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Abstract: We study the following nonlinear eigenvalue problem —u" () = Af(u(t)), u(t) >0, t€
I:=(-1,1), u(£l) =0, where f(u) =1log(1+u) and A > 0is a parameter. Then A is a continuous
function of & > 0, where « is the maximum norm & = ||u, ||« of the solution u, associated with A.
We establish the precise asymptotic formula for A = A(a) as &« — co up to the third term of A(«).
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1. Introduction

We consider the following nonlinear eigenvalue problem

—u"(t) = Af(u(t)), tel:=(-1,1), 1)
ut) > 0, tel, 2
u(—1) = u(1l) =0, (3)

where A > 0 is a parameter. In this paper, we mainly consider the case f(u) = log(1 + u). We know
from [1] that, if f(u) is continuous in u > 0 and positive for # > 0, then for a given & > 0, there exists a
unique classical solution pair (A, uy) of (1)—(3) satisfying & = || ||e. Since A is a continuous for a > 0,
we write as A = A(a) for « > 0.

Nonlinear eigenvalue and bifurcation problems have been one of the main topics in the study of
nonlinear equations, and many authors have investigated the global behavior of bifurcation diagrams
intensively. We refer to [2-7] and the references therein.

The purpose of this paper is to establish the asymptotic expansion formula for A(x) when
« > 1 up to the third term by time-map method. Our study is motivated by the following inverse
bifurcation problem.

Problem A. Consider (1)—(3). Assume that f(u) is a given function with bifurcation curve A(«),
and another function fi(u) is unknown. Let A1 («) be the bifurcation curve associated with f;(u).
Suppose that A (x) = A(a)(1 + dp(a)) as @ — oo, where dp(a) — 0 as &« — oo. Then can we conclude
that f1(u) = f(u)(1+61(u)) as u — oo? Here 61 (u) is a function of u satisfying 61 (1) — 0 as u — oo.

Since there are a few studies of inverse bifurcation problems, even the standard formulation
of the inverse problems has not been established yet. Indeed, Problem A is a modified formulation
which was proposed in [8]. It is natural to expect that if A(a) and A1 («) are closer asymptotically,
then f(u) and f;(u) are also closer. Therefore, the first approach to Problem A is to study the “direct
problems” precisely. Namely, we investigate the precise asymptotic formula for A(a) as « — oo
for f(u) = log(1 + u) here. Then, if we obtain the asymptotic behavior of A1 («) corresponding to
fi(u) = f(u) + g(u), which was perturbed by some g(u), then we will obtain the good evidence to
propose the improved formulation of Problem A.
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We introduce some known results about global behavior of bifurcation curve. One of the most
famous results was shown for the one-dimensional Gelfand problem, namely, the Equations (1)—(3)
with f(u) = e". It was shown in [9] that it has the exact solution

uy(t) = a +log <sech2 (2;\@6)1’6“/2)) , (4)

where sech x = 1/ cosh x. Then by time-map method, we explicitly obtain that for « > 0 (cf. [10]),

Ma) = 2; {log<2€ +2 («—1)—1)]2. ®)

Unfortunately, however, such explicit expression of bifurcation curves as (5) cannot be expected in
general. For example, we introduce the following result.

Theorem 1 ([11]). Let f(u) = u + sinu and consider (1)—(3). Then as o — oo,

Ma) = % — 71;;2&_3/2 sin (zx - g) +0 (vc_3/2) : (6)

The case f(u) = u + sin u was introduced in [12] first, which was inspired by [13]. We see from
Theorem 1 that the oscillatory property of the nonlinear term f(u) gives explicit effect to its bifurcation
curve, as expected. Moreover, we understand the convergent behavior of A(«) to the line A = 7% /4,
which is the “bifurcation curve” of (1)-(3) with f(u) = u.

As far as the author knows, however, the exact solution u, () of the equation in Theorem 1 is
not known, although it is quite simple, and it also seems impossible to obtain the explicit formula for
A(a) as (5). From this point of view, one of the standard approaches for the better understanding of
the global structure of A(«) is to establish precise asymptotic expansion formula for A(a) as &« — oo.
In some cases, the asymptotic expansion formulas for A(a) up to the second term like (6) have been
obtained. We refer to [11,14-16] and the references therein. However, to obtain the third term of A(«),
we need a very long and complicated calculation in general. We overcome this difficulty and establish
the following results.

Theorem 2. Let f(u) = log(1+ u) and consider (1)-(3). Then as &« — oo,

1
VAW = g+ a) 1 ta) 41°g2 3 fogl + a) @

1
log 2 _— R
+8(5 8log2+ Cy) (log(l+0¢))2}+ 3/

where Rj is the remainder term satisfying
bs(log(1+a))~* < |Rs| < by ((log(1 +4)) >, ®)
and 0 < by < 1is a constant independent of « > 1.

By Taylor expansion, it is easy to see thatif 0 < u < 1, thenlog(1+ u) = u + o(u). Therefore, (1) is
approximated by —u” (t) = A(a)uq(t) when & = ||uy]|o < 1. So A(a) starts from (a,A) = (0, 72/4).

Remark 1. From a view point of asymptotic expansion formula for A(«), it is natural to expect that the

following asymptotic formula for \/A(«) holds.
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JA@) = 1/1%(21”;06){1+nibn(log(uua))”}. )

Here, {by} (n = 1,2, - ) are expected to be constants, which are determined by induction. However, if the
readers look at Section 3 below, then they understand immediately that it seems quite difficult to prove (9),
since the calculation are quite long to obtain even the third term of (7).

The proof of Theorem 2 depends on the time-map method and Taylor expansion formula.

2. Second Term of A(«) in Theorem 2

In this section, let « > 1. In what follows, we denote by C the various positive constants
independent of a. It is known that if (1, A(a)) € C?(I) x R satisfies (1)~(3), then

un(t) = up(—1), 0<t<1, (10)
1 (0) = 3}5’;1”“(” =, (11)
ul(t) >0, —-1<t<0. (12)

By (1), we have
{uy (£) + A (log (1 + ua(t)) } uy (¢

By this, (11) and putting ¢t = 0, we obtain

Eufx(t)z + A {un(t)log(1 + un(t)) — ua(t) +1og(1 + un(t))} = const.

=A{alog(1+a) —a+log(l+a)}.

This along with (12) implies that for —1 <t <0,

ul (1) = V22 /alog (1 + &) — ua(£) log (1 + ua (1)) + & (ua (1)), (13)
where
E(u) :=log(1+a) — log(1+u) — (a — u). (14)
By this and putting u,(t) = as?, we obtain
0 ,
A = [ e
/01 Ja(l—s2)log(1 +i§cs+ A L e 15
- W/ Vi —"
where
Au(s) := log(1+a)—log(1+as?), (16)
PNE S S W SR o 17)

log(1+ &) (1 —s2) a(1—s2)log(1+a)
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For 0 <s <1, wehave

1 2, s)| < 2 1 /“ LIS (18)
log(1+a) (1—3s2)" " — 1-s2log(l+a) Jas2 1+x
2
< 1 s
— log(l1+a)1+as?
1
< -
— log(1+«) <b
&(as?) 2
— < L 1
2(1 =) log(1 + ) gl ta) < (19)
By this, (15) and Taylor expansion, we obtain
— © m—-1
= \/log 1+a) / \/l—sz{ n;l Wg“(s) }ds @0
1 °° (2n — 1)
= 1— =—gu(s) + —1)" s)" 5 ds,
\/log 1+a) / \/l—sz{ Zg“( ) n;z( ) ni2n 8a(s) }

where (2n —1)!! = (2n —1)(2n —3) ---3-1,(—1)!! = 1. We see from (20) that the second term of A(«)
in Theorem 2 follows from Lemma 1 below.

Lemmal. Asa — oo,

1 1 1
L:= /0 ﬁga(S)dS = m (410g2 - 3) +0 <“10g(1_|_“)) ’ (21)

The proof of Lemma 1 is a conclusion of Lemmas 2 and 3 below. By (17), we have

L=Li+ Ly, (22)
where
1 -1 s3 J
b= log(1+ «) /o (1— 52)3/2A“(S> o (3)
L, = ! / LS a(as)ds 24)
27 wlog(T+a) Jo (15232 '
Lemma 2. Asa — o0,
L, = (4log2-2)— 1 10 L (25)
v 8 log(1+ &) alog(l+a) /)’

Proof. We put s = sin 6 in (23). Then by integration by parts,

1 /2 1 .3 .
Ll = w/ C0526 {Sln HA,X(SIHG)} do

= lcwg(ll—l—tx) [tan 6 {sin3 0 A, (sinf) H ;T/z (26)

! ™ tan6 {sin* 04, (sin6) | do
w/o tan {sm «(sin )}

= Q1 +0Q2+ Qs
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where
o 1 .3 . /2
Ql = w |:tan 9 {Sln 9A(X (Sll"l 9) }:| 0 ’ (27)
3 ™2 i 0 A, (sin 6)d6 28
QZ — —m /0 sin a(SIH ) 7 ( )
2 L
= — in° 0 ———d6. 29
Qs log(1+ ) /o 14 asin®f )
Then by I'Hopital’s rule, we obtain
Aa(sing) . _2wcosb (30)
6-m/2 cosf 057/21 4+ asinZ 6

By this, we see that Q1 = 0. We next calculate Q,. For 0 < s < 1, by Taylor expansion, we obtain
1
Ay(s) = log(l1+a)—Iloga —log (oc + 52> +2logs —2logs (31)
1 5 1 5
= +0(a" %) —log Lt +2logs —2logs.

Then by direct calculation, we obtain the following (32) and (33).

0 < sinfA,(sinf) = —2sinflog(sinf) + O (%) , (32)
0 < sin?0A,(sinf) = —2sin’flog(sinf) + O G) . (33)

The proofs of (32) and (33) are elementaty but long and complicated. Therefore, the precise proofs of
(32) and (33) will be given in Appendix A. For 0 < 6 < 71/2, we have

2
sin? 6 — 1 = sin’ 6 (1 — 12> < sin’ 6 Ln.ez < sin?#. (34)
x « sin“ 0 14 asin” 6
By (34), we obtain
3 n/2 3 .
Q = 71(%(17—0—0()/0 sin” 0 A, (sin0)do
3 ™ gin0 { —2sin?010g(sin0) + 0 (1) L ao 35
- _W/O sin {— sin” 6 log(sin6) + <“>} (35)
6 /2 3 1
_ 301 .
71055(1_'_“)/0 sin” 0 log(sin0)do + O (leog(l—i—a))

1 10 1
= ———— (4log2— — —_— .
log(1+ ) ( 8 3 ) +0 (txlog(l—l—a))

By (33), we have

2 n/2 4 wsin?f
S in*—“S Y g
Qs log(1+a) /0 T + asin? 6

2 [ gedero— 36
N log(l—i—zx)/o s + (oclog(1+oc)> (36)

. S o) (S
~ 3log(1+a) alog(l14+a) /"
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By this, (30) and (35), we obtain (25). Thus the proof is complete. [J

Lemma 3. Asa — oo,

1 1
b = log(1+a) +0 <¢xlog(1+zx)) ' (37)
Proof. We have
_ 1 Us{Aa(s) —a(1—5%)}
ha = alog(1+a) /0 (1—s2)3/2 ds (38)
= Loy + L.
Then
1 1 S 1
bz = log(1+a) /0 (1— 52)1/2ds T Tlog(lta) (39)

By putting s = sin 6, (32), 'Hopital’s rule and integration by parts, we have

L - " LN 0A,(sin6)}do
27 alog(l+a) /0 cos2 6 {sin 044 (sin0)}
1

_ . . /2
= dog(ita) [tan 6 sin 0 A, (sin0)],, (40)

v " 0A,(sinB)do
_alog(l—f—a)/o sinf A, (sin6)do +

- O(mgfm)’

By this, (38) and (39), we obtain (37). Thus the proof is complete. [J

2 /”/2 asin’ @
alog(l+a)Jo 1+ asin®6

By Lemmas 2 and 3, we obtain Lemma 1.

3. The Third Term of A («) in Theorem 2

By (20), to obtain the third term of A(«), we calculate

— ! s Zd
M.—/O ﬁg,x(s) s. (41)
We have
1 st 2 1 &(as?)?
8l = iogtiranz =2 ™) T fiogt + 0 (1 - 22 “2)
1 s2 )
T g1 Fa))? (1 - a2 w(e)eas).
We put
o 1 _ 1 1 s )
b= (log(1 + tx))zh ~ (log(1+a))? ./0 (1—s2)5/2 Au(s)"ds, (43)
o 1 B 1 1 s&(as?)?
b= a?(log(1 + oc))2]2 ~ a2(log(1 +a))2 /0 (1-s2)5/2 ds, (44)

I3 = 2 J5 = 2 /1 s Aq(s)E(as?)ds (45)
57 a(log(1 +a))? 3_zx(log(1+tx))2 0 (1—s2)5/27¢ '



Mathematics 2020, 8, 1272

Then M = I + I + I5.

Lemma 4. Asa — oo,

1 1
L =C +0 ,
b (log(1+a))? (a(log<1+a>>2>
where
4 1
G = —3Cu+t g(clz + C13 + Cia + Ci5 + Cie),
/2 /2
Cp = 20/ sin’ (log(sin §))?d0 — 8/ sin’ @ log(sin 0)d6,
0 0
/2
Cpp = 100/ sin® 0(2 cos? 6 + 1) (log(sin 6) )2d6,
0
/2
Ciz = 40/ sin” 0(2 cos? 6 + 1) log(sin 6)d6,
0
"7T/2
Cuy = 8 / sin® 0(2 cos? 6 + 1)d6,
J0
/2
Cis = 56/ sin” (2 cos? 0 + 1) log(sin )d6,
0
/2
Ci = -—16 / sin’ 0(2 cos? 0 + 1) log(sin 8)d6.
JO

Proof. We recall that

1 _i sin @
cos*®  df \3cos30

(2cos® 0 + 1)) .

We put s = sin . Then we have

n/2 1 3 5 . 2
ho= /0 cost g " 0 Ay (sin0)do

n/2 4 .
/0 a6 (3?0129 (2 cos® 0 + 1) sin 0 A, (sin 9)2d9
. sin 6
~ |3cos?0

/2

(2cos? 0 + 1) sin® B A, (sin 9)2]
0

/2 :
- / %(2 cos® 0 +1) {5 sin® 0 A, (sin )% — 4x A, (sin 6) sin®
0

1

1+ asin?@

7 of 15

b,

(46)

(47)
(48)
(49)
(50)
(51)
(52)

(53)

(54)

(55)
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By using 'Hopital’s rule, we easily see that the first term of (55) is equal to 0. Then

h =

1

3Jo

/2
(tan ) (2cos? 6 + 1)

1
X 4 5sin’ 0 Ay (sin0)? — 4a A, (sin 6 '79}d9
{ sin «(sinf) «(sin6) sin 14+ asin?@

1 /2
[tanG (2cos?6 +1) {5 sin® 0 A, (sin )% — 4w Ay (sin 0) sin” ———— H
1+ asin“ 6

3
4 / sin” @ {5 sin® @A, (sin 0)? — 4a A, (sin ) sin” 9}
3 ‘ ‘ 1+ asin?6
1 / sin#(2cos? 6 + 1) {25 sin* 0 A, (s)? — 20w A, (sin 8) sin® 9%
14 asin® 6
1 1
+8a2sin® 90— — 28asin® 0 A, (sinf) ————
(1 + asin? 6)2 «l )1+¢xsin29
1
+8a2 sin® @A, (sin 6 } do
ol )(1+ocsin2 6)2
1
3J10— ]11 + 3 (hz + J13 + J1a + J15 + J16)-
By I'Hopital’s rule, we see that [19 = 0. By (33), (34) and (56), we have
/2 /2 asin’ @
5/ sin’ A, (sin 6)%d6 —4/ sin® (sin® A, (sin6)) —————d6
0 ' (sinf) 0 ' (st alsi >)1+0csin29

Jin

/2 /2
20 / sin® §(sin? 0(log(sin 8))2d6 — 8 / sin” 9 log(sin 8)d6 + O(a~")
0 0

Ci1+0(a™).

By (33), (34) and (56), we obtain

J13

/2
Jo = 25 / sin® 6(2 cos? 6 + 1) A (sin 8)2d6
0

/2
= 100/ sin® 0(2 cos? 0 + 1) (log(sin 6))2d6 + O(a 1)
0

= Cp+0(™),
/2 )
-20 / sin0(2cos? 6 +1)(sin? 0 A, (sin)) | sin® 0 Ln_gz dae
0 14 asin” 6

/2
40/ sin” 8(2cos? 6 + 1) log(sin8)dd + O(a™!) := C;3 +O0(a™ ),
0

n/2 asin? 6 2
_ 8/ sin® 0(2cos?0+1) [ —7 ) 40
ha o ( ) 1+ asin? )

/2
- 8/ sin® 0(2cos? 0+ 1)d6 + O(a~1) := Cyy + O(a ),
0

8 of 15

(56)

(57)

(58)

(59)

(60)
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/2 )
his = -28 / sin30(2cos? 0 + 1)(sin? § A, (sin 0)) Lnez a9
0 1+ asin” 6

/2

- 56/ sin% 6(2 cos? 6 + 1) log(sin )dg + O(a~") 61)
0

= Ci5+0(a™h).

By (33) and (34), we have

asin? 6

2 20 o
= 8/ 2cos“ 0+ 1)sin _
Jis 0 ( ) 14 asinZ6

2
) (sinfA,(sinb))d6

/2
— 8 /0 (2c0s20 + 1) (sin? 6 + O(a~1)) (sin 0 A (sin 6))d0 62)

/2
= —16/ sin® 0(2 cos? 6 + 1) log(sin 8)df + O(a™ 1)
0
= Cig+ O([Xﬁl).
By (55)—(62), we obtain (46). Thus the proof is complete. [J

Lemma 5. Asa — oo,

1 1
b= g ror O (e r ) ©)
Proof. By (14) and (44), we have
1 s
b= [ a e Ae) e =)
= Jnt+Jn+ts (64)

1 1 1
- /07(1_22)5/2 ()zds—th/O 7(1_22)3/2 o(s)ds + a2 /O ﬂs_iszds.

It is clear that Jo3 = 2. By (54), putting s = sin 6, integration by parts and I'Hopital’s rule, we obtain

/2 gin @ © 2
In = [ osghalsiné)de
B [ sin (2C0529+1)sin91‘1 (Sine)z}n/z
3cos36 ' 0

m/2 sin@ ’ 2 . wsin® 6
_/ 3cos 29 2 COSs 9+1) {Aa(sm9) —4Aa(51n9)m de

/2
1 . . . asin® 6
= l_3 tan 0 sin 0(2 cos? 6 + 1) {A,,((smb")2 — 4A,,¢(smf))71 T asinZ0 }]

1

/2 .2
+f/ sinf(2cos? 0 — 4sin® 0 + 1) Aa(sin9)2—4Aa(sin9)Ln_92 49 (65)
3o 1+ asin® 6

1 [m/2 asin?
+f/ sinf0(2cos?0+1){ —4—" A, (sinf
3.Jo ( ) { 1+ asinZ6 al )

. 2 2 . 2
a sin“ 0 . a sin“ 0
+8 ( > ) —8A4(sinf) ————— ) de

1+ asin®0) (1 + asin?6)2
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By integration by parts and 1’'Hopital’s rule, we obtain

/2 1 . BA (s p
J2o = —20(/0 msm@ «(sin0)do

= [—2atanfsinfA,(sin 9)](7;/2

/2 in2
+2a [ dsin0A, (sin) - 2sin L
0 14 asin” 6
= O(w).
By this and (65), we obtain (63). Thus the proof is complete. O

Lemma 6. Asa — oo,

4 1
Iih = —— (-2log2+1)+0 | —F1— | -
= Togrt re 2200 ()
Proof. By putting s = sinf, we have
1 &3 )
3 = /o mAa(s)g’(ws )ds
/2 1 ) ) /2 1 ) )
= /0 s sin® 0 A, (sin 0)?d0 — oc/o o020 sin® 0 A, (sin 0)do
= Ja1 = Ja.
By (54) and integration by parts, we obtain
_ sin 6 2 -3 AV /2
] = [(3(:0539(2@3 9+1)) sin” 0 A, (sin0) L

— /n/z ! (2cos? 0 + 1) sin® 0 A, (sin 0)%d6
cos2 6 "

Ay (sin0)d6

0
4 (21
+§uc/0 C0829(2c0329+1)sin59

= J310 — Ja11 + J312-

1+ asin?6

By I'Hopital’s rule, we see that [319 = 0. By integration by parts, (32)—(34), we obtain

/2
Jsu = {tan 0(2cos® 0 + 1) sin® A, (sin 9)2}(7;

/2
— / tan 0{sin® 8(2 cos? 6 + 1) A (sin 0)?}'d6
0
/2
= / (—65in 6 cos? 6 + 4sin® 6 — 3sin 0) (sin H A, (sin 0))>dO
0
asin® @

/2
44 / 20520 + 1) (sin 0A, (sin 0)) sin? 6—> % 9
0 ( )( ! “( ) 1+ asinZ 6

/2
= 4/ (—6 sin 6 cos? 6 + 4sin® @ — 3sin 6)(sin 0 log(sin 9))2d9 + O(a*l/z)
0

/2
-8 / sin? (2 cos? 6 + 1) (sin 0 log(sin 8))d0 + O(a 1)
J0
= 0(1).

10 of 15

(66)

(67)

(68)

(69)

(70)
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By (32)—(34) and integration by parts and I’'Hopital’s rule, we have

1 :|7T/2

4
= —u [tan@sin®0(2cos? 0 + 1) A, (sinf) ————
hie = 3n ( )As(sing) -

0

L[ 0 { sin® 0(2cos? 6 4 1) Ay (sin 6 ! /de
— = tan sin cos” 0 + sinf) ———
3 /0 { ) Aal )1 + asinZG}

/2 )
- 4 (10sin” @ cos® 6 — 4 sin 6 + 5sin” 0) (sin H A, (sin 9))Ln'92d€
3.Jo 1+ asin®6

8 /2 asin? 6 2
+7/ sin®0(2cos?0+1) [ ————— | 4o
3 Jo ( ) 1+ asin?6

2
8 (/2 ) . . wsin? @
+f/ sin“ 0(2cos” 0 + 1) (sin0A,(sinf)) | ————— | db
3Jo ( ! «( ))<1—|—0csin29
= O(1).
By integration by parts, we obtain
/2 /2
Jp = a {tanf)sin‘g’ GA,X(sinH)}O — zx/ tan 0 {sin® A, (sin0)}'do (71)
0
= J320 + J321-

By I'Hopital’s rule, we obtain that J359 = 0. By (33) and (34), we obtain

/2 /2 asin® @
- —3&/ in6(sin? 0 A '9d9+2a/ intg oY 72
Ja21 ; sin 8(sin” 0 A, (sin 6)) ; sin T+ asin’0 (72)
/2 /2
= 60(/ sin3910g(sin9)d9+21x/ sin® 0d6 + O(1).
0 JO
By this and (69)—(71), we obtain
I (5 [ s ot0g(sing)do + [ sin0d0) 40—+
+ = gy (O smotestsinoyo+ [ swean) +0 (Cp o)
4 1
= e 28240 +0 (o) 7
This implies (20). Thus the proof is complete. [
By Lemmas 4-6, we obtain
M = (C;+5-8lo 2)1+O<1> (74)
- 8 log(1 + a))? a(log(1+w))2)

This along with (20) and Lemma 1, we obtain (7).
4. Remainder Estimate
To complete the proof of Theorem 2, in this section, we prove (8). Let n > 3. By (17), we have

n.__ 1 n
8:()" = loglt T ayyia — sy )"

(75)

where

Na(s) := 52Aa(s) + %@(«xsz). (76)
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By direct calculation, we see that 77, (s) = 2sA4(s) > 0 and find that 7,(s) is increasing in 0 < s < 1.
We have 7,(0) = llog(14+a)—1 = —1+40(1), 74(1) = 0. Let an arbitrary 0 < € < 1 be fixed.

Then there exists a constant 6 > 0 independent of & > 1 such that fors € [0,e] and a > 1,
=1 < 7a(s) < 7ale) 77)
we? +1 o 1+«
811 ae?
= (e2=1) — (¢ +0(1)) log(e* +0(1))
< —6<0.

= (@-1+

By this, if n is odd, then we have

1 s " B 1 1 "
/o 7%1_52&(5) ds = (log(l—i-tx))”/o i (1_52),,%(5) ds
1 € s 1 "
< et (o
. 1
7 (log(1 +a))"”

(78)

If n is even, then by the same argument as that in (78), we have

1
(log(1+a))™

(s)"ds > o" (79)

1 s
/0 V1 —s? 8
By (16) and (19), for n = 3,4, - - -, we have

O < ¢ 5 (80)

log(1+a))*

By this, (78) and (79), we obtain

1

(2n — 1)1
Clogi+a))"

£ e
1=340 1—352 ni2n

n -1 1
< gu(s)"ds| < C w. (81)

This implies (8). Thus the proof is complete.
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Appendix A

Proof of (32). Leta > 1. For 0 < s < 1, we consider the maximum of the function
1
m(s) := s(log(& +5°) —2logs). (A1)

We first show that m(s) attains its maximum in 0 < s < 1l atsyg = Vit /a withe < ) < a —¢,
where € > 0 is a small constant independent of « >> 1, and

0= m(0) < m(s) < ms0) = Vi log (2 )2 (A2)
0
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Indeed, we have

2
/ _ AN _ =
m'(s) = log(l+as”) —loga —2logs 1T a2’ (A3)
" _ 2 2.4 2
m'(s) = S0t asd) (2a7s* +as™ — 1) (A4)
Therefore,
m'(s) =0&s= 1 (A5)
V2
We have
m'(1) = log(l+a)—1lo a—i—lo 1—0—1 _ 1! (A7)
= o8 8% " 1ra” %\ Ta) T1va
a—1 1

_ - —4
= el t 3.3 +0(a %) >0,

(LY _4
m (\/27‘) = log3 3<0. (A8)

Therefore, there exists s € [0,1/v/2a) and s1 € (1/+/2a,1] such that m’(sg) = m’(s1) = 0. Namely,

m'(s) > 0 (0<s<sy), m(sg)=0,m'(s) <0 (s9<s<sq), (A9)
m'(s1) = 0, m'(s) >0 (s <s<1].

So, m(s) is increasing in [0, S|, [s1, 1] and decreasing in [sp, s1]. We have

m(0) = 0, (A10)
1
m(s < m(l/V2u) = log3 < m(sp), All
1 1

m(1) = log :“ = +0(a™2). (A12)

We choose a small constant 0 < € < \% such that the following (A13) holds.
m' \/? =log(1+e¢€)—1lo e—i>0 (A13)

x) %8 8C T 1T1e 7

By (A13), we see that ﬁ <50 < ﬁ This implies that there exists a constant € < ty < 1/+v/2 such

that s) = /fp/). By this, we obtain (A2). By (31) and (A2), we have
0 < sinfAu(sinf) = sinf (i +0(a™2) — m(sin@) — 2log(sin 6)) (A14)
= —2sinflog(sinf) + O (\}E) :
Thus we get (32). O
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Proof of (33). By (31), we have

sinfA,(sind) = O(a™') —sin’6 <log <i + sin? 9) — 2logsin 9) (A15)

—2sin? §log sin 6.

For0 <t <1, weput

Then

k(t) := t(log(1 + at) — log(at)). (Al6)
K(t) — log(1+at) —log(at) — ﬁ (A17)
Kt = _t(l—i—lat)z <0 (t£0). (A18)

So, k'(t) is decreasing and by Taylor expansion and (A7), we have

K(1) = log(l+a)—loga — 1_}_% > 0. (A19)

Therefore, k' () > 0 for 0 < t <1, and k(t) is increasing in for 0 < t < 1. So, for 0 < t < 1, we obtain

0=k(0) <k(t) <k(1) =log(l+ua)—loga = log <1 + i) = % +0(a™?). (A20)

By (A15) and (A20), for 0 < 8 < 71/2, we obtain

0 < sin? A, (sinf) = O(a~! — k(sin? ) — 2sin® flog(sin ) = —2sin? flog(sinO) + O(a~1). (A21)

This implies (33). Thus the proof is complete. [
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