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Abstract: In this paper, we define and study the concept of the factorizable semihypergroup,
i.e., a semihypergroup that can be written as a hyperproduct of two proper sub-semihypergroups.
We consider some classes of semihypergroups such as regular semihypergroups, hypergroups, regular
hypergroups, and polygroups and investigate their factorization property.
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1. Introduction

The decomposition property of a set appears as a key element in many topics in algebra,
being connected, for example, with equivalence relations (and called partition), factorizable
semigroups [1,2], factorization of groups [3], breakable semigroups [4], or recently introduced breakable
semihypergroups [5]. A group G is called factorized if it can be written as a product of two subgroups
A and B. This means that any element g in G has the form g = ab for some a € A and b € B [3]. One of
the most famous results about factorization of groups, proven in 1955 by Ito [6], concerns the product
of two abelian subgroups. More precisely, it is proven that any group G = AB written as the product
of two abelian subgroups is metabelian. A survey on some topics related to factorization of groups
was published in 2009 by Amberg and Kazarin [3]. The problem of the factorization of groups has been
immediately extended to the theory of semigroups. We mention here the systematic studies of Tolo [2],
Catino [1], or Tirasupa [7]. A semigroup is called factorizable if it can be written as the product of two
proper subgroups [1]. Besides the concept of left univocal factorization, (A, B) of a semigroup S = AB
is defined by the supplementary condition: for any 4,4’ € A and b,b’ € B, the equality ab = a't’
implies that 4 = 4’ (and similarly for the right univocal factorization). In the same article [1], after
constructing all the semigroups that have a univocal factorization with factors isomorphic with a pair
of prescribed semigroups, the author presented necessary and sufficient conditions that a factorization
of a semigroup by right simple semigroups be univocal and characterized the semigroups with this
factorization property.

Motivated by the above-mentioned studies, in this paper we introduce the notion of the factorizable
semihypergroup, and we investigate the factorization property for special semihypergroups, as regular
semihypergroups, hypergroups, regular hypergroups, and polygroups. Then, we also present some
properties connected with the left (right) univocal factorization. It is worth mentioning here that
the problem of decomposition or factorization in hypercompositional algebra has been previously
studied by the authors in [5] related with breakable semihypergroups, or by Massouros in [8,9]. In [8],
the separation aspect was studied for hypergroups, join spaces, and convexity hypergroups, while
in [9], it was proven that from the general decomposition theorems, which are valid in hypergroups,
well known decomposition theorems for convex sets were derived as corollaries, like Kakutani’s
lemma, Stone and Helly’s theorem, etc.
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2. Preliminaries

For the basic concepts and terminology of semihypergroups or hypergroups, the reader is refereed
to the fundamental books [10-12]. In the following, we will recall those related to the identity element,
invertible element, or zero element, as well as the basic properties of regular semihypergroups and
regular hypergroups, or polygroups. See also [13,14] for more details regarding small polygroups.

Let S be a semihypergroup, i.e., S is a nonempty set endowed with a hyperoperation o : § X
S — P*(S), so a function from the Cartesian product S x S to the family of nonempty subsets of
S, which is associative: any three elements a,b,c € S satisfies the property (aob)oc =ao (boc),
where the left side member of the equality means the union of all hyperproducts u o c, withu € ao b.
A semihypergroup is a hypergroup if the reproduction axiom is verified, as well: for any a € S, there is
aoS =S = Soa. Sometimes, especially in the case of semihypergroups, when there is no risk of
confusion, the hyperoperation is omitted, and the hyperproduct between two elements is simply
denoted by ab, as we will do also throughout this paper. Besides, we denote the cardinality of a set S
by |S|. An element a € S is called left (right) scalar if [ax| = 1 (respectively, |xa| = 1), forallx € S. If a
is both a left and right scalar, then it is called a two-sided scalar, or simply a scalar. An elementein a
semihypergroup S is called the left (right) identity if x € ex (respectively, x € xe), forall x € 5. If e is
both a left and an identity, then it is called a two-sided identity, or simply an identity. An element e in
a semihypergroup S is called a left (right) scalar identity if ex = {x} (respectively, xe = {x}), for all
x € 5. If eis both a left and right scalar identity, then it is called a two-sided scalar identity, or simply a
scalar identity. An element a’ € S is called a left (right) inverse of the element a € S if there exists a left
(right) identity e € S such that e € a’a (respectively, e € aa’). If a’ is both a left and right inverse of 4,
then it is called a two-sided inverse, or simply an inverse of 4. An element zero in a semihypergroup S
is called a left (right) zero element if Ox = {0} (respectively, x0 = {0}), for all x € S. If zero is both a
left and a right zero, then it is called a two-sided zero, or simply a zero.

A regular hypergroup is a hypergroup that has at least one identity and every element has at
least one inverse. The regularity property for semihypergroups is not the same, in the sense that
a semihypergroup S is called regular if every element x of S is regular, i.e., if there exists s € S
such that x € xsx. Notice that any regular semigroup is a regular semihypergroup, and moreover,
based on the reproduction axiom, every hypergroup is a regular semihypergroup (but not necessarily
a regular hypergroup).

Definition 1 ([12]). A polygroup is a system (P,0,1, 1), where 1 € P,~ is a unitary operation on P, o maps
P x P into the family of non-empty subsets of P, and the following axioms hold for all x,y,z € P:

(P1) xo(yoz)=(xoy)oz,
(P)) lox=x=xo01,
(P3) x€yozimplisy € xoz tandz ey ltox

Theorem 1. Let S be a semihypergroup with the scalar identity element one such that every element x € S has
a unique inverse, denoted by x~'. Then, S is a polygroup if and only if:

(P5) Vx,y €S, (xy)~t =y lx7l,

where A=V = {a~!|ac A} for ACS.

Proof. We can restrict our attention to the “only if” part, since the “if” part is obvious. Let x,y,z € S
such that x € yz. Then, 1 € xx~! C y(zx~!), and thus, y ! € zx~1. Hence, the property (P}) implies
y € xz~ L. Similarly, z € y~!x. Therefore, S is a polygroup. [

3. Factorizable Semihypergroups

Based on the definition of factorizable semigroups, in this section, we first introduce and study
the main properties of factorizable semihypergroups.
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Definition 2. A semihypergroup S is said to be factorizable if there exist some proper sub-semihypergroups A
and B of S such that S = AB and |ab| = 1 for every a € A and b € B. The pair (A, B) is called a factorization
of S, with factors A and B.

It is clear that every factorizable semigroup can be considered as a factorizable semihypergroup.
In the following, we give some examples of factorizable proper semihypergroups (i.e., they are

not semigroups).

Example 1. Let S = {1,2,3} be a semihypergroup represented by the Cayley table:

o 1 2 3
1 1 1 1
2 1 2 3
311,23} 3 {2,3}

Then, the pair (A, B), where A = {1,2} and B = {2,3}, is a factorization of S.

Example 2. Let S = {1,2,3,4,5} be a semihypergroup with the following Cayley table:

o|1 2 3 4 5
111 2 3 4 5
212 1 3 4 5
313 3 ({123} 5 {4,5}
4|14 4 5 {1,2,4} {3,5}
515 5 {45} {35}  {1,234,5}

Then, the pair (A, B), where A = {1,2,3} and B = {1,2,4}, is a factorization of S.

Lemma 1. If a semihypergroup S is factorizable as S = AB, where A has a left identity and B has a right
identity, then S has a two-sided identity.

Proof. Suppose that e is a left identity of the sub-semihypergroup A and ¢’ is a right identity of
the sub-semihypergroup B. Since ¢,¢’ € S, we have ¢ = ab and ¢/ = a'b’ for some 4,4’ € A and
b,b' € B. Thus, e = ab € a(be’') = (ab)e’ = ee’; thus, e = e¢’. Similarly, one obtains ¢’ = ee’. Therefore,
e =¢’ € AN Bisatwo-sided identity element of S. [

Similarly, we can prove the following lemma.

Lemma 2. If a semihypergroup S is factorizable as S = AB, where A has a left scalar identity and B has a right
scalar identity, then A, B, and S have a two-sided scalar identity.

In the next theorem, we present a sufficient condition such that a factorizable semihypergroup is
a hypergroup.

Theorem 2. If a semihypergroup S is factorizable as S = AB, where A and B are hypergroups such that
ANB # @, then S is a hypergroup.

Proof. Let S be a semihypergroup and (A, B) a factorization of S, where A and B are hypergroups
such that e € AN B. Then, for every x € S, there exista € A and b € B such that x = ab. By the
reproducibility property of A and B, there exist a’,a”,a* € A and V/,b”,b* € B such thata € a'a”,
a” € ea*,b e b'b”,and e € b'b*. Thus, we can write:

x=abe (a'a")b Ca'(ea*)b C a (b'b*)a*b = (a'V') (b a*b).
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Hence, x € (a'b')z = yz, with z € b*a*b and y = a'b’. Similarly, one proves that x € ty, witht € S,
meaning that the reproducibility property in S holds, as well. Therefore, S is a hypergroup. O

The following example shows that the converse of the above theorem does not hold necessarily.

Example 3. Let S = {1,2,3,4,5,6} be a hypergroup with the Cayley table:

) 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 1 4 3 6 5
3 1 2 3 4 5 6
4 2 1 4 3 6 5
5 11{135) {246} (135} {246} (1,35} (24,6}
6 | {246} (1,35} ({246} ({125 ({246} {135}

Then, the pair (A, B), where A = {1,2,3,4} and B = {1,3,5}, is a factorization of S, but A is not a
hypergroup, while B is a hypergroup.

Theorem 3. Let the semihypergroup S be factorizable as S = AB, where A is a group. If B is contained in the
semihypergroup class C;, (i = 1,2,3), then so, S is, where:

Cy = the class of reqular semihypergroups;
C, = the class of hypergroups;
C3 = the class of regular hypergroups.

Proof. We denote by e the identity of the group A, which is, based on Lemma 1, a left scalar identity of S.

(1) Assume that B is a regular semihypergroup, and let x = ab be an arbitrary elementin S = AB.
Then, there exits b’ € B such that b € bb'b. Thus, x = ab € abb’a~'ab and, thereby, x € xx'x,
for some x’ € b'a~!. This means that any element in S is regular, so the semihypergroup S is
regular, as well.

(2) Assume that B is a hypergroup and S = AB. Then there exista € A and b € B such that e = ab.
Thusa~! = eb = b € AN B. So, by Theorem 2, we conclude that S is a hypergroup.

(3) Assume that B is a regular hypergroup. Then, by Lemma 1, the identity elements of S, A, and
B are the same. Let x = ab, witha € A and b € B, be an arbitrary element of Sand y € b—1a71.
Then, ya = b~!; hence, 1 € b='b = yab, soy = (ab)~'. Thus, (ab)~! = b~'a~!. Therefore, S is a
regular hypergroup.

O

Definition 3. A factorization (A, B) of a semihypergroup S is called left univocal (respectively right univocal)
if the following condition holds:

(Va,a' € A,b,b' € B) ab=4d't/ = a =4a" (respectively, b =b").
A factorization (A, B) of a semihypergroup S is called univocal if it is both left and right univocal.

Example 4. Let S = {1,2,3,4} be a semihypergroup with the following Cayley table:

2 3 4
2 3 4
{12y 4 {3,4}

4 {1,3} {24}
3,4} {2,4} {1,2,3,4}

= W N =|O0
= W N R
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Then, the pair (A, B), where A = {1,2} and B = {1, 3}, is a left univocal factorization of S.

Example 5. Let S = {1,2,3,4} be a semihypergroup with the following Cayley table:

o[l 2 3 45 6
112 3 45 6
221 3 54 6
313 3 {1,2} 6 6 {45}
4145 6 12 3
5(54 6 21 3
6|6 6 {45 3 3 {1,2}

Then, the pair (A, B), where A = {1,4} and B = {1,2,3}, is a left univocal factorization of S.

Lemma 3. Let (A, B) be a left univocal factorization of a semihypergroup S. Then, the following assertions hold:

(i) Ifa=abfora,a’ € Aandb € B, thena = a'.
(ii) Leta € A, A1 C A, and By C B be such that a € A1By. Then, a € A;.
(iii) Letac A, A1 C A, b € B,and By C B be such that ab € A1By. Then, a € A;.
(iv) Ifa € A1b, with A1 C A, thena € Ay and a = ab.
(v) Foreverya € A, there exists b € B such that a = ab.

Proof.

(i) Suppose thata = a’b fora,a’ € Aand b € B. Then, ab € a'(bb), and thus, ab = a'b’ for b’ € bb,

which implies thata = a’.

(ii) Letae€ A, Ay C Aand By C Bbesuch thata € A;By. Then, we have a = a1b;, with a; € A; and
b1 € B;. Hence, Assertion (i) implies that a = a; € A;.

(iii) Leta € A, Ay C A, b € B, and By C B be such that ab € A;By. Then, we have ab = ab,
witha; € Ajand by € B,soa =a; € A;.

(iv) This follows immediately from Assertion (i).

(v) Foreverya € A, there exista’ € A and b € B such that a = a’b. Then, Assertion (i) implies a = a’,
as required.

Lemma4. Let (A, B) be a left univocal factorization of a semihypergroup S. Then, A N B is a left zero semigroup
formed by right scalar identities of A.

Proof. First we prove that the intersection AN B is nonempty. Let b be an element of B such that b = eb/,
withe € Aand b’ € B. Then, for every a € A, it follows that ab € (ae)b’; thus, Lemma 3 (iii) implies
a € ae. Again, by Lemma 3 (v), there exists b” € B such that e = eb”, while b = a*b*, with a* € A and
b* € B. Thus, a*b” € (a*a*)b*. It follows that a* € a*a* by Lemma 3 (iii). Hence, a* € a*e = a*eb”, so
a* = a*b” by Lemma 3 (iv). Thereby, a* = a*b” = (a*a*)b*, and thus, a* = a*b* = b, which shows
that ANB # @.

Now, let e be an arbitrary element in A N B. Then, ee € AN B, with |ee| = 1 and e(ee) = (ee)e;
thus, e = ee, because of the univocal factorization. Moreover, since ae = (ae)e, it follows that a = ae;
thus, e is a scalar right identity of A. Therefore, A N B is a left zero sub-semigroup of S formed by right
scalar identities of A. [

Remark 1. Note that the property “to be a scalar” is essential in Lemma 4, i.e., if (A, B) is a left univocal
factorization of a semihypergroup S and e is a right identity, but not a scalar one, then e ¢ A N B, as we can see
in the following example.
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Example 6. Let S = {1,2,3,4} be a semihypergroup with the following Cayley table:

o1 2 3 4
11 {12} 1 1
201 {1,2} 1 1
3|1 2 {34} 3
411 2 {34} 4

Then, the pair (A, B), where A = {3,4} and B = {1,2,4}, is a factorization of S. We observe that the
element 3 is a right, but not scalar, identity of A, which does not belong to A N B.

Theorem 4. Let (A, B) be a left univocal factorization of a polygroup P. Then, the following assertions hold:

(i) Aand B are sub-polygroups of P.
(i) AN B = {1}, where one is the identity of the polygroup P.

Proof.

(i) Let P be a polygroup with the identity one and (A, B) be a left univocal factorization of P.
First, we prove that both A and B contain one. Since there exists a € A such that 1 = aa 1,
it follows that a € 4221, and hence, a = a’a~! for some a’ € a2. Thus, a € aa~! = 1; hence,

l=a=a1le ANB.

Now, for every a € A, there exista’ € A and b’ € Bsuch thata=! = a'b’. Thus, 1 € aa~! = ad'l/;
and hence, 1 € aa’, by Lemma 3 (ii). This means that A is a polygroup.

Furthermore, let b € B. Then, b1 = a'b' witha' € Aand V' € B. Thus, 1 € b=1b = a'b'b, so
a’' =1, by Lemma 3 (iv). Hence, b~! = b’ € B, meaning that B is a polygroup.

(ii) This follows from Assertion (i) and Lemma 4.
O

Example 7. Let P = {1,2,3,4,5,6} be a polygroup with the following Cayley table:

o1 2 3 4 5 6
111 2 3 4 5 6
212 1 3 5 4 6
313 3 {12} 6 6 (45}
414 5 6 1 2 3
515 4 6 2 1 3
616 6 {45 3 3 ({12}
Then, the pair (A, B) where A = {1,2,3} and B = {1,4} is a factorization of P.

Lemma 5. Let (A, B) be a left univocal factorization of a polygroup P. Then, |P| = |A| - |B].

Proof. Let (A, B) be a left univocal factorization of a polygroup P. Since P = AB, it is sulfficient to
prove that for every x € P, there exist unique a € A and b € B such that x = ab. If x = ab = a'l/, then,
by definition, we get a = 4/, and hence, ab = ab’. Therefore, b € aa~1p'. Thus, there exists a”’ € A
such that b € a”b’. Hence, a” € bb'~1. It follows that a” € A N B, meaning that a” = 1, by Theorem 4.
We conclude thath = b'. O

Proposition 1. The minimum order of a non-commutative left univocal factorizable polygroup is six.

Proof. First, we show that every left univocal factorizable polygroup of order less than six is
commutative. Let (A, B) be a left univocal factorization of a polygroup P and |P| < 6. Then, Lemma 5
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implies |P| = 4 and |A| = |B| = 2. Consider P = {1,4,b,c}, A = {1,a}, and B = {1, b}. Since A and
B are sub-polygroups of P, by Theorem 2, we have a = a~! and b = b~!, and hence, c = c~!. Now,
for every x,y € P we have:

1

xy=(xy) =y x =y

Therefore, P is a commutative polygroup. Now, one can see that the symmetric group on the
set {1,2,3}, denoted S3 = {(),(12),(13),(23),(123),(132)}, as a polygroup has a left univocal
factorization S3 = {(), (12)}{(), (123),(132)}, which completes the proof. [J

4. Conclusions

Many properties from semigroup theory have been extended to semihypergroup theory, showing
their similarities but also differences, and the factorization property, discussed within this note, is one
of them. Following the classical paper of Catino [1], we defined a factorizable semihypergroup as a
semihypergroup that can be written as a hyperproduct of its two proper sub-semihypergroups. One of
the main results presented here showed that if the semihypergroup S is factorized as S = AB with
A a group and B a regular semihypergroup, a hypergroup, or a regular hypergroup, then also S has
the same algebraic hypercompositional structure as B. Regarding the polygroups, it was proven that
for a left univocal factorizable polygroup P = AB, both factors are sub-polygroups of P, with the
intersection containing only the identity of P. Moreover, we determined that the minimum order of a
non-commutative left univocal factorizable polygroup is six.
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