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Abstract: The fundamental goal of this study was to achieve the Ricci curvature inequalities for
a skew CR-warped product (SCR W-P) submanifold isometrically immersed in a complex space
form (CSF) in the expressions of the squared norm of mean curvature vector and warping functions
(W-F). The equality cases were likewise examined. In particular, we also derived Ricci curvature
inequalities for CR-warped product (CR W-P) submanifolds. To sustain this study, an example of
these submanifolds is provided.
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1. Introduction

There have been several studies in the past to demonstrate the geometries of submanifolds in the
settings of almost Hermitian (A-H) and almost contact metric (A-C M) manifolds. By the operation of
the almost complex structure |, the tangent space of a submanifold of an almost Hermitian manifold
can be classified into holomorphic and totally real submanifolds. The notion of CR-submanifolds was
introduced and studied by A. Bejancu [1] in 1981 as a generalization of holomorphic and totally real
submanifolds. Thus, as to have a more profound knowledge of the geometry of CR-submanifolds
of almost Hermitian "AH" manifolds, Chen [2] further explored these submanifolds and provided
many fundamental results. In 1990 Chen [3] instigated a generalized class of submanifolds, namely,
slant submanifolds. Moreover, advances in the geometry of CR-submanifolds and slant submanifolds
stimulated various authors to search for the class of submanifolds which unifies the properties of
all previously discussed submanifolds. In this context, N. Papaghuic [4] introduced the notion
of semi-slant submanifolds in the framework of almost-Hermitian manifolds and showed that
submanifolds belonging to this class enjoy many of the desired properties. Later, the contact variant of
semi-slant submanifolds was studied by Cabrerizo et al. [5]. Recently, B. Sahin [6] investigated another
class of submanifolds in the setting of almost Hermitian manifolds and he called these submanifolds
Hemi-slant submanifolds. This class includes the CR-submanifolds and slant submanifolds.

In 1990, Ronsse [7] started the study of skew CR-submanifolds in the setting of almost Hermitian
manifolds. Skew CR-submanifolds contain the classes of CR-submanifolds, semi-slant submanifolds
and Hemi-slant submanifolds.

The acknowledgment of warped product manifolds appeared after the methodology of Bishop
and O’Neill [8] on the manifolds of non positive curvature. By analyzing the way that a Riemannian
product of manifolds cannot have non positive curvature, they represented warped product (W-P)
manifolds for the class of manifolds of non-positive curvature which is characterized as follows:
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Let (S1,(,)1) and (Sy, (, )2) be two Riemannian manifolds with Riemannian metrics (, )1 and (, )2
respectively and g be a smooth positive functionon S1. If 7: 51 X S; — Sy and 7 : 51 X S; — S; are
the projection maps given by 71(x,y) = x and #(x,y) = y for every (x,y) € S; X Sy, then the W-P
manifold is the product manifold S; x Sp holding the Riemannian structure such that

(Uy, Up) = (m. Uy, mUz) + (g 0 )% (n:Uy, 7. 2)2,

for all Uy, Up € TS. The function g is called the warping function (W-F) of the warped product (W-P)
manifold. If the W-F is constant, then the W-P is a trivial, i.e., simply Riemannian product. Further,
if Uy € TS1 and U, € TSy, then from Lemma 7.3 of [8], we have the following well-known result

u
Dy, Uy = Dy, Uy = (?lg)uzr 1)

where D is the Levi-Civita connection on S. In the light of the fact that W-P manifolds have various
uses in physics and the theory of relativity [9], this has been a subject of broad interest. The idea
of displaying the space-time close to black holes admits the W-P manifolds [10]. Schwartzschild
space-time T X $2 is a model of W-P, wherein the base T = R x Rt is a half plane k > 0 and the
fiber S? is the unit sphere. A cosmological model to show the universe as space-time, known as the
Robertson—-Walker model, is a W-P manifold [11].

Some common properties of W-P manifolds were concentrated on in [8]. B.-Y. Chen [12] played
out an outward investigation of W-P submanifolds in a Kaehler manifold. From that point forward,
numerous geometers have investigated W-P manifolds in various settings such as almost complex
and almost contact manifolds, and different existence results have been researched (see the survey
article [13-16]). Recently, B. Sahin [17] contemplated SCR W-P submanifolds in Kaehler manifolds and
got some essential outcomes. Further, these submanifolds were explored by Haidar and Thakur in the
context of cosymplectic manifolds [18].

In 1999, Chen [19] discovered a relationship between Ricci curvature and a squared mean curvature
vector for a discretionary Riemannian manifold. More precisely, Chen proved the following theorem

Theorem 1. Let ¢ : S' — 5™ (c) be an isometric immersion of a t— dimensional Riemannian manifold into a
Riemannian space form S™(c).

1. For each unit tangent vector x € T,S', we have

ITTIP(p) > 5 {R%G0) — (¢~ 1)c}

where | T1||?(p) is the squared mean curvature and RS (x) the Ricci curvature of St at x.

2. IfII(p) = 0, then the unit tangent vector x at p satisfies the equality case of (1) if and only if x lies in the
relative null space N, at p.

3. The equality case holds identically for all unit tangent vectors at x if and only if either p is a totally geodesic
point or t = 2 and p is a totally umbilical point.

Theorem 1 was generalized for semi-slant submanifolds in Sasakian space form by Cioroboiu and
Chen [20]. Further, D. W. Yoon [21] studied Chen Ricci inequality for slant submanifols in the framework
of cosymplectic space forms. Motivated by Chen [19], Mihai and OZzgur [22] studied Chen Ricci
inequality for real space forms with semi-symmetric connections. In [23] M. M. Tripathi formulated
an improved relationship between Ricci curvature and squared mean curvature. More recently,

Ali et al. [24] generalized Chen Ricci inequality for warped product submanifolds in spheres and
provided some applications in mechanics and mathematical physics.

The class of SCR W-P submanifolds is rich in its geometric behavior; it contains classes of
CR-warped product submanifolds, semi-slant warped product submanifolds and hemi-slant warped
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product submanifolds. In the literature it was found that Ricci curvature for these warped product
submanifolds in complex space forms has not been studied. In other words, we can say that Theorem 1
is an open problem for skew CR-warped product submanifolds in the setting of complex space forms.

In this study our point is to establish a connection between Ricci curvature and squared mean
curvature for SCR W-P submanifolds in the setting of complex space forms.

2. Preliminaries

Let S be an A-H manifold with an almost complex structure | and a Hermitian metric (, ), i.e.,
J? = —Iand (JUy, JUp) = (Uy, Us), for all vector fields Uy, U, on S. If ] is parallel with respect to the
Levi-Civita connection D on S, that is

(Dy, YUz =0, ()

forall Uy, U, € TS, then (S, ],(,), D) is called a Kaehler manifold (K-M).

A K-M S is called a CSF if it has constant holomorphic sectional curvature ¢ denoted by S(c).
The curvature tensor of the CSF S(c) is given by
_ c
R(ull UZ/ U3, u4) :Z [<u2/ u3> <u1/ u4> - <u1/ U3> <u2/ u4> + <u1/ ]u3> <Iu2/ U4>

— (Uy, JU3) (JUy, Uyg) + 2(U, JUp) (JU3, Uy)),

®)

for any Uy, Uy, Uz, Uy € TS.

Let S be a n—dimensional Riemannian manifold isometrically immersed in a m— dimensional
Riemannian manifold S. Then, the Gauss and Weingarten formulas are Dy, U, = Dy, Up + I'(Uy, Up)
and Dy, ¢ = —AgU; + Dﬁ] & respectively, for all Uy, U, € TS and ¢ € TS, where D is the induced
Levi-Civita connection on S, ¢ is a vector field normal to S, T is the second fundamental form of
S, D is the normal connection in the normal bundle T+S and A is the shape operator of the
second fundamental form. The second fundamental form I' and the shape operator are related by the
following formula

(T(Un, Uz),6) = (Al Up). (4)

The Gauss equation is given by
R(Uy, Uz, Uz, Uy) = R(Uy, Uz, Uz, Uy) + (T (Uy, Ua), T(Up, Us)) — (T(Un, U3), T (Uz, Us)),  (5)

for all Uy, Uy, Uz, Uy € TS, where R and R are the curvature tensors of S and S respectively.
Forany U; € TSand ¢ € TLS, JU; and J& can be decomposed as follows.

Ju, = PU; + FlU; 6)

and
JG =15+ f¢, @)
where PU; (resp. t¢) is the tangential and FUj (resp. f¢) is the normal component of JU; (resp. J¢).
It is evident that (JU;, Up) = (PUj, Up) for any Uy, Uy € TxS; this implies that (PUy, Ys) +
(Uy, PUp) = 0. Thus, P? is a symmetric operator on the tangent space TS, for any x € S. The
eigenvalues of P? are real and diagonalizable. Moreover, for each x € S, one can observe

L} = Ker{P? 4+ A%(x)I},

where I denotes the identity transformation on TyS, and A(x) € [0, 1] such that —A?(x) is an eigenvalue
of P?(x). Further, it is easy to observe that KerF = L. and KerP = LY, where Ll is the maximal
holomorphic sub space of TS and LY is the maximal totally real subspace of T;S; these distributions
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are denoted by L and L' respectively. If —A3(x), ..., —AZ(x) are the eigenvalues of P? at x, then TyS
can be decomposed as
T.S=Laolle.. LY
Every LQ", 1 <i < kis a P—invariant subspace of T,S. Moreover, if A; # 0, then Lﬁi is even
dimensional the submanifold S of a Kaehler manifold S is a generic submanifold if there exists an
integer k and functions A; 1 < i < k defined on S with A; € (0,1) such that

(i) Each —)\%(x), 1 <i <k, is a distinct eigenvalue of P? with
T.S=LTallaoll a.. . oL¢

forany x € S.
(i) The distributions of LZ, L,Jg and L;}", 1 <i < k are independent of x € S.

If in addition, each A; is constant on S, then S is called a skew CR-submanifold [7]. It is
significant to recount that CR-submanifolds are a particular class of skew CR-submanifold for which
k=1,LT = {0},L+ = {0} and Aq is constant. If L* = {0}, L! # {0} and k = 1, then S is a semi-slant
submanifold, whereas if L = {0}, L+ # {0} and k = 1, then S is a hemi-slant submanifold.

Definition 1. A submanifold S of an A-H manifold S is said to be a "skew CR-submanifold of order 1" if S is a
skew CR-submanifold with k = 1 and Ay is constant.

We have the following characterization

Theorem 2. Reference [3] let S be a submanifold of an A-H manifold S. Then S is a slant if and only if there
exists a constant A € [0, 1] such that
P2 = —AlL

Furthermore, if 0 is a slant angle, then A = cos? 6.

For any orthonormal basis {ej1, ey, ..., e} of the tangent space T,S, the mean curvature vector
I1(x) and its squared norm are defined as follows.

t

1
M(x) = - Y- Tleie), [M1)* = t2 Z (eirei), T(ej ), ®)

i=1 i,j=1

where t is the dimension of 5. If I' = 0 then the submanifold is said to be totally geodesic and minimal
if IT=0.If T(Uy, Up) = (U, Up)IT for all Uy, Up € TS, then S is called totally umbilical (T-U).
The scalar curvature of S is denoted by 7(S) and is defined as

T<S_) = Z kpq/ (9)

1<p<q<m

where &p; = &(ep A eg) and m is the dimension of the Riemannian manifold S. Throughout this study,
we shall use the equivalent version of the above equation, which is given by

2t(S) = ). &y (10)

1<p<q<m

In a similar way, the scalar curvature 7(Ly) of a L—plane is given by

T(Ly)= ), f&pg (11)
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Let {e1,...,e:} be an orthonormal basis of the tangent space TS and if e, belongs to the
orthonormal basis {e,, 11, ...ey} of the normal space TLS, then we have

e = (T(ep,eq),er) (12)
and t
||F||2 = Zl<r(epr€q)rr(ep/eq)>- (13)
pa=

Let xp; and &y, be the sectional curvatures of the plane sections spanned by ¢, and ¢; at x in
the submanifold S and in the Riemannian space form $"(c), respectively. Thus by Gauss equation,
we have

m

= 2

Kpg = Kpg + ;1(%% — (The)?)- (14)
r=

The global tensor field for orthonormal frame of vector field {e,...,e:} on S is defined as
- t —_
M(Uy, Up) = Y _{(R(e;, Uy)Up, e)}, (15)
i=1

for all Uy, U, € T,S. The above tensor is called the Ricci tensor. If we fix a distinct vector e, from
{e1,...,e:} on S, which is governed by x, then the Ricci curvature is defined by

¢
R%(x) = Z K(ep Aey). (16)
£

=
S =

For a smooth function g on a Riemannian manifold S with Riemannian metric (, ), the gradient of
g is denoted by Vg and is defined as
(Vg Uy) = Usg, (17)

forall U; € TS.
Let the dimension of S be t and {ey, e, ..., e:} be a basis of TS. Then as a result of (17), we get

t

IVgl? =} (ei(g))™ (18)

i=1

The Laplacian of g is defined by
t
Ag =) {(Veei)g —eieiyp}. (19)
i=1

For a W-P submanifold Sil Xg ng isometrically immersed in a Riemannian manifold S, we observe
the well known result, which can be described as follows [25]:

t ty tZAg 5
Y Y xlepNey) = N t2(Alng — [|Vingl%), (20)
p=1q=1

where t; and f; are the dimensions of the submanifolds S;l and S;z respectively.

3. Skew CR-Warped Product Submanifolds

Recently, B. Sahin [17] demonstrated the existence of SCR W-P of the type S = S1 x; 5,
where S; is a semi-slant submanifold as defined by N. Papaghuic [4] and S, is a totally real
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submanifold. Throughout this section we consider the SCR W-P S = 57 x £ S1 inaKaehler manifold S.
Then it is evident that S is a proper SCR W-P of order 1. Moreover, the tangent space TS of S can be
decomposed as follows.

Ts=LaLToLt, (21)

where LY = Ly I LY = {0}, then S becomes a CR-warped product submanifold defined in [26].
If LT = {0}, then S is reduced to a warped product hemi-slant submanifold [6]. Thus, skew CR-warped
product submanifold presents a single platform to study the CR W-P submanifolds and W-P
hemi-slant submanifold.

Now, we have an example of SCR W-P submanifold in an A-H manifold

Example 1. Let S be a submanifold in R'? defined by x, = u, xo = v sechw, x3 = k tanhp, x4 = k sechp, x5 =
u sechB, xo = u tanhP,y1 = —v,yp = v tanha,y3 = —r tanhP,ys = —r sechP,ys = 0,y = 0.
Then, we have the following basis of TS

J , U = secho&i — i + t‘anhtxi

d d
U, = sechﬁa—x5 + fanhﬁa—x6 + o v  an s’

d ] ad 0
Us = tanh[%% + sechﬁa, Uy = —mnhﬁa—y3 — sechﬁ@,

d d 9 d 0 0
Us = —k sech,Ba—x3 +k tanhﬁm +u tanhﬁﬁ —u SeChﬁaT%—H sechﬁa—y3 —r tanhﬁa—ﬂ.

It is straightforward to identify that L% = span{Uy, Uy} is a slant distribution with slant angle 60°,
L = span{Usz, Uy} is a holomorphic distribution and JUs is orthogonal to S. Thus L+ = span{Us} is a
totally real distribution. Moreover, it is easy to observe that L°, L and L' are integrable. If S¢, ST and S are
the integral manifolds of the distributions LY, L and L' respectively. Then the induced metric tensor of S is
given by

ds® = (,)s, + (s + (K +u? +1%)()s,

or

ds* = (,)s, + (I +u> +72)(,)s, -
Definition 2. The warped product Sy X ¢ Sy isometrically immersed in a Riemannian manifold S is called S;
totally geodesic if the partial second fundamental form T'; is zero identically. It is called S;-minimal if the partial
mean curvature vector IT: becomes zero fori=1,2.

Let {e1,...,epepr1 = Jei,...,ep=2p = ]ep,el, el el = gecPel,. .. el2=2) =
secOPel, etz t1 ..,eB3} be a local orthonormal frame of vector fields such that {ey,. eyl =
Jei,...,en=p = Jep} is an orthonormal basis of L, {el,..., e1,e1*l = secOPel, .. ., el=20) = gec 6P}
is an orthonormal basis of Ly and {e2*!,..., ¢} is an orthonormal basis of L.

Throughout this paper we consider that the SCR W-P submanifold S xS, is L—minimal.
Presently we have the following outcome for further applications

Lemma 1. Let S' = S?HZ X f Stj be a L—minimal SCR W-P submanifold isometrically immersed in a Kaehler
manifold; then

1 m
r=t+1

where || T1||* represents squared mean curvature.
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4. Ricci Curvature for Skew CR-Warped Product Submanifold
In this section, we investigate Ricci curvature in terms of the squared norm of mean curvature

and the warping functions as follows:

Theorem 3. Let S' = S?Hz X g S be a L—minimal SCR W-P submanifold isometrically immersed in a
Complex space form S™(c). If the holomorphic and slant distributions L and Lg are integrable with integral
submanifolds S’ETl and ng respectively, then for each orthogonal unit vector field x € TS, the tangent to sh, Séz

or Stj’, we have that

(1) The Ricci curvature satisfies the following expressions:

(i)  Ifx € TS}, then

LRI > RS () + %J%f F (bbbt ). 23)
(i) x € TSy, then
%tZHHHZ > R5(x) + t3?f + g(t —Hty —tats —tts+1— %(:0529). (24)
(iii)  If x € TS'?, then
SPITIR 2 RGO + “J?f +4(t—ht — bt — bz +1). (25)

(2) IfT(x) = 0 for each point x € S, then there is a unit vector field x which satisfies the equality of (1) iff S
is mixed totally geodesic and x € Ny at x.
(3)  For the equality case we have

(a) The equality of (23) holds identically for all unit vector fields tangential to StT1 at each x € St iff St
is mixed TG and L—totally geodesic SCR W-P submanifold in 5™ (c).

(b) The equality of (24) holds identically for all unit vector fields tangential to Sy at each x € S' iff S
is mixed totally geodesic and either S' is Lg- totally geodesic SCR W-P submanifold or S' is a Lg
totally umbilical in S™(c) with dim Lg = 2.

(c) The equality of (25) holds identically for all unit vector fields tangential to Stj at each x € S iff
S is mixed totally geodesic and either S is L+~ totally geodesic SCR W-P or S' is a L™ totally
umbilical in 8™ (c) with dim L+ = 2.

(d)  The equality case of (1) holds identically for all unit tangent vectors to S' at each x € S' iff either
St is totally geodesic submanifold or M" is a mixed totally geodesic totally umbilical and L totally
geodesic submanifold with dim 522 = 2 and dim Stj =

where t1, tp and t3 are the dimensions of StTl, Séz and Stﬁ respectively.

Proof. Suppose that §! = S?HZ X f Stj be a SCR W-P submanifold of a CSF. From Gauss equation,
we have
£2||I1)12 = 27(S") + |12 — 22(S"). (26)
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Let {ey,..., €ty Chyt 1y e v rClyye e et} be a local orthonormal frame of vector fields on St such that
e1,...,6 | is tangential to St1, et 41,---,6t  is tangential to S and et 41,.--,6is the tangent to
1 g T 1+ 2 g 6 2+ g
S's. Thus, the unit tangent vector x = e € {e,...,e:} can be expanded (26) as follows.
1 g X P

RINR = 20() + § 5 (T oo Ty 4+ Th =T 2+ T )
Zr t+1 Zl<z#]<trllr1] 2'L_'(St)

The above expression can be represented as

#2(|T1||* = 27(S* +f Z{ (Th 4 ... Thy, + - +Th)?
r t+1

m
@~ (T +- 4T +2 Y, )
r=t+11<i<j<t

-2 Z Z Fzrll—‘;] T S)

r=t+11<i<j<t

In view of the assumption that SCR W-P submanifold S; X ¢ S, is L—minimal submanifold, the

preceding expression takes the form

1 m
#2(|T1||* = 27(S") + 5 Z (T a1 T Thyy + o +T})?
r=t+1
1 i + I +...+r"))2
2 t1+1t1+1 s tigty tt

LY Y @p- Yy ¥ omr-ons) 28)

r=t+11<i<j<t r=t+11<i<j<t
ij£A
m t ) m ) m
+ 2 2( ZA) + 2 Z (r;’j) - 2 Z I—‘zrzr;’]
r=t+1 a=1 r=t+11<i<j<t r=t+11<i<j<t
a#A ijAA ij#£A

Equation (14) can be written as

m
= _ P‘i r oTr
Z Kpg — Z Kpg = Z Z (I Z Z LppLag-
1<p<q<t 1<p<g<t r=t+11<p<q<t r=t+11<p<g<t
paF#A pAF#A pa#A pa#A

Substituting this value in (28), we derive
2 2 N 2
EITT® =27(8) + 5 ) AT sana - Thpy + -+ Th)
=t+1
1 & 5
+ E Z (21-'}1"114 - (r:1+1t1+1 +.. {21‘2 +oee r;’t))
r=t+1

LY Y mP- Y T omr 2w @)

r=t+11<i<j<t r=t+11<i<j<t
ij£A
m t )
3 —
L N L6 Low
r=t+1 a=1 1<i<j<t 1<i<j<t
a£A ij#A ij#£A
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On the other hand, from (9) we have

ti+ty
(8= Y x(eine) =Y. Z K(ea Neg)+ ). x(eaNey)
1<i<j<t a=1 B=t;+tr+1 1<a<y<ty (30)
+ )Y xlegAe)+ ), x(ewNeo).
1+1<I<0<t tr+1<u<ov<t

Using (9) and (20), we derive

(St = t3?f T(SP) +T(SR) +T(SB).

Using this in (29), we get

m
AN =B2E 45 Y (e o T T
J’_

m

l
E 2 ZrAA t]+1t]+1 T ;’21‘2 +oot r;t))z

+ Z Y, (Taalhs— (Thp)?)

r=t+11<a<p<th

m
2
P YR @ ) 1
r=t+1t+1<p<q<t, 31)
m
+ Z Z (rgsr:m - (rgn)z)
r=t+1t)+1<s<n<t

LY Y mr-y ¥

r=t+11<i<j<t r=t+11<i<j<t
ij£A
—27(Sh+ Y &y +E(SP)+T(SE) +7(ST).
1<i<j<t
ij£A

Considering unit tangent vector x = e4, we have three choices: x is the tangent to the base
manifold S? or S{tf, or to the fiber Stj .
Case1: If x € S?, then we need to choose a unit vector field from {ey, ..., e }. Let x = e1; then by (15)
and the assumption that the submanifolds is L—minimal, we have

m

1
FITE 2R +5 b (T o T 4o T
+1

tSA m
+ Tf 35 Y @ - (T - Thy + - +TH)?
r=t+1
- 2
+ Y Y (M- ()
r=t+11<a<p<ty
m
+ X Y (Tl — @T)?) (32)
r=t+1t+1<p<q<tp
m
+ 2 2 (r;sr:tn - (r;n)z)

r=t+1ty+1<s<n<t
m
FYOL MRy ¥omr
r=t+11<i<j<t r=t+12<i<j<t
—2t(S + Y (e e) +T(SE) +T(SP) + T(ST).

2<i<j<t
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Putting Uy, Us = ¢;, Up, Uy = e¢; in the formula (3), we have

27(S) = ~[t(t — 1) + 3t; + 3ty cos? 6] (33)

»-Ik\ﬁ

Y (e e) = %[(t —1)(t—2) +3(t — 1) + 3t cos® 0]

2<i<<t

7(S7) = <[ti(t — 1) +3t]

Oo\n

7(S§) = g[tz(tz — 1) + 3t; cos? 6]

#(s%) = gltalts — ).

Using these values in (32), we get

1 1 Z
#||TT)1> >R5(x) + Qtzl\Hllz t5 Y, @ = (T} fqg1 + -+ Th)?
r=t+1
L 1 mohooh
S

r=t+1i=1j=t;+1

m B t m 31
+ 1 Y Y TP+ Y Y Thly (34)

r=t+1i=1 k*t2+1 r=t+1 [3:
m m
Py ynn-Yyyonm
r=t+1i=2j=t;+1 r=t+1i=2k=tr+1

+ 5=t — bty — 1t —1)
4 12 213 31 2/

In view of the assumption that the submanifold is L—minimal, then

m m

2
Z Zrll Bp = 2(51)
r=t+1 =2 r=t+1
m b m t
- X Z[ Z Ll + Z Tilll = ). 2 Ty
r=t+1i=2 j=H+1 k=ty+1 r=t+1j=t;+1
Utilizing that in (34), we have
1 1 &
I >R (x) + 5 2|10 + 5 ;l(ﬂh — (T gap a1+ + o))
—
LA al
S
r=t+1i=1j=t;+1 (35)
m h t ) m
+222(;k)_2 +22F:zr;]
r=t+1i=1k=tp+1 r=t+1 i=1j=t;+1

+ 5=t — bty — tt 1)
4 12 213 3l 2/
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The third term on the right hand side can be written as

1 m
Z F:1+1t1+1 Tt rtztz -+ 1";”))2
r \2 1 2 2 = 2 r T
=2 2 (I11) + 5t =2 3 [ ) Thlj (36)
r=t+1 r=t+1 j=t;+1

t
+ ), Tl

k=ty+1

Combining above two expressions, we have

1 m m t
§t2||HH2 >RE(x)+ ), (M= Y, Y Ty
r=t+1 r=t+1j=t;+1
1 e r \2
E Z t1+1t1+1+ +rt2t2 -+r1’li’l)
(37)
m t1 t
t3A
LY YT (r,’]>2+ff
r=t+1i=1j=t+1
c 1
+Z(’«L*fﬂfz*fzf3*t3f1*5),
or equivalently
1 2 2 S 1 ¢ r r r r 2
2P IOP =R () + 7 ) @ = (T + -+ T+ 4 D))
r=t+1
moad t3A
LYY Y @ +3ff (38)
r=t+1i=1j=t+1

1
+ —(t — t1tp — tot3 — t3t] — E)

1(
which proves the inequality (i) of (1).

Case 2. If x is tangential to Stz, we choose the unit vector from {€t1+1/ ...,ey,}. Suppose x = ey,;
then from (28), we deduce

1 m
#|TT)1> >R5(x) + 5 Y (Thapg1 e Ty o+ I}
r=t+1
+T+§ ;l(<r;+1t1+1+--- bty T+ ) —20,)
r=
- 2 - 2
+ ) )Y (Malps—(Tep)*) + ) Y, (T&T, — (T5)%)
r=t+11<a<p<t r=t+1t+1<s<n<t;
y . (39)
+ ) Y (Ml — )+ X 1
r=t+1t+1<p<q<t r=t+11<i<j<t
Z Z r:zr]r] —21 (S )+ 2 &(e;, 6']
r=t+11<i<j<n 1<i<j<t
ij#ts i,j#t

+T(S7) + T(SP +7(SD)).
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From (3) by putting Uy, U3 = ¢;, Uy, U3 = ej, one can compute

[(t—1)(t —2) + 3t; + 3ty cos? 0]

Oo\n

K(ei/ 6]) -
1<i<j<t
ij#t

[t1(t1 — 1) + 3]

Oo\rs

T(Sh) = g[tz(tz — 1) + 3t cos? 0]

7(s%) = 5lta(ts — 1]

Using these values together with (33) in (39) and applying similar techniques as in Case 1,

we obtain
2 2 S 1 & 2
EITE =R (x) + 5 3 (T a1+ Thyy - +Tip) = 2Th,))
r=t+1
t3A
t2||HH2 3 f+ Z Z
f r= t+11<z<]<n
m ty—1
+ Z [ Z Iqtzfz 71+ Z Iﬂfztz ] (40)
r=t+1 n= t1+1 = t2+1
m f ty—1
Y[ X mr+ Z TiiTh]
r=1i=1 j=t;+1 k=ty+1

c
+ Z(t — tity — totz — t3t; + 1).

By the assumption that the submanifold S' is L—minimal, one can conclude

m tH tr—1
ENLE me Y mr =
r=li=1 j=t+1 k=t+1

The second and seventh terms on right hand side of (40) can be solved as follows:

1 m th—1
5 ) ((r:1+1t1+1+"'+1—';t) The)) Z [ Y Tl + Z IL T
r=t+ r=t+1 n=t;+1 I=tr+1
1 & r r 2
E Z Ff1+1f]+1+ +r711’l +2 Zl tztz
r=t+
m
2
-2 Z Z rfzfz ]]+ Z Z rfzi‘zr - 2 ( :zfz) (41)
r=t+1j=t;+1 r=t+1n=t;+1 r=t+1

m
5 Z TR R I7,.)% + Z ( ¥2t2)2
2,5 r=t+1

Z errr

r= t+1] t1+1
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By utilizing those two values in (40), we arrive at

1 m t
r= t+l r=t+1li=t;+1
1 = 1 t3A
3L rtl+1tl+1+~--+rzn>2+2t2|n||2+ff @)
m t ) c
+ ) Z Y (T4 g (t—tty — bty — taty +1).
r=t+1i=1j=t;+1
By using similar steps as in Case 1, the above inequality can be written as
L2 >gs L'y o I )
4 H || = (X) + 4 Z ( taty ( t1+1t+1 +oet 'rli’l))
r=t+1 (43)
t3Af
+ 7]( + 4(t — b1ty — tots — tyt3 + 1).

The last inequality leads to inequality (i7) of (1).

Case 3. If x is tangential to Stf, then we choose the unit vector field from {e;,1,...,e,}. Suppose the
vector x is e;. Then from (28)

1 m
S
£2[|TT)|* >R3( 35 Y (T a+- Thy +- o +T5)?
r=t+1
L BAf 1
f E Z r;‘1+1t1+1+"‘ Izt2+“'+r;tft) 721—‘;})2
r=t+1
- 2 & 2
+ Y Y M-+ Y Y (LT — (L))
r=t+11<a<p<t r=t+1t1+1<s<n<t; (44)
m m
+ ) (Tl — M)+ X 1
r=t+1ty+1<p<q<t r=t+11<i<j<n
m
— Z Z 1"1’11";] _(St) + Z K(e,»,ej)
r=t+11<i<j<t-1 1<i<j<t—1
t

From (3), one can compute

Y Ree) = %[(tfl)( —2) +3t +3(t, — 1) cos? 6]
1<i<j<t—1

[t1(ty — 1) + 3t]
(Sk) = %[tz(tz — 1) + 3t cos? 0]

(1) = £ltalts = 1),

By usage of those values together with (33) in (44), and analogously to Case 1 and Case 2, we obtain
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1 1 &
#2111 2R5(X)+§f2HH||2+* Y (T papen - Ty + o+ Th) —205)°

2 r=t+1

| S
Ly ¥

r= t+1l<1<]<t (45)
m m
PE Y Thlh = L >y TiTj;
r=t+1g=t;+1 r=t+1i=1j=t;+1
3
+§(t—t1t2—t2t3—t1t3+1—Ecosze).

Again, using the assumption that S* is L — minimal, it is easy to verify
m £
Z Z Z F:zr;] =0. (46)

r=t+1i=1j=t+1

Using in (45), we obtain

1
#2112 ZRS(X)JrEtzHHII2 Z ((Tf ag 1+ Thypy - +Thp) = 2TH)?
r t+1
tA m
BA LSy e v Y o (47)
f r= t+11<1<]<n r=t+1q=t;+1
3
+2(t7t1t27t2t37t1t3+17Ecosze).

The third and sixth terms on the right hand side of (47) in a similar way as in Case 1 and Case 2
can be simplified as

m m

1
5 Y. ((r;]+1t1+1+"'r;2t2+"'+rtt —2I}) + ) Z T,
r=t+ r=t+1g=t;+1
1 m 5 m 5
5 Z (Thatpp1 +-- Ty + o+ 1)+ Zl(rft) (48)
=t+1 r=t+
_ Z E I—'Tl—'r
r=t+1j=t+1

By combining (47) and (48) and using similar techniques as used in Case 1 and Case 2,
we can derive

1 1 &
fZIIHH2 > R5(x) + 1 Y @ — (T} g+ +TH)
t Af r=t+1 5 (49)
3 c 2
— 4+ —(t — tqty — trtz3 — tqt 1——= 0).
+ 7 + 4( 1ty — bty —tit3 +1 — 5 cos )

The last inequality leads to inequality (iii) in (1).

Next, we explore the equality cases of (1). First, we redefine the notion of the relative null space
N of the submanifold S! in the CSF $"(c) at any point x € S'; the relative null space was defined by
B.-Y. Chen [19], as follows:

Ny ={U; € T,S" : T(Uy, Up) =0,VU, € T,S'}.

For A € {1,...,t} a unit vector field e4 tangential to S' at x satisfies the equality sign of (23)
identically iff
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31 t t t
) 2 X Tpg=0(i) }, ) Tpa=0(i) 200, = ), Tg, (50)
p=1g=t;+1 b=1A=1 q=t1+1
b#A

such that r € {t+1,...m} the condition (i) implies that S’ is mixed totally geodesic SCR W-P
submanifold. Combining statements (ii) and (iii) with the fact that S* is L—minimal, we get that the
unit vector field x = e4 € N,. The converse is trivial; this proves statement (2).

For a SCR W-P submanifold, the equality sign of (23) holds identically for all unit tangent vector
belong to 531 at x iff

b
(i)Y, i I, =0 (ii Z Z T4 =0 (iii) 2T, Z | (51)

p=1lgq=H+1 b;éA qg=t1+1
wherep € {1,...,t;}andr € {t+1,...,m}. Since S’ is L—minimal SCR W-P submanifold, the third
condition implies that I',, =0, p € {1,...,t}. Using this in the condition (ii), we conclude that Stis
L—totally geodesic SCR W-P submanifold in $"(c¢) and totally mixed geodesicness follows from the
condition (i), which proves (a) in the statement (3).
For a SCR W-P submanifold, the equality sign of (24) holds identically for all unit tangent vector
fields tangential to S:f at x if and only if

f t
(B)Y, Y, Tp=0(i Z 2 I}, =0 (iii) 2Tkx = 2 I, (52)

p=1g=t+1 =1 Ab;;1 g=t+1

suchthatK € {t; +1,...,tp}andr € {t+1,...,m}. From the condition (iii) two cases emerge; that is,
k=0, VK€ {ti+1,...,t} and r € {t+1,...,m} or dim S =2. (53)

If the first case of (52) is satisfied, then by virtue of condition (ii), it is easy to conclude that S is a
Dy— totally geodesic SCR W-P submanifold in 5™ (c). This is the first case of part (b) of statement (3).

For a SCR W-P submanifold, the equality sign of (25) holds identically for all unit tangent vector
fields tangent to Stj at x if and only if

51 t t t3
(D)), Y Tp=00i)), Y Tpu=00(i)2l} = Z I, (54)
p=1g=t;+1 b= 1Ab;éz+l q=t1+1
A

suchthatL € {t, +1,...,t}andr € {t+1,...,m}. From the condition (iii) two cases arise; that is,
I[, =0, VLe{th+1,...,t} and r€ {t+1,...,m} or dim S} =2. (55)

If the first case of (54) is satisfied, then by virtue of condition (ii), it is easy to conclude that S is a
L, — totally geodesic SCR W-P submanifold in $™(c). This is the first case of part (c) of statement (3).

For the other case, assume that S’ is not L —totally geodesic SCR W-P submanifold and dim
Sjﬁ = 2. Then condition (ii) of (54) implies that S’ is L | — totally umbilical SCR W-P submanifold in
S(c), which is second case of this part. This verifies part (c) of (3).

To prove (d) using parts (a), (b) and (c) of (3), we combine (51), (52) and (54). For the first case
of this part, assume that dimSé2 # 2 and dimSi3 # 2. From parts (a), (b) and (c) of statement (3)
we concluded that M’ is L—totally geodesic, Ly— is totally geodesic and D | — is a totally geodesic
submanifold in 5" (c). Hence S' is a totally geodesic submanifold in 5™ (c).
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For another case, suppose that first case is not satisfied. Then parts (a), (b) and (c) provide
that S' is mixed totally geodesic and L— totally geodesic submanifold of 5™ (c) with dimSé2 =2and
dimSE = 2. From the conditions (b) and (c¢) it follows that S’ is Ly— and L —totally umbilical SCR
W-P submanifolds and from (a) it is L—totally geodesic, which is part (d). This proves the theorem. [J

If, ng = {0} then the SCR W-P submanifold becomes the CR W-P submanifold. In this case we
have the following corollary

Corollary 1. Let St = StT1 X f Sjﬁ be a CR W-P submanifold isometrically immersed in a CSF S™ (c). Then for
each orthogonal unit vector field x € TyS, either tangent to Sf} or ij , we have

(1) The Ricci curvature satisfy the following inequalities

(i) Ifx €S}, then

2|12 > R e =

3PP 2 RSGo) + 22+ (e =ity — ) (56)
(i1) Ifx € Stj, then

1 t3A

Ei@”HH2 = RS()() + 3ff + i(t —tit3 +1). (57)

(2) IfH(x) = 0, then each point x € S* there is a unit vector field x which satisfies the equality case of (1) if
and only if S* is mixed totally geodesic and x lies in the relative null space Ny at x.
(3)  For the equality case we have

(a) The equality case of (56) holds identically for all unit vector fields tangent to StTl at each x € St iff
St is mixed totally geodesic and L—totally geodesic CR W-P submanifold in S™(c).

(b) The equality case of (57) holds identically for all unit vector fields tangent to Stj at each x € M" iff
St is mixed totally geodesic and either S' is L | - totally geodesic CR-warped product or S'isa L |
totally umbilical in S™(c) withdim L, = 2.

(c) The equality case of (1) holds identically for all unit tangent vectors to S* at each x € S' if and only
if either S' is totally geodesic submanifold or S* is a mixed totally geodesic totally umbilical and
L— totally geodesic submanifold with dim Stj =

where t1 and t3 are the dimensions of Sél and Stj respectively.
In view of (20) we have the another version of the Theorem 2 as follows:

Theorem 4. Let S' = S;ﬁtz X g Stj be a L—minimal SCR W-P submanifold isometrically immersed in a CSF
M(c). If the holomorphic and slant distributions L and Lg are integrable with integral submanifolds StT1 and Séz
respectively. Then for each orthogonal unit vector field x € TS, either tangent to StTl, ng or Stf, we have

(1) The Ricci curvature satisfy the following inequalities

(i) Ifx € TS?,then

1 c
thllnll2 > R%(x) + ta(Alnf — | Vinf|*) + (=it — bt
(58)

1
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(i) x € TSy, then

1 c

ZtZHHHZ > R(x) + ta(Alnf — || Vinf|*) + Zl(t — tity — tat3
3 (59)
—htz+1-— Ecos2 6).

(iii)  If x € TS'?, then

c

1
PITIR > RS () + ta(Alnf — [ VInf[?) + &

(t — t1tp — otz — tyt3 + 1). (60)

(2) IfT(x) = 0 for each point x € S, then there is a unit vector field x which satisfies the equality of (1) iff S
is mixed totally geodesic and x € Ny at x.

(3)  For the equality case we have

(a) The equality of (58) holds identically for all unit vector fields tangent to S? at each x € S'iff St is
mixed TG and L—totally geodesic SCR W-P submanifold in S™(c).

(b) The equality of (59) holds identically for all unit vector fields tangent to Sy at each x € S' iff S is
mixed totally geodesic and either S is Ly- totally geodesic SCR W-P submanifold or S' is a Ly
totally umbilical in ™ (c) with dim Ly = 2.

(c) The equality of (60) holds identically for all unit vector fields tangent to Stj at each x € S'iff S is
mixed totally geodesic and either S* is L+~ totally geodesic SCR W-P or St is a L totally umbilical
in §™(c) with dim L+ = 2.

(d)  The equality case of (1) holds identically for all unit tangent vectors to S' at each x € S' iff either
St is totally geodesic submanifold or M! is a mixed totally geodesic totally umbilical and L totally
geodesic submanifold with dim S22 = 2 and dim Stj =2

Where t1, ty and t3 are the dimensions of sh, ng and Stj respectively.

5. Conclusions

In the present study we obtained some fundamental results for skew CR-warped product
submanifolds in the frame of complex space forms. Further, some inequalities in terms of Ricci
curvature and squared norm of mean curvature vector were derived. In particular, a Ricci curvature
for CR-warped product submanifolds was also discussed. Recently, we also studied warped product
submanifolds in complex space forms (see [15,16]) and obtained some inequalities in terms of squared
norm of second fundamental form, slant function and the warping functions, but the results obtained
in the present study are dissimilar from the previous works of the authors and were proved by using
different techniques.
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Abbreviations

W-P Warped product
W-F  Warping function
CSF  Complex Space form
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