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Abstract: On one hand, we construct A-symmetries and their corresponding integrating factors and
invariant solutions for two kinds of ordinary differential equations. On the other hand, we present
u-symmetries for a (2+1)-dimensional diffusion equation and derive group-reductions of a first-order
partial differential equation. A few specific group invariant solutions of those two partial differential
equations are constructed.
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1. Introduction

Lie symmetry method is a powerful technique which can be used to solve nonlinear differential
equations algorithmically, and there are many such examples in mathematics, physics and
engineering [1,2]. If an nth-order ordinary differential equation (ODE) that admits an n-dimensional
solvable Lie algebra of symmetries, then a solution of the ODE, involving n arbitrary constants, can
be constructed successfully by quadrature. If a partial differential equation (PDE) admits a Lie point
symmetry, then its dimension can be reduced by one, and further its group invariant solution can
be systematically constructed. However, there exist some kinds of differential equations which have
trivial Lie point symmetries or have no symmetry, and Lie symmetry method cannot be applied
directly. It is also known that the existence of nontrivial Lie point symmetries is not necessary for
guaranteeing the integrability by quadrature for differential equations [3,4].

In 2001, a new kind of symmetries, called A-symmetries, was introduced by Muriel and Romero [3].
Indeed, ODEs which have trivial Lie point symmetries or no symmetry but possess A-symmetries
can be integrated by means of the A-symmetry approach. A-symmetries can also be used to construct
first integrals and integrating factors of such equations [5,6]. Gaeta and Morando considered the case
of PDEs, and extended A-symmetries to y-symmetries [7,8]. It was proved that y-symmetries are as
useful as standard symmetries in respect to symmetry reductions, and the determination of invariant
solutions by using y-symmetries is completely similar to the standard one in the Lie symmetry method
(see, for example, [9-16] for many other interesting applications and theoretical developments about
A- and p-symmetries).

Both A-symmetries and u-symmetries are generalizations of Lie point symmetries, which could
be viewed as Lie point symmetries of integrable couplings [17], and provide new insights into the
development of the Lie symmetry theory. The determination of both symmetries depends on the
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prolongation formula that generalizes the standard Lie symmetry prolongation of vector fields.
The most outstanding factor is that the determining equations are nonlinear, and so calculations
are much more complicated. In this paper, we use the package of the differential characteristic set
method [18,19] and symbolic computing systems to determine the existence of generalized symmetries
and to simplify the corresponding determining equations. The differential characteristic set method,
developed by Wentsun Wu [20] in the 1970s, is a fundamental algorithmic method, together with the
Grobner base algorithm. The method is very effective in calculating both classical and non-classical
symmetries (for further applications, please refer to [21]).

This paper is structured as follows. In Section 2, we calculate A-symmetries of two kinds of
second-order ODEs and construct their integrating factors and invariant solutions by using the
obtained A-symmetries. In Section 3, we generate y-symmetries of two different PDEs and construct
some invariant solutions of the equations through applying the obtained y-symmetries. In Section 4,
we are devoted to providing some concluding remarks.

2. A-Symmetries of Ordinary Differential Equations

2.1. The Basic Concept of A-symmetries

Consider an n-th order ordinary differential equation (ODE)
Alx,uM) =0, 1)

where (x,u(k)) = (x,u,uy, -+ ,u) and for i = 1,...,.k, u; denotes the derivative of order i of the
dependent variable u with respect to the independent variable x. The canonical form of this equation
reads as follows

u™ =¥ (x,u" D). )

Recall [3] that if v = &(x, u) % +1(x,u) % is a vector field on M, where M is an open subset of
the independent and dependent variables, and A is an arbitrary smooth function defined on the jet
space C®°(M(K)), then the A-prolongation of order 1 of v, denoted by v/*(")], is the vector field defined
on M by

3 N
(] — - ()] (y =
R MU CAO P ©

where M = 4 (x,u) and

7Ol (1) = D (g™ (o, D)) = D (8, )

, , (4)
+ A G ) = 8wy,
for 1 <i < n, where total derivative Dy = 0y + tx0y + UxxOy, + - - -
If there exists a function A € C®(M®)) such that
U[)"(”)](A(x/”(n))ﬂg(x,u(n)):o =0, (5)

we will say that a vector field v, defined on M, is a A-symmetry of the Equation (1). Obviously, if A = 0,
the A-prolongation of order 1 of v is exactly the classical nth prolongation of v [1].
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2.2. Applications of A-Symmetries

2.2.1. A-Symmetries Reductions and Integrating Factors without Using Lie Symmetries
Consider the following ordinary differential equation
2
Uy x 1
uxx—z—i-ux(ﬁ—i—;)—k(xxu,(xeR. (6)

We can use the differential characteristic set method [18] to determine that this equation has no Lie
point symmetries easily.
Assume that A-symmetry generator of Equation (6) is

0 0
v=G000u)s +ixu)s,
and the second prolongation formula is of the form

9 e 2

Oy Ollyy

0 d
1)) — 2 < (A, (1)]
v é(ax * Uau S

From Equations (5), we know that v satisfies the following A-symmetry condition:

oM@y, — e (S5 + 1) —axu] | 2 =0. 7)
u ud  x uxxf%xfux(u%Jr%)ﬂxxu:O
The determining equation of (6) is
2u 1 «x u:  3xu 1 1
(1(2)] MO _etx 2 & tx x _ (= — ) — —
N m s ) TGt )+ (ux( g - ) —a) =0, (8)

Ol = o 4 (g — & — A8)ux — Gulux)? + Ay,

V) = e+ Ay + 2007 + A2+ (20 — Exx — 2A8x — Axl + Auty
+ 201 — A&y + (u — 28x — 2A8 + Myt + (s — 280
— A€ = 2780 (1) ? — (38w + My &)ttt — Cun (11x)°.

Substituting the above 7" (1], y[M(2)] into the Equation (8), one can get a set of over-determined
homogeneous differential equations for ¢, 7

G- R Bl DAZ gy — 2 + e — S 1y, =,

ut u ud a2 X/\ us N
—2ACx + 20y — Cxx + }7% + %73% - axugAMx +HAy — CAy =0,
—axy — % - % + A% — aug — 20xuAé + axun, — B — T 4 20,

—2axuly + xx + axunAy, + Ay = 0.

It can be checked that these equations, whose unknowns are ¢,# and A, admit the solution
c=0n=ulA= % Hence, if A = %, the vector field v = u% is a A-symmetry of Equation (6).
Now, we use the prolongation formula (4) to construct invariant solutions. We can determine

oM@ with A = ;‘—3 and obtain

x. 0 21 xuy b

0
v ua + (uy + +—5+— —|—uxx)a e
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It can be checked that
Y ! u  3ud’

are two functionally independent invariants for v!*(1)],
Upon calculating an additional invariant by derivation [1]
Dyw  u—3xuy — 3u2u§ + 3u3uxx

Y= Dy T 3ud

Equation (6) can be reduced to the equation of y, w, wy,
w
wy — — —ay = 0. 9)
Ty

Solving (9), one can get
w=ay* +c1y,c1 € R.

We recover the invariant solution of Equation (6) by solving the auxiliary first-order differential
equation
3uuy + x — 3ax?u® — 3cxu° = 0. (10)

Let il = u3. The equation of (10) turns into
iy + x — 3ax?ii — 3cqxii = 0, (11)

and by integrating this equation, we get the invariant solution of the Equation (6):

QI

3 x 3
U= [exp(§c1x2 + ocx3)(cz — /1 exp(—§c1p2 - txp3)pdp)] ,

where ¢y, cp are arbitrary constants.

Now we calculate first integrals of the Equation (6) by using method given in [5]. According to [5],
if the equation admits a A-symmetry: v = %, then we can construct an integrating factor. From (4) in
Section 2, we have

O] Z
;7[)‘/(2)] = /\x -+ Az + )\uux + Auxuxx-

Substituting M (D], 2] into the Equation (8), we have

4
(u3u,26 + % + xuuy + ocxuS))\ux + 1t Ay + ut Ay + utA?
y (12)
— (2ulu, + = + xu)A + uPu2 + 3xuy, — axu* = 0.

For the sake of simplicity, the solution of A is assumed to be A = Ay (x, u)uy + Az(x, u), and then
the Equation (12) turns into

At + A2ut — B +u? =0,
At + Agut + 20 Agut — 2A5u% + 3x = 0, (13)
Ageu® + /\%u4 — Apxu — )‘27”4 + axAqu® —axu* = 0.
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From the first equation of the system (13), we get a special solution of A1 (x, 1) = %, and the other
equation becomes

3x + Ayut =0,
e N (14)
Axtt™ + Aju® — xAu — 22— = 0.
From the first equation of (14), we get A2(x,u) = -5 + c1(x), and substituting it to the second
equation, we get
/ 2 Cxy. 4 —
(c1(x) +cf(x) — ;)u + xucq(x) = 0.
Taking c1(x) = 0, we find that v = 2 is A-symmetry for A = % + -5, and substituting
A= %—ku—’gtowu—l—)xwux =0, we get

u X
wu+(7x+$)wux :0- (15)

Then the corresponding characteristic equation of the Equation (15) is
dj ~ duy

1_“+%'

“2x
u

So one can get a first integral of v/*]

3uluy + x
w(x,u,iy) = 37;‘3 (16)

Then upon calculating function D[w]

D[w]—a—w—ku a—w—i—u g
ox “u Y Ou,

ow Jw u? X d

(17)
== Fur— + (= tux(5 +1)+vcxu)
ox u u ud  x

4

Oy

substituting (16) into (17), and simplifying, the result turns into

_ B 1 uy 1 w
P(x,w)—D[w]—ocx+3u3+ T =ax+ .

Now we calculate the first-order partial differential equation
Gy + (ax + %)Gw —0. (18)

Solving the corresponding characteristic equation of (18), we get a special solution

w—ocxz

G(x,w) = p

(19)
Substituting (16) into (19), we get the first integral

Uy 1

I(x,u,ux) - E 3?

— X.

Therefore, from Theorem 1 in [5], the integrating factor of the Equation (6) is

4 = I 7y - .
w(x, 1, uy) wy (X, U, 10y o
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2.2.2. A-Symmetry Reductions and Integrating Factors Using Lie Symmetry

Consider the following ordinary differential equation

1
XlUyy — Aui + iux =0, (20)

where A is an arbitrary constant. The Lie symmetries of Equation (20) are

d 0 d 0 ]
Pp=x—+4us, Po=2xu—+u’—, P3=—. 21
e T TR P @1)
Now we use the relationship between Lie point symmetries and A-symmetres given in [3] to get
A-symmetries of Equation (20).
Let us consider P;. Then we have
C1=x1=1u,

and the characteristic function of P;
Q1 =11 — Gty = U — Xily,
and the total derivative operator

_ 0 0 uy Aud
Dx—a—.—ux@—i‘(—ﬂ‘f‘ X )E)Ttx

The symmetry v; = % is the A-symmetry [5] when

Ay — A(Q1) _ ux _ZA”?c
Y700 T 2u—2xuy

Similarly, we consider P, and obtain

Uy (1 — 2x1y — 2Auu?)

Ay =
u2 — 2uxu,

The above-mentioned (v1, A1) and (v, A7) are not equivalent, owing to

1 uy ¢
G1om (A+M)(Q1)+81¢ | = Qi1(A+22)(Q2) — Q2(A+A1)(Q1) #0,
G m (A+2A2)(Q2) + &9

3
where ¢ = uyy = —55 + A;"‘ and Q; = 17; — Gjuy,i = 1,2.
Now we calculate a first integral from A;.
_ 3
Firstly, substituting A1 = 12”1‘1_22’3;‘; into wy, + Aw,, = 0, we get
Uy — 2Au3
+ = Xw, =0. 22
YUy —2xu, (22)

Integrating the characteristic equation of (22)

du _ (2u — 2xuy)duy
1 Uy — 2AU3

7
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we get a special solution

—u + 2xuy + 2Auu?

w(x, u,uy) = w2 (23)
Secondly, calculating function D|[w], one can get
ow ow uy Aud ow
Dlw| = — — 4+ (—= =
[w] 8x+uxu +( 2x X )aux
2Au u 2
x XUz Uy
w
=—=F .
© = F(xw)
Next, calculating the first-order partial differential equation
x
and solving the corresponding characteristic equation, we get a special solution
G(x,w) = g, (24)
x
Finally, substituting (23) into (24), we get the first integral
—u+2 2Auu?
I (1 1) = u+ xuxz—i— umy
xXus
Similarly, we get a first integral from A,
—2Auu? + (u — 2xuy)?
L(x,u,uy) = 2 .
21 142) 2xu’
In the following, we calculate an integrating factor from A;.
According to [5], we get
Uy — 2Au3
_— =0. 2
7 20— D Wu, =0 (25)

The corresponding characteristic equation is

du  duy du
1 w2443 (u—6Auud+4Axud)u
2u—2x1yx 2(u—xuy)?

So we get a special solution of the Equation (25)

2u 2
1=—%5— —>-
K xud  u2

So the above formula provides an integrating factor of the Equation (20).
Using the same procedure as above, we get another integrating factor from A,

u? 2u

3

2=——35+ .
K xud o ul
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By using both of the first integrals I; and I, the invariant solution of the Equation (20) can be
obtained. The resulting solution is

- - _ 2 2
u(x) = 2 (21 £ \/2(~8AxL + xI2y + 4AL3). (26)

3. u-Symmetries of Partial Differential Equations

3.1. The Basic Concept of u-Symmetries

Let us consider the kth-order partial differential equation (PDE)
Az F(x,u,u®,u® ..y =0,

where u = u(x) = u(xq,xp,---,xp) and uk) represents all kth order derivatives of u with respect
to x. We recall that M is vector space with the coordinates x and u, and M can be prolonged to the
k-th jet bundle (] (k) p, ., B), with [°M = M. We equip (J UM, 7, B ) with a distinguished semi-basic
one-form yu [16],

U= Aidxi.

We require that y is compatible with the contact structure defined in | (k) M, for k > 2, in the sense that
dy € J(e), (27)
where J(¢) is the Cartan ideal generated by e. According to [16], condition (27) is equivalent to
DiAj — DjA; = 0. (28)
Lemma 1 ([16]). Let Y be a vector field on the jet space | (k) M, written in coordinates as

0

k
Y=X+ ), l/”aTl,’

71=1

where X = éi% + (p% is a vector field on M. Let € be the standard contact structure in J%) M, and u = \;dx;

a semi-basic one-form on (') M, 7t, B), compatible with e. Then Y is the u-prolongation of X if and only if its
coefficients (with o = ¢) satisfy the p-prolongation formula

¥1i = (Di + M) — upm(Di + A;)™".

Furthermore, if Y : S — TS, T  J*~1) M, we say that X is a u-symmetry for A, where S ¢ [ M
is the solution manifold for A. If Y leaves invariant each level manifold for A, we say that X is a strong
p-symmetry for A.

3.2. Applications of u-Symmetries

3.2.1. An Example of (2 + 1)-Dimensional Equation

Let us consider the diffusion equation
U — Uxlly — 2utlyy = 0. (29)

The Lie point symmetry of Equation (29) is

c 0 d c
pP= (—%X—C2t+C4)a +(—art+e3)5 + (Y +e2)s
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Assume that a y-symmetry of Equation (29) is

d 0 d d

where §, 7,1, ¢ are function of x, y, t, u. With the ansatz y = f(y)dy + g(t)dt + h(x)dx, this guarantees
that the compatibility condition (28) is satisfied. For the convenience of calculation, we take h(x) = 0.
The second prolongation is of the form

Y—gi+73+ 2_1’_ i+lpxi+lpyi+¢ti+¢w J
o0 oy T T Pu Y auy TV au, Y auy Dty
Y satisfies the following y-symmetry condition:
- 2”xy§” - ”yl/fx - uxl/]y + lpt - zulpxy|ut7uxuy72uuxy:0 =0, (31)
where

¥* = (Dx +h(x))¢ — ux(Dx + h(x))& — tty(Dx + h(x))T — ur(Dx + 1 (x))17,
= Dy + 140 Dy A0 1y Dy )~ Dy + O, -
' = (Di+g(t)) 9 — ux(Dr + g(£))¢ — uy(Di + g(£)) T —us(De + (1)1,
¥ = (Dy "‘f(y))’abx — uzx(Dy + f(y))E — uxy(Dy + f(y))T — txt (Dy + f(y))7-

From (31) and (32), one can get an over-determined system for ¢, T, 77, ¢:

614 =0, (’:y +f(y)’§ -

=0 1=0,

;73( = 0/ ’71/[ = 0/
ny+ f(y)n =0,
20u = Cx = Ty — f(y) T+ 2upuu =0, (33)

T+ g(H)T+ @x — 22Uy =0,

G+ 8()E+ @y + fF(y) o + 2upuy — 2ury + 2uf (y)pu — 2uf(y)éx =0,
—putm+gt)y =0,

—pr — g(t) g +2upxy +2uf(y)px =0,

2¢ +2uq@y —2uly — 2ut, — 2uf(y)T = 0.

Calculating (33), we have

= =y )eflt gk gy ol —glkr) diy
+2¢(t )efl ~flkdki e gy peli —f(k) dkic)x + H(y,t),
T= eflt —g(k)dky 2y,

n= efl —f(k1) dklclt
o =g(t)u el ~fkdkicyp 4 yyepelt —f)dky

where ¢, ¢; are arbitrary constants, and g(t), f(v), H(y, t) are arbitrary function which satisfy

g2 (Ot +2g(t) +¢'(H)t =0,
g(HH(y,£) + Hi(y, ) =0,
cyxelt “SEVKL(£2(y)y £ 2F(y) + F'(y)y) + () H(y,t) + Hy(y, 1) = 0.
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Lety = —%dy. When f(y) = —%,g(t) =0,H(y,t) = c3y, then

d d d d
X = (2c1xy + C3y)£ + czy@ teyts +oyus

is a y-symmetry. Specifically, letting ¢y = 0,cp = ¢3 = 1, we have X = yaa—x + yaa—y. Then the
characteristic equation of X is
dx _dy _dt _du

Y Y 0 0

Solving the above system, we get the invariant 6 = y —x, u = F(0). After substituting u into
Equation (29), the original equation can be reduced to the ordinary differential equation as follows

F2 + 2FF" = 0.

We obtain F = (360 — 2a1)%a2 (6 =y — x, a1, ay are arbitrary constant). Therefore we have invariant
solution u = (3(y — x) — 2111)%(12 (a1, ay are arbitrary constant).
Letc; =c3 =0,c0 =1. Then X = y% and we have the invariant solution u = p(x) (p(x) is an
arbitrary function of x).
Similarly, ¢ = —1ldt when g(t) = -1,f(y) = O0H(y,t) = c3t, then we have
X = (—c2tx+C3t)% +c2tyaa—y —|—clt%. Letc; = ¢3 = 0,c; = 1. We obtain X = —tx% + ty%.
The characteristic equation of X is
dx dy dt du
—tx ty 0 0

We have the invariant 6 = xy, u = F(6). Upon substituting u into Equation (29), then the original
equation can be reduced to the ordinary differential equation as follows

OF"? + 20FF" + 2FF' = 0.

Solving this euqatin, we obtain F = (3log6 + Zal)%@ (@ = xy, aj,ap are arbitrary constant).
. . . 2 .
Therefore we have the invariant solution u = (3log(xy) + 2a1)34a, (a1, a; are arbitrary constant).
Letcy =cp =1,c3 =0. Wehave X = —tx% + ty% + t%, Thus, we obtain the invariant solution
u = F(6y,602) (61 = xy,0, = t — Iny), where F satisfies

ng + Fgl F(.)z — 911:51 — 291PF919] + 2FF9192 — 2FF91 =0.

Solving this equation one finds that F(61,6,) = 3Lumbertv3](1e*92*d1)
3

LambertW is a MAPLE function. Then we have

, where d; is a constant and

U= Xy
3LambertW (3e~t+Iny—d) :

syt + cztyaa—y + ¢yt is a y-symmetry of y = —1dt — %dy (fly) = —%,g(t) =-1

X =
H(y,t) = c3yt). Specifically, when ¢; = ¢ = c¢3 = 1, we have the invariant solution
u = F(61,602) (6 =y — x,0, = t — y), where F satisfies

Fy, + F5 — Fy, Fy, +2FFy g, — 2FFy 9, = 0.

(91+92)(d2)2;(—91+d1)d2—d1
h—1

The solution of this equation is F(01,60,) = , where dj,d, are arbitrary

constants. Then the invariant solution of Equation (29) is

(t—x)(d2)?>+ (x —y+dy)da — dy
dy —1 '
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3.2.2. An Example of (1+1)-Dimensional Equation

We consider the following equation in (1+1)-dimensions:
2tuy + xuy —u = 0. (34)
Assume that y-symmetry of Equation (34) is

0 d d
X—gaﬁ’Tg‘F(P@/ (35)
where ¢, T, ¢ are function of x,t,u. With the ansatz « = a(x,t,u),f = B(x,t,u), this should be
complemented with the requirement that Dy = D;a. Specially the ansatz y = f(t)dt guarantees that
the compatibility condition (28) is satisfied.

Proceeding as mentioned above, the determining equation for y-symmetries of Equation (34) is

split into the following system

Tll - 0/ gu - 0/
—@ +xy + 2t +2tf(t)p =0, (36)
C+xpu — xCx — 2t — 2tEf (1) =0,
2T — xTy + 2ty — 2ty — 2tf ()T = 0.
Specially, when f(t) = %, we get several sets of solutions of the above system:
érl:xr T1:2t/ P1=1Uu,
2 2
=% =x ¢p=7,
2 2
G=9(%), m=x ¢3=9(%),
(:4:leZT4:xT/ @4?3(1}/ )
65 =), 5=xp(5), 95 =¢(F),
66:72/ Te = X, @6:%2/
&7 =¢(5), m=x 97=¢(%),
(’:8:;1‘2r T8:£r GDSZXLZ/
8o =¢(7), T =1xp(5), ¢9=(%)
Now we get invariant solutions by using y-symmetries.
Consider X = x—: % XTS % + % %, and then the characteristic equation of X is
x d
28T 2
t t t
From ‘i—;‘ = %, we get the invariant § = x? — 2t (f is a constant of integration). According to
F F
% = ‘i—;‘, we obtain # = L + C (C is a constant of integration). Let C = F(§) = F(x? —2t).

t t
Then u = L + F(x? — 2t). Substituting this u into Equation (34), we see that the original equation can

be reduced to the ordinary differential equation as follows
20F' — F =0. (37)

Solving (37), we obtain F = 0102 (0 = x? — 2t). Substituting F = c102 into u = L 4+ F(0), we finally
obtain u = £ 4+ ¢1(x? — Zt)% (c1 is arbitrary constant).
For X = x% + Zt% + u%, we have u = czt’%x2 (cz is an arbitrary constant).

. 2 1. .
For X = xiz% +x3 + X—Z%, we gain u = 5 4 c3(x* — 22)4 (c3 is an arbitrary constant).
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4. Conclusions

A-symmetries and y-symmetries are both useful in establishing effective alternative methods
to analyze nonlinear differential equations without using Lie point symmetries. In this paper,
we presented four examples to illustrate the efficiency of A-symmetries and y-symmetries for analyzing
nonlinear differential equations. The integrating factors and invariant solutions of two kinds of
nonlinear ordinary differential equations were constructed by using A-symmetries and different
techniques. And using y-symmetries, we found many satisfactory new invariant solutions of two
types of nonlinear partial differential equations.

The main obstacle to determining A-symmetries and u-symmetries is to solve the nonlinear
determining equations. At present, there is no general algorithm and package to solve this
problem directly. Therefore, it is difficult to determine the general form of A and u. However,
appropriate assumptions of A and y can simplify the difficult calculation, so that the existing algorithms
and programs can be used and satisfactory results can be obtained. In this paper, we used the
package of the differential characteristic set method and symbolic computing systems to determine
the complicated work of existence of generalized symmetries and to reduce the corresponding
determining equations. It is an open question to improve the efficiency of symmetry computations
and any alternative advanced algorithm for computing y-symmetry needs to be investigated. It is also
interesting to see if y-symmetries can be used to generate lump solutions, particularly with higher-order
dispersion relations [22], or in the case of linear partial differential equations (see, e.g., [23]).
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