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1. Introduction
There is a huge number of papers investigating properties of the so-called Stolarsky (or extended)
two-parametric mean values, defined for positive variables x, y; x # y, as
(e =)\ )
Ers(x,y) := (7s(xf—y’)> , rs(r—s) #0.

Those means can be continuously extended on the domain

{(r,s;x,y)|r,s e R;x,y e Ry }

by the following
=)\ ) :
(s(xr_yr)> o rs(r—s) #0;
eXp(—%-l—“oifi:;st), r=s#0;
E s(xy) = x5—y° 1/s .
rs(%, ) (s(logxfloigy)) , s#0,r=0;
VXY, r=s=20;
X, y=x>0,

and in this form has been introduced by Keneth Stolarsky in [1].

Most of the classical two variable means are just special cases of the class E. For example,
Eip = XTW is the arithmetic mean, E_,, = Ego = /xy is the geometric mean, Ey; = % is the
logarithmic mean, E;; = (x*/y¥) wy /e is the identric mean, etc. More generally, the r-th power mean
(xr;yr ) v is equal to E, o, ([2]).

Characteristic properties of Stolarsky means are:

1.  Symmetry in variables, E,s(x,y) = Ers(y, x);
2. Symmetry in parameters, E,s(x,y) = Es (X, y);
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3. Means E,s(x,y) are homogeneous of order one i.e, E,s(tx, ty) = tEs(x,y),t > 0.
4. Means E,;(x,y) are monotone increasing in both parameters r and s.

By two articles ([3,4]) published in Amer.Math. Monthly, this class of means attains popularity
in a wide audience. As a result, great number of papers are produced investigating its most subtle
properties. In this sense we quote here papers [5,6]. A comparison of Stolarsky and Gini means is
given in [7-9], weighted variants in [10,11]. E. Qi in [12] find intervals of r, s where these means are
logarithmically convex/concave, etc.

Furthermore, there are several papers attempting to define an extension of the class E ton, n > 2
variables. Unfortunately, this is done in a highly implicit mode ([5,6,13-15]).

Here is an illustration of this point; ]. Merikoski ([13]) has proposed the following generalization
of the Stolarsky mean E; s to several variables

L(X%) 7+
L(XV)} TS

E o(X) = {

where X = (x1,- -+ ,xy) is an n-tuple of positive numbers and

n

L(X*) = (n— 1)!/

SU;
x;tduy - duy .
In-1371

The symbol I,,_; stands for the Euclidean simplex which is defined by
Lio1:={(u, - upq1):u; >201<i<n—1,u;+---+u, 1 <1}

In this article we shall expose two possible explicit formulae of Stolarsky means in n > 2 variables
which preserve its main properties and coincide for n = 2.

The first one is given by the following

Let X;; = (x1,x2,...,x4) € R’.. Then,

1

) nls=7) ,1s(s —71) #0,

2 03 4+ X = n(xxg.a)°
2 N7 nr
s2 X"+ ah" 4 A — n(xx0..x,)"

Crs (Xn) = Cr;s (xlz X2y ooy xn) = (
represents an extension of Stolarsky means to the multi-variable case.

Remark 1. We assume that there exist j, k;1 < j < k < n, such that x; # xj.

It is of interest to examine the inner structure of those means. For example, applying the formula

1
Pyt 42’ =Bxyz =S (x+y+2)[(x -y’ + -2+ (2-2)7%,
we obtain that

er,s(x1,%2,%3) = (Ars(x1,%2,%3))3(By s (x1, X2, x3))%/3,

where

xj + x5+ x5 ) 1/(s—r)

A s(xq,x0,x :z(
I’,S( 1,42, 3) x{+x£+xg

is the well-known Gini mean, and

Bys(x1, %2, %3) (rz (3 — x3)% + (x5 — 23)* + (x5 — x;>2)1/<z<sﬁ>)
” 1,X2,X3) 1= -y
- s2 (xf — x5)2 4 (xh — x5)% + (xf — x7)2
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is the new mean in 3 variables which coincides with the Stolarsky mean E, ;(x1, x2) whenever x3 = x;
or X3 = X».
This notion leads to the second, more general representation of Stolarsky means in many variables.
Let Ay = (ay,a2,...,an), Xn = (X1, X2, Xn), Yo = (Y1, Y2, s Yn); An, X, Yn € R
Then

Ers(Ap; X, Yn) i= (ﬁal(xi—yi)2+az(xi—y§_>2+“'+””(xz_yi)2)2(ir)
P T N2 g (x — )2 +ap(xh — yh)2 4 -+ an(x — )2 I

represents another multi-variable variant of Stolarsky means.

It will be shown in the sequel that both means e,+(X,) and E,s(An; Xn, Yn) are monotone
increasing in parameters r and s. An intriguing task is to determine some necessary and sufficient
conditions for their monotonicity in n. Although the solution is relatively simple in the second case
and reduces to the monotonicity of sequences X, and Y;, (independently of A;), this question is much
more complicated for the means e, s(X,,).

For example, means epo(X;) are monotone increasing/decreasing in n if and only if
xn 2 §(z(Xy-1),e00(Xn-1)),n > 3, where z(X,) is the geometric mean of numbers X, and
g(zn/ €0,0 (Xn)) = Zp (30,0 (Xn ) /Zn )3(n+1)/(n+2) .

2. Results and Proofs
Recall that the Jensen functional J,(p, x; f) is defined on an interval I C R by

n

In(p,x:f) = Y pif (i) — f(ipix»,

1

where f: I = R, x = (x1,x2,--- ,x,) € I"and p = {p;}| is a positive weight sequence.

Another well known assertion is the following

Jensen’s inequality: If f is twice continuously differentiable and f" > 0 on an interval I, then f is
convex on I and the inequality

Jn(p, 5 f) = imw —f(ijpm) >0

holds for each x := (xq, ..., xn) € I" and any positive weight sequence p := {p;}{ with Y p; = 1.
The next two properties of Jensen functionals will be of importance in the sequel.

Theorem 1 ([16,17]). Let f,g : I — R be twice continuously differentiable functions. Assume that g is strictly
convex and ¢ is a continuous and strictly monotone function on 1.
Then the expression

-1 ]n(P/x;f)
? <In(p,x;g))’ (n22),

represents a mean value of the numbers xq,- - - ,x, € 1, that is
. _ ]n(prx;f)

min{xy, -, Xnt < N FaAN s <max{xi,- - ,Xnt,

{1 dE (]n(p,x;g)) b o}

if and only if the relation
f(8) = o(1)8" (1)
holds for each t € 1.
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Theorem 2 ([18]). Let f; be a twice continuously differentiable function on the interval | := (c,d) for each
parameter s € I := (a,b). If s — f!'(x) is log-convex on I for each x € |, then the expression

s = @p(w, x;5) : szfs fsz Xi),

is log-convex on I for each x := (x1,...,xn) € J", where w = {w;}} is any positive weight sequence.

Lemma 1. A function F is convex on an interval I if and only if the ratio

F(s) — F(r)
sS—7r
is monotone increasing in both r and s for r,s € I.
In the following two theorems we shall prove that our expressions ¢, s(X,) and Es(An; Xn, Yn),

extended to the whole (r,s) plane, are actually means which preserve all main properties of the
ordinary Stolarsky means and coincide with them for n = 2.

Theorem 3. Let,

2 (2 x5 —n (T} x,)%) 1/(n(s—r)) B .
(52@? x—n(TTy xi)")> ,18(s—1) #0;

2 Yol %)’ )1/ (ns) _ :
(nsznznlog xi— (X1 log x;)? =05 7&0'

-2 1 X1 log x; — (X1 log x;) (IT{ x;)° _ .
exp( + YT (H1 Pt ) ,r=5#0;

e?’,5<x1/ X2 s xn) =

,r=s5=0.

n? Yl log® xi—(Z'f log x;) )
P (3”(” Y log” xj—(Xf log x;)?)
Then
1. Expressions e, s(X,) are means, that is,

min{xq,x2, ..., Xn } < eys(x1, %2, ..., xpn) < max{xy, x2, ..., X }.

) are symmetric in parameters r and s i.e., ey 5(Xy) = es,(Xy).
ers(Xn) are symmetric in all variables.

S G xR W N
W)
> N
»n  »n
A~ N N/~

bolite!
23
~—
S
<
S
S
=
=)
=
Q
=
w
3
Q
s
2
@
2.
=
oQ
3
S
=]
=
=
=
S
3
S
S
Q
=
Q
=
)
~
)
=
u
)

Proof. Note that the Properties 2—4 are evident and can be proved directly.
We apply Theorem A for the proof of Property 1.
Namely, choose that ¢ = f+(y) and

(e —sy—1)/s> ,s#0;
y2/2 ,s=0.

The conditions of Theorem A are fulfilled with

f=fy) = {

f'y)y=ev, " (y) = e, ¢ly) =W, 7' (y) = —logy,

S—7r

forr # s.
Therefore, with p; = 1/n, we obtain
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(72 2711 eYi — ne(Z? yi)s/”
52 Z? elYi — ne(Z? yi)r/n

) < max{y},

min{y; }{ < P

that is,

< emaxtuil,

r2 ZT esYi — ne(Z? y,')S/i’l )1/(5—7)

emin{yit < (
52 Z’f e'Yi — ng(ZT yi)r/n

In the case r = 0,s # 0, we have

1! S /! Sl - 1
f'y) =ev, 8" (y) =1, ¢(y) =¥, ¢~} (y) = ; logy.

Hence,

pmin{yi} < (21 Y eV — ne(Z1yi)s/n ) 1/s - pmax{yiHl
s n Yy — (Kl yi)?

Now, change of variables e¥i = x;, s — ns, r — nr, evidently leads to the desired results.

For the proof of Property 5. we shall use Theorem B.

By the function f;(y) defined above, we have that f/'(y) = % is log-convex for s € R.

Hence, by Theorem B we obtain that the form

_ Z’f esyi — ne():;’ yi)s/n

Es) ns2

4

is log-convex on R.
Since a positive function is log-convex on [ if its logarithm is convex on I, applying Lemma 1 we
have that the form

7

log F(s) —log F(r) _ o (rz Y eV — ne(ZTyi)S/n)l/(s—r)

sS—r1 s2 Z;Z eVi — ne(Xivir/n

is monotone increasing in both r and s.
The same change of variables ¢¥i = x;, s — ns, r — nr, proves the validity of Property 5.
Finally, for the Property 6. of Theorem 3, we have

12 x35 4+ x3° — 2(x1x)° ) 1/(2(s—1))

brs\X1,%2) = | &5
r,s( 1/ 2) (SZ x%".|.x%’—2(3€1x2)r

_ (G VRe) ) V6
2 (] — xp)? s (xf —x3) e
O
Theorem 4. Let,
2 Zl/l ; 157 IS 2 1/(2(5—"))
T (] —y; )1/ ) - :
Ers(An; Xn, Yn) = (SZ Y1 a;(log x;—logy;)? r=0s570

—1 , Yiai(xi—y3)(xlogx;—yslogy;)
exp (5t + 5 lzy%ai(ﬁczfyfl)zyl HE) r=s#0;
£1 a;(log x;—log ;) (log” x;—log? yi))

exp( 2y 1 a;(log x;—logy;)? ;r=s=0

Then

1. Functions E, s(An; Xn, Yy) are means.
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Means E, s(An; Xn, Yn) are symmetric in parameters r and s.

Means E;s(An; Xu, Yy) are symmetric in variables, that is, E/'(An; Xn, Yn) = EI's(An; Yo, Xn).
Means E, s(An; Xn, Yn) are homogeneous of order one.

E;s(An; X, Yn) are monotone increasing in both parameters r and s.

Ers (al} X1, }/1) = Eys (X1, yl)'

S Gk

Remark 2. We assume that there exists i, 1 < i < n, such that x; # v;.

Proof. Properties 2-6 are self-evident. For the rest of the proof we can assume that x; > y;,i =1,2,...,n.
Otherwise, we put x; € Y, y; € X,.

Furthermore, because of symmetry, we take s > r.

To prove Property 1, note that from the definition of Stolarsky means, for s > r # 0 and each
i=1,2,..,n,the bounds

r(xf —y5)\ 1/ (-
¥i < (W) < x;.
are known.
Hence,
(s(f = V)P < (o = )P < (st =),
and

wherefrom one easily obtains that

s (min{y;})*7) Y ai(xf =) < 7 )i - y3)? < P (max{x )¢ Y ai(x] — yf),
i=1 i=1 i=1

ie.,

7’2(2}; al'(x? - y?)2>1/2(s—1’) < max{xi} i=1,2 .. n.

s2(X1 ai(xf —y)?
The other cases follow simultaneously as a results of limit processes inside the definite
fixed bounds.

min{y} < (

For example, for r = s = 0, we have

, _ Y1 a;(log x; — log y;) (log® x; — log” ;)
EO,O(An/ X, Yn) - exp( ZZ? ai(logx,' _ 10g]/i)2 )
. (Z’f ai(log x; — logy;)? log<\/wi))

p Y1 a;(log x; — log y;)? ’

and applying the inequality

min{y;} <y; < /Xy < x; < max{x;},

we obtain

min{y;} < Ego(An; Xn, Yn) < max{x;}, i=1,2,..,n.
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Therefore, the fact that expressions E, s(Ay; Xy, Yy ) are means is proved. O]

For the proof of Property 5., let us recall some basic facts from Convexity Theory.
A function f is convex on an interval I if it is continuous on I and it is Jensen convex on I, that is
forallx,y € I,

f(x) erf(y) Zf(x;ry)

Lemma 2. A positive function g is log-convex on an interval I if it is continuous on I and the inequality

g(5) + 20pg (1) + B (1) 20,

holds forall a, p € Rand s, t € L.

Proof. The above inequality holds for all «, 8 € R if and only if

8()8(0) > £,

that is

log g(s) +log g(t) s+t
2 > log g 2 ):

This means that log og is convex in the Jensen sense, and hence the continuity of g implies that it
is log-convex. O

Lemma 3. Let the function h(x,y;s),x >y > 0, be defined as

xsiys s # 0[
h(s) = h(x,y;s8) := s
(s) (x.y:5) {log(x/y) ,s=0.

Then h(s) is log-convex on s € R.
Proof. Indeed, (s) is continuous on s € R and the inequality
o2h(s) + za/sh(sT“) +B2h(t) > 0

holds, because

h(s) +20ph( ) + Fh(1)

2 [* s ¥ospt g 2 (* i1
=u / u du+2a[5/ w2 du+p / u'tdu
y y y

X
= / (a*’? + But’?)2u=du.
¥
Therefore Lemma 2 can be applied. O
Lemma 4. If, for positive u,v, w, the inequality

w?u + 20pv + pFw > 0,
holds for each «, B € R, then also

&uP + 20pof + prwf >0,
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holds for each p > 0.

Proof. Obvious. Now we are enabled to prove Property 5. of Theorem 4. For this cause, denote

= iaih?(s)
1

where h;(s) := h(x;,y;;s) and a;, i = 1,2, ..., n are positive numbers.
By Lemmas 2—4, we see that g,(s) is log-convex in s, s € R, since

s+t

g (5) +20pga(T20) + Fgn (1) za (212(s) + 20pr2(ZLy 4 22 (1) > 0.

Therefore the function F(s) = log g, (s) is convex and, applying Lemma 1, we obtain that

log gn(s) —loggu(r) _, . (8n(s)
7 =lo g(gn< )) —ZIOgErs(An/Xn/Yn)/
is monotone increasing in both r and s, which is equivalent with the Property 5 in the case s > r # 0.

By continuity, the proof of other cases follows immediately. For example, since for any € > 0
we have

Er+e,s+e(An) X, Yn) > Er,s(An; X, Yn)/

letting r — s, we obtain

Es+€,s+€(An) X, Yn) > Es,s(An; X, Yn)/

that is, Ess(An; Xn, Yn) is monotone increasing in s.
O

Our task in the sequel is to investigate under what conditions the means e,s(X,) and
E;s(Ay; Xy, Yy) are monotone increasing/decreasing in n.
For this cause we need the following two lemmas.

Lemma 5. Stolarsky means E, s(x,y) are monotone increasing in both variables x and y.
This is the well-known assertion ([1]).
Lemma 6. For two given sequences {u, } and {v,} of positive numbers, denote
Uy up+uy + ...+ uy

wy = —; W, = .
Uy U1+ 02+ ...+ Uy

If the sequence w, is monotone decreasing/increasing, then the sequence W, is also monotone
decreasing/increasing.

Proof. Let w, be a decreasing sequence. The other case can be treated similarly.
We prove firstly that v, 11 Y] 1; > 1,41 Y] v;.
Indeed,

n n n n
Upt1 Z Ui = Upq1 Zviwi 2 Up1Wn1 Evi = Up41 Zvi-
1 1 1 1

Hence,
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n n+1 n n n n+1

n n n n
Youp Y vi=Y w0t v Y ui =Y Uiy ity Y 0 =Y 0 Y U,
1 T 1 1 T 1 T T 1

1
i.e., Wn Z Wn+1.
O

Theorem 5.  If both sequences {X,} and {Y,} are monotone decreasing (increasing), then means
E,s(An; X, Yn) are monotone decreasing (increasing)in n.

Proof. We shall prove the “decreasing” part of Theorem 5. The proof of the other part is analogous.
Hence, we assume that both sequences { X, } and {Y,} are monotone decreasing. In the case
s > r # 0, denote
Uy = anr? (x5, — y5)% vp 1= st (xl, — )2
By Lemma 5, we have

2

2
up (g —yn)? (N — Vi)
o Q2 (At 72 > 2( 4" r )2
On s (xn _yn) S (xn+1 - yn+1>
Therefore the sequence w;, is monotone decreasing and, by Lemma 6, this implies W, > W1,
that is,

Wy = = Wy+1-

ra(x] — i) +a(xs —y3)* + -+ an(x, — y3)?

s2ar(x] —y1)? +a2(xy —yp)? + - -+ an(x) — yp)?

L ra )+ m(E =) 4 A =y A (G0 — Yan)?
TP an(x] — Y1)+ aa(g = ya)? e an (g = yR)? H ana (% — Y0)?
Since s > r, this is equivalent to E, s (An; Xn, Yn) > Ers(An+1; Xnt+1, Yns1)-
In the casesr =s # 0,5 > 0 = r and ¥ = s = 0 one should take

in = an (%}, — ;) (x5, 1og i — 3, log i), vn = an (%}, — ;)%
Uy = an(xffz - yf’l)zr On = Szan(logx” - logyn)Z;
Uy = ﬂn(logxn — logyn)(logz Xn — logz yn)/ Op = Zan(log'x” - 1Ogyn)2'

respectively, and proceed as above.
O

On the other hand, the problem of monotonicity in n for means e, ;(X;,) seems significantly harder.
We are able to solve it only in the simplest case r = s = 0.

Theorem 6. The means ey (X, ) are monotone increasing/decreasing in n if and only if

xXn 2 2( X 1) (e00(Xn1)/2(X, 1)) 1), 1 > 3,

where z(X,,) denotes the geometric mean of numbers X,,.
Proof. We have

bu(Xn)

ogenlXn) = 30, (X

with
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18, 5, 1 2 18,
an(Xn) = ;Zlog X; — (Z Zlogxi) = =) log*(x;j/z(Xy)) >0,
T 1 1

n

and

1& 1& 3
bu(Xy) = ;ZlogB’ Xj — (; Zlogxi> )
1 1

Note that for x,, = z(X,,_1) we have e (X)) = eg,0(X;—1). Therefore by Taylor expansion around
this point, we obtain

n—1

an(X) = a1 (X 1) + 1 Tog? (vn/2(X 1)),

and

n

n—1 3logz(Xy-1)
n

bu(X) = by 1 (X 1) + tog? (0/2(Xy 1)) + "5 10g (/2% 1))

Since by, —1(X;—1)/3a,-1(Xy—1) = logego(X,—1), we finally get

bn(Xn) bn—l (Xn—l)

T 300 (Xn) 31 (Xu_1)

log eon(Xn) —logeoo(Xy—1)

_ logz(xn/Z(Xﬂfl)) [3logz(Xn—l) + nx

3, (%) . ! log(x/2(Xn-1)) — bu—1(Xn-1)/an—1(Xn-1),

and the proof follows.
O

3. Conclusions

In this article we give two explicit generalizations of Stolarsky means to the multi-variable case
and proved that they preserve all main properties of the original means. Let us note that other subtle
properties are not equally transposed. For example, log-convexity of E, s(x1, x3) entirely depends on
parameters r,s ([12]), but in the case of means B, s(x1, X2, x3), mentioned in the Introduction, it also
depends on x3 < |/x1%7.

Furthermore, many open questions can be proposed. For example, is monotone increase of the
sequences { X, } and {Y;,} necessary for E,s(Ay; Xu, Yu) to be increasing in n?

Or, is the monotonicity in variables possible for the means e, s(X,,) only if n =2 or n = 3?
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