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Abstract: We introduce a new tensor norm (c-tensor norm) and show that it is associated with the
ideal of o-nuclear operators. In this paper, we investigate the ideal of o-nuclear operators and the
o-tensor norm.
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1. Introduction

Let X ® Y be the algebraic tensor product of Banach spaces X and Y. One may refer
to [1] (Section 1) for tensor products and their elementary properties. If a is a norm on the tensor
product, then the normed space (X ® Y, «) is denoted by X ®, Y and X®,Y is the completion of X ®, Y.
The most classical two norms e and 77 on X ® Y are the injective norm and projective norm, respectively.
Forue X®Y,

:x" € Bx+,y* € By*}/

!
e(1;X,Y) i= sup { | Y " (xu)y” ()

where 25121 Xn @ Yn is any representation of u and By is the closed unit ball of a Banach space Z, and

1 1
m(;X,Y) = inf{ Y xallllyall u =Y % @yl € N}.

n=1 n=1

We refer to [1,2] for € and 7r. Our main notion is the following concept.

Definition 1. For Y, x, @ yn € X®Y, let

l l
| L wn@ya| =sup{ Y ¥ (va)y ()] 3" € Bxe,y” € By}
n=1 v n=1

Forue XY, let

1
ar(u; X,Y) = 'mf{‘ Y Xn @ Yn
n=1

1
U= an®yn,l GN}
g n=1
We call o, the o-tensor norm.

A Banach operator ideal [A4, || - || 4] is said to be associated with a tensor norm « if the natural
map from A(M, N) to M* ®, N is an isometry for both finite-dimensional normed spaces M and N.
Let || - || be the operator norm on the ideal £ of all operators and let F be the ideal of all finite rank
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operators. A linear map T : X — Y is called approximable if there exists a sequence (T,), in F(X,Y)
such that lim,_,« || T, — T|| = 0. We denote by F(X,Y) the space of all approximable operators from
X to Y. Then the ideal [F, || - ||] of approximable operators is a Banach operator ideal.

Alinear map T : X — Y is nuclear if there exists sequences (x;), in X* and (y, ), in Y with

[e9)
Y xllyall < oo
n=1

such that .
T=1) xQYn,
n=1

where x;,®y, is an operator from X to Y defined by (x;,®y,)(x) = x}:(x)y,. The space of all nuclear
operators from X to Y is denoted by N (X, Y) with the norm

1Tl = inf { 3 Ixalllyall = T = Y- xacun ],
n=1 n=1

where the infimum is taken over all such representations. It is well known that [F, || - ||] is associated
with e and [N, || - ||n] is associated with 77 (cf. [2] (Section 17.12)).

Pietsch [3] introduced a natural extended notion of the nuclear operator. A linearmap T : X — Y
is called o-nuclear if there exists sequences (x;,), in X* and (y,), in Y such that

[ee]
T= Z Xp@Yn
n=1

unconditionally converges in the operator norm. We denote by N, (X,Y) the space of all o-nuclear
operators from X to Y and for T € N(X,Y), let

ITlly, == inf{| ¥ xiyn| :T= Y xicyn},

n=1 v n=1
where | Y7 1 X ®vnlo = sup{ ;1 [x;(x)y*(yn)| : x € Bx,y* € By+} and the infimum is taken over
all o-nuclear representations. Then [Ny, || - || ;] is a Banach operator ideal [3] (Theorem 23.2.2).

In this paper, we study the Banach operator ideal N, of o-nuclear operators and the corresponding
o-tensor norm . In Section 2, we obtain a factorization of operators belonging to A, and show that
the surjective hull and the injective hull of NV, coincide with the ideal of compact operators. It turns out
that [No, || - | i, ] is associated with . In Section 3, we show that a, is a finitely generated tensor norm
and the completion X&,, Y is identified. An isometric representation of the dual space (X ®,, Y)* is
established. In Section 4, we show that

X®EY:X®0([7Y

holds isometrically when X or Y has a hyperorthogonal basis. As a consequence, we show that &, is
neither injective nor projective.

2. The Ideal of c-Nuclear Operators

For Banach spaces X and Y, we denote by
7 (X*,Y)

the collection of sequences (x;, 1 )n in X* x Y satisfying
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lim sup{ Z |25, (x)y*(yn)| : x € Bx,y* € By*} =0

[—o0

and let

[e9)

(X3 yn)alee = sup { Y |xi(x)y" ()| : x € Bx,y" € By |

n=1
for (x5, yn)n € L7(X*,Y).
A basis (e, ), for a Banach space X is called hyperorthogonal if for every n € N |a,,| < |B,,| implies

o0
| £ e
n=1

[e)
< H Z Bren |-
n=1

Using a standard argument, we have the following lemma.

Lemma 1. Let K be a collection of sequences of positive numbers.

If sup ), ek Yoq kn < 00 and lim;_, SUP 1.,y ek Ln>1 kn = 0, then for every ¢ > O, there exists an
increasing sequence (Bn)n with By > 1 and lim,_yeo Bn = oo such that

Jim (kSI)lI;K Y kuPn =0 and sup Z knBn < (1+¢) sup Z k.
n)n n>l (kn)neKn=1 (kn)n€eK n=

It is well known that a nuclear operator T : X — Y has the following factorization.

X—T oy

'

Co D > 61/

where R and S are compact operators, and D is a diagonal operator which is nuclear. From a
modification of [3] (Theorem 23.2.5), we have a similar form for c-nuclear operators.

Theorem 1. Let X and Y be Banach spaces and let T : X — Y be a linear map. Then the following statements
are equivalent.

(@) TeNHAX,Y).
(b)  There exists (x;, Yu)n € €7(X*,Y) such that

T=) x;®Vn
n=1

(c)  There exist Banach spaces Z and W having hyperorthogonal bases, R € N;(X, Z), a diagonal operator
D € No(Z,W) with |D||n, < 1,and S € Ny(W,Y) with ||S||n;, < 1 such that the following
diagram is commutative.

Y
Is

—W.

D

T

X —
g
Z

In this case,
Tl a, = inf | (x7, Yn)nler = inf [|R]| o7,

where the first infimum is taken over all such representations of T in (b) and the second infimum is taken
over all such factorizations of T in (c).
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Proof. (c)=-(a) is trivial and || T || o;, is less than or equal to the infimum for factorizations of T in (c).
(a)=-(b): This part is a well known result. For the sake of the completeness of presentation,
we provide an explicit proof. Let T € N,(X,Y) and let ¢ > 0 be given. Then there exists a representation

T= Z X @Y,
n=1
which unconditionally converges in (£(X,Y), || - ||), such that

< 1T+ 91Tl -

o

‘ Z X @Yn
n=1
It is well known that a series ) > ; z,; in a Banach space Z unconditionally converges if and only if

lim sup ) |z"(zq)| =0.

[—o0 Z*GBZ* 1’121

Thus,

tim sup { Y- [x3(0)y" ()| : x € Bx,y” € By }

n>1

< Jim Sup{ Yo lo(xp@yn)| : ¢ € B(a(x,y),u-u)*} =0.

n>l

Hence (b) follows and the first infimum

pe

agk

inf |-l < [, y)aler = | 1 xi@wa| < (140l

n=1

Since ¢ > 0 was arbitrary, inf | - [;c < ||T||a7, -
(b)=-(c): Let ¢ > 0 be given. By (b), there exists (x};, yu)n € £7(X*,Y) such that

and
| (x5 Yn)nlee < (1 +e)inf| - [4o.

By Lemma 1, there exists a sequence (B,), with B, > 1 and lim,,_,e B = co such that
(Baxs yn)n € L7(X%,Y)

and
(B Yl < (L4 €)| (x5, Yo
Let .
Z = {(an)n inC: Z 0y ,B%lyn unconditionally converges in Y}

n=1

and

l@nllz == sup Y B2lany” (y)-

y*GBy* n=1

Then (Z, || - ||z) is a Banach space and the sequence (e;), of standard unit vectors forms a
hyperorthogonal basis in Z. Let
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W= {('yn)n inCN . Y Ynyn unconditionally converges in Y}

n=1
and -
l(vu)nllw := sup Z [Yuy™ (yYn)|-
]/*GBy* n=1
Then (W, || - |lw) is a Banach space and the sequence (f;), of standard unit vectors forms a
hyperorthogonal basis in W.

Let
R:X — Z,Rx = (x}(x))n,

D:Z— W,D(an)n = (Bun)n,

[ee)

S:W =Y, S(r)n =Y. giyn.
n

n=1

To show that R = )" ; x;;®e,, unconditionally converges in £(X,Z), let § > 0. Choose an /s € N
such that

sup{ 2 /3%|x;‘l(x)y*(yn)| :x € Bx, Yyt € BY*} < 4.

7‘[215

Then for every finite subset F of N with min F > I;,

pre

= sup H Z x5 (x)ey

neF x€Bx " neF z
= sup{ Z B2|x5(x)y* (yn)| : x € Bx,y* € By*} < 4.
neF

Hence R € N;(X, Z). Since for every x € Bx and z* € By,

§|x;<x>z*<en>| - ilw:;(mz*(en) (Ae = 1)

<

Y Anxg(x)en
n=1 " Z

= sup ) Bula () (yn)| < [(B2xn Yn)nler,

y*GBy* n=1

IRl n; < [(Brx yn)nlee < L+ e)| (x5, yn)nle < (1+€)*inf] - |

To show that D = Y7 ; Bne;® f, unconditionally converges in £(Z, W), where each e}, € Z* is
the n-th coordinate functional, let § > 0. Choose an N5 € N such that 1/8, < ¢ for every n > Nj.
Then for every finite subset F of N with min F > Nj,

H Z Bney @ fn

neF

= sup HZﬁnocnfn

(“n)nEBZ neF

= sup{ Y Bulany*(yn)| : (an)n € Bz,y* € BY*}

neF

w

< 55“?{ Y. Balany(yn)l : (@n)n € Bz,y* € BY*}
neF

<d sup |[[(an)nllz <.
(Otn)nEBz

Hence D € Ny(Z,W) and ||D||n;, <1, indeed, for every (ay)x € Bz and w* € By,
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Z |ﬁn fn | = Z |,3n"‘nw fn)|

= ;5nﬁn"‘nW*(fn) (Ion] =1)

0
nfal

= sup Y Bulany” ()

Y*€Byx n=1

< sup ) Brlany* (yn)l = [(w)ellz < 1.
y*GBy* n=1
Let f,; € W* be the n-th coordinate functional. In order to show that S = Y"1 (1/Bx) i @Yn
converges unconditionally in £(W,Y), we take § > 0. Choose an Ns € N such that 1/, < J for every
n > Njs. Then for every finite subset F of N with min F > Nj,

| Z /B figyn

neF

- (vn) sung H neF ﬁn yn

o {| 5 2

() € BWry* € BY*}

neP
< 5sup{ Y vy (yn)|: (vn)n € Bw,y* € By»«}
neF
<o sup |[(7a)nllw < 0.
(Yn)n€Bw

Hence S € N, (W,Y) and ||S||n;, < 1, indeed, for every (x)x € By and y* € By+,

3108030y ()| < X by )l < Il <1

n=1

Clearly, T = SDR and the second infimum inf || - [|5;, < |R|lx;, < (14 ¢€)?inf] - |4 Since e > 0
was arbitrary, inf || - |y, <inf|:[w. O

The surjective hull [A4, || - || 4]5*" of an operator ideal [A4, || - || 4] is defined as follows;
AM(X,Y) :={T € L(X,Y): Tqx € A(¢1(Bx),Y)},

where gx : ¢1(Bx) — X is the natural quotient operator, and ||T|| gswr := || Tgx|| 4 for T € A" (X,Y)
(see [2] (p. 113) and [3] (Section 8.5)).

Lemma 2. (see Proposition 8.5.4 in [3]) Let [A, || - || 4] be a Banach operator ideal and let X and Y be Banach
spaces. A linear map T € A (X,Y) if and only if there exists a Banach space Z and an S € A(Z,Y) such
that T(Bx) C S(Bz). In this case,

1T aser = inf [| S]] 4,

where the infimum is taken over all the above inclusions.

Lemma 3. [4] A subset K of a Banach space X is relatively compact if and only if for every € > 0, there exists a
null sequence (xy)n in X with sup, . ||xu|| < (14 €) sup,cg ||x|| such that

{ Z OpXy - n € Bgl}
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The surjective hull of the ideal of nuclear operators is identified in [3] (Proposition 8.5.5).

Theorem 2. The surjective hull [Ny, || - ||a;, " of the ideal of o-nuclear operators can be identified with the
ideal [IC, || - ||] of compact operators.

Proof. Since [Ny, | - [lx;] € [F, 1| [ and [F, || - 13" = [K, || - Il
No - I 1 < I -l

To show the opposite inclusion, let X and Y be Banach spaces. Let T € K(Y, X) and lete > 0.
Then by Lemma 3, there exists a null sequence (x;), in X with sup, . [ x| < (1 +¢€)||T|| such that

T(By) C { ilzxnxn S (an)n € Bgl}.

Let us consider the map

E:lp —X,E=) e,Qxy,

n=1

where each e, is the standard unit vector in ¢g. Since

lli_)r?osup{ Y lanx*(xn)] 2 (€n)n € By, x* € BX*} < lli_>m sup ) |anlflxu] =0,

n>I  (an)n€By, n>1
in view of Theorem 1, E € N, ({1, X) and
IEllN; < [(ens Xn)nler
- sup{ ilmnx*(xnn  (@)n € By, x" € BX*}
e

< sup [[xa|| < (1+¢)|[T]-
neN

Since T(By) C E(By,), by Lemma 2, T € N;* (Y, X) and

1Tl nger < [IElln;, < (1 4€)[I T

O
The injective hull [A4, || - || 4] of an operator ideal [A, | - || 4] is defined as follows;
AM(X,Y) :={T e L(X,Y): Iy T € A(X,le(By-))},
where Iy : Y — (lo(By+) is the natural isometry, and ||T|| ywj = |IyT||4 for T € A™(X,Y)

(see [2] (p. 112) and [3] (Section 8.4)).
Lemma 4. If [A, | - || 4] is a symmetric Banach operator ideal, then
LA Lal™ = (LA ™).

Proof. The symmetric operator ideal means that [A,| - |l4] < [A] - 4™  Then
by [3] (Theorem 8.5.9),

LA )™ < (LA ™)™ (LA - [agry e,
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Additionally, since [A, || - || 4] C ([A, || - ||.4]®™)5#", by [3] (Theorem 8.5.9),
(LA - Al )™ (LA - a]®™ )y el = (LA, || - 4] )2t Peet.

Note that (([B, || - ||g]™)®a)dual < [B,]| - ||5]™ for every Banach operator ideal B. Hence the
assertion follows. [J

The injective hull of the ideal of nuclear operators is identified in [3] (Proposition 8.4.5).
The following theorem is a consequence of the fact that the ideal [Ny, || - || v, ] is symmetric (cf. [3]
(Theorem 23.2.7)).

Theorem 3. For the ideal of o-nuclear operators, the following equality is valid:
o I e 1™ = T - 1-
Proof. Since [Ny, | - ||a;,] is symmetric, by Theorem 2 and Lemma 4,
N, I e ™ = (N I llag ) = 1 - 17 = - -

O
For T € F(X,Y), let

iT= Y %@yl N},

n=1

1
Il = inf {| X xiym
n=1
Then | - || yo is a norm on 7 [3] (Proposition 23.2.10).
Proposition 1. Suppose that X or Y is a finite-dimensional normed space. Then

1Tl ag = 1Tl
forevery T € L(X,Y).

Proof. Let T € £(X,Y) and let § > 0 be given. Let
T - 2 x:@n,
n=1

be a o-nuclear representation in Theorem 1(b) such that

| Yn)uler < (14 0) [T, -

If X is finite-dimensional, then there exists an ! € N such that

sup{ Y |xi()y"(ya)l : x € Bx,y" € By } < || Il /
n>1+1

idx| vz,

where idy is the identity operator on X. We have

1
Ty < | K w4 | 2 wicm],
n= o o

n>1+1

Y. X@Ya
n>1+1

< (% Yn)nlee +

il

< (1+29)[ Tl
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If Y is finite-dimensional, then idx can be replaced by idy in the above proof. [
Corollary 1. [Ny, | - ||a;,] is associated with a.

Proof. Let X and Y be Banach spaces. Let Zlnzl X, @Yy € X*®Y. The by an application of
Helly’s lemma,

1 1 1
| L x @] =sup{ ¥ Ixi(x)y (vl x € Bxy' € By} = | ¥ xi@yn
n=1 n=1

Consequently, for every u € X* ® Y, we have

! !
ae(u; X*,Y) :inf{‘ Y X, ®yn U= Y Xy @yl € N}.
n=1 n=1

Hence the assertion follows from Proposition 1. O

3. The o-Tensor Norm

Let us recall that a tensor norm « is a norm on X ® Y for each pair of Banach spaces X and Y
such that

(MND)e<a <.
(TN2) for operators Ty : X1 = Yiand T : Xp — Y»,

[T1 @ Ts: Xq @a Xo = Y1 @4 Yo < |1 || T2

A tensor norm « is said to be finitely generated if
a(u; X,Y) = inf{a(u; M,N) :u € M® N,dim M, dim N < oo}
for every u € X ® Y. The transposed tensor norm &' of « is defined by
zxt(u; XY):= a(ul;y, X)
forue X®Y.
Proposition 2. a is a finitely generated tensor norm and a* = a.

Proof. We see that &, is a norm and satisfies (TN1) on X ® Y for each pair of Banach spaces X and Y.
To check (TN2), let T7 : X; — Yy and T, : X — Y, be operators. Let u € X; ® X, and let
2

u=Y!_, x} ®x2 be an arbitrary representation. Then

l
a0 (T @ To) (u); V1, Ya) = o ( 3 Tl @ Toadi i, o)

n=1

I
< ’ Y Tix, © Tox;,
n=1

g

l
= HT1||HT2||‘ ;(T1/||T1||)(x}1) 2 (/1 T2]) (x3) |

g

!
< ITITl| Y xh o 52
n=1
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Hence
ae((T1 @ Tr)(u); Y1, Y2) < || Th|| | T2 || o (15 X1, X2).

To show that «, is finitely generated, let u € X ® Y and let u = Y,_; x, ® y, be an arbitrary
representation. Let My = span{x,}/_, and Ny = span{y,},_,. Using the Hahn-Banach extension
theorem, we have

inf{a;(1; M,N) :u € M® N,dim M,dim N < oo}
< ag (u; Mo, No)

l
< sup{ Y I ()" (yn)| - m* € Bygs, n* € BNS}

n=1

l
= sup { Y [x*(xu)y* (yn)| : ¥* € Bxe,y" € By }.

n=1

Hence
inf{a,;(u; M,N) :u € M® N,dim M,dim N < oo} < ay(11; X,Y).

The other part of the assertion follows from the definition of the o-tensor norm. O

We now consider the completion X®,,Y of X ®,, Y. When } " ; x, ® y, converges in X&,, Y
and sup{Y o1 |x*(xn)y*(yn)| : x* € Bx+,y* € By+} < 00, we let

‘ 2: Xn ® Yy
n=1

=sup { Y ¥ (x)y ()] : ¥ € By € By )
v n=1
Lemma 5. Let X and Y be Banach spaces and let (xy, ), and (yn)n be sequences in X and Y, respectively. Then

tim sup { 3 [x*(x)y* ()] x° € By € By } =0

n>1

if and only if the series Y 1 Xn ® Y, unconditionally converges in X®,, Y.

Proof. Suppose that lim;_,, sup{}_,>; |x*(xn)y*(yn)| : x* € Bx+,y* € By=} = 0. Let § > 0 be given.
Choose an I; € N such that

sup{ Z |2 (x0)y* (yn)| : x* € Bx+,y* € BY*} <.

71215

Then for every finite subset F of N with min F > I;,

0‘(7( ) xn®yn;X,Y) < ’ Y. xXn @ yn

neF neF

< sup{ Y X (xn)y* (yn)| : X* € By, y* € By*} <.

l’lzltg

g

Suppose that Y5> ; X, ® y, unconditionally converges in X&,,Y. Then
lim sup { Y [x*(x)y" (ya)| : x* € Bxe,y" € By- }
[—o0 n>l

< lim Sup{ Y lo(n®yn)l: g € B<X®WY>*} =0

n>1
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The following lemma is well known.

Lemma 6. Let (Z,|| - ||) be a normed space and let (Z, || - ||) be its completion. If z € Z, then for every § > 0,
there exists a sequence (zy)y in Z such that

[e9)

Y llzull < (1 +9) 2]

n=1
and z =Y ” | z, converges in Z.

Proposition 3. Let X and Y be Banach spaces. If u € X&,,Y, then there exists sequences (x,), in X and
(Yn)n in Y such that

U= an@)yn

n=1

unconditionally converges in X®q,Y and

[ee] (o)
ao(u; X,Y) = inf {‘ Y xXn @ yn = Y x4 ® yn unconditionally converges in X®%Y}.
n=1 n=1

Proof. We use Lemma 5. Let u € X®,,Y and let § > 0 be given. Then by Lemma 6, there exists a
sequence (), in X ® Y such that

[e9)

Z (un; X,Y) < (14 6)ae(u; X,Y)

and u = Y57 4 u, converges in X&,, Y.
For every n € N, let

M
Uy = Z XZ ® y]y:
k=1

be such that

My

| Y ou| < 1+ Oac(us X, v).
k=1

Then for every v > 0, there exists an N, € N such that

{ ) Z|x vi);x* € Bx=,y* EByx} ‘Zxk@)yk <.
n>Ny k= n>N
This shows that
0 My
=) Y ey
n=1k=1

unconditionally converges in X&,, Y. In addition, the infimum

co My

mf{}<|zzxk®yk

n=1k=

< (1402w (; X, Y).

i!Zxk@wk

Since § > 0 was arbitrary, inf{-} < a,(1; X,Y).
Since for every representation

U=y X, Qyn

n=1
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unconditionally converging in X&,,Y,

l l
ag(u; X,Y) = lim aa( an®yn> < lim ‘ Y X ®Yn ,
o n=1 ®n=1

., = ‘ é Xn @ Yn
ar(u; X,Y) <inf{-}. O
Let a be a tensor norm and let M and N be finite-dimensional normed spaces. let
ay(u; M, N) == sup{|(v, u)| : a(v; M*, N*) < 1}
foru € M ® N. Then the dual tensor norm is defined by
o' (u; X,Y) = inf{ay(u; M,N) : u € M® N,dim M,dim N < co}

for u € X ® Y. The adjoint tensor norm is

If a is finitely generated, then &/, a’ and a* are all finitely generated and (')’ = &
The adjoint ideal [A*Y, || - || 4u;] is the maximal Banach operator ideal associated with the adjoint
tensor norm a*.

Lemma 7. (see Theorem 17.5 in [2]) Let A be the maximal Banach operator ideal associated with a finitely
generated tensor norm «. Then for all Banach spaces X and Y,

(X®yY)" = AX, YY)
holds isometrically.

Pietsch [3] introduced a stronger notion of the absolutely p-summing operator. A linear map
T : X — Y is called absolutely T-summing if there exists a C > 0 such that

Z [y (Txy)| < Csup{ Z |x* (xn)yn(y)| : x* € Bx«,y € By}

forevery xy,...,x; € Xand yj, .., y; € Y*. We denote by P (X, Y) the space of all absolutely T-summing
operators from X to Y and for T € P.(X,Y), let

ITlp, == infC,

where the infimum is taken over all such inequalities. Then it was shown
in [3] (Theorems 23.1.2 and 23.1.3) that [P, || - ||p,] is a maximal Banach operator ideal.
Pietsch [3] also introduced the ideal of o-integral operators as follows;

Zo || - llz,] := o II - lla 1™

It was shown that
ud] =P: and Pud] =

hold isometrically [3] (Theorem 23.3.6).
We now have:
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Corollary 2. For all Banach spaces X and Y,
(X ®a, Y)" =Pr(X,Y")
holds isometrically.

Proof. Since

is associated with Igdj = Pr,by Lemma 7,
(X @y Y)*" = (X @y Y)" = Pr(X,Y7)
holds isometrically. [

4. Non-Injectiveness and Non-Projectiveness of the o-Tensor Norm

Proposition 4. Let X and Y be Banach spaces. If X or Y has a hyperorthogonal basis, then
X®eY=X®,4,Y
holds isometrically.

Proof. Suppose that Y has a hyperorthogonal basis (e;);. Let (¢]); be the sequence of coordinate

functionals for (e;);. Letu = Y, _; x4 @ y» € X @Y and let U be the corresponding weak* to weak

continuous finite rank operator for u, namely, U = Y/, _; x,®y, : X* — Y. Then for every x* € X*,
Ux* =) (efUx*)e;

i=1

and efU € X — X** for every i € N. Moreover, since U(Bx+) is relatively compact,

| —o0 : |—o0

l l
lim s(l;e;‘ll@)ei —u;X,Y) = lim ng;‘ll@ei - UH

1

= lim sup H Y (efUx*)e; — Ux*|| = 0.
=00 preBys i1
Consequently,
u=)y efU®e

i=1
converges in X®;Y. We will use Lemma 5 to show that the series unconditionally converges in X®,, Y.
Let 7 > 0 be given. Let {Ux; }}_, be an 77/2-net for U(Bx: ). Choose an I € N so that

| Eeruxie,

i>]

<

N[

forevery k =1,...,m. Let x* € Bx+ and y* € By~.
Let kg € {1, ...,m} be such that
* n
[Ux* — Uxg || < >
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Then we have

Y (e Ux™)y* (e)]

i>1
< Yol —xp )y (e + Y [(ef Ui, )y™ (es)
i>1 i>1
<Y vileu (™ —xg )y (e) + Y dief Uxp)y*(er) (|l =1=[di])
i>1 i1

<

| L viterue = xi e + || S aiter uxi)e:
i>1 i>1

<| i(ei*uw —x))e;

+ H Y (efUxy)e;

i>l

* * Ui
< ||ux —ka0||+5 <.

By Proposition 3 and the above argument,

=|U|| = e(w; X, Y).

ag

ar(;X,Y) < ’ Ze?ll@ei
i=1

The other part of the assertion follows from af, = ay and ¢l =¢e. O

A tensor norm « is called right-injective (respectively, right-projective) if for every isometry
I:Y — Z (respectively, quotient operator g : Y — Z), the operator

idx ® I (respectively,idx @ q) : X @, Y = X @4 Z

is an isometry (respectively, a quotient operator) for all Banach spaces X, Y and Z. If a! is right-injective
(respectively, right-projective), then « is called left-injective (respectively, left-projective).

An operator ideal is said to be surjective if [A,| - [[4]"" = [A | -|l4]- According
to [2] (Theorem 20.11), a maximal operator ideal is surjective if and only if its associated tensor norm
is left-injective.

Example 1 (Non-injectiveness of «,). We show that
3 #+ 1,
For every separable Banach space X and every Banach space Y,
37X, Y) = L(X,Y).

Indeed, according to [3] (Theorem 23.3.4), an operator T : X — Y is o-integral if and only if iy T is factored
through some Banach lattice, where iy : Y — Y** is the canonical isometry. Consequently, Tqx € Z,(¢1,Y)
forevery T € L(X,Y).

On the other hand, there exists a separable Banach space Z such that idy; ¢ 1,(Z,Z)
(cf. [5] (p. 364)). Hence

IHM(Z,Z)=L(Z,2) #1,(Z,2).

Example 2. (Non-projectiveness of ay) The following argument is due to the proof of [2] (Proposition 4.3). Let
qe, : €1 — Lo be the canonical quotient operator. Consider the map

idgz ® qe, - £2®1x(7€1 — fz@a‘,gz.
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By Proposition 4,
€2®a[7€1 = €2®€£1 = K(fz, fl) and £2®ag£2 = €2®€‘€2 = ]C(gz, 62)

hold isometrically. Consequently, the map id,, ® qq, can be viewed from K ({2, 1) from KC(42, (2).
Now, let T : £y — €5 be a compact operator failed to be Hilbert-Schmidt. If id,, ® q,, would be surjective,
then there exists an R € KC({y, (1) such that

q,R =idy, ®qp,(R) = T.
This is a contradiction because qy, R is Hilbert-Schmidt.

5. Discussion

We introduce a new tensor norm and associate it with an operator ideal. This work continues the
study of theory of tensor norms and we expect that several more results on tensor norms and operator
ideals can be developed. We introduce one of the important subjects. For a finitely generated tensor
norm &, a Banach space X is said to have the a-approximation property (x-AP) if for every Banach
space Y, the natural map

Jo : YR, X — Y®:X

is injective (cf. [3] (Section 21.7)). We can consider the a,-AP and the following problems.
Problem 1. Does every Banach space have the a,-AP?

Problem 2. For every Banach space X, if X* has the a,-AP, then does X have the a,-AP?
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