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Abstract: Due to the remarkable property of the seven-dimensional unit sphere to be a Sasakian
manifold with the almost contact structure (¢,,77), we study its five-dimensional contact
CR-submanifolds, which are the analogue of CR-submanifolds in (almost) Kédhlerian manifolds.
In the case when the structure vector field ¢ is tangent to M, the tangent bundle of contact
CR-submanifold M can be decomposed as T(M) = H(M) & E(M) & R¢, where H(M) is invariant
and E(M) is anti-invariant with respect to ¢. On this occasion we obtain a complete classification of
five-dimensional proper contact CR-submanifolds in S’ (1) whose second fundamental form restricted
to H(M) and E(M) vanishes identically and we prove that they can be decomposed as (multiply)
warped products of spheres.

Keywords: contact CR-submanifold; nearly totally geodesic submanifold; warped product;
seven-dimensional unit sphere
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1. Introduction

Let M be a Riemannian submanifold of the seven-dimensional unit sphere. It is well-known that
S7(1) possesses the almost contact structure (¢, &, 77), which is also contact and Sasakian. Having in
mind the behaviour of the endomorphism ¢, submanifolds in the Sasakian manifolds carrying
a @-invariant distribution such that its orthogonal complement is g@-anti-invariant, are called
contact CR-submanifolds. This notion is the odd-dimensional analogue of CR-submanifolds in
(almost) Kdhlerian manifolds, introduced by Bejancu in [1], who requested the existence of
a differentiable holomorphic distribution such that its orthogonal complement is a totally real
distribution. Also, CR-submanifolds of the nearly Kéhler six-dimensional unit sphere have also been
investigated (see [2,3], for example). As the g-invariant distribution H(M) is always even-dimensional,
the lowest possible dimension for a proper contact CR-submanifold (i.e., suchthat the dimensions
of both g-invariant and anti-invariant distributions are different from zero) is four. In this paper we
continue our study of certain contact CR-submanifolds in seven-dimensional unit sphere, which we
started in [4] for the case of four-dimensional submanifolds and continued in [5], where we presented
several examples of four and five-dimensional contact C R-submanifolds of 7 (1), which are of product
and warped product type.

One of the natural problems in the theory of submanifolds is the condition of immersibility.
For example, it is interesting to investigate totally geodesic submanifolds, that is, those submanifolds
for which all geodesics—when the induced Riemannian metric is considered—are also geodesics on
the ambient manifold. This property is equivalent to the vanishing of the second fundamental form.
It is well-known that any contact CR-submanifold in a Sasakian manifold can never be totally geodesic.
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Therefore, on this occasion we study those five-dimensional contact CR-submanifolds in a Sasakian
sphere §7(1) which are close to be totally geodesic, namely those whose second fundamental form
restricted to both g-invariant and g-anti-invariant distributions vanishes identically. Calling them
nearly totally geodesic contact CR-submanifolds, we prove that such submanifolds are (multiply) warped
products of spheres and finding the immersions, we obtain their complete classification.

Theorem 1. Let M be a five-dimensional proper nearly totally geodesic contact CR-submanifold of
seven-dimensional unit sphere. Then M is locally congruent to (multiply) warped product via the immersions (86)
and (114).

Remark 1. In [5] we presented several examples of four and five-dimensional contact CR-submanifolds of
product and warped product type of seven-dimensional unit sphere, which are nearly totally geodesic, minimal
and which satisfy the equality sign in some Chen type inequalities.

2. Preliminaries

2.1. Sasakian Manifolds

Let M?"*1 be a Sasakian manifold with the structure tensors ¢, & 77 and §. If V denotes the
Levi-Civita connection on M, then the following relations

@) =1 ¢*=-1+7®¢ nop=0, ¢f=0,
(X, 9Y) = (X, Y) —n(X)n(Y), n(X)=g(X,§), dn(X,Y)=_g(eX,)Y),
Vx@)Y = —g(X,V)E+n(Y)X, Vx&=¢X,

hold on M for all X,Y € x(M). For more details we refer to [6], although we use the convention
of [7,8].

2.2. Submanifolds

Let (M, g) be a submanifold in the Riemannian manifold (M, §), where g is the induced metric
and let V and V be the Levi Civita connections on M and M, respectively. Recall the formulae of
Gauss and Weingarten

(G) VxY=VxY+h(X,Y),
(W) VxN = —SyX+ V%N,

for X,Y € T(M) and N € T+M, where h and Sy are the second fundamental form and the
shape operator corresponding to N, respectively, related by g(h(X,Y),N) = ¢(SyX,Y). Here V= is
a connection in the normal bundle of M and R is its curvature tensor. If V stands for the van der
Waerden—Bortolotti connection, which is defined as

(Vxh)(Y,Z) = Vxh(Y,Z) — h(VxY,Z) —h(Y,VxZ),
for X, Y, Z tangent to M, the Codazzi Theorem can be written as
(EC) nor(RxyZ) = (Vxh)(Y,Z) — (Vyh)(X,Z),

where R is the curvature tensor on M defined by Rxy = [Vx, Vy] — ﬁ[X,Y], and by nor we mean the
projection on the normal bundle. For submanifolds of real space forms, like spheres, this projection
vanishes identically and therefore the covariant derivative VI of the second fundamental form,
defined by Vi(X,Y,Z) = (Vxh)(Y, Z), is totally symmetric.

The equations of Gauss and Ricci are given by

(EG) g(RxyZ,W) = g(RxyZ, W) +&(h(Y, Z),h(X,W)) = &(h(X, Z), h(Y,W)),
(ER)  g(RyyNu, Np) = §(RxyNa, Np) +g([Sa, Sp] X, Y),
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respectively, where R is the curvature on M, and S,, Sj, are the shape operators corresponding to the
normal vectors N;, Np, respectively.

2.3. Contact CR-Submanifolds

The notion of contact CR-submanifolds in Sasakian manifolds is the odd-dimensional analogue of
CR-submanifolds in (almost) Kéhlerian manifolds. See also [9]. Particularly, a contact CR-submanifold
in the Sasakian manifold (M, ¢,&,1,§) is a submanifold M carrying a ¢-invariant distribution D,
that is, ¢, D, C D), for any p € M, such that the orthogonal complement DL of D in T(M) is
g-anti-invariant, that is, (ppDr} C TPLM, for any p € M. This notion was used by Bejancu and
Papaghiuc in [10], using the terminology of semi-invariant submanifold. It is standard to require that
¢ is tangent to M rather than normal, which is too restrictive (by Prop. 1.1 in [11], p. 43, M must be
@-anti-invariant, that is, T, M C Tiﬁ- M, for all p € M), or oblique which leads to highly complicated
embedding equations. The contact CR-submanifold is called proper if both distributions D and D+ are
non-trivial distributions.

For a contact CR-submanifold M of a Sasakian manifold M, with & tangent to M, the tangent
space at each point decomposes orthogonally as

T(M)=H(M) & E(M) & R¢,

where pH(M) = H(M), ¢*> = —I along H(M) and ¢E(M) C T+M. It should be remarked that
the Levi distribution H(M) is never integrable (see [12]), while H(M) & R{ can be, as in the case of
contact CR-products (see [13]). On the other hand, the normal bundle of M can be decomposed as
T+M = @E(M) @ v(M), where v(M) is the orthogonal complement of ¢E(M) in T+ M, invariant
under the action of ¢.

2.4. CR Warped Product Submanifolds in Sasakian Manifolds

The notion of warped product is the natural and very fruitful generalization of Riemannian
products. It was introduced by Bishop and O’Neill in [14] in order to construct a large class of complete
manifolds of negative curvature.

Let B, F be two Riemannian manifolds with Riemannian metrics gg and gr respectively and let f
be a smooth positive function on B. Considering the product manifold B x F,let 71y : B x F — B and
7y : B X F — F be the canonical projections. The manifold M = B x ¢ F is called the warped product if it
is equipped with the Riemannian structure such that

[1XI12 = {7, (O + £2 (1 (2)) 722, (X) |2

for all X € Ty(M), x € M, or, equivalently, ¢ = gg + fzgp with the usual meaning, while f is called
the warping function on the warped product. For more details we refer to [15].

A contact CR-submanifold M in a Sasakian manifold ]\7[, tangent to the structure vector field ¢, is
called a contact CR warped product, with the warping function f, if it is the warped product NT x N +
of an invariant submanifold N7, tangent to ¢ and a totally real submanifold N of M, where f is the
warping function (see [13] for more details). It is notable to point out that there is no proper contact
CR-submanifolds in Sasakian manifolds in the form N+ x N T, This fact was proved in [13,16].

2.5. The Sasakian Structure on S*"+1(1)

Identifying R?"*2 with C"*!, let | denote the multiplication with the imaginary uniti = v/—1,
on R?"*+2_ The (2m + 1)-dimensional unit sphere S?"*1(1) = {p € R¥"*2: (p,p) = 1}, where (, )
is the usual scalar product in R?"*2, carries a canonical almost contact metric structure (¢, 7, ¢, g)
induced from (7, (-,-)). Strictly speaking, as at any point p € S?"*1(1), the outward unit normal to
sphere coincides with the position vector p, putting ¢ = Jp to be the characteristic vector field, for X
tangent to S?"*1, JX fails, in general, to be tangent and decomposing X into the tangent and the
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normal part we have JX = ¢X — n(X)p. Moreover, this structure is Sasakian. For more details and
proofs we refer to [6,17].

2.6. Problem

On this occasion, we consider the problem of finding all five-dimensional proper contact
CR-submanifolds in S7(1) such that

h(H(M),H(M)) =0 and h(E(M),E(M)) =0, 1)

where, as we have already mentioned, T(M) = H(M) ® E(M) ® R¢ and T*M = ¢E(M) ® v(M),
with pH(M) = H(M), ¢E(M) C T+M and v(M) being the orthogonal complement of ¢E(M
in T+ M.

3. Five-Dimensional Nearly Totally Geodesic Contact CR-Submanifolds in S7(1)

In order to prove our results, we first select an appropriate frame on M® in such a way that
equations, which are the consequences of (1), become satisfied. Then, we classify all 5-dimensional
proper contact CR-submanifolds in the seven-dimensional unit sphere satisfying (1).

3.1. Essential Characteristics of Five-Dimensional Contact CR-Submanifolds in S7 (1)

In this subsection, after choosing the appropriate basis, we introduce some smooth functions
to describe the induced connection and we express the shape operators. Using Codazzi and Ricci
equations, we obtain relations between these functions and we derive conditions on these functions,
namely a system of algebraic and differential equations.

First, it is straightforward, using the formulae of Gauss and Weingarten, as well as the Sasakian
structure of the 7-sphere, to prove the following:

Lemma 1. If M is a contact CR-submanifold in the Sasakian manifold S” (1) we have
S((X,2), W) = g(h(X, W), 9Z),
forevery X € H(M), Z, W € E(M).
As M is a five-dimensional submanifold of S”(1), having in mind the condition (1), we conclude that
dim H(M) = 2, dim E(M) = 2 and ¢E(M) = T*M.

Further, starting with two arbitrary orthonormal bases {e1,e; = @e1} in H(M) and {e3,e4} in
E(M), respectively, we will choose a basis in T(M) so that the second fundamental form will depend
only on four smooth functions. In that direction, as a consequence of Lemma 1, we define, for each
X € H(M), a symmetric operator

A(X) :E(M) X E(M) — C®(M) by A(X)(Z,W)=35h(X,Z),pW).
Since T*M = @E(M), there exist six smooth functions ay, ay, a3, by, by, b3 on M such that
h(e,e3) = aypes +arpes, ey, e3) = bipes + bagey,
h(ei,es) = arpes +azpes,  h(e,es) = bypes + bz gey.

For an arbitrary (for the moment) angle t € C*(M), we consider X = cost e; + sint e; and we
compute traceA(X) = A(X)(e3,e3) + A(X)(es,e4) = (a1 +az) cost + (by + bz) sint.
We distinguish the following situations:
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(i) ifa; +a3 = 0and by + by = 0 then traceA(X) = 0 for any X € H(M);

(ii) ifa; +a3 = 0and by + b3 # 0, then take t = 0 and denote E; = e1 and E; = —ep;

(iii) if a1 + a3 # 0and by + by = 0, then take t = 71/2 and denote E; = e and E1 = e7;

(iv) if bothaq +as # 0and by + b3 # 0, then take ¢ such that tant = — Zii’gg, denote the corresponding
X by Ep and set E; = —¢E,.

It follows that in Cases (ii)—~(iv) we can choose E; and E; = ¢@E; in H(M) such that the operator
A(E,) is traceless. Additionally, because the operator A(E;) is also symmetric, we will take the basis
in E(M) defined by the eigenvectors of this operator. Denote them by E3 and E;. Consequently we
have that hi(E;, E3) is proportional to ¢E3 and h(Ey, E4) is proportional to ¢Ey.

Concerning the Case (i), we (apparently) have the freedom of choosing E;. Nevertheless,
if we make a rotation about a certain angle s in E(M), we set E3 = coss ez +sinses; and
E4 = —sinse3 + coss ey. If ay = 0 take s = 0 and if ap # 0 take s such that cot2s = % Consequently,
we obtain h(e1, E3) = d1¢9E3 and h(ey, Es) = —d1¢E4. Since s depends on a7 and a; and hence on ¢4
and e;, we set E; = e7 and E; = ep.

For simplicity of notation, we continue to write Es5 for ¢E3 and Eg for ¢ E4. Moreover, since S7 (1)
is Sasakian, using the Gauss formula, we can easily compute h(E;, ¢),i=1,...,4.

Summarizing, we have thus proved

Proposition 1. For a proper contact CR-submanifold M> in S7(1) such that the condition (1) is
satisfied, we can choose orthonormal differential vector fields Eq, Ey, E3, E4 defined locally on M, such that
{E1,E2 = ¢E1} C H(M), {E3, E4} C E(M) and

h(Ey,E3) =mEs,  h(Ey E3) = b1Es + byEs,

2
h(Ey, Ey) = a3Es,  h(Ea, E4) = baEs — by Es,
where ay, a3, by, by are smooth functions on M and consequently
h(Ey,¢) = h(E2, &) = h(5,8) =0, h(Es, ) = Es, h(Es¢) = Ee. ®)
Further, let us introduce some smooth functions to describe the induced connection on M.
Proposition 2. Under the conditions stated above, the Levi-Civita connection V is given by
Vi E1 = pEs, Vi Ex = —pE1 = ¢,
VElEg, = TE4, VE1E4 = —I”E3,
VE & = E,
Vi E1 = —qE2 +¢, Vi, E2 = qEy, V¢E| = wEy,
Vi, Es = 1Ey, Vg, Ey = —1E3,
E, L3 4 E, L4 3 Vb = —wEy,
szg = 7E1r
V¢E3 = 0y, 4)
VE3E1 =aEy + b1E3 + byEy, VE3E2 = —aE| —aE3,
VeEy = —6Es,
Vi E3 = —b1Ey +a1E; +aEy, VEEq = —byEy —akE;,
Vel =0,

VE, ¢ =0,

VE,E1 = cEx + byEz — by Ey, VE,Ex = —cEy — a3Ey,
Vi,E3 = —b2Eq + BEy, VE,Es = biE1 +a3Ey — BE3,
Ve, =0,
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for certain smooth functions a,l, p,q,1,«, B, c,w and 6 on M.

Proof. Since V ;¢ = @E;, we immediately obtain that Vg, = 0 for i = 3,4 and this implies that Vg, X
has no component along ¢, for every X € H(M) and i = 3,4.

Now let’s prove one of the formulae in (4).

Considering Vg, E» = VE,(¢E1) = ¢V Ey + @h(E1, E3) and identifying the tangent and the
normal parts, respectively, we obtain

VE3E1 = aE2+b1E3+b2E4, VE3E2 = —aEl —a1E3,
for a certain functiona € C*(M). O

In order to have the complete description of the geometry of M, we write the expression of the

normal connection, that is
Vﬁ E5 = 7’E6, Vél E6 = —I’E5,

Vi,Es = 1Es, Vi Es = —lEs,
Vi,Es = aEs, Vi Es = —aEs, (5)
Vi, Es = BEs, Vi, Es = —BEs,
Vi#Es =0Es, ViEs= —0Es.
Lemma 2. Under the above assumptions, the coefficient by vanishes.

Proof. Using the fact that V1 is totally symmetric, we obtain the equations given in Table 1.

Table 1. Symmetries of Vh.

The Symmetry We Use The Result We Get

— ﬂllbz =0
(Vh)(E:’N E3/ E4) bl (111 + (Z3) =0
_ a3b2 =0
(Vh)(Eg,, Ey, E4) by (111 + (13) =0
- El(bl)-i-plll-‘rl—szT:Ez(al)-i-qbl—l:a%—b%—b%
(Vh)(EllEZ/ EB) El(bz) +2b11’ = l(a1 — ﬂ?,) + Qb2 =0
(Vh)(Ey, Ea, Es) —Eq(b1) + pas + 1+ 2byr = Ey(az) —qby — 1 = a3 — b3 — b3

E1(by) +2byr =1(ay —a3) +qbp, =0

If by # 0 it follows that a; = 0 and a3 = 0. Consequently, we get g = 0 and b% + b% = 1. Finally,
E1(b1) — 2byr = —2 (on one hand) and —E;(b1) + 2b,r = —2 (on the other hand). Hence we get
a contradiction. [J

So, from now on we will take b, = 0.

Let us develop all situations for the Codazzi quation. Due to the totally symmetry of Vi one has
30 non-trivial possibilities. Nevertheless, some of the equations are consequences of the other ones,
or they are automatically satisfied. For example we have:

Lemma 3. Under the same hypothesis as for Proposition 2, the Codazzi equations are automatically satisfied for
the triple (&, &, Z) for Z € E(M), as well as for the triple (&, &, X) for X € H(M).

Therefore, we emphasize only the non-trivial conditions we get from the Codazzi equations.
We remark, in the Table 2, two types of conditions, namely algebraic equations and differential
equations, respectively.
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Lemma 4. Under the above conditions, the coefficient by vanishes.

Proof. Contrary, if b; # 0 in a point, it is different from zero on an open neighborhood. Looking to
line L1 in Table 2, we deduce that a; 4+ a3 = 0.
Adding, side by side, the differential equations we have in lines L2 and L3 in Table 2, we get

p(ay +a3) +2 = Ex(ay + az) — 2 = a3 + a3 — 2b3.

We obtain a contradiction and therefore by vanishes. [

From now on we will distinguish two cases: Case 1. 21 = a3 and Case 2. a1 # a3.
We will obtain some more equations in each of the two cases and then we completely solve our
problem in Sections 3.2 and 3.3.

Case 1. For the sake of simplicity, we make the following notation a; = a3 := A
From line L2 in Table 2 we get

pA+1=E(A)—1=A? (6)

which implies that A cannot vanish. Developing all the equations in the Table 2, we obtain:

p=A— a=g=c=0, w=1,

Z/
E1(A) =0, Ex(A)=1+A% E3(A)=0, E4A)=0, &A)=0.

With respect to the orthonormal basis {Ej, Ep, E3, E4,} in T(M) we may express the two shape
operators as follows

00 AO0O 000 A O
000 00 000 00
Se,=| A 0 0 01 |,S=]|0000 0 )
000 00 A0O0 01
00100 000 1 0

Straightforward computation shows that Ricci Equations (ER) imply new relations between the
functions we have considered:

Ey(6) = ¢(r). ®)

Ex(6) = ¢(D). ©)

E3(6) = ¢(a) — BO. (10)
E4(0) = C(B) + 0. (11)
Ei(I) — Ex(r) +rp+26 = 0. (12)
Eqi(a) — E5(r) — pr = 0. (13)
Ev(B) — Ea(r) +ar =0, (14)
Ex(a) — E3(l) — Bl —aA = 0. (15)
Ey(B) — E4(l) + &l — BA = 0. (16)

E3(B) — Eq(a) +a®> + B2+ A2 +1=0. (17)
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Moreover, the normal curvature is completely determined by the following component

Rg, g, Es = —(A* +1)Eq.

(18)

Table 2. Gauss equations and symmetries of Vh.

The Symmetry We Use  The Result We Get
L1 (Vh)(Es, E3, E4) bi(ay +a3) =0
= E1(b1)+ptz1—|—1:Ez(al)—kqbl—l:a%—b%
L2 (Vh)(E1, Bz, Es) 2byr =1(a; —a3) =0
L3 (vh)(El,EZ,E4) 7E1(b1)+f7ﬂ3+1 = Ez(ug,) 7qb1 -1 :I/l%*b%
- Ei(a1) — pby = —2a1b
L4 (Vh)(E1, Ey, E3) o gy =0
L5 (Vh)(Ey, E1, Ey) Eqi(a3) + pby = 2a3by
= Ez(ay) —aby =0
L6 (Vh)(Ey, Es, E3) o ) 0
1—a3
= E4(ﬂ3)+Cb1 =0
L7 Vh)(Eq,E4, E
( )( 1,04 4) ,B(ﬂlfﬂg,)zo
= Ey(b1) — qay = 2a1by
L8 (Vh)(EZI EZ/ E3) 21b1 =0
L9 (Vh)(Ey, Ez, Ey) Ey(b1) + a3 = 2a3b;
= E3(b1)+aa1 =0
L10 (Vh)(Ea, Es, E3) 2b, = 0
S E4(by) —caz =0
L11 (Vh)(EZ/ E4/ E4) 2ﬁb1 =0
= f(a1) = (w—=1)h
L12 (Vh)(Ey, E3, €) Blar —as) = 0
L13 (Vh)(Ey, E4, ) G(az) = (1 -w)hy
= ) =01-w)ny
L14 (Vh)(E2/ E3/ g) 29b1 — O
L15 (vh)(EZ E4/ g) g(bl) = ((U - 1)&13
= Ez(az)+ab; =0
L16 (Vh)(Ey, Es, Eq) Eola) —eby =0
= E3(b1) —aaz =
L17 (Vh)(Ey, Es, Es) Eo(b)) 1o =0

Case 2. As a; # a3, we immediately obtain w = 1, p = 4y +az and a, ¢, q, I, 7, 6, « and B vanish.
Moreover, we should have a;a3 = —1. Again, for the sake of simplicity we denote a; = A and

hence a3 =

E1(A) =0,

Ey(A) =1+ A2,

—% and p = A — %. Obviously, A cannot vanish and satisfies the following partial
differential equations

E3(A) =0, E4(A)=0, §(A)=0.

Similarly to the Case 1, we may express the two shape operators as follows

o o O O
oo o oo
===
oo o oo

O O R O O

0 00 -1/A 0
0 00 0 0
, Sgg = 0 00 0 0 1. (19)
-1/A 0 0 0 1
0 00 1 0
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Straightforward computation shows that the normal connection is flat, so the normal bundle is
parallel. Additionally, Ricci Equations (ER) imply no new relations.

3.2. The Case 1: M is Congruent to S® X ¢ S?

In this subsection we study in detail the case a; = a3 and prove that then the contact nearly totally
geodesic CR-submanifold M is congruent to S x ¥ S? and we determine the explicit immersion.

Let us consider the following distributions on M: D = span{E, E5,&} and D+ = span{E;, E4}.
Let P and Q be the orthogonal projections from T(M) to D, respectively to D+. From Proposition 2 we
write the expression of the Levi-Civita connection on M for the case a1 = a3 = A:

Vg Ey = pEy, Vg E» = —pE1 — ¢,
VE E3 = 1Ey, Vi Es = —1E3,
VE ¢ =E,
VEg,E1=¢, Ve,Ex =0, V:E1 = Ea,
Vi, Es = IEs, Vi,Ey = —IEs, V2= By
VE,¢ = —Eq,

VeEs = 0E,, (20)
Ve,E1 =0, Vi,Ey = —AE;,
Vi,Es = AEy+aEy,  VgEy = —aEs, Viks = —0Es,
Vei—0, Vel =0.
Ve, E1 =0, Vi, Er = —AE,,
VE,E3 = BEy, Ve, Ey = AE; — BE3,
VE =0,

As a consequence, we find that the following relations are true:

(@) PVzW =g(Z,W)Xg, forallZ,WinD%;
(b) PVzXo=0, forallZinDt;
(¢ QVxY =0, forall X,YinTD;

where Xo = AE,. The statements (a) and (c) imply that D and D are both involutive. The statements
(a) and (b) mean that the maximal integral manifolds of D are extrinsic spheres. Finally, the statement
(c) says that the integral manifolds of D are totally geodesic.

Now, applying a famous result of Hiepko ([18], p. 213): Let (M, g) be a (pseudo-)Riemannian
manifold endowed with a pair (L, N) of non-degenerate foliations. This determines a local warped product
structure with N as a normal factor, if and only if, the foliations are orthogonal, L is geodesic, and N is spherical,
we have:

For every point p € M, there exists an isometry & from a warped product N; X N, to
a neighborhood of p in M with the property

e  O(N; x {py}) is an integral manifold for D for every p, € Np;
e  ®({p1} x Np) is an integral manifold for D+ for every p; € Ny;

where f : N; — (0, 00) is the warping function on Ny x¢ Nj.
In order to find the warping function on M, let us consider the following vector field in D:

E; = 1+AA2 E,i+ 2(111‘222) ¢. One can immediately prove that

[E1, E2] = [E2, &) = [E1,E] = 0.
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9

Thus, we choose local coordinates x,y,z on M (in fact on ®(Ny)) such that E; = 35 B2 = % and
¢ = ;—Z. Using (6), after a possible translation in y-coordinate, we obtain
A = tany. (21)

Taking y € (0,77/2), we obtain p = —2cot2y and E; = ﬁaa—x — cot2y L.
The restriction of the metric g to D can be expressed in terms of the coordinates x, y and z
as follows:

g’D = %dxz + dy2 +dz% + cos 2y dxdz.

Moreover, from ([13], Theorem 3.2), we know that S,z X = [17(X) — (¢X)(log f)] Z, forany X € D
and any Z € D+. Using the expression (7) for the shape operator, we get that E5(log(® of)) = —A
and combining it with (21) we find
f=®of =cosy,

which is the warping function on M.

Since ®(N; x {p,}) is totally geodesic in M and M is nearly totally geodesic in §7, it follows
that Ny x {p,} is (isometrically) immersed in §7 as a totally geodesic submanifold. With a similar
argument, {p;} x N; is immersed in S as a totally umbilical submanifold. Hence ®(N; x {p>}) can
be considered to be a (portion of) S*(1). Additionally, ®({p;} x N,), being totally umbilical in S,
can be taken as a (portion of) 2-sphere of a certain radius. Looking back to the expression (20) of
the covariant derivative V, we conclude that the mean curvature vector field of ®({p;} x N;) in §”

is AE. Thus, the curvature of the 2-sphere above is 1 + A2, and hence its radius is l}r -7 = COSY.

Consequently, we will consider M = §® x y §? with the warping function f = cosy, y € (0, 5).

Proposition 3. Under the conditions stated for the case 1, it follows that M is locally congruent to a contact
CR warped product S x ¥ S2.

Remark 2. Defining the 1-form Q) on M by Q(U) = —g(AEy, U), we conclude it is closed and therefore,
locally, there exists a smooth function on M such that its differential is equal to (). We may notice that this
function is constant on the leaves of D, that is, on ®({p1} x Ny). This function is nothing but log f. It can be
easily checked that AE; = —gradlog f.

Now, let us determine the metric. Choosing isothermal coordinates #, v on ®(N;), we have
_ 2 2 .
Suu = oo = cos”y T*(u,v), &uo =0,

where T is a smooth positive function on M, depending on u and v. Here we made the following

notations: gy, 1= & (%, %) and similar for gy, and gyo.

Asboth {E3, E4} and {%Osy 2, %Osy a%} are orthonormal bases in E(M), then one is obtained
from the other by a (not necessary positively oriented) rotation.

Finally, due to the orthogonality of the two distributions D and D+, we have

8xu = yu = 8zu = 0, gw= Syo = 8w = 0.

We adopted similar notations as before for gy, Syu and so on.
Hence the metric g is completely determined.
Now, let us find a more appropriate basis. Taking an arbitrary unit vector Z in E(M), it can be
expressed as
Z = cossEz +sinsEy, wheres € C*(M).
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It follows that
h(Ey,Z) = A(cossEs +sinsEg) = ApZ and h(E;, Z) =0.

Moreover, as the function §(h(Ey, Z), h(Ey, Z)) is equal to A?, it is independent of Z. Hence, E3 is
not uniquely defined and it could be replaced by any other unit vector Z in E(M).
So, because of this freedom, we choose

1 0 1 0

Es = T(u,v)cosy ou’ By = T(u,v)cosy dv’

(22)

Now, we need to do some additional computations. In what follows, by subscripts we mean the
partial derivatives; for example, T;, = g—z. Using (22) and (20), we conclude

e ononehand [E3 E4] = 7 Closy (TyEs — TyEy),
e and on the other hand [E3, E4] = —aE3 — BE4.
— TU [— Tll

Thus, « = ~TZeosy and B = Teosy"

Next we have to calculate the Levi-Civita connection of the metric g in terms of the coordinates x, ,
z, u and v and then to compare the results with the relations (20). Being a straightforward computation,
we present only one situation, namely we compute Vg, Ej:

Vi, E3 = VaV(Tci)sy W) = ;"csoizzyy u Tcosyay(log(cosy))au =0.
Comparing with Vg, E3 = rEq = %Osy%, we get
r=0. (23)
In a similar way we find
I=0 and 6 =0. (24)

Finally, the Ricci Equations (8)—(16) are automatically fulfilled, while the Equation (17) leads to
the following partial differential equation for T

T +Too T2+ T2
™S T4

+1=0. (25)

Further, our aim is to find the isometric immersion F : M® — §7. Let:: S” — E8 = C* be the
canonical inclusion of the 7-dimensional unit sphere in the 4-dimensional complex space. Denoting by

(, ) the scalar product on E® and by % the corresponding flat connection, we have

VxY =Vx Y + (X, Y)p,

for all X and Y tangent to S7(1), where p denotes the position vector of a point of the sphere. Using the
Gauss formula (G) we have

Vx BY = EVxY +h(X,Y) — (X,Y)F,

for all X and Y tangent to M.
For example, if we put X = E; = dyand Y = { = 0, we get

2
F,. = —F.E; = 2y Fy + cot2yF;. (26)
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We obtain that F also satisfies, simultaneously, the following partial differential equations:

2

F]/ = msz —COtZyFZZ, (27)
F,+F=0, (28)
! LF — cot2yF,; | = tanyE (29)

Tcosy \sin2y " Yhuz | = tanyks,
Fu, = —tanyF,, (30)
F; = TcosyEs, (31)
Fyy = —tanyF,, (32)
Fyy +F =0, (33)

1

2F,, — 2cot2yFy + ——F, = 4
xy cot2yky + sin2y =0, (34)
! LF — cot2yF,; | = tanyE (35)

Tcosy \sin2y °* Yroz | = tanyte,
F,, = T cosyEs, (36)
4Fy + F =0, (37)

T, T

Fuv:%Fv‘i‘%Fu/ (38)

Ty Ty > . o o
Fuu = TF” — TFU + T*siny cos yF, — T* cos” yF, (39)

_ L Ty 2 2 2
Foy = TFB — TP” + T*siny cosyF, — T* cos” yF. (40)

Remark 3. Observe that Equation (26) also follows from (27) and (28). Moreover, using (37) and (28),
we conclude that Equations (27) and (34) are equivalent. So, not all the previous PDEs are independent.

Then, combining (29) with (31) and (35) with (36), we get
(ZFx_Fz)u:O/ (ZFx_Fz)v:()/

respectively, that is 2F, — F, depends neither on u, nor on v.
Considering Equations (28), (33) and (37), we deduce

F(x,y,z,u,0)
= C0SZCOSY COS 51 + COSZ COSY sin 501 4 cos zsiny cos 5 Uy + cos zsin y sin 50, (41)
+sinzcosy cos u3 + sinzcos y sin 503 + sinzsin y cos 5uy + sinzsiny sin 7oy,

where 11, ...,u4,01,...,vs are vectors in R® which do not depend on x, y and z, but they do depend

on u and v.

Using (41) we compute
X
3)(uz — 1)

) 42)
) (12 4+ v4) —siny cos(z — 5)(ug — v2).

2F — F, = cosysin(z — 5)(uy +v3) — cosy cos(z
_x
2

—sinysin(z

Remark 4. Since vectors uy, ..., U4,v1,...,0s do not depend on x,y and z and 2F, — F, does not depend on u
and v, using Equation (42) we conclude that uy + vs, up + v4, Uz — v1 and uy — vy are constant vectors in RS.
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Equations (30) and (32) imply

( Fu ) :O, ( Fv > :0/ (43)
cosy y cosy y

respectively. Using (41) and the first equation in (43), we get

X . X . X . X
0= —{ [COSZCOS —dyuq + coszsin =d, v + sinz cos =d, Uz + sinzsin fauvﬂ
X . X . X . . X
+tany {cosz cos Eauuz + cos zsin Eauvz + sin z cos Eam + sin z sin Eaum} }

Since uy,...,u4,01,...,v4 do not depend on y, from (44) we conclude d,uy; = 0, d,vo = 0
oyuy = 0, d,v4 = 0. In the same manner, using the second equation in (43), we obtain dyu; = 0
9,0y = 0, dputg = 0, d,v4 = 0. Hence, uy, vy, 14, v4 are constant vectors in R8.

Using Equations (27) and (28), we get

2Fyz + cos 2yF — sin2yF, = 0.

Combining now with (41) we obtain

0 = coszcos % (cosyuy — sinyuy + cos yvs + sinyvy) (45)
+ coszsin g (— cos yuz — sinyuy + cos yvy — sinyvy)

+ sinzcos g (— cos yv1 — sinyv, + cos yus — sin yuy)
+ sinzsin g (cosyuy + sinyuy + cosyvs —sinyvy) .
Since (45) is satisfied for all x, y, z, it follows

ur+ov3=0, u—v4=0, uz—v1 =0, ug+vy,=0. (46)
Replacing (46) in (41) yields
3) U2

- (47)

F(x,y,z,u,v) = cosycos (z+ %) us + siny cos (z
3 5) s,

+cosysin (z+ ) uz +sinysin (z

where 5, 1y are constant vectors in R® and 11, u3 may depend on 1 and v. Now, using (39), we compute

82u1 Ty 8u1 Ty aul )

. L7y

ou? T ou T dv

82u3 Ty 8u3 Ty 8113 )

— = == — —— — T“us.

ou? T ou T dv

Using (38), it follows

82u1 Ty aul T, 8u1 )
Y

00?2 T v T du

Pu _ Toous  Tudus o
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and using (40), we get
82u1 Tu 8u1 TU 8u1
oudv T ov T ou’
azu3 Tu 8u3 Tz; 8u3
oudv T ov T ou
Therefore, we proceed solving the system

T, T,

Py = ?”Pu - T”Pv — T2Pp, (48)
T, T,

Pp = T”PZ, - T”Pu — T2Pp, (49)
T, T,

Puv - ?upv'i_?vpurr (50)

having in mind P € {uy, u3}.

Considering the two vector-valued functions U(u,v) = %Pu and V(u,v) = %PD and
using (48)—(50), we conclude that U(u,v) and V(u,v) satisfy the Cauchy-Riemann equations for
each component of the vector valued function U (u,v) + iV (u,v). This means that U(u,v) + iV (u,v)
depends only on w = u 4 iv and not on @ = u — iv. Therefore, the function

. 1 . 2
U-I-ZV:ﬁ(Pu—\-lPU):ﬁawP (51)
is holomorphic. Denoting it by
{(w) = ¢(u+iv) = a(u,v) +ib(u,v), a,b € RS, (52)

where the functions a and b satisfy the Cauchy-Riemann equations, we conclude that the function P
has to satisfy the equation

daP = T;g(w). (53)

Up to now, we have kept the conformal factor T in the general form, without thinking at any
possible concrete expression. Our motivation has been a possibility to use this technique for solving
another problem of the same type.

Recall that N; = S2(1). There are several ways to consider isothermal coordinates u and v on the
2-sphere, that is, to write the metric as T(u, v)?(du? + dv?). Recall two of them:

o T(u,v)= m, associated to the parametrization
2u 20 u?+ 0% -1
u,v) — , , 54
(u,0) <1+u2+v2 1+u?+02" 14 u?+0? ©4)
obtained from the stereographic projection;
o T(uv) = ﬁ, associated to the parametrization
cosu sinu

7 H 7 It nh 55
(,0) (coshv cosho’ v) (5)

obtained as a surface of revolution.

After setting T = ﬁ and solving the Equation (53), we obtain

P(w, @) _m + ap(w) + iy (w),
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where ag and by also satisfy the Cauchy-Riemann equations. Since P(w, @) € R8, we conclude

Pluo) = — RO o, 0),m € B, 6
2(ub(u,v) —va(u,v
bou,0) = (u(z +(z12)21 +u2(+v>2))' 7

On the other hand, since 9,,05P = %(Puu + Py) € RS, using (53) and the information that a and b
satisfy the Cauchy-Riemann equations, we compute

da(u,v)  2(va(u,v) — ub(u,v))

v 1+u?+02 ' 8)
Consequently, using (57), we conclude
B 1 9da(u,v)
boli0) = = o >
Let us express ub — va from the Equation (57):
ub(u,v) —va(u,v) = W(Lﬁ—f—vz)(l—ﬁ—uz—l—vz). (60)

For simplicity of notation, we write by, instead of W, for example.

Taking the partial derivatives of (60), with respect to u# and with respect to v, multiplying the
obtained equations respectively by u and v and adding them, we get

Ay = 2

(1+u? +0?) —bz—o(l—l—3u2+3vz). (61)
Moreover, after computing by, and by, (using (59)) and replacing it in (61), together with by

from (59), we get
Uldyy + Vayy = ayp. (62)

Further, taking the partial derivatives of (60), with respect to u and with respect to v, multiplying
the obtained equations respectively by v and u and subtracting them, we get

ob + ua — (u® + v*)a, = M(Lﬂ%—vz)(l%—uz—kvz). (63)

Using (63) and the partial derivatives of by, and by, (using (59)), we compute

2(ua + vb) B 2a, n Uy — Vayy 64)
(2 +02)(1+u2+02) 1+u2+02 u? 402
Taking the partial derivative of (62), with respect to v, we compute
Uy + Vyyy = 0. (65)

Having in mind that a is a harmonic function (a,, + 44, = 0) and taking the partial derivative
of (62), with respect to u, we conclude

Uy + VAyy = 0. (66)
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Taking the partial derivatives of the equation a,,, + a,, = 0 with respect to u and with respect to
v, we get

Ayyy + Ayo = 0, (67)
Ay + oo = 0. (68)

Combining Equations (65) and (68), we obtain
Uy — VAyyy = 0. (69)
Multiplying Equations (66) and (69) respectively by v and u and adding them, we get 4,0 =0,
which, together with (67), implies a,,, = 0. From (66) and (65) we deduce a4,y = 0 and a4y = 0.
Since all the third order derivatives of the function a(u, v) vanish, we set

a(u,0) = co + 11 + 00 + I (u* — v?) + 2luv, (70)

where cp, c1, 2,11, 1> are constant vectors in R8. Using (62) and (70), it follows ¢, = 0 and therefore

a(u,v) = co+ ciu + I (u?* — %) + 2buv. (71)
From (59) we compute
2(11’0 — lzu)
_ 2(ho —hu) 72
bo u? + v? @2)

The Cauchy-Riemann equations for ag and by, using (72), are

211 4U(Z1U — lzu)

o0 = oo = w2+02 (24022 @3
—apy = boy = _uzz_‘l_zvz - 4L£iili;;§;l), (74)
Using (73) and (74), we compute
ap = —251121%:2120) +1o, Ip € R®. (75)
Using (60), (71) and (72), we get
Lu® — 2l u?v — lhyuv® — cyuv + (b4 ) u — (co + 11 )v = 0. (76)
Since a(u,v) and b(u,v) satisfy the Cauchy-Riemann equations, from b, = —a,, using (71),
we conclude
b(u,v) = 2liuv — Lu* + ¢(v)
and from b, = a, we get ¢(v) = do + c10 + Lv?, dg € R8, which implies
b(u,v) = dy + c10 + 2l uv + L (0> — u?). (77)
Using (76) and (77) we get dg = —I» and cp = —I;. Consequently, (71) and (77) become
a(u,v) = L(=1+u*—0?) 4 ciu+ 2hLuo, (78)
b(u,v) = Ib(=1—u?+9%) +cro+2Luv. (79)

Remark 5. Equation (64) is also satisfied.
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Replacing (78), (79), (75) in (56), we compute

c1+2lu+2ho

P(u,v) =1yp—2 T lo — (c1 +2lhu + 2,0)T. (80)
From (48) and (80) we get Iy = ¢; and conclude
P(u,v) =c1(1=T) —2(lhu + LLv)T. (81)

Recalling that P € {uq,u3}, it follows that there exist six constant vectors €19, €11, €12, €30, €31,
€3 € R8 such that

up = (1-T)ei + T(uerr + vera), (82)
ug = (1—T)esy + T(ues1 + vesy). (83)

Using (47), (82), (83), we compute

F(x,y,z,u,v) = (1—T)cosy <cos (z + g) €10 + sin (z + %) 630) (84)
+ Tucosy (cos (z+g) €11 + sin (z+%) 631)
+ Tovcosy (Cos (z + g) €12 +sin (z + g) 632)

+ siny (cos (z — %) up + sin (z — g) u4) .

Further, set pg to be the initial point on M correspondingtox =0,y = §,z=0,u = 0,v = 0.
Then T(0,0) =2, T,(0,0) =0, T,(0,0) = 0. Set also the following initial conditions satisfied by F and
the first partial derivatives, meaning that we fix the initial point on §” and the initial tangent space at
po as a subspace in TF(pO)S7:

F(pg) = %(1,0,0,0, 1,0,0,0)
E.(po) = &(po) = JF(po) = %@(0,1,0,0,0, 1,0,0)
(po) = 3E1(po) = 3,5(0,1,0,0,0,~1,0,0)
Fy(po) = E2(po) = JE1(po) = %(—1/0,0,0,1,0/0/0)
Fu(po) = V2Es(po) = v2(0,0,1,0,0,0,0,0)

(po)

= V2E4(po) = v2(0,0,0,0,0,0,1,0).

Here ] is the complex structure on R8 locally defined by

](XLJ/L X2,Y2,X3,Y3,X4, y4) = (_]/1/ X1, —Y2,%X2, —Y3,X3, —Y4, x4)' (85)

Using (84) we compute

F(po) = 2 (—e10 + u2) Ey(po) = % (e10 + u2)
F:(po) = %~ (—€30 + ug) Fu(po) = V2epy

SRS

Fx(po) = 4= (—e30 — u4) Folpo) = Ve
Therefore we deduce €10 = —€1,Up = €5,€30 = —€, Uy — €g, €11 — €3 and €12 = €7.
Using (31) and (36), with Es = JE3 and Eg = JE;, we compute €31 = e4, €32 = eg, Whereey, ..., eg
is the canonical basis in R8.
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Consequently, we conclude

F(x,y,z,u,v) = —cosy(1 —T) (cos (z+ 3),sin (z+3),0,0,0,0,0,0)

+ cosyTu (0,0,cos (z+3),sin(z+3),0,0,0,0,)

+cosyTv (0,0,0,0,0,0,cos (z+ 3) ,sin (z+3)) (86)

+siny (0,0,0,0,cos (z — %) ,sin (z — %) ,0,0) .

Remark 6. Recall that we used T that corresponds to the stereographic projection. The parametrization (54)
can be re-written as (u,v) — (u=Tu, v=To, w=1-T) € S> C R3.
Besides, we can consider the parametrization (x,vy,z) — (X1,y1,X2,y2), where

Xy = cosycos(z+3), y1=-cosysin(z+3),
Xz =sinycos(z — 3), yz2 =sinysin(z—3).

With these notations, the immersion F : S® x f S? - §7 given in (86) becomes

F(x1,¥1,X2,¥2,4,V,W) = (—X1W, —y1W, X1W, y1U, X1V, Y1V, X2, ¥2). (87)

Remark that F is nothing but the immersion given in (Reference [5], Equation (3.8)) up to some permutation
of coordinates and orientation of S”. The warping function is f = \/x12 +y12 = cosy.

Remark 7. Let us see what happens in the case when we work with T(u,v) = COS% From the Equation (50)

we immediately obtain that % does not depend on v. Hence, there exist functions A = A(u) and B = B(v)

such that P(u,v) = Alw) | B(v). Using (48) and (49) we find that A(u) = ¢ + c1cosu + cp sinu and

coshv
B(v) = +c3 z’g;{‘lz,for some constants c, cq, ¢ and c3. Hence

__c
coshv

cosu sinu sinh v

P(u,v) =c Co c .
(u,0) 1 cosho cosho | >cosho

As before, we recall that P € {uy,us}; it follows that there exist six constant vectors €19, €11, €12, €30, €31,
€3 € R® such that

cosu sinu sinh v
U1 = ——€10 €11 €12
coshv coshv cosh v (88)
cosu sinu sinh v
Uz =

——— €30 €31 €32.
coshv cosho ° coshv

We now replace uq and us from (88) in (47) to obtain
F(xll Y1,X2,¥2;4,V, W)

= X1u€1Q + X1VE(] + X1WE2 + XaUp + Y1U€3) + Y1VE3] + Y1WES + Yauy,

where X1, y1, X2, Y2 are as in the Remark 6 and u = CCOOSSh”U, v = ngg‘hl‘v and w = tanh v are obtained using
the isothermal coordinates u,v on the 2-sphere. We note that, for an appropriate choice of initial conditions,

the immersion is the same as (87).

This confirms that the choice of isothermal coordinates on S? is not so important (in our problem)
to arrive at the result. However, the most important fact is the ability of the reader in solving (explicitly)
the system of PDE equations.
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3.3. The Case 2: M is Congruent to S® X f St X, St
In this subsection we continue the study of Case 2, introduced in Section 3.1. Recall that in this
case:a; = A, a3 = —%,p:A—%and

E1(A) =0, Exy(A) = A2 +1, E(A) =0, E3(A) =0, E4(A) =0. (89)

The only non-zero components of the second fundamental form are

1
h(Ey,E3) = AEs, h(E1,E4) = _ZE6’ h(Es,§) = Es, h(E4,¢) = Es.

In order to obtain the expression of the isometric immersion F : M® — §7 in local coordinates,
we write the Lie brackets
— A? 1

1 E1—2¢, [Ey E3]=AE; [EyEs=——Ey4, (90)

1
[Ell Ez] - A

all other being zero. Considering the following vector fields:

= A gy LA g 1 g gl A g
Trrart T2+ A)Y P ara Y Tt irar

we can easily prove that the Lie brackets of any two vectors from the set {Ej, Ep, E3, E4, ¢} vanish.
Therefore, we can set (local) coordinates on M, call them x, y, z, u and v, such that

_ d . 0 - d 9
1 ox’ 2 ay s L3 du’ 4 o0’ ér dz
Using (89) we conclude A = tany, withy € (=75, %) \ {0} (after a translation in the y-coordinate)
and consequently we compute

2 9 0 ) 1 0 1 0 )

1= SIHZyE_COtZyE’ EZZ@/ E3: Cosyal E4: siny%’ g:E

We can write now the expression of the metric g in terms of the (local) coordinates
1
g= dez + dy* + dz% 4 cos 2y dxdz + cos? y du® + sin® y dv?.

Let F be the isometric immersion of M in §7. Analogously to Case 1, we obtain the system of
partial differential equations satisfied by F:

Fy, = sinycos yFy — cos? yF, (91)

Fw =0, (92)

Fyy = —siny cosyF, — sin yF, (93)

Fyy = —F, (94)

F.. = —F, (95)

l—"yZ = — ,LF,C + cot2yF;, (96)
sin 2y

Fyy = —tanyF,, 97)

Pyy = cot yFU, (98)
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sin 2y cos 2y
Fy, = 5 Fy,— 5 F, (99)
Fyy = cot2yFy — #F (100)
W = O T Ssinay
Fao = —oF (101)
xx — 4 .
F,; = cosyEs, (102)
F,; = sinyEg, (103)
Fu = 2VE, (104)
Fep = —5“2‘3/ Es. (105)
Further, we solve these partial differential equations satisfied by F.
Using Equation (94) we conclude
F =sinyU + cosyV, (106)

where U,V € R8 and U, V do not depend on y. Equations (97) and (98) imply that aa—g = 0and %—‘; =0,
thatis U = U(x,z,v) and V = V(x,z,u).
Using (91) and (93), we get
Viu=-V, Up=-U, (107)

and therefore

U = cosv uj +sinv uy,
(108)
V = cosu vy + sinu vy,
where uy, 1y, 01,0, € R8 depend on x and z.
The two functions U and V satisfy also other PDEs, namely
e from (99) we get
uxz - %u = 0/
(109)
Viz + %V =0;
e from (96) we obtain
U, +2U, =0,
(110)
Ve =2V =0;
e from (101) we have
Uy + %U =0,
(111)
Vir + 31V =0;
e from (95) we find
uzz +U = 0/
(112)
V..+V =0.

Then, combining (110) with (108) we deduce that

X b b X
Uy = Uy (E—z),uzzuZ (E—z),vlzvl (E—l—z),vz:vg <§+Z>'
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Finally, using (109), (111) and (112) we obtain the last differential equations u} +u; = 0,
uy +up = 0,7] +v; = 0and v + v, = 0. Consequently, we get

up = cos(5 —z)e; +sin(3 — z)ey,
up = cos(5 —z)ez +sin(5 — z)es,
v1 = cos(3 + z)es + sin(5 + z)es, (113
vy = cos(5 +z)ey +sin(5 + z)eg,

for some constant vectors ey, ..., eg in RS,

Moreover, since F lies on S, we conclude ||U|| = ||V|| = 1 and (U, V) = 0 and, consequently, u1,
uy, v1 and vy are unitary and mutually orthogonal.

Further, set pg to be the initial point on M correspondingtox =0,y = §,z=0,u =0,v = 0 and
set the following initial conditions satisfied by F and its first partial derivatives, meaning that we fix
the initial point on S” and the initial tangent space at py as a subspace in Tp(po)S7:

F(po) = 75(1,0,0,0,1,0,0,0)

E:(po) = &(po) = JE(po) = 55(0,1,0,0,0,1,0,0)
F:(po) = 3E1(po) = %ﬁ(O, 1,0,0,0,—1,0,0)

Fy(po) = E2(po) = JE1(po) = 75(=1,0,0,0,1,0,0,0)
Fu(po) = 75(0,0,0,0,0,0,1,0)

Fy(po) = 2=(0,0,1,0,0,0,0,0).

S

Here ] is the complex structure on R® locally defined by (85). Finally, set also the initial normal
space (at pp) as a subspace in TF(pO)S7:

Es(po) = JE3(po) = v2JFu(po) = (0,0,0,0,0,0,0,1)
Ee(po) = JE4(po) = V2]Fs(po) = (0,0,0,1,0,0,0,0).

Using (106), (108) and (113), we conclude

F(x,y,z,u,v) = (cosycosucos(z +35),cosycosusin(z + 5),sinysinvcos(z — 5),
sinysinvsin(z — 5 ),siny cosvcos(z — 3 ),siny cosvsin(z — 7), (114)
cos ysinu cos(z + 3),cosy sinu sin(z + %))

fory e (0,%), x,z,u,v € R,

We will show that M can be expressed in terms of (multiply) warped products. Consider the
following mutually orthogonal distributions on M:

Dy = span{Ej, E>, ¢}, D3 = span{E3} Dy = span{E4}.

The key of the proof is to apply a generalization of Hiepko’s theorem given by Nolker in 1996
in (Reference [19], Theorem 4). The following conditions are satisfied; they are analogue to the previous
conditions (a)—(c):

(1) the decomposition T(M) = Dy ©D3 OD; is orthogonal;
(here © means the orthogonal decomposition);
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(ii) the distributions D3 and D, are spherical;
(iii) the distributions D3y and Dj are autoparallel, that is V;W € D, (k = 3,4), for any
Z,W € Di.

Let us focus on the second condition: for example, the distributions D3 and D, are spherical since
they are totally umbilical and the corresponding mean curvature vector fields, X and X, respectively,
are parallel. From the Equation (20) we obtain Xo = AE; and Xg = — %Ez, which are parallel with
respect to the corresponding normal connections.

Thus, for any point p € M, there exists an isometric immersion ® of a warped product Ny x¢
N3 X3 Ny onto a neighborhood of p in M such that

e  D(Npx {p3} x {pa}) is an integral manifold for Dy for every p3 € N3, ps € Ny;
o  O({po} x N3 x {psa}) is an integral manifold for D3 for every py € Ny, ps € Ny;
o  D({po} x {p3} x Ny) is an integral manifold for Dy for every py € Ny, p3 € N.

Similar computations as in the case a; = a3 imply that the warping functions are given by
f =cosyand f = siny.

Proposition 4. Under the conditions stated for the case 2, it follows that M is locally congruent to a contact
CR multiply warped product S3 X St X, St

In accordance to the case 1 (a7 = a3), we consider the same parametrization (x1, y1, X2, y2) on S3.
Then, on the two circles we set (u = cosu,v = sinu) € S' and (a = cosv,b = sinv) € S!, respectively.
Thus, the immersion F can be thought (see also Reference [5]) as the following map

F:S¥x,Sx,.S —§7
fi f (115)
F(x1,y1,%X2,¥2;u4,V;a,b) = (uxq, uy1, vxq, vyy, axp, ayz, bxz, byz),

where the warping functions fi, f> : Ny — (0,00) are given by fi(xq1,y1,X2,y2) = /X3 + y3 and

fZ(Xlr Y1, X2, y2) = \/m

4. Conclusions and Further Research

We proved that a five-dimensional proper nearly totally geodesic contact CR-submanifold
of seven-dimensional unit sphere is locally congruent to S> x ¥ S? or to S® x f St x b S!, via the
immersions (86) and (114). Thus, the list of five-dimensional nearly totally geodesic contact
CR-submanifolds in the seven-sphere is now complete. So, to finalize the research in this direction,
we have to investigate hypersurfaces in S” which are nearly totally geodesic contact CR-submanifolds.
This will be done in a future paper.
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