in [25] is related to the problem of determining the SDS of a certain set of related matrices, as we will
show below.

Definition 3. Let Ny, ..., Ny, € M,,. These matrices are said to be simultaneously diagonalisable by similarity
(SDS) if and only if there exists P € GL,, such that P~ NP is diagonal for every k = 1, ..., m.

The following result is well known (Theorem 1.3.12 and Theorem 1.3.21 in [27]).

Proposition 2. Let Ny, ..., Ny, € M,,. These matrices are SDS if and only if they are each diagonalisable by
similarity and they pairwise commute.

Remark 1. Concerning the statement of the above theorem in [27] we point out that the fact that the symmetric
matrices {Ny, ..., Ny } commute assures that {Ny, ..., Ny, } are simultaneously diagonalisable by similarity only
when {Ny, ..., Ny, } are diagonalisable matrices (and obviously not otherwise).

In [25], to solve the SDC problem, Theorems 3 and 4 below were proved. To state them, we recall
the next definition.

Definition 4. Given My, ..., My, € My, define the associated linear pencil to be the map M : C" — M,

m
given by M(A) := Y _A;M;, for every A = (A4, ..., Am) in C™. Since, for A # 0,
j=1

rank M(A) = rank M <||;L\|) ,

it follows that
sup{rankM(A) : A € C"} = sup{rankM(A) : A € C" with ||A|| =1} € {0,1, ..., n}.
Consequently, this supremum must be achieved so that there exists Ag € C™ with ||Ag|| = 1 such that
rg := rank M(Ag) = max{rank M(A) : A € C"},
and we say that rq is the maximum pencil rank of My, ..., My,.

The next theorem corresponds to Theorem 7 in [25] and deals with the case when the maximum
pencil rank of the matrices is 7.

Theorem 3. Let My, ..., My, € MS,, have maximum pencil rank n. Let Ay € C™ be such that ry := rank
M(Mq) = n. Then My, ..., My, are SDC if, and only if, M(Ag) "My, ..., M(Ag)~ 1M, are SDS.

Proposition 2 gives the following result.
Corollary 2. Let My, ..., My, € MS,,, and Ay € C" be such that
rg := rankM(Ag) = n.

Then My, ..., My, are SDC if and only if M(Ag) My, ..., M(Ag) "My, are all diagonalisable and
pairwise commute.
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Given 1 < r < n, and matrices M, € M, and N,—, € M,,_,, denote by M, ® N,_, then x n
matrix given by
M, Orx(nfr)
O(nfr)xr Ny

When the pencil rank of My, ..., My, € MS,, is strictly less than 1, then the SDC problem can be
reduced to a similar one in a reduced dimension as the following result (Theorem 9 in [25]) shows.

Theorem 4. Let My,.., M, € MS, have maximum pencil rank r. Then the following assertions
are equivalent:

(i) My, ..., My, are SDC; B N
(i1) dim(ﬁ]'.”:l ker Mj) = n — r and there exists P € GL,, satisfying PTM]-P = D; © 0y, where D; € MS,
is diagonal for 1 <j < m.

Moreover, if either of the above conditions is satisfied, then the pencil D associated with the matrices
Dy, ..., Dy is non-singular. Indeed, if Ay € C™ with ||Ao|| = 1 is such that r = rank M(Ag) then
D(/\()) € grL,.

2.2. Checking When an Algebra Is an Evolution Algebra

We apply the above results to the m-structure matrices My, ..., M, of an algebra A with respect
to a basis B = {ey, ...,ex } asin (2). For a real algebra A we consider the complexification Ac provided
with the same basis B.

We recall that the annihilator of an algebra A is the set

Ann(A) ={be A:ab=0ba =0, foreverya € A}.
This set is an ideal of A.

Lemma 1. Let A be a commutative algebra and B = {ey, ..., e, } be a basis of A. Let {M;, ..., M, } be the
m-structure matrices of A with respect to B. Then

Ann(A) = {iﬁiei D (B1y s Bu) " € NI ker M}
i=1

Proof. Since (i zxie,»> (i ﬁjej> = i («TMyPB) ek, as shown in (3) we have that if (B, ..., Bx)T €
i=1 j=1 k=1
ﬂ};l ker M; thenb := jé Bjej € Ann(A) as ab = ba = 0 for every a € A (because My = 0).

n
Conversely, if b := Y Bje; € Ann(A) then ¢;b = 0 for every i = 1,..., n. It follows that,
j=1

(i—th) T
©,..,0, 1 ,0,..,0)M(B1,...B:)" =0,

fori, k € {1,...,n}. Fixing k and running i we deduce that, foreachk =1, ..., n,

(ﬁl/ Ays ﬁn)T € ker Mk,
Consequently, (B1, ..., Bn)" € m;l:1 ker M, as desired. [J

Theorem 5. Let A be a complex commutative algebra with Ann(A) = {0}. Let B = {e1,...,en} be a basis of
A, and let My, ..., My, be the m-structure matrices of A with respect to B .
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(i) If My, ..., My, have maximum pencil rank n, and Ay € C" with ||Ag|| = 1is such that rank M(Ag) = n then
A is an evolution algebra if and only if each of the matrices M(Ag) "' My, ..., M(Ag) "' M, are diagonalisable
and they pairwise commute.

(ii)) If My, ..., My have maximum pencil rank r < n then A is not an evolution algebra.

Proof. (i) If Ay € C" with ||Ag|| = 1is such that rank M(Ag) = n then, by Corollary 2, we conclude that
A is an evolution algebra if and only if the matrices M(Ag) ' My, ..., M(Ag) ~!M,, are diagonalisable
and they pairwise commute. (ii) Otherwise the maximum pencil rank of {My,...,M,}isr < n
and, by the above lemma, dim Ann(A) = ﬂ]r.‘zl ker M; = 0 # n —r. Consequently, by Theorem 4,
we conclude that A is not an evolution algebra. [

Corollary 3. Let A bea complex commutative algebraand let B = {ey, ..., e, } beabasis of A. Let My, ..., My
be the m-structure matrices of A with respect to B. If Mio is invertible for some 1 < ip < n then Ann(A) =0,
and A is an evolution algebra if and only if the matrices M;lMl, s Mlgan are diagonalisable for j = 1, ..n
and they pairwise commute.

Proof. Since Ann(A) C ker M;, by Lemma 1, we obtain that if M;, is invertible then Ann(A) = 0.

(ip—th)
Moreover, for Ag = (0,..,0, 1 ,0,...,0) we have

rank(M(Ag)) = rank(M;,) = n

and the result follows from Theorem 5. [

If A is an algebra with Ann(A) # {0} (suppose that dim Ann(A) = r > 0) then we can fix a basis
of Ann(A) which can be extended to a basis of A. Therefore we obtain a basis B = {ey, ..., er, er i1, - wen}
of A such that {e,1, ..., } is a basis of Ann(A) and the m-structure matrices M; (B), ..., M, (B) of A
with respect to B satisfy My (B ) Mk @ 0,,_,, for certain r x r matrices Mk e MS,.

Theorem 6. Let A be a commutative complex algebra with Ann(A) # {0}. Let B = {e1, ..., er,er41, . €n}
be a basis of A such that {e,;1,...,en} is a basis  of Ann(A). Let Ml(E) ..My (B) be the m-structure
matrices of A with respect to B with M, (B ) Mk @ 0y,_,, where Mk € MS,. Then A is an evolution
algebra if and only if there exists ||Ao|| = 1 such that the pencil M(Ag) is invertible, each of the matrices
M(Ag) ™ My ..., M(Ag) ~' M, is diagonalisable by similarity and they pairwise commute.

Proof. From Equation (2) it is clear that Mk(E ) = M, @ 0,,_,, for certain r x r matrices M. On the
other hand, there exists ||Ag|| = 1 such that the pencil M(Ap) is invertible if and only if the maximum
pencil rank of My(B) is r. If this happens then dim(ﬁ” ker M(~)) = n—r,as dimAnn(A) =

dim(ﬁ” ker M;(B B)) by Lemma 1. If M(Ag) is invertible then, by Corollary 2, we have that My, ..., M,

are SDC if and only if each of the matrices M(Ag)~ Ml, y M(/\O) 1M, is diagonalisable by similarity
and they pairwise commute. Since the matrices Ml, ,M,, are SDC (by P, € GL;) if and only if
the matrices M, (E), o, My, (E) are SDC (by P, := P, @ I,,_;), the result follows from Theorem 1. [

Remark 2. The above result shows that the condition that A/Ann(A) be an evolution algebra is a necessary
condition for A to be an evolution algebra. This is known because it was proved in [3] that the quotient of an
evolution algebra by an ideal is an evolution algebra. However Theorem 6 proves that this condition is not
sufficient (which is new). In fact, if dim Ann(A) = r < n, and we consider a basis B, as in Theorem 6 above,
with m-structure matrices given by My(B) = Mk ® 0 fork =1,...,n, then A is an evolution algebra if,
and only if, My ..., M, are SDC. Suppose then that My ..., M, are SDC but that My ..., My, are not SDC. It turns
out that A/Ann(A ) is an evolution algebra but A is not (because the m-structure matrices of A/ Ann(A) with
respect to the basis BA/AM = {ey + Ann(A), ..., e, + Ann(A)} are precisely My ..., M,). It is easy to come
up with particular examples of this situation (see Remark 3 below).
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We conclude this section by providing a procedure, obtained from Theorems 1, 5, 3 and 6 above,
to determine in a finite number of steps whether or not a given commutative algebra A with fixed
basis B = {ey, ..., e, } is an evolution algebra. Let Mjy, ..., M, be the m-structure matrices of A with
respect to B.

While one can try to check directly, see Example 1 below, if the matrices My, ..., M, are SDC this
is generally not easy to do. Alternatively, to determine if A is an evolution algebra we can proceed
as follows.

Check if any one of the matrices Mjy, ..., M, is invertible.

(a) Suppose that M; is invertible, for some 1 < iy < n.If MiglMl, .y Migan are all diagonalisable
(by similarity) and they pairwise commute then we can conclude that A is an evolution algebra,
and otherwise we conclude that A is not an evolution algebra.

(b) If none of the matrices Mj, ..., M, is invertible then we determine Ann(A), that is, by means
of (3), we describe those elements a € A such thatae; =0 foreveryi =1,...,n.

(b.1) If Ann(A) = {0} then we check if there exists some Ay = (Aq, ..., A,) € C" with [[Ag]| =1

n
such that M(Ag) := Z/\l-Mi is invertible. If such a Ay does not exist then we conclude that A is not
an evolution algebrai. é)therwise we have that A is an evolution algebra if, and only if, the matrices
M(Ag) "My, ..., M(Ag) ~* M, are all diagonalisable (by similarity) and they pairwise commute.
(b.2) If Ann(A) # {0} then we construct a basis B= {€1, .-, 8,811, ..., €n}, such that {€,,1,...,e, }
is a basis of Ann(A) # {0}. We then have My(B) = My ®0,_, fork = 1,..,n and r x r matrices
My, ..., M,. Next, we check if there exists Ag = (M, o, An) € C" with ||Ag|| = 1 such that ]\71()\0) =

n

Z)\iMi is invertible as an r x r matrix. In particular, this is the case whenever M;; is invertible for
i=1
some 1 < iy < n (in which case we can choose M(Ag) = M;,). If such a Ag does not exist then we
conclude that A is not an evolution algebra. Otherwise, we have that A is an evolution algebra if,
and only if, the matrices M(Ag) "' My, ..., M(Ag) ~! M, are all diagonalisable (by similarity) and they
pairwise commute.

3. Some Examples and Applications

We discuss some examples where our approach is useful to determine whether or not certain
classical genetic algebras are evolution algebras. Mostly these algebras are defined in the literature as
real algebras but, in our case, they can be regarded as complex algebras (with the same basis, and hence
with the same structure m-structure matrices) as shown in Theorem 2 and Corollary 1.

We will consider the class of gametic algebras discussed by Etherington [28]. Gametic algebras,
widely used in genetics, are simply baric algebras: they are endowed with a weight function. To decide
if these algebras are evolution algebras or not we do not need further background about them.
Nevertheless the reader is referred to [29,30] for a review of these algebras.

Example 1. Let A be the algebra with basis B = {eq,e,} and e% = e1, €163 = €p = ey, e% = e1. Define ¢ :
A — Kby &(aey + Bex) = a + B. Obviously ¢ is linear and if a = weq + Pep and if b = yeq + e, then

ab = (ay + Bé)er + (ad + By)es,

so that §(ab) = (ay + o) + (ad + By) = (a + B) (v +9) = &(a)é(b), and hence ¢ is a non-zero algebra
homomorphism. Consequently A is a baric algebra [28].

. . . 1 1
The corresponding m-structure matrices with respect to B are M; = < 0 (1) > and My = ( (1) 0 ) .

Since for P = ( 1 _1 > we have thatPT M P = < é g > and PTM,P = ( 3 _02 ),by Theorem 1,
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we obtain that A is an evolution algebra. In fact B = {1, } with & = e; — ey and & = ey + e, is a natural
basis of A, as e1é; = 0.

Remark 3. Let My and M be as above and consider a matrix Mj that does not commute with My, say for
1 0
0 —1
of Theorem 6 (or alternatively using Section 3.3 in [25]), the 3 x 3 matrices My @ 01x1, My ® 0141 and
M3 @ 011 are not SDC, while My and My are SDC. Therefore, the algebra A with basis B = {e1,e2,e3} and
product e% =e1+es, e% =e —es3, eg =0, e1ep = ey = epeq, e1e3 = e3e] = epez = ezey = 0 is an algebra
such that Ann(A) = Kes. By Theorem 6 (see also Remark 2) we have that A is therefore not an evolution
algebra whereas A/ Ann(A) is an evolution algebra isomorphic to the evolution algebra A in Example 1.

instance Mz = . Then we have that M M, and My M3 do not commute so that, by the proof

Example 2 (Gametic algebra for simple Mendelian inheritance). Let Ay denote a commutative
2-dimensional algebra over R, corresponding to the gametic algebra describing simple Mendelian inheritance
(see [30]). In terms of the basis B = {e1, ey} the multiplication table is

2 1 2
e =ej, ejep =epe = E(el +e), e3=e.
The associated m-structure matrices My, My can be read off easily:

we(11) we(11)

It is easy to check that Ay is a baric algebra, with weight function defined by ¢(e1) = ¢(e2) = 1. Note that
-1
13 0 2
Ml=| ] 2 ) —( )while
! ( 3 0 2 —4
0 2 0 1 2
~1ar _ —

e (2 —4><§ >_<—2 —3>

is not diagonalisable by similarity, as A = —1 is the unique eigenvalue and the associated eigenspace has
dimension 1. Therefore, by Corollary 3, we obtain that Ay is not an evolution algebra. (This last assertion
can also be deduced from Theorem 1, with more tedious calculations, by directly checking that My and My are
not SDC).

Nl— =
Ni— O
= Nl

= N

We will now deform this algebra in order to construct an evolution algebra.

Example 3 (Evolution algebra for deformed Mendelian inheritance). Consider a deformation of the algebra
Ay of the previous example. We denote these deformed algebras by A¢, which depend on the free parameter e € R.
In terms of the basis B = {ey, e»}, the multiplication table for A, is given by

1
e% =(1—¢)e;1+een, e1e0 =epe1 = E(el +e2), e% =e.

The associated m-structure matrices My, My are now:

1—¢ 4
2

For genetic applications, we restrict 0 < ¢ < 1 so that all coefficients in these matrices are non-negative.
Moreover, A is baric with weight function defined by &(e1) = &(ea) = 1, for any e. In fact {(ejej) =
G(ei)¢(ej) = 1, for i, j = 1,2. Obviously, the undeformed case corresponds to e = 0.

Nl— M
NN
SN—
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Let us study whether Ag is an evolution algebra by using Theorem 5. First of all, the maximal rank of the
linear pencil M(A) = Ay My + Ay My is r = 2 because My is nonsingular for all e, so we can take Ay = (1,0).
Thus M(Ag) = M. To see that A is an evolution algebra we prove that M Y My, is diagonalisable by similarity.

It is easy to check that
1 2
—1 _
M, M2_<4£—2 4s—3>
and that if
1 1
P_
(—1 28—1)
then
PIM;'MpP =
o E(@e-1) -4 1 2 1 1
- i i 4e—2 4e-3 -1 2e—1
Y
S\ 0 4e—1 )7
Since
1 -1 1—e 3 1 1
PTM(Ag)P = PTMP = 2
M(Ao) ! (1 2s—1><; o><—1 25—1>

-(v2)

and det P = 2¢, we conclude by Theorem 5 that the algebra A, is an evolution algebra if and only if € # 0.
For completeness, we show the diagonalisation of the original matrices:

—e 0 € 0
PTM P = ,  PTM,P= ,
! ( 0 e) 2 <0 s(4e—1)>

which shows by Theorem 1, that A is an evolution algebra for every ¢ > 0, having B = {e1 — ep, e1 + (2¢ —
1)ey } as a natural basis.

Example 4. The annihilator of every algebra A, in the above example is zero as one of its m-structure matrices

is invertible. To get a similar example with algebras having non-zero annihilator consider for instance the algebra
A¢ with natural basis B = {ey, ep, e3} and product given by

2 2 L2
ef=(1—¢)e;+eep—ee3, €5 =ey—e3 5 =0,

1
e1er = exe] = E(el +ep—e3), ejes =eszep = egez = ezep = 0.

Here, the m-structure matrices are M(B) = My @0 (for i = 1,2,3) where 0 denotes the 1 x 1 zero

matrix, My and My are given in the above example and Mz = — M. Hence if
1 1 0
P=| -1 2-1 0

0 0 1
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we obtain, from the calculations in the above example, that PT My (B)P is diagonal for every k = 1,2,3 and
hence A¢ is an evolution algebra. Nevertheless, for e = 0 we do not obtain an evolution algebra. Indeed, if we
denote this algebra by A then the quotient algebra A/Ann(A) is exactly the algebra Ag in Example 2 which is
not an evolution algebra and, consequently, A is not an evolution algebra (see Remark 2).

Example 5 (Gametic algebra for auto-tetraploid inheritance). Let Ty denote a 3-dimensional commutative
algebra over R, considered the simplest case of special train algebras in polyploidy Chapter 15 in [28]
(see also [29,30]). In terms of the basis {e1, ey, e3} the multiplication table is given by

1
e% = e, e% = ere3 = 8(61 + 4ey +e3),
5 1 1
e5 =e3, exe3= E(ez +e3), elep= 5(61 +e).

The corresponding m-structure matrices My, My, M3 are

M1: 7 MZZ ’ M3:

A= NI =
O RN
S ool

WIN NI— O

NI—= WINNI=
O NIRWIN

o= O O

NI~ o~ O
= NP\

The algebra Ty is baric, with a weight function defined by {(e;) =1, j=1,2,3.
To see that this algebra is not an evolution algebra note that

0 0 6
M'=]10 6 —18 |,
6 —18 18
and that
0 0 6 0o 1 2 4 3 0
M™M= 0 6 -18 1325 l=l-9 -5 3
6 —18 18 2 10 3 0 -5
is not diagonalisable by similarity because it has a single eigenvalue (A = —2) and the dimension of the associated

eigenspace is 1 (indeed, (1, —2,1)T generates it). Consequently, A is not an evolution algebra by Corollary 3.
On the other hand,

0 0 6 00 ¢ 1 3 6
M'"Mz=| 0 6 —18 0+ 1 |=|-3 -8 -15
1 1
6 —18 18 1 3 6 10
50 that

-5 —12 -21

M MoM; M3 = MMM M, = 15 31 51

-12 -21 -32

This proves that, in Theorem 5, the condition that the matrices M(Ag) "' My, ..., M(Ao) ' M,, pairwise
commute is not sufficient to ensure that the given algebra is an evolution algebra (see also Proposition 2).

Example 6 (Evolution algebra for deformed auto-tetraploid inheritance). Consider now a deformation
of the algebra Ty of the previous example. We denote this deformed algebra by T,, which depends on the free
parameter € € R. In terms of the basis {e1, ey, e3} the multiplication table for Ty is:

1
2 =ey +2¢e(e; +4ep), €= 6(61 +dey +e3) —e(3ep — 13e3), € =e3 +10¢e3,
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1 1 1
e1e3 = 8(6’1 +4ey +e3) + 10¢es, exez = 5(62 +e3) 4+ 10¢e3, e1en = E(el +e) +10¢es.
The corresponding m-strucuture matrices My, Mp, M3 are
1+2¢ § 1 8¢ 1 2
M, = oo, Ma=| § 3-3e 1],
1 2 1
s 00 5 20
0 10e 1 +10¢
Ms = 10e  ;+13e 3+10¢

1+10e {+10e 1+10e

For genetic applications, we restrict 0 < € < 2/9, so all coefficients in the above matrices are non-negative.
The algebra Ty is baric, with weight function defined by ¢(e;) = 1+10¢, j=1,2,3.

Let us consider whether T is an evolution algebra.  First of all, the maximal rank of the linear
pencil M(A) = A My + AyMyp + A3M3 is v = 3 because My is nonsingular for all €, so we can take
Ao = (1,0,0). Thus M(Ag) = M. By Theorem 5, a necessary condition is that the matrices M; ' My
and My Y M3 are simultaneously diagonalisable by similarity: in particular, they must commute. Let us write
these matrices explicitly:

4 3 0
M'My=| -9 —-5-18¢ 3 |,
3 18e -5
1+60¢ 3+60¢ 6460¢
MM, = —3(1+40¢) —2(4+51¢) —15(1 + 8¢)

3(1—4e—240¢2) 6(1—5e—120€%) 2(5—6¢—360¢?)

It is straightforward to show that these matrices commute for all € (even for ¢ = 0). Regarding the
Jordan decomposition for My M, and My Y M3 we find that if € > O then these matrices are simultaneously
diagonalisable: in fact, there is a nonsingular matrix P such that P~ M LM, P is diagonal:

-2 0 0
PIM'MpP=| 0 -2-9¢-3S 0 , Se=4/3e(3e+4).
0 0 2 —9e+3S;

Explicitly, in terms of the radical S,

1 1 1
P = -2 —-2—-3¢—8, —2-3e+S;
1—12¢ 143e+S; 1+43e— S,

We find det P = —24eS, which shows there is a problem at ¢ = 0. 1t is easy to show that at ¢ = 0 the
Jordan form of My YMy, is not diagonal. For e > 0 the Jordan form of My YM, is diagonal and so is the Jordan
form of MflMg:

1 — 72¢ — 720¢? 0 0
PIM'M;3P = 0 1+ 9e+ 38, 0
0 0 1+ 9¢ — 38,
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For completeness we show the diagonalisation of the original matrices:

-2 0 0
PITMiP=¢| 0 4+3¢+S5, 0 ,
0 0 4+3e—8,
-2 0 0
PIMpP = —2¢ | 0 4439 +27¢2 + (9 +7)S, 0 ,
0 0 4+ 39¢ +27¢? — (9e +7)S;
o 0 0
PTMaP=¢ | 0 4+ 75¢+ 54e>+(18¢ +13)S, 0 ,
0 0 4 + 75¢ + 54¢%—(18e + 13)S,

where o = —2 + 144¢ + 1440¢2.

4. Conclusions and Discussion

In this paper we determine completely whether a given algebra A is an evolution algebra,
by translating the question to a recently solved problem, namely the problem of simultaneous
diagonalisation via congruence of the m-structure matrices of A. This is relevant because evolution
algebras have strong connections with areas such as group theory, Markov processes, theory of knots,
and graph theory, among others. In fact, every evolution algebra can be canonically regarded as a
weighted digraph when a natural basis is fixed, and because of this evolution algebras may introduce
useful algebraic techniques into the study of some digraphs.

We also consider applications of our results to classical genetic algebras. Strikingly, the classical
cases of Mendelian and auto-tetraploid inheritance are not evolution algebras, while slight
deformations of them produce evolution algebras. This is interesting because evolution algebras
are supposed to describe asexual reproduction, unlike these classical cases. In future work we will
more closely study the relation between baric algebras and evolution algebras, in order to better
understand this phenomenon.
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