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Abstract: On one hand, we construct λ-symmetries and their corresponding integrating factors and
invariant solutions for two kinds of ordinary differential equations. On the other hand, we present
µ-symmetries for a (2+1)-dimensional diffusion equation and derive group-reductions of a first-order
partial differential equation. A few specific group invariant solutions of those two partial differential
equations are constructed.
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1. Introduction

Lie symmetry method is a powerful technique which can be used to solve nonlinear differential
equations algorithmically, and there are many such examples in mathematics, physics and
engineering [1,2]. If an nth-order ordinary differential equation (ODE) that admits an n-dimensional
solvable Lie algebra of symmetries, then a solution of the ODE, involving n arbitrary constants, can
be constructed successfully by quadrature. If a partial differential equation (PDE) admits a Lie point
symmetry, then its dimension can be reduced by one, and further its group invariant solution can
be systematically constructed. However, there exist some kinds of differential equations which have
trivial Lie point symmetries or have no symmetry, and Lie symmetry method cannot be applied
directly. It is also known that the existence of nontrivial Lie point symmetries is not necessary for
guaranteeing the integrability by quadrature for differential equations [3,4].

In 2001, a new kind of symmetries, called λ-symmetries, was introduced by Muriel and Romero [3].
Indeed, ODEs which have trivial Lie point symmetries or no symmetry but possess λ-symmetries
can be integrated by means of the λ-symmetry approach. λ-symmetries can also be used to construct
first integrals and integrating factors of such equations [5,6]. Gaeta and Morando considered the case
of PDEs, and extended λ-symmetries to µ-symmetries [7,8]. It was proved that µ-symmetries are as
useful as standard symmetries in respect to symmetry reductions, and the determination of invariant
solutions by using µ-symmetries is completely similar to the standard one in the Lie symmetry method
(see, for example, [9–16] for many other interesting applications and theoretical developments about
λ- and µ-symmetries).

Both λ-symmetries and µ-symmetries are generalizations of Lie point symmetries, which could
be viewed as Lie point symmetries of integrable couplings [17], and provide new insights into the
development of the Lie symmetry theory. The determination of both symmetries depends on the
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prolongation formula that generalizes the standard Lie symmetry prolongation of vector fields.
The most outstanding factor is that the determining equations are nonlinear, and so calculations
are much more complicated. In this paper, we use the package of the differential characteristic set
method [18,19] and symbolic computing systems to determine the existence of generalized symmetries
and to simplify the corresponding determining equations. The differential characteristic set method,
developed by Wentsun Wu [20] in the 1970s, is a fundamental algorithmic method, together with the
Gröbner base algorithm. The method is very effective in calculating both classical and non-classical
symmetries (for further applications, please refer to [21]).

This paper is structured as follows. In Section 2, we calculate λ-symmetries of two kinds of
second-order ODEs and construct their integrating factors and invariant solutions by using the
obtained λ-symmetries. In Section 3, we generate µ-symmetries of two different PDEs and construct
some invariant solutions of the equations through applying the obtained µ-symmetries. In Section 4,
we are devoted to providing some concluding remarks.

2. λ-Symmetries of Ordinary Differential Equations

2.1. The Basic Concept of λ-symmetries

Consider an n-th order ordinary differential equation (ODE)

∆(x, u(n)) = 0, (1)

where (x, u(k)) = (x, u, u1, · · · , uk) and for i = 1, ..., k, ui denotes the derivative of order i of the
dependent variable u with respect to the independent variable x. The canonical form of this equation
reads as follows

u(n) = Ψ(x, u(n−1)). (2)

Recall [3] that if v = ξ(x, u) ∂
∂x + η(x, u) ∂

∂u is a vector field on M, where M is an open subset of
the independent and dependent variables, and λ is an arbitrary smooth function defined on the jet
space C∞(M(k)), then the λ-prolongation of order n of v, denoted by v[λ,(n)], is the vector field defined
on M(n) by

v[λ,(n)] = ξ(x, u)
∂

∂x
+

n

∑
i=0

η[λ,(i)](x, u(i))
∂

∂ui
, (3)

where η[λ,(0)] = η(x, u) and

η[λ,(i)](x, u(i)) = Dx(η
[λ,(i−1)](x, u(i−1)))− Dx(ξ(x, u))ui

+ λ(η[λ,(i−1)](x, u(i−1))− ξ(x, u)ui),
(4)

for 1 ≤ i ≤ n, where total derivative Dx = ∂x + ux∂u + uxx∂ux + · · · .
If there exists a function λ ∈ C∞(M(k)) such that

v[λ,(n)](4(x, u(n)))|4(x,u(n))=0 = 0, (5)

we will say that a vector field v, defined on M, is a λ-symmetry of the Equation (1). Obviously, if λ = 0,
the λ-prolongation of order n of v is exactly the classical nth prolongation of v [1].
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2.2. Applications of λ-Symmetries

2.2.1. λ-Symmetries Reductions and Integrating Factors without Using Lie Symmetries

Consider the following ordinary differential equation

uxx =
u2

x
u

+ ux(
x
u3 +

1
x
) + αxu, α ∈ R. (6)

We can use the differential characteristic set method [18] to determine that this equation has no Lie
point symmetries easily.

Assume that λ-symmetry generator of Equation (6) is

v = ξ(x, u)
∂

∂x
+ η(x, u)

∂

∂u
,

and the second prolongation formula is of the form

v[λ,(2)] = ξ
∂

∂x
+ η

∂

∂u
+ η[λ,(1)] ∂

∂ux
+ η[λ,(2)] ∂

∂uxx
.

From Equations (5), we know that v satisfies the following λ-symmetry condition:

v[λ,(2)][uxx −
u2

x
u
− ux(

x
u3 +

1
x
)− αxu] |

uxx− u2
x

u −ux(
x

u3 +
1
x )−αxu=0

= 0. (7)

The determining equation of (6) is

η[λ,(2)] + η[λ,(1)](−2ux

u
− 1

x
− x

u3 ) + η(
u2

x
u2 +

3xux

u4 − αx) + ξ(−ux(
1
u3 −

1
x2 )− αx) = 0, (8)

where

η[λ,(1)] = ηx + (ηu − ξx − λξ)ux − ξu(ux)
2 + λη,

η[λ,(2)] = ηxx + λxη + 2ληx + λ2η + (2ηxu − ξxx − 2λξx − λxξ + λuη

+ 2ληu − λ2ξ)ux + (ηu − 2ξx − 2λξ + λux η)uxx + (ηuu − 2ξxu

− λuξ − 2λξu)(ux)
2 − (3ξu + λux ξ)uxuxx − ξuu(ux)

3.

Substituting the above η[λ,(1)], η[λ,(2)] into the Equation (8), one can get a set of over-determined
homogeneous differential equations for ξ, η

− ξu
u − ξuu − ξλux

u = 0,
η

u2 −
ηu
u −

2ξu
x −

2xξu
u3 − 2λξu + ηuu − 2ξxu +

ηλux
u − ξλux

x −
xξλux

u3 − ξλu = 0,
3xη

u4 −
2λη

u −
ξ

u3 +
ξ
x2 − λξ

x −
xλξ
u3 − λ2ξ + 2ληu − 3αxuξu − 2ηx

u −
ξx
x −

xξx
u3

−2λξx + 2ηxu − ξxx +
ηλux

x + xηλux
u3 − αxuξλux + ηλu − ξλx = 0,

−αxη − λη
x −

xλη

u3 + λ2η − αuξ − 2αxuλξ + αxuηu − ηx
x −

xηx
u3 + 2ληx

−2αxuξx + ηxx + αxuηλux + λxη = 0.

It can be checked that these equations, whose unknowns are ξ, η and λ, admit the solution
ξ = 0, η = u, λ = x

u3 . Hence, if λ = x
u3 , the vector field v = u ∂

∂u is a λ-symmetry of Equation (6).
Now, we use the prolongation formula (4) to construct invariant solutions. We can determine

v[λ,(2)] with λ = x
u3 and obtain

v[λ,(2)] = u
∂

∂u
+ (ux +

x
u2 )

∂

∂ux
+ (

x2

u5 +
1
u2 +

xux

u3 + uxx)
∂

∂uxx
.
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It can be checked that
y = x, w =

ux

u
+

x
3u3 ,

are two functionally independent invariants for v[λ,(1)].
Upon calculating an additional invariant by derivation [1]

wy =
Dxw
Dxy

=
u− 3xux − 3u2u2

x + 3u3uxx

3u4 ,

Equation (6) can be reduced to the equation of y, w, wy,

wy −
w
y
− αy = 0. (9)

Solving (9), one can get
w = αy2 + c1y, c1 ∈ R.

We recover the invariant solution of Equation (6) by solving the auxiliary first-order differential
equation

3u2ux + x− 3αx2u3 − 3c1xu3 = 0. (10)

Let ũ = u3. The equation of (10) turns into

ũx + x− 3αx2ũ− 3c1xũ = 0, (11)

and by integrating this equation, we get the invariant solution of the Equation (6):

u = [exp(
3
2

c1x2 + αx3)(c2 −
∫ x

1
exp(−3

2
c1 p2 − αp3)pdp)]

1
3 ,

where c1, c2 are arbitrary constants.
Now we calculate first integrals of the Equation (6) by using method given in [5]. According to [5],

if the equation admits a λ-symmetry: v = ∂
∂u , then we can construct an integrating factor. From (4) in

Section 2, we have

η[λ,(1)] = λ,

η[λ,(2)] = λx + λ2 + λuux + λux uxx.

Substituting η[λ,(1)], η[λ,(2)] into the Equation (8), we have

(u3u2
x +

u4ux

x
+ xuux + αxu5)λux + u4uxλu + u4λx + u4λ2

− (2u3ux +
u4

x
+ xu)λ + u2u2

x + 3xux − αxu4 = 0.
(12)

For the sake of simplicity, the solution of λ is assumed to be λ = λ1(x, u)ux + λ2(x, u), and then
the Equation (12) turns into

λ1uu4 + λ2
1u4 − λ1u3 + u2 = 0,

λ1xu4 + λ2uu4 + 2λ1λ2u4 − 2λ2u3 + 3x = 0,

λ2xu4 + λ2
2u4 − λ2xu− λ2u4

x + αxλ1u5 − αxu4 = 0.
(13)
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From the first equation of the system (13), we get a special solution of λ1(x, u) = 1
u , and the other

equation becomes {
3x + λ2uu4 = 0,

λ2xu4 + λ2
2u4 − xλ2u− λ2u4

x = 0.
(14)

From the first equation of (14), we get λ2(x, u) = x
u3 + c1(x), and substituting it to the second

equation, we get

(c′1(x) + c2
1(x)− cx

x
)u4 + xuc1(x) = 0.

Taking c1(x) = 0, we find that v = ∂
∂u is λ-symmetry for λ = ux

u + x
u3 , and substituting

λ = ux
u + x

u3 to wu + λwux = 0, we get

wu + (
ux

u
+

x
u3 )wux = 0. (15)

Then the corresponding characteristic equation of the Equation (15) is

du
1

=
dux

ux
u + x

u3
.

So one can get a first integral of v[λ,1]

w(x, u, ux) =
3u2ux + x

3u3 . (16)

Then upon calculating function D[w]

D[w] =
∂w
∂x

+ ux
∂w
u

+ uxx
∂w
∂ux

=
∂w
∂x

+ ux
∂w
u

+ (
u2

x
u

+ ux(
x
u3 +

1
x
) + αxu)

∂w
∂ux

,
(17)

substituting (16) into (17), and simplifying, the result turns into

F(x, w) = D[w] = αx +
1

3u3 +
ux

x
1
u
= αx +

w
x

.

Now we calculate the first-order partial differential equation

Gx + (αx +
w
x
)Gw = 0. (18)

Solving the corresponding characteristic equation of (18), we get a special solution

G(x, w) =
w− αx2

x
. (19)

Substituting (16) into (19), we get the first integral

I(x, u, ux) =
ux

xu
+

1
3u3 − αx.

Therefore, from Theorem 1 in [5], the integrating factor of the Equation (6) is

µ(x, u, ux) = Iux (x, u, ux) =
1

xu
.
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2.2.2. λ-Symmetry Reductions and Integrating Factors Using Lie Symmetry

Consider the following ordinary differential equation

xuxx − Au3
x +

1
2

ux = 0, (20)

where A is an arbitrary constant. The Lie symmetries of Equation (20) are

P1 = x
∂

∂x
+ u

∂

∂u
, P2 = 2xu

∂

∂x
+ u2 ∂

∂u
, P3 =

∂

∂u
. (21)

Now we use the relationship between Lie point symmetries and λ-symmetres given in [3] to get
λ-symmetries of Equation (20).

Let us consider P1. Then we have
ξ1 = x, η1 = u,

and the characteristic function of P1

Q1 = η1 − ξ1ux = u− xux,

and the total derivative operator

Dx =
∂

∂x
+ ux

∂

∂u
+ (−ux

2x
+

Au3
x

x
)

∂

∂ux
.

The symmetry v1 = ∂
∂u is the λ-symmetry [5] when

λ1 =
A(Q1)

Q1
=

ux − 2Au3
x

2u− 2xux
.

Similarly, we consider P2 and obtain

λ2 =
ux(u− 2xux − 2Auu2

x)

u2 − 2uxux
.

The above-mentioned (v1, λ1) and (v2, λ2) are not equivalent, owing to∣∣∣∣∣∣∣
1 ux φ

ξ1 η1 (A + λ1)(Q1) + ξ1φ

ξ2 η2 (A + λ2)(Q2) + ξ2φ

∣∣∣∣∣∣∣ = Q1(A + λ2)(Q2)−Q2(A + λ1)(Q1) 6= 0,

where φ = uxx = − ux
2x + Au3

x
x and Qi = ηi − ξiux, i = 1, 2.

Now we calculate a first integral from λ1.

Firstly, substituting λ1 = ux−2Au3
x

2u−2xux
into wu + λwux = 0, we get

wu +
ux − 2Au3

x
2u− 2xux

wux = 0. (22)

Integrating the characteristic equation of (22)

du
1

=
(2u− 2xux)dux

ux − 2Au3
x

,
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we get a special solution

w(x, u, ux) =
−u + 2xux + 2Auu2

x
u2

x
. (23)

Secondly, calculating function D[w], one can get

D[w] =
∂w
∂x

+ ux
∂w
u

+ (−ux

2x
+

Au3
x

x
)

∂w
∂ux

=
2Au

x
− u

xu2
x
+

2
ux

=
w
x
= F(x, w).

Next, calculating the first-order partial differential equation

Gx +
w
x

Gw = 0

and solving the corresponding characteristic equation, we get a special solution

G(x, w) =
w
x

. (24)

Finally, substituting (23) into (24), we get the first integral

I1(x, u, ux) =
−u + 2xux + 2Auu2

x
xu2

x
.

Similarly, we get a first integral from λ2

I2(x, u, ux) =
−2Au2u2

x + (u− 2xux)2

2xu2
x

.

In the following, we calculate an integrating factor from λ1.
According to [5], we get

µu + (
ux − 2Au3

x
2u− 2xux

µ)ux = 0. (25)

The corresponding characteristic equation is

du
1

=
dux

ux−2Au3
x

2u−2xux

=
dµ

(u−6Auu2
x+4Axu3

x)µ
2(u−xux)2

.

So we get a special solution of the Equation (25)

µ1 =
2u
xu3

x
− 2

u2
x

.

So the above formula provides an integrating factor of the Equation (20).
Using the same procedure as above, we get another integrating factor from λ2

µ2 = − u2

xu3
x
+

2u
u2

x
.
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By using both of the first integrals I1 and I2, the invariant solution of the Equation (20) can be
obtained. The resulting solution is

u(x) =
2

8A− I2
1
(2I1 I2 ±

√
2(−8AxI2 + xI2

1 I2 + 4AI2
2 ). (26)

3. µ-Symmetries of Partial Differential Equations

3.1. The Basic Concept of µ-Symmetries

Let us consider the kth-order partial differential equation (PDE)

∆ : F(x, u, u(1), u(2), · · · u(k)) = 0,

where u = u(x) = u(x1, x2, · · · , xp) and u(k) represents all kth order derivatives of u with respect
to x. We recall that M is vector space with the coordinates x and u, and M can be prolonged to the
k-th jet bundle (J(k)M, πk, B), with J0M ≡ M. We equip (J(1)M, π, B) with a distinguished semi-basic
one-form µ [16],

µ = λidxi.

We require that µ is compatible with the contact structure defined in J(k)M, for k ≥ 2, in the sense that

dµ ∈ J(ε), (27)

where J(ε) is the Cartan ideal generated by ε. According to [16], condition (27) is equivalent to

Diλj − Djλi = 0. (28)

Lemma 1 ([16]). Let Y be a vector field on the jet space J(k)M, written in coordinates as

Y = X +
k

∑
|J|=1

ψJ
∂

∂uJ
,

where X = ξ i ∂
∂xi + ϕ ∂

∂u is a vector field on M. Let ε be the standard contact structure in J(k)M, and µ = λidxi

a semi-basic one-form on (J(1)M, π, B), compatible with ε. Then Y is the µ-prolongation of X if and only if its
coefficients (with ψ0 = ϕ) satisfy the µ-prolongation formula

ψJ,i = (Di + λi)ψj − uJ,m(Di + λi)ξ
m.

Furthermore, if Y : S→ TS, T ⊂ J(k−1)M, we say that X is a µ-symmetry for ∆, where S ⊂ J(k)M
is the solution manifold for ∆. If Y leaves invariant each level manifold for ∆, we say that X is a strong
µ-symmetry for ∆.

3.2. Applications of µ-Symmetries

3.2.1. An Example of (2 + 1)-Dimensional Equation

Let us consider the diffusion equation

ut − uxuy − 2uuxy = 0. (29)

The Lie point symmetry of Equation (29) is

P = (− c1

2
x− c2t + c4)

∂

∂x
+ (−c1t + c3)

∂

∂t
+ (

c1

2
y + c2)

∂

∂y
+ c1u

∂

∂u
.
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Assume that a µ-symmetry of Equation (29) is

X = ξ
∂

∂x
+ τ

∂

∂y
+ η

∂

∂t
+ ϕ

∂

∂u
, (30)

where ξ, τ, η, ϕ are function of x, y, t, u. With the ansatz µ = f (y)dy + g(t)dt + h(x)dx, this guarantees
that the compatibility condition (28) is satisfied. For the convenience of calculation, we take h(x) = 0.

The second prolongation is of the form

Y = ξ
∂

∂x
+ τ

∂

∂y
+ η

∂

∂t
+ ϕ

∂

∂u
+ ψx ∂

∂ux
+ ψy ∂

∂uy
+ ψt ∂

∂ut
+ ψxy ∂

∂uxy
.

Y satisfies the following µ-symmetry condition:

− 2uxy ϕ− uyψx − uxψy + ψt − 2uψxy|ut−uxuy−2uuxy=0 = 0, (31)

where 
ψx = (Dx + h(x))ϕ− ux(Dx + h(x))ξ − uy(Dx + h(x))τ − ut(Dx + h(x))η,
ψy = (Dy + f (y))ϕ− ux(Dy + f (y))ξ − uy(Dy + f (y))τ − ut(Dy + f (y))η,
ψt = (Dt + g(t))ϕ− ux(Dt + g(t))ξ − uy(Dt + g(t))τ − ut(Dt + g(t))η,
ψxy = (Dy + f (y))ψx − uxx(Dy + f (y))ξ − uxy(Dy + f (y))τ − uxt(Dy + f (y))η.

(32)

From (31) and (32), one can get an over-determined system for ξ, τ, η, ϕ:

ξu = 0, ξy + f (y)ξ = 0,
τx = 0, τu = 0,
ηx = 0, ηu = 0,
ηy + f (y)η = 0,
2ϕu − ξx − τy − f (y)τ + 2uϕuu = 0,
τt + g(t)τ + ϕx − 2uϕxu = 0,
ξt + g(t)ξ + ϕy + f (y)ϕ + 2uϕuy − 2uξxy + 2u f (y)ϕu − 2u f (y)ξx = 0,
−ϕu + ηt + g(t)η = 0,
−ϕt − g(t)ϕ + 2uϕxy + 2u f (y)ϕx = 0,
2ϕ + 2uϕu − 2uξx − 2uτy − 2u f (y)τ = 0.

(33)

Calculating (33), we have

ξ = [− f (y)e
∫ t

1 −g(k1)dk1 c2y− e
∫ t

1 −g(k1)dk1 c2

+2g(t)e
∫ y

1 − f (k1)dk1 c1t + 2e
∫ y

1 − f (k1)dk1 c1]x + H(y, t),

τ = e
∫ t

1 −g(k1)dk1 c2y,
η = e

∫ y
1 − f (k1)dk1 c1t,

ϕ = g(t)ue
∫ y

1 − f (k1)dk1 c1t + uc1e
∫ y

1 − f (k1)dk1 ,

where c1, c2 are arbitrary constants, and g(t), f (y), H(y, t) are arbitrary function which satisfy
g2(t)t + 2g(t) + g′(t)t = 0,
g(t)H(y, t) + Ht(y, t) = 0,

c2xe
∫ t

1 −g(k1)dk1( f 2(y)y + 2 f (y) + f ′(y)y) + f (y)H(y, t) + Hy(y, t) = 0.
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Let µ = − 1
y dy. When f (y) = − 1

y , g(t) = 0, H(y, t) = c3y, then

X = (2c1xy + c3y)
∂

∂x
+ c2y

∂

∂y
+ c1yt

∂

∂t
+ c1yu

∂

∂u

is a µ-symmetry. Specifically, letting c1 = 0, c2 = c3 = 1, we have X = y ∂
∂x + y ∂

∂y . Then the
characteristic equation of X is

dx
y

=
dy
y

=
dt
0

=
du
0

.

Solving the above system, we get the invariant θ = y − x, u = F(θ). After substituting u into
Equation (29), the original equation can be reduced to the ordinary differential equation as follows

F′2 + 2FF′′ = 0.

We obtain F = (3θ − 2a1)
2
3 a2 (θ = y− x, a1, a2 are arbitrary constant). Therefore we have invariant

solution u = (3(y− x)− 2a1)
2
3 a2 (a1, a2 are arbitrary constant).

Let c1 = c3 = 0, c2 = 1. Then X = y ∂
∂y and we have the invariant solution u = p(x) (p(x) is an

arbitrary function of x).
Similarly, µ = − 1

t dt when g(t) = − 1
t , f (y) = 0, H(y, t) = c3t, then we have

X = (−c2tx + c3t) ∂
∂x + c2ty ∂

∂y + c1t ∂
∂t . Let c1 = c3 = 0, c2 = 1. We obtain X = −tx ∂

∂x + ty ∂
∂y .

The characteristic equation of X is
dx
−tx

=
dy
ty

=
dt
0

=
du
0

.

We have the invariant θ = xy, u = F(θ). Upon substituting u into Equation (29), then the original
equation can be reduced to the ordinary differential equation as follows

θF′2 + 2θFF′′ + 2FF′ = 0.

Solving this euqatin, we obtain F = (3 log θ + 2a1)
2
3 a2 (θ = xy, a1, a2 are arbitrary constant).

Therefore we have the invariant solution u = (3 log(xy) + 2a1)
2
3 a2 (a1, a2 are arbitrary constant).

Let c1 = c2 = 1, c3 = 0. We have X = −tx ∂
∂x + ty ∂

∂y + t ∂
∂t , Thus, we obtain the invariant solution

u = F(θ1, θ2) (θ1 = xy, θ2 = t− ln y), where F satisfies

Fθ2 + Fθ1 Fθ2 − θ1F2
θ1
− 2θ1FFθ1θ1 + 2FFθ1θ2 − 2FFθ1 = 0.

Solving this equation one finds that F(θ1, θ2) = θ1
3LambertW( 1

3 e−θ2−d1 )
, where d1 is a constant and

LambertW is a MAPLE function. Then we have

u =
xy

3LambertW( 1
3 e−t+ln y−d1)

.

X = c3yt ∂
∂x + c2ty ∂

∂y + c1yt ∂
∂t is a µ-symmetry of µ = − 1

t dt− 1
y dy ( f (y) = − 1

y ,g(t) = − 1
t ,

H(y, t) = c3yt). Specifically, when c1 = c2 = c3 = 1, we have the invariant solution
u = F(θ1, θ2) (θ1 = y− x, θ2 = t− y), where F satisfies

Fθ2 + F2
θ1
− Fθ1 Fθ2 + 2FFθ1θ1 − 2FFθ1θ2 = 0.

The solution of this equation is F(θ1, θ2) = (θ1+θ2)(d2)
2+(−θ1+d1)d2−d1
d2−1 , where d1, d2 are arbitrary

constants. Then the invariant solution of Equation (29) is

u =
(t− x)(d2)

2 + (x− y + d1)d2 − d1

d2 − 1
.
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3.2.2. An Example of (1+1)-Dimensional Equation

We consider the following equation in (1+1)-dimensions:

2tut + xux − u = 0. (34)

Assume that µ-symmetry of Equation (34) is

X = ξ
∂

∂x
+ τ

∂

∂t
+ ϕ

∂

∂u
, (35)

where ξ, τ, ϕ are function of x, t, u. With the ansatz α = α(x, t, u), β = β(x, t, u), this should be
complemented with the requirement that Dxβ = Dtα. Specially the ansatz µ = f (t)dt guarantees that
the compatibility condition (28) is satisfied.

Proceeding as mentioned above, the determining equation for µ-symmetries of Equation (34) is
split into the following system

τu = 0, ξu = 0,
−ϕ + xϕx + 2tϕt + 2t f (t)ϕ = 0,
ξ + xϕu − xξx − 2tξt − 2tξ f (t) = 0,
2τ − xτx + 2tϕu − 2tτt − 2t f (t)τ = 0.

(36)

Specially, when f (t) = 1
2t , we get several sets of solutions of the above system:

ξ1 = x, τ1 = 2t, ϕ1 = u,
ξ2 = x2

t , τ2 = x ϕ2 = x2

t ,
ξ3 = φ( x2

t ), τ3 = x, ϕ3 = φ( x2

t ),
ξ4 = x2

t , τ4 = x3

t , ϕ4 = x2

t ,
ξ5 = φ( x2

t ), τ5 = xφ( x2

t ), ϕ5 = φ( x2

t ),
ξ6 = t

x2 , τ6 = x, ϕ6 = t
x2 ,

ξ7 = φ( t
x2 ), τ7 = x, ϕ7 = φ( t

x2 ),
ξ8 = t

x2 , τ8 = t
x , ϕ8 = t

x2 ,
ξ9 = φ( t

x2 ), τ9 = xφ( t
x2 ), ϕ9 = φ( t

x2 ).

Now we get invariant solutions by using µ-symmetries.
Consider X = x2

t
∂

∂x + x3

t
∂
∂t +

x2

t
∂

∂u , and then the characteristic equation of X is

dx
x2

t

=
dt
x3

t

=
du
x2

t

.

From dx
x2
t

= dt
x3
t

, we get the invariant θ = x2 − 2t (θ is a constant of integration). According to

dt
x3
t

= du
x2
t

, we obtain u = t
x + C (C is a constant of integration). Let C = F(θ) = F(x2 − 2t).

Then u = t
x + F(x2 − 2t). Substituting this u into Equation (34), we see that the original equation can

be reduced to the ordinary differential equation as follows

2θF′ − F = 0. (37)

Solving (37), we obtain F = c1θ
1
2 (θ = x2 − 2t). Substituting F = c1θ

1
2 into u = t

x + F(θ), we finally

obtain u = t
x + c1(x2 − 2t)

1
2 (c1 is arbitrary constant).

For X = x ∂
∂x + 2t ∂

∂t + u ∂
∂u , we have u = c2t−

1
2 x2 (c2 is an arbitrary constant).

For X = t
x2

∂
∂x + x ∂

∂t +
t

x2
∂

∂u , we gain u = t2

2x3 + c3(x4 − 2t2)
1
4 (c3 is an arbitrary constant).
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4. Conclusions

λ-symmetries and µ-symmetries are both useful in establishing effective alternative methods
to analyze nonlinear differential equations without using Lie point symmetries. In this paper,
we presented four examples to illustrate the efficiency of λ-symmetries and µ-symmetries for analyzing
nonlinear differential equations. The integrating factors and invariant solutions of two kinds of
nonlinear ordinary differential equations were constructed by using λ-symmetries and different
techniques. And using µ-symmetries, we found many satisfactory new invariant solutions of two
types of nonlinear partial differential equations.

The main obstacle to determining λ-symmetries and µ-symmetries is to solve the nonlinear
determining equations. At present, there is no general algorithm and package to solve this
problem directly. Therefore, it is difficult to determine the general form of λ and µ. However,
appropriate assumptions of λ and µ can simplify the difficult calculation, so that the existing algorithms
and programs can be used and satisfactory results can be obtained. In this paper, we used the
package of the differential characteristic set method and symbolic computing systems to determine
the complicated work of existence of generalized symmetries and to reduce the corresponding
determining equations. It is an open question to improve the efficiency of symmetry computations
and any alternative advanced algorithm for computing µ-symmetry needs to be investigated. It is also
interesting to see if µ-symmetries can be used to generate lump solutions, particularly with higher-order
dispersion relations [22], or in the case of linear partial differential equations (see, e.g., [23]).
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