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Abstract: A filter-based recursive tracker design approach is presented for the problem of unknown
control directions of pure-feedback systems with completely unknown non-affine nonlinearities.
In the controller design procedure, the first-order filters for error surfaces, a control input, and state
variables are employed to design nonadaptive virtual and actual control laws independent of adaptive
function approximators. In addition, for the unknown control direction problem, the filtering signals
are incorporated with Nussbaum functions. Different from existing adaptive approximation-based
control schemes in the presence of unknown control directions, the proposed approach does not
require any adaptive technique regardless of completely unknown nonlinear functions. Therefore,
a simplified tracking structure can be constructed. Using the Lyapunov stability analysis, it is shown
that the tracking error is reduced within an adjustable neighborhood of the origin while ensuring all
the closed-loop signals are bounded.

Keywords: filter-based tracking control; unknown control directions; unknown non-affine nonlinearities

1. Introduction

In the past few decades, the control of nonlinear systems has attracted considerable attention due
to its theoretic interest and various applications [1]. Especially since systematic and recursive designs
such as the backstepping technique [2] and the dynamic surface control technique [3] were developed,
adaptive recursive control designs have been actively studied for several uncertain nonlinear
systems in strict-feedback form [4-23] and in pure-feedback form [24-35], where pure-feedback
systems have the non-affine property of state variables to be used as virtual controls. In practice,
pure-feedback systems can represent the mathematical models of many engineering applications
such as continuous stirred tank reactors [2], piezoelectric actuators [36], PMSM servo systems [37],
rolling mills [38], hypersonic vehicles [39], and so on. Additionally, since general nonlinear systems
can be converted into the systems in triangular form under some conditions [40], pure-feedback
systems can be used in broad applications. Among the existing recursive control designs, the adaptive
function approximation methodologies based on neural networks or fuzzy systems were utilized
in [8-35] to compensate for the effects of completely unknown nonlinearities in the recursive design
procedure. However, these adaptive controllers suffered from the following intrinsic features of
neural networks and fuzzy approximators: (i) The high approximation accuracy is achieved when
the optimal structure of basis functions and the sufficiently large number of optimal weights
are chosen, but it is hard to find the optimal structure a priori because nonlinear functions are
completely unknown. (ii) The large number of optimal weights leads to more differential equations,
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called adaptation laws, to be solved to update estimated weights. In order to overcome these
restrictions, a filter-based tracking control strategy for uncertain nonlinear systems was firstly presented
in [41]. The major contribution of this strategy is to replace adaptive function approximators with
nonadaptive filter-based approximators where the filter-based approximator is defined as the linear
combination of states, a control input, and their filtered signals. Thus, the aforementioned problems
(i) and (ii) of adaptive function approximators can be overcome by the strategy of [41]. Despite these
advantages of [41], the unknown control direction problem has not been solved in the filter-based
control framework. Since the filter-based approximators presented in [41] should be designed by using
the exact information of control directions, the existing Nussbaum function approaches in the existing
adaptive function-approximation-based control designs [13-21,33-35] cannot be straightforwardly
applied to the filter-based control problem in the presence of unknown control directions. Furthermore,
the closed-loop stability analysis considering filtering errors and Nussbaum function technique should
be newly developed in the filter-based tracking framework.

Motivated by this observation, this paper investigates a filter-based tracker design problem of
uncertain pure-feedback nonlinear systems with unknown control directions. The first-order filters
for error surfaces, a control input, and state variables are employed to design nonadaptive virtual
and actual control laws without using adaptive neural networks or fuzzy logic systems. To consider
the unknown control direction problem in the filter-based tracking framework, the difference signal
between the error surface and its filtered signal that is incorporated with a Nussbaum function at
each design step is used for designing virtual and actual controllers. The filter-based tracking strategy
using Nussbaum functions is developed to provide a new solution to the unknown control direction
problem of pure-feedback nonlinear systems with completely unknown nonlinearities. Using the
Lyapunov stability theory, the semi-global uniform ultimate boundedness of the closed-loop signals
and the convergence of the tracking error to an adjustable neighborhood of the origin are guaranteed.

The major contributions of the proposed theoretical approach are emphasized as follows:

(i) Different from the existing control schemes using the adaptive function approximation technique
for uncertain lower-triangular nonlinear systems with unknown control directions [13-21,33-35],
we present a new nonadaptive control strategy using first-order filtered signals of error surfaces,
a control input, and state variables. Therefore, the proposed control approach does not require
the calculation of the differential equations for tuning adaptive parameters. Accordingly,
a simplified tracking control structure is established in the presence of unknown non-affine
nonlinearities and unknown control directions.

(ii) Contrary to the previous filter-based control approach [41], the proposed control scheme can
handle the unknown control direction problem in the filter-based control framework. A new
design approach that incorporates Nussbaum functions and filtered signals and its stability
analysis are presented.

The rest of this paper is organized as follows. In Section 2, a filter-based tracking control problem
for uncertain pure-feedback systems with unknown control directions is formulated. The filter-based
tracker design and the closed-loop stability analysis strategy are given in Section 3. Sections 4 and 5
provide simulation results and some conclusions, respectively.

2. Problem Formulation

Consider the following uncertain pure-feedback systems:
@

where x;(t) and x,,(t) are state variables, % (t) = [x1(t),...,xx(£)]T € RK, %,(t) = [x1(¢),...,x,(t)]" €
R”, u(t) € R is the control input, py (% (1), k1 (1)) : R = Rand p, (%,(t), u(t)) : R™1 s R are
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unknown C! non-affine nonlinear functions, and d(t) and d,(t) are unknown bounded time-varying
disturbances. Here, n denotes the order of System (1).

Assumption 1 ([23]). The reference signal r(t) € R denoting the target signal is available for feedback.
In addition, r(t) and its time derivatives 7(t) and #(t) are bounded.

Assumption 2 ([42]). Define b;(%;11(t)) = op;i(%i11(t))/0xis1(t) wherei =1,...,nand x,1(t) = u(t).
There exist unknown constants b; such that 0 < b; < |b;j(x;11(t))|. The signs of b;(%;1(t)) representing
the control directions are unknown.

Definition 1 ([43]). A function ©(0(t)) is called a Nussbaum-type function if the following equalities hold:

h
limsup%/ O(0(t))do = oo,
0

h—+o00

h
liminflf O6(1))d6 = —oo,
h—+too B Jo

A Nussbaum function ®(0(t)) = 62(t) cos(6(t)) is adopted in this paper.

Problem 1. Our problem is to design a filter-based controller u(t) for System (1) in a nonadaptive framework
so that the state variable x1(t) follows the reference signal r(t) while all the signals in the closed-loop system are
bounded.

3. Filter-Based Tracking Control Design for the Problem of Unknown Control Directions
3.1. Controller Design

In this section, we focus on the design of the filter-based control scheme for (1). A recursive
control design based on the backstepping technique [2] is presented using the following
coordinate transformation:

7’]1(t) =X (t) - r(t), )
M1 () = X1 (1) — (1),

wherek =1,...,n—1,1n(t), and 14,1 (t) are error surfaces and (t) are virtual control laws.
Step 1: Consider the first error 71 (t). Then, its time derivative using (1) is:

i (t) = pr(x1(t), x2(t)) +di(t) —#(t) = bixa(t) + q1(x1(t), x2(t), 1) 3)

where by = sign(bi(t))b; and gq(x1(f), x2(t),t) = p1(x1(t), x2(t)) — bixa(t) + dq(t) — i (t).
For notation conciseness, g1 (x1(t), x2(t), t) will be described as g1 (f). By rearranging (3), we have:

q1(t) = i (8) = byxa(t).
Then, the filtered signal gy (t) of 41 (#) is obtained as:
q1,r(t) = 71,7 (t) — byxo ¢ (t) 4)
where 771 ¢(t) and x; f(t) are signals provided by the first-order low-pass filters as follows:
T (8) + 171, (8) = 11(£), 111,£(0) = 111(0), @)

Tdg £ (t) + x5 () = x2(t), x2,£(0) = x2(0), (6)
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where 71 > 0 is the small time constant of the filters. Using (5), it holds that 7y ¢() = (171(t) —
111,£(t))/71. Then, (4) becomes:

m(t) — ()

T

qur(t) = — byxo £ (t). )

From (2) and (7), 11 (t) is represented by:

() = by (n2(t) +91(8)) + 1,6 (t) + qu(t) = b (m2(t) + P1.(£) — x06(t)) + o Tn® ©
where 771 (t) = 11(t) —171,7() and §1(t) = q1(t) — qu,¢(£)-
We choose a virtual control law i (t) as:
(6) = ,(0) + 0(@r (1) (i () + 1), ©
01(6) = ey + DL, (10
where 7; > 0 s the control gain and ; (0) = 0. Applying (9) to (8) gives:
in(t) = bia(t) + 606 (0) (ram (1) + T ) 4 I gy o), a

A Lyapunov function candidate V; () = (1/2)5?(t) is considered. Using (10) and (11), the time
derivative of V; (t) is:

a0 =mw%mm+%wammm(mmm+ﬁ?)wwﬁm+mm%m
= (ObTna(t) + (B0 (1) + V81 (1) — 1)+ m (DR (1),

(12)

Remark 1. In the existing adaptive approximation-based control schemes [8-35], an unknown nonlinearity
is approximated by a neural network or fuzzy logic system. For example, an unknown nonlinear function q
is represented by g = W*T S + e where W* is an optimal weight vector, S is a basis function vector, and ¢ is
a reconstruction error. However, since W* is unknown, a variable W is employed to estimate W* and is updated
on-line along a first-order differential equation called an adaptation law. Then, an estimated nonlinear function
§ = WTS is defined and used to compensate for q. In contrast, the proposed approach employs a filter-based
function approximator qy defined as the linear combination of the filtered signals of the state variables and
the control input. Even though the structure of qy is non-adaptive, its approximation ability is rigorously
analyzed in the proof of Theorem 1.

Stepj(j =2,...,n — 1): The time derivative of 7/;(t) is given by:
7(t) = pj(%; (), xj11 (1)) +dj(t) — j—1(t) = by xj1 (t) + q;(%;(t), xj31(8), ) (13)
where b]* = 51gn(b](t))b] and q](f](ﬂ, Xj+1(t),t) = P](f](t), Xjt1 (t)) — b]’-kxjﬂ (t) + d](t) — ll:’]'_l(t).

For notation conciseness, q;(¥;(t), xj11(t),t) will be described as g;(t).
Then, q;(t) can be rewritten as:

qj(#) = 1;(t) = by xj 1 (8).
The filtered signal q; ¢ () of g;(t) is given by:

i, (8) = 1,p (£) = b7 xj1,5 (1)
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where 17 ¢(t) and x;j, 1 (t) are output signals of the first-order filters:
71, £ () + 1,6 (£) = 11;(t), 1;,,(0) = 1;(0), (14)

Tixj1,r(t) + X516 () = xj11(8), xj51,,(0) = xj11(0), (15)

where 7; > 0 is the small time constant.
Using (14), we can define g; ¢(t) as follows:

1;(t) — ;¢ (£)

(1) = = = bixjp, 5 (). (16)
]
Using (2) and (16), we have:
5. LK (4. ) ﬁj(t) ~
7 (t) = b7 (41 (8) + j(t) — xj31,¢(£)) + S +4;(t)
where 77;(t) = n;(t) — 1; ¢(t) and §;(t) = q;(t) — q; ¢ (£)-
Then, a virtual control law ;(#) is chosen as:
- ﬁ](t) 2
Pi(t) = xj,, (1) +O0; (1)) | vimi(t) + T] + ‘5j’7j71(t)77j(t) / (17)
. i(B)7(t
0ty = )+ LI sz ), )

where ; > 0 is the control gain, J; > 0 is a design parameter, and 6;(0) = 0. From (2) and (17),
77j(t) becomes:

30 = 520+ 50,0 (1) + 220 a0 0)) + B g0 9

A Lyapunov function candidate V;(t) = (1/ 2)17]2(t) is considered. Then, Vj(t) becomes:

Vi(t) = ()] 1 (1) + (670(0;()) + 1)6;(t) — 071 ()7 (1) — v (£) +m;(DF(1)- - (20)
Step n: The time derivative of #,,(t) is:
n(t) = byu(t) + dn(t) + qn(Ta(t), u(t), t)

where b} = sign(b,(t))b, and gn (%, (t), u(t),t) = pu(Zan(t),u(t)) — biu(t) + du(t) — Pu_1(t).
For notation conciseness, g, (%, (t), u(t),t) will be described as g, (t).
Proceeding similarly, we can define a filtered signal q,, ¢ (t) of g, (t) as follows:

() =i p(8)
T (1) = =" — b (1) 1)
n
where 7, > 0 is the small time constant and 7, (t) and us(t) are signals provided by
the following filters:

Tl f () 1, (£) = 71 (8), 11, (0) = 17 (0), (22)
Tutlp(t) +up(t) = u(t), ug(0) = u(0). (23)
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An actual control law u(t) is chosen as:

) = 1)+ @) (v (1) + T 6yl ), @
0u(t) = () + ) sz (e, )

where 7, (t) = 17n(t) — 11,,¢(t), vn and Jy, are positive design parameters, and 6, (0) = 0.
A Lyapunov function candidate V,(t) = (1/2)52(t) is considered. Then, applying (24),
V,,(t) becomes:

Va(t) = (5,06 (1)) + 1)0n(£) = yur () = Sty ()11 () + 11 (1) (1) (26)
where 7 () = qu(t) = gu,f (£)-

Remark 2. The proposed filter-based controller includes the virtual and actual controllers (9), (17), and (24)
with the first-order filters (5), (6), (14), (15), (22), and (23). Contrary to the previous controllers based
on the adaptive function approximation for lower-triangular nonlinear systems with unknown control directions
[13-21,33-351], the proposed tracking system does not use any adaptive function approximators using neural
networks or fuzzy systems. For the detailed comparison, the neural network-based control scheme reported
in [33] is given as follows:

() = OBk (1)) [rzk () + W, (£) Sk (vie(1))],
u(t) = ©(0n(t))[vnzn(t )+WT( )Sn(va(t))], 27)
9_1'() Yizg () + 2 (HW, (1) Si(vi(t)),

( ) = z[sl(Vz(t ( ) Wz(t)}r

wherek=1,...,n—1,i=1,...,n,2z1(t) = x1(t) — r(t) and zj 1 (t) = x11(t) — Px(t) are error surfaces,
Yy (t) are the virtual control laws, ®(0;(t)) are Nussbaum functions, vy; and o; are positive design parameters, T';
are positive definite matrices denoting the adaptation gains, and W;(t) and S;(v;(t)) are the estimated weighting
vectors and the nonlinear basis function vectors, respectively, of the employed adaptive function approximators.
In (27), it should be stressed that multiple neural networks W,T (£)S;(v;(t)) are required to implement u(t).
Thus, the adaptation law to update W;(t) should be solved numerically, which can increase the computational
complexity of u(t). On the contrary, the proposed controller is nonadaptive as illustrated in Figure 1 where
the tuning law blocks are used to update the parameters of Nussbaum functions. Accordingly, the proposed
tracking system has a simpler structure than existing adaptive controllers [13-20,33-35]. The simple control
structure is significant for the implementation of the control algorithm in the real-world embedded system.
Because the embedded board is subject to the limited computational resources, it is difficult to implement complex
control algorithms in one sampling time. Especially, when multi-thread programming is used to do other tasks
(e.g., network communication with other embedded boards or sensors), the complex computation of the control
law may provide the operating delay of the whole process. Owing to the simplicity of the proposed algorithm,
the computational burden of the embedded control system for implementing the proposed control algorithm
in practical applications can be reduced. This helps to reduce the operating delay of the embedded control system.

Remark 3. In the previous filter-based control design methodology [41], the control directions were assumed
to be known and positive. Then, the filter-based function approximators were designed as g;¢(t) =
(xi(t) — x; f(t))/T0 — xiy1,£ () in the virtual and actual control laws wherei =1,...,n, X, 1¢(t) = uf(t),
and T is a time constant. However, the term —x;,1¢(t) in g;(t) was derived based on known signs
of control coefficients. That is, the filter-based approximator g; ¢(t) depends on the exact information of
the control directions. Thus, the existing adaptive approximation-based control studies using Nussbaum
functions [13-20,33-35] cannot be straightforwardly applied to the unknown control direction problem in the
filter-based control design. Thus, we incorporate the difference signals 7j;(t), i = 1,...,n, between the error
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surfaces and their filtered signals with Nussbaum functions in the controller design procedure and design
the term S n? (D) (t), k = 1,...,n — 1, in (17) and (24). In this way, the unknown control direction
problem can be solved in the filter-based nonadaptive control framework.

-
Tuninglaw |01 Filter-based nonadaptive tracker 1
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1
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1
1

1
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Figure 1. Block diagram of the proposed filter-based nonadaptive tracking system.
3.2. Stability Analysis

In this section, the closed-loop stability is analyzed for the proposed filter-based controller.
For notation conciseness, we omit the time variable ¢ in all signals used in Section 3.1. From the
coordinate transformation (2) and the virtual control laws (9) and (17), the state variables x;,i = 1,...,n,
can be represented by:

x1(m,r) =m+r,
X2 (111, 12,01, 11,5, X2,.) = M2+ P1(11, 01,11, X2 ), (28)
X1 (-1 M 0+, 05, 05,5, X1, £) = Wi + 9505115, 0, 1,5, X1, 5)

where j = 2,...,n — 1. Then, using (28), the unknown non-affine nonlinear functions gq;,i = 1,...,n,
are defined as follows:

q1(772,01, 11,5, X2, 5, d1, 7, 7) = p1(x1,%2) — bixa +dy — 7,
02(73,02, 10,7, %3, 5, 1, 2, 1) = p2(%2,x3) — b3x3 +do — P1(712, %2, 01, 111,5, Xo 5, 1),
9 (141,93, 71y, X1, £, Gjm2, G-1, 41, 7) = pj (%, xj11) — bixjpq +d;
— 91 (M %, 051, M1, % p 1), =3 m—1
Gn (7, On, T, fr Xn41,f+ Gn—2, Gn—1, dn,7) = pn(Zn, u) — bju +dy
—Pu—1(7n, Tn, 01, Mn—1,fXn,fr Gn-1),

(29)
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where, fori = 1,...,n, 7j; = [171, i)t 0 = 100, 00T, g = D mifl T, Rigay =
T

[xz,f,...,x,grl,f] anrlf_uf/ [d],...,d] ,and:
. . 00(0,) - i . il
P1 = o p + aéll) O1(rim + %) +©(01) (17 + %),

_— 00(0)) , i LT . .
=X+ aéll) Or(vim + % +0mfm) +O6;) (v + % + 28— + O i)

withl =2,...,n—1.
From (29), the dynamic equations of the filtering errors §; are obtained as:

1= —% + E1(73, 02, 7o, £, X2, £, G, da, d1, F),

G A _ = .= =
= —?; + i (7j+2, 051, Tv1,fr Xja1fr G149, A1, 7). (30)
qn - _% + En(ﬁn/ Gn; ﬁn,f/ fn-‘,—l,f/ 5771/ dn/dn—lz ;)r

e e

wherej=2,...,n—1,§; = [41,...,4] ;i=1,...,n,7 = [r,#,#, and:

B = :mil ggi wt %el + a?zf s+ aiqlf 2+ %d’l + %Hf’aﬂ )

.’E] = :;gl aa:; m mZ:l L?g;@m + aiij M, f Y Xpy1,f + a; dm}

En = 4n :mil ggl mt Y [ gg; Om + 8?717 s+ Gy L dm}
* azziz -zt agznl Tntt aai:f

Now, a total Lyapunov function candidate V is defined as:

Z 1

v=Y (Vm + Zq,zﬂ). (31)
m=1

Remark 4. In the control design, q; is approximated by q;r = (1; — 11;,¢)/ T — b} x; 41,5 using the filtered

signals 1; ¢ and x; 1 ¢, as defined in (16). Thus, the filtering errors §; = q; — q;,y in V are considered for

the stability analysis of the closed-loop system.

Theorem 1. Consider the uncertain pure-feedback systems (1) with unknown control directions controlled
by the filter-based control laws (7), (16), and (21). Then, for any initial conditions satisfying V(0) < e
with any positive constant ¢, the semi-global uniform ultimate boundedness of all the closed-loop signals and
the exponential convergence of the tracking error 111 to an adjustable neighborhood of the origin are ensured.

Proof. From (12), (20), (26), and (30), we have:

) 2 .
V. =Y {_ 7m’772n - % + (b3 O (Om) + 1)0m + Nmm + GmnEm
(32)

+ Z:ln_:l1 { - 5m+1’73n’71%1+1 + Tmbym+1 |-
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Consider the sets G,,, m = 1,...,n, and G, such that G,, = {27;1 17]2 + 17]2 < 2¢} and G, =
{r2 +2 472 < &, }, respectively, where ¢, > 0 is a constant. Since G, and G, are compact in R2" and
R3, respectively, G, x G, is compact in R?"*+3, Then, in order to show that |Z,,| has a maximum value
on Gy, % Gy, the following procedure is presented step by step.

(P1) From x1 = 11 + 1, |x1]| < Cy is satisfied on G; x G, where C, ;1 > 0 is a constant. Note that
111 is bounded on Gy, and thus, 77 f is also bounded on Gy, which implies that 77 is bounded. From the
boundedness of #; and 7; and the differential equation (10), 6; is bounded. From x; = 12 + 1, (9),
and (7), bj x» can be represented by:

b = b+ bixay + 50000 (um + 1)

~ ] (33)
= bjn + I — g1 +b]O(61) (71’71 " 2)

Since —q1,f = §1 — 1 and p1 +dy — 7 = bx + g1, we have:

p1 = bim + UE Ry b10(61) <’h’71 + 771) —dy + 7.
T T

Applying the mean value theorem [44] to p; and using Assumption 2, we have p; = p1(x1,0) +

by (x1, Ax2)xo with a constant 0 < Ay < 1. Thus, we have:

bl (xll Ale)XZ == Bl (;71/ 772/ 171,f/ 91/ 171/ X1, dl/ 7’)

where By = b +7j1/71 + §1 + b;O(61) (v + 71 /11) — di + 7 — p1(x1,0). Using the boundedness
of x1, 171, 61, and §; on G; x G, and the boundedness of 77, on G, there exists a constant Cp ; such that
|B1| < Cgj on Gy x Gr. From Assumption 2, it holds that by|xz| < |[b1x2| = |By], and thus, we get
lx2| < Cy2 = Cp,1/b;. From the boundedness of x; on Gy x G, xp,f is also bounded. Using the
boundedness of x; r on Gy x G, and the boundedness of #3 on G3, it can be shown that there exists
a constant Cz; > 0 such that |21 < Cg1 on G3 x Gr.

(P2) Since 77;_1 and 77; are bounded on G; with j = 2,...,n — 1, the boundedness of 0; is guaranteed
from (18). Similar to (33), b]’fx]-H along (2) and (17) can be rewritten by:

bixj1 = bjnj + ;j —gj,f +b70(6)) <’Yj’7j + ;j + 5]"7]2_177]')-
Then, it becomes:
T U/, b O(0; o S mi ) —d;
pj ="Yinjy1+ = +4j+ i+ f ( ]) Vil + P + 01117, j
] ]

By applying the mean value theorem [44] and Assumption 2 to pj, it holds that p; = p;(%;,0) +
bj(%j, Ajxjy1)xj+1 with a constant 0 < A; < 1. Therefore, it holds that:

bi(%j, Ajxjs1)xjs1 = Bj(1j-3,Mj—2, i~ 1, Mo Mjr1s Mj—2, £ Mj—1, £+ Mo fr X
0j-2,0j-1,8,4j-2,qj-1,;, %, d))

where B; = Ui + i/ + §; + i1 + bIOO) (v + i/ + Sn7ny) — dj — pi(%;,0).
From the recursive procedure, since X; is bounded on Q]- x G, and i1 is bounded on Q]-H,
we obtain a constant CB,]- satisfying |B]-| < CB,]- on g]-+1 x Gr. Then, Assumption 2 leads to
bjlxj1| < |bjxj1| = |Bj|, and thus, |xj11| < Cyji1 £ Cg,j/bj is obtained where Cy ;1 is a constant.
Owing to the boundedness of x; 1, xj;1,f is also bounded on G;,1 x G;,. Using the boundedness of
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xj1,r and the fact that 7, , is bounded on Gj,, there exists a constant Cz ; > 0 such that [E;| < Cg;
onGja X Gr.
(P3) The boundedness of #,,_1 and #, yields the boundedness of 8, on G,;. We can rewrite bj,u as:

Hn

bfu="—
n Tn

= ug + 5060 (v + 2+ 8002 ).
n
Similar to previous steps, we have:

b (%n, Aptt)ut = Bu(1n—3, Tn—2, Tn—1, s Mn—2,fs Tn—1,f+ M, f+
6}’[—2/ 91171/ Gn/ qn—Z/ qnfl/ qnz f}’l)

where By, = i /Ty + Gin + W1 + 0000 (Yulin + fin/ T + (5,11731_177”) —dy — pn(%p,0)and 0 < A, < 1
is a constant. On Gy, 7, 0, §u, and X, are bounded. Thus, |B,| < Cp, is satisfied on G, x G, where
Cp,n is a constant. Thus, it holds that |u| < C, = Cpn/b, where C, > 0 is a constant. From the
boundedness of 1, we can obtain the boundedness of u Fon Gn x Gy. Asaresult, |2,| < Cg, is ensured
on G, x Gr where Cg , > 0 is a constant.

Now, using the inequalities:

. b* 2
b1 < 5m+1771%1’7;%1+1 + i{sm) ,
m+1

- 1, 1,
mm < Eﬂm + Eer
=2
i B o P
GmBm < 27;;1(]%1 + EI

with a positive constant p, (32) becomes:
V—f — B S S TR 72, + (b5,09(0,) +1)8, | +C
- Rt Ym 2 M T 2P 2 Im m m m 1
where C; = np/2 + Y2 (b5,) / (46,41)-

Choosing the design parameters v, = (1/2) +v*/2and 1/1, =1/2+ Cé,m /(2p) + v* /2 with
a constant v* > 0, we have:

. n =2\ C2 )
VS V+C+ Y | = (1- 2 ) =240+ (0;,0(0m) +1)0u|.
m=1 CE,m 2P

From (P1)~(P3), |&;| < CgjonV =¢eand 6;,i =1,...,n, are bounded on V = ¢. From the boundedness
of 0;, ©(6;) = 67 cos(6;) is bounded on V = e. In addition, the boundedness of #; and 6; yields
the boundedness of §; on V = e wherei = 1,..., 1. Accordingly, there exist constants Cg; such that
(b70©(6;) +1)6; < Cy;. Then, the inequality:

V< —4*V+C

holds on V = ¢ where C = C; + Y./ ; Cy;. Thus, V < 0on V = ¢ when 7* > C/e. This implies
that V(t) < eforall t > 0if V(0) < . Therefore, we can conclude that all the closed-loop signals
are semi-globally uniformly ultimately bounded. In addition, integrating the above inequality over
[0,#] yields V(t) < C/9* + (e — (C/9*))e”7"*. Here, (1/2)? < V, and thus, the tracking error 7
converges to a neighborhood of the origin described by S = {#1| 1| < /2C/y*}. O

Remark 5. From the proof of Theorem 1, the control gains and the time constants are chosen as v; = 1/2 +
v*/2and 1/1; = 1/2+ CZ./(2p) + 7v* /2, respectively, where Cz ; are unknown constants. However, since p



Mathematics 2020, 8, 1341 11 of 17

is a constant, which can be adjusted arbitrarily, the effect of Cg; can be reduced by increasing p. Therefore,
we can choose T; as desired constants. The choice of the time constants is a general issue in the dynamic surface
control approaches (see [3,6,12,18,26,29,31] and the references therein).

Remark 6. The design parameters of the proposed filter-based tracker can be selected for reducing the compact
set S in the proof of Theorem 1. The guidelines for the design parameters are as follows: (1) increasing vy;,
i=1,...,n,and 11,k =1,...,n—1, helps to increase y*, which subsequently reduces the bound /2C/y*,
and (2) reducing the time constants T; of the employed filters helps to increase v*, which also reduces the bound

\/2C/y*.

Remark 7. For the stability analysis using the dynamics (30) of the filtering errors §;, i = 1,...,n,
the nonlinear functions p; are required to be continuously differentiable. Thus, the presented filter-based
function approximation technique cannot be applied to approximate unknown non-smooth nonlinearities. That is,
the proposed approach focuses on the control problem of the system (1) with unknown C' non-affine nonlinear
functions.

4. Simulation Results

To demonstrate the effectiveness of the proposed theoretical algorithm, a numerical example
and a modified Chua’s circuit system are simulated. For both simulations, the proposed filter-based
nonadaptive control scheme is compared with the controller reported in [33] whose controller structure
is given in (27), and an integral absolute error (IAE) index is used for the evaluation.

Example 1. The uncertain nonlinear system is considered as:

X1 = —2x, +0.2x3,
%y = 1.5(sin?(x2) + 1)x3 + 0.5sin(x1)x2, (34)
%3 = 3u + 0.2 tanh(u3) + 0.8x,x3 + 0.2sin(t).

The initial values of the state variables, the parameters of Nussbaum functions, and the reference signal
are set to %3(0) = [0.3,0.5,—0.5]7, 6;(0) = 0, and r(t) = 0.3sin(0.5t) + 0.7sin(t) for i = 1,2,3,
respectively. For the simulation, we choose the design parameters as T; = 0.025, y1 =4, 2 =2, 73 = 1.5,
and 6, = 63 = 0.01 wherei =1,2,3.

The tracking result and error are compared in Figure 2a,b, respectively. As shown in this figure,
the tracking performance of the proposed controller is better than the previous controller using adaptive
function approximators. Since the weights of the adaptive approximators should be updated on-line,
the convergence speed of the tracking error of the controller [33] is slower than that of the proposed
nonadaptive controller. Besides, the fluctuation of the tracking error in the transient response
is mitigated by replacing the adaptive function approximator with the filter-based nonadaptive
approximator. The IAE index values during 30 s are 0.8357 for the proposed controller and 2.1412 for
the controller of [33]. Figure 3a,b depicts the control input and the outputs of the Nussbaum functions,
respectively. The boundedness of u and ©(6;), i = 1,2,3, is shown. From these figures, we can
conclude that the proposed approach presented in the filter-based control framework is effective for
dealing with the problem of unknown control directions.
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Figure 2. Comparison of the tracking result and error for Example 1: (a) x; and r; (b) #;.

Example 2. Chua’s circuit system has been widely investigated to describe prototypical electronic systems [45].
In this example, we consider the modified Chua circuit system [46] with an unknown sign of a control coefficient
described by:

01 = @1(xp — 3265 — x1)),

Xo = X1 — Xp + X3, (35)

X3 = —@yx2 + U,

where @1 and @, are unknown and nonzero system parameters, x1 and x, are the voltages across two
capacitors whose units are V, x3 is the current through the inductor whose unit is A, and u is a voltage
source added in series with the inductor whose unit is mV. We assume that the sign of the control coefficient
@1 is unknown. For the simulation, we set @1 = 1, @, = 10/7, %3(0) = [-0.3,-0.5, O]T, 6,(0) = 0,
and r(t) = 0.5cos(0.5t) + 0.7 sin(t). The design parameters are selected as T; = 0.025, y; = 8.5, 7, = 3.5,
Y3 =1,and 6, = 03 = 0.01 where i = 1,2,3. Figure 4 displays the tracking result and error of the proposed
controller and the adaptive function approximation-based controller [33]. In Figure 4b, the IAE index values of
the tracking error during 30 s are 0.5058 for the proposed controller and 0.9270 for the controller [33]. From this
figure, one can see that the tracking error under the proposed control scheme converges to the vicinity of zero
in a few seconds, whereas the previous control scheme takes more time to converge. The control input and
the output of the Nussbaum function are depicted in Figure 5a,b, respectively.
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Figure 3. The control input and the Nussbaum functions’ outputs for Example 1: (a) u; (b) ©(6;),
i=1,2,3.
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Figure 4. Tracking result and error for Example 2: (a) x; and r; (b) 71.

200

150 q

100 q

-50 q

-100 . . . . .
0 5 10 15 20 25 30

Time(sec)

(a)

05
—0(6) |

0.45 r

04r b

< 025 1
S
02f -

0.15 1

0 . . . . .
0 5 10 15 20 25 30

Time(sec)
(b)

Figure 5. The control input and the Nussbaum function’s output for Example 2: (a) u; (b) ®(6;).
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5. Conclusions

This paper presented a filter-based nonadaptive tracking design for the unknown control direction
problem of uncertain pure-feedback nonlinear systems. Different from the existing adaptive recursive
control designs, the major contribution of the proposed strategy is to achieve a simplified tracking
control without using any adaptive approximators in the presence of unknown control directions.
The control scheme using filtered signals of error surfaces, a control input, and state variables was
constructed to achieve the semi-global practical tracking. The stability of the closed-loop system
was thoroughly analyzed using the Lyapunov stability theorem, and simulation comparisons were
provided to verify the effectiveness of the proposed control result. In our future study, we will analyze
the control performance along with various Nussbaum-type functions and extend the filter-based
approximation approach to the event-triggered control of network systems. Additionally, the potential
application of the proposed controller includes vehicle vibration control in the stochastic wind field [47]
and the traction power collector system subjected to unknown irregularities [48].
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